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A Gaussian process approximation for
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Abstract

The Pélya urn has been extensively studied and is widely applied in many disciplines.
An important application is to use urn models to develop randomized treatment al-
location schemes in clinical studies. As an extension of the Pdlya urn, the randomly
reinforced urn was recently proposed to optimize clinical trials in the sense that pa-
tients are assigned to the best treatment with probability converging to one. In this
paper, we prove a Gaussian process approximation for the sequence of random com-
positions of a two-color randomly reinforced urn for both the cases with the equal
and unequal reinforcement means. By using the Gaussian approximation, the law of
the iterated logarithm and the functional central limit theorem in both the stable con-
vergence sense and the almost-sure conditional convergence sense are established.
Also as a consequence, we are able to to prove that a random limit of the normalized
urn composition has no points masses under the only assumption of finite (2 + €)-th
moments.

Keywords: Reinforced urn model; Gaussian process; strong approximation; functional central
limit theorem; Pélya urn; law of the iterated logarithm.

AMS MSC 2010: 60F15; 62G10; 60F05; 60F10.

Submitted to EJP on April 7, 2014, final version accepted on September 17, 2014.

1 Introduction

Asymptotic properties, including the strong consistency and asymptotic normality,
of urn models and their applications are widely studied in recent years under various
assumptions concerning the updating rules, for example, one may refer to Chauvin,
Pouyanne and Sahnoun (2011), Bai, Hu and Rosenberger (2002), Bai and Hu (2005), Hu
and Rosenberger (2006), Janson (2004, 2006), Zhang, Hu and Cheung (2006) etc. In this
paper, we consider a kind of two-color urn model, called the randomly reinforced urn
(RRU) model, which is a generalization of the original Pélya urn (cf. Eggenberger and
Pélya (1923), Pélya (1931)). The main issue of this model different from most urn models
in literature is that, as shown, the proportions of balls in the urn will not converge to a

*Support: NSF of China (No. 11225104), NSF of Zhejiang Province (No. R6100119) and Fundamental
Research Funds for the Central Universities.
TDepartment of Mathematics, Zhejiang University Yuquan Campus, Hangzhou 310027, PR China.
E-mail: stazlx@zju.edu.cn


http://ejp.ejpecp.org/
http://dx.doi.org/10.1214/EJP.v19-3432
mailto:stazlx@zju.edu.cn

Gaussian approximation for reinforced urn

non-extreme constant and the numbers of different type balls may increase in different
speeds. This issue makes its asymptotic properties quite different from the those of
other urn models and difficult to study.

The RRU model is described as follows. Consider a two-color urn with the initial
urn components Yy = (Yp 1, Yy 2), where Yy > 0 is the number of type k balls. The urn
is sampled sequentially. Suppose the urn components are Y,, = (Y;,,1,Y,,2) after m
samplings. At the (m + 1)-th sampling, a ball of type k is drawn with a probability

Yok
Pm+1,k = L7 where |Ym| = Ym71 + Ym,2-
Y. |

And the sampled ball is replaced in the urn together with a nonnegative random num-
ber U,,+1, of balls of the same type k, generated from a distribution p; with mean
my > 0. This is the model introduced and formally named the randomly reinforced urn
in Muliere, Paganoni and Secchi (2006a). But it would appear in earlier literatures in
different versions. For example, Durham and Yu (1990) proposed a similar model for
sequential sampling in clinical trails. In our RRU setting, the numbers of balls take pos-
itive real values, not necessary integers. When U, 11,1 = Up,+1,2 = « is a constant and
a positive integer, a RRU is the original Pdlya urn (cf. Eggenberger and Pélya (1923),
Pdlya (1931)) which is very popular in literatures. The RRU model is of fundamental
importance in many areas of applications, for instance in economics (cf. Erev and Roth
(1998), Beggs (2005), Hopkins and Posch (2005)), in information science (cf. Martin
and Ho (2002)), in resampling theory etc. In clinical trial studies, the RRU model is uti-
lized to define a response-adaptive design focusing to reduce the expected number of
patients receiving inferior treatments (cf. Durham, Flournoy, Li (1998), Li, Durham and
Flournoy (1996), Muliere, Paganoni and Secchi (2006a,b), Paganoni and Secchi (2007),
May and Flournoy (2009) etc).

Suppose the reinforcement distributions p; and p2 have bounded supports. In Muliere,
Paganoni and Secchi (2006a), it is showed that the sequence {Z,, = ?;Z—ll} of the random
sample proportions in the urn converges to almost surely to a random limit Z., € [0, 1].
When i1 = po, Crimaldi (2009) proved a central limit theorem by showing the almost-
sure conditional convergence to a Gaussian kernel of the sequence {\/n(Z, — Z»)}.
Aletti, May and Secchi (2009) extended Crimaldi’s result to a general case where re-
inforcement means m; and my are equal and proved that Z,, has no point masses in
[0,1] by using this kind of conditional central limit theorem. When the means m; and
my are different, the limit proportion Z., of a RRU is showed to be a point mass either
1 and 0 by Beggs (2005), Hopkins and Posch (2005) and Muliere, Paganoni and Secchi
(2006a) under the assumption that the supports of ;41 and u» are bounded from 0, and by
Aletti, May and Secchi (2009) under the only assumption that ©; and po have bounded
supports. May and Flournoy (2009) proved that the sequence {%} converges al-

n,2

most surely to a random limit ¢, € (0,00) both when m; = my and m; # ms. Berti et
al. (2010, 2011) derived the almost-sure central limit theorems for a multi-color RRU.
However, the reinforcement means are also assumed to be equal.

The purpose of this paper is to establish the Gaussian process approximation of the
sequence {Z, } when m; = my as well as the sequence {%} when m; # ms, under

n,2

the assumption that p; and po have only finite (2 + ¢)-th moments. We will show that
both these sequences can be approximated by a tail stochastic integral with respect
to a Brownian motion mixed with a random variable. It is interesting that, as we will
find, the mixed Gaussian process for approximating is nearly independent of the urn
composition to be approximated. Our Gaussian process approximation enables us (i)
to establish the law of the iterated logarithm; (ii) to establish the functional central
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limit theorem in both the stable convergence sense and the almost-sure conditional
convergence sense; (iii) to prove that the limit 1., (resp. Z.,) has no point masses in
[0,00] (resp. in [0,1]) when m; # mq (resp. when m; = ms) under the assumption
that 41 and po have only finite (2 + ¢)-th moments. Another implication of our Gaussian
approximation is that we are able to establish the central limit theorem in a simple way
for the random number N, ; of draws, where N, ; is the number of type k balls being
drawn in the first n samplings. In a response-adaptive design in clinical trials driven by
a RRU model, N, i is the number of patients allocated to treatment k, and its asymptotic
behavior is of particular interest.

For the generalized Friedman urn models and immigrated urn models , Bai, Hu and
Zhang (2002), Zhang and Hu (2009) and Zhang et al. (2011) established the Gaussian
approximation for both the urn proportions % and the sampling proportion % But
the RRU which we consider here is not covered by their assumptions. The main reason
is that the mean replacement matrix diag(ms,ms) of a RRU is not irreducible and hence
the limit of le”“ and % is not a constant in (0, 1).

The paper is organized as follows. The main approximation theorems with applica-
tions for the equal and unequal reinforcement mean cases are stated in Section 2 and
Section 3, respectively, and the proofs of the approximations appear in the last section.
Some remarks on unsolved problems are discussed in Section 4.

Notations. In the sequel of this paper if having not been specially mentioned,
(Ui1,U12), I = 1,2,... are assumed to be independent identically distributed random
vectors with finite second moments. Let X,, ; be the result of the m-th drawing, i.e.,
X,k = 1 if the m-th drawn ball is of type £, and 0 otherwise. It is obvious that Ny, =
Sty Xk and X, 1 + X, 2 = 1. Denote 7, = o(Unie, X1, Vi : k=1,21=1,...,n) to
be the history o-field generated by all the observations up to stage n, and %, =/, Zn.
Further, for two positive sequences {a,} and {b,}, we write a,, = O(b,,) if there is a
constant C such that a,, < Cb,, a, ~ b, if z—” — 1, and a, =~ b, if a, = O(b,) and
by, = O(an).

2 Equal reinforcement mean case

In this section, we consider the case of m; = msy > 0. Let 07 = E[(Ur.k/m,)?], k = 1,2,

2 2
Yo o1 03

L = m’ Zwo(w) =lim Z, (), H(w)=——+

To start, we shall assume P(Z,, = 0) = P(Zx = 1) = 0, for otherwise H may have no
definition. The almost sure convergence of Z,, is proved by May and Flournoy (2009)
under the condition that the reinforcement distributions y; and ps have bounded sup-
ports, and by Zhang et al. (2014) under the condition that E[U7 4 log™ Ui < oo, k=1,2.
The following theorem is the main result on the Gaussian approximation.

Theorem 2.1. Suppose m; = mo > 0, EU{”1 < 0o and EU{),2 < 0o, where 2 < p < 4. Then
(possibly in an enlarged probability space) there is standard Brownian motion B(y) such
that

> dB
Zoo — Zn = Zoo(l — ZOO)H/ & + o(An) a.s., (2.1)
nH Yy
where
N = n*%(loglogn)%, ifp =2,
" niil(logn)%, if2 <p<4.
EJP 19 (2014), paper 86. ejp.ejpecp.org
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Furthermore, the Brownian motion B(y) can be constructed with a filtration of o-fields
{¢,.} and a non-decreasing sequence of stopping times {T,,} satisfying the following
properties:

Property (a) %, C ¥%,, T, is %, measurable;
Property (b) T}, = nH + o(n”/?) a.s

Property (c¢) Conditionally on %, B(T,, +y) — B(T,), y > 0, is also a standard Brownian
motion.

Remark 2.2. Denote W (t) = —t j; y~2dB(y). By checking the covariance function, it
is easily seen that W (t),t > 0 is a standard Brownian motion.

Remark 2.3. The process in (2.1) for approximating is a tail stochastic integral respec-
tive to the Brownian motion. It seems to be independent of Z,. Actually, according to
Property (b) nH can be replaced by T,,, and men y~'dB(y) is indeed a normal ran-
dom variable which is independent of Z,,. We will illustrate this interesting property in
Corollary 2.6 in more details.

We will prove Theorem 2.1 by first approximating Z, —Z, to an infinite summation of
a weighted martingale sequence and then approximating the martingale to a Brownian
motion by applying the Skorokhod embedding method. The detail proof of Theorem 2.1
will be stated in Appendix A. In the sequel of this section, we give several corollaries as
applications. Define

=VZo(1-2Z \/1— Vo2 4+ Zoo3,

The first corollary is the followmg law of the iterated logarithm.

Corollary 2.4. Suppose m; =my > 0, EUf | < oo and EU}, < co. Then

. \/H(Zn B ZOO) ~
1 — = .S..
lﬂsolip 2loglogn 7 a8
Proof. Write v(z) = \/z/(2loglogz), G(z) = — f;o y~'dB(y). By (2.1), we need to show
that
limsupy(nH)G(nH) = limsupy(T)|G(T)| =1 a.s. (2.2)
n—00 T—o00

Note that v(z)G(z) = ©G(z)/+/2xloglog x, and that xG(z) is also a standard Brownian
motion. (2.2) follows from the law of the iterated logarithm of the Brownian motion. O

The next corollary is on the functional cental limit theorem.
Corollary 2.5. Suppose m; = my >0, EUY; < oo and EUY , < oo for some p > 2. Define
Wy(t) = t\/ﬁ(Z[nt} —Zso),t > 0.

Then
W(-) % 5Bs(-) stably, (2.3)

in the Skorokhod topological space D(0,00), where B, (t) is a standard Brownian mo-
tion which is independent of .%,. In particular,

. max Wz — Z 2

lim P OSZE” (Zi n) >z =e , = >0. 2.4)
n—00 Un\/ﬁ
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Here the stable convergence in (2.3) means that for any bounded and (uniformly) con-
tinues function f : D(0,00) — (—00, ),

E[f(Wn(-))IE] = E[f(6Bx(-))Ig| forany event E.

Proof. (2.4) is due to fact that

Wz - Z, Wi (t) —tW,(1
max y = sup M % sup (Boo(t) — tBuo(1))
0<i<n  o+/n 0<t<1 o 0<t<1
and that B, (t)—tBs (1) is a Brownian bridge. For (2.3), note that W (¢) = —¢ ft y~1dB(y

is also a standard Brownian motion. By (2.1),

n(Zn — Zoo) — W(nH) = o(n'/?) a.s.,

gl

which implies that for any 7" > 0,

_W(nHt
sup |W,(t) — O’L —o(1) a.s..
0<t<T vnH

For the Brownian motion W (-), we have

W\ﬁg) 4 By () mixing,

i.e., for any given event F with P(F) > 0, the conditional distribution of
to a Brownian motion. It follows that

(\/%,H, W\%')) A (\%H Boo(-)> stably.

(” ) converges

Note that % is a continuous function of <W’ H, W\%')) of the form f(r, h,z(-)) =

rz(-h). It follows that

5 S5 £5B,(-) stably.

The proof is now completed. O

Corollary 2.5 implies the central limit theorem for /n(Z,, — Z,,). Aletti, May and
Secchi (2009) proved a strong version of the central limit theorem. For every Borel set
B, every w, and n =1,2,..., define

Ky (w,B) =P(v/n(Z, — Z) € B|.%,)(w)

i.e., K, is a version of the condition distribution of \/n(Z, — Z,) given .%,. Aletti, May
and Secchi (2009) showed that, if m; = my and the distributions of p, and e have
bounded supports, then for almost every w, the sequence of probability distributions
K, (w,-) converges weakly to the normal distribution

N(0,5%(w)).
We denote this kind of convergence by

Vi(Zn = Zso)| 5 N(0,5%(w)) as.. (2.5)

n
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This kind of conditional central limit theorem was first established by Crimaldi (2009)
for a special case that y; = po. Its generalizations to multi-color case can be found in
Berti et al. (2010, 2011). Aletti, May and Secchi (2009) also showed that (2.5) implies
that Z, has no point masses in (0,1). Our next corollary states that (2.5) and a type of
conditional functional central limit theorems follow from the Gaussian approximation.

Corollary 2.6. Suppose m; =mgy >0, EUY | < oo and EUY, < oo for some p > 2. Then

~ > dB
sup \/E(Zoo - Z[nt]) —OnV Ty &

‘ =o(n"°) a.s. (2.6)
t>1 T.t Y

for some ¢ > 0, and further, B, (t) = —t\/T), f;ot y~1dB(y), t > 1, is a standard Brownian
motion on [1,00) which is independent of the history sigma field .%,,.
As a consequence,

W) 5. % G(w)Bao() as., 2.7)

in the Skorokhod topological space D[1,c0), where W, (t) is defined as in Corollary 2.5,
B (t) is a standard Brownian motion which is independent of .% .

In particular, (2.5) holds, Z., has no point masses in (0,1), and there exists a se-
quence of standard normal random variables for which (,, is independent of .%,, and

VN Zy — Zoo) = 0pCn +0(n™°) a.s., (2.8)

Proof. We first prove (2.6). By (2.1),

sup
t>1

VN (Zoo = Zipy) — Zoo(1 — ZOO)H\/E/: dBy(y)' =o(n"°) a.s.

Let H, = g—% + lfg —. Note that Z,, — Z = O(y/n""loglogn) a.s. by Corollary 2.4, and
I — H + o(n”»=') a.s.. It follows that \/nZu(1 — Zoo)H — G,/T,, = o(n”*~/?) ass..

lﬂllurther,
oo
/ dB(y)‘ =nr 20(y/n"lloglogn) = o(n™¢) a.s.

ntH Yy

< o
Nl
3
N

n sup

t>1

It remains to show that

sup
t>1

/ Tt dB(y)
ntH Yy

Write a,, = T, — nH. Note that W (z) = —z [y 'dB(y) is a standard Brownian motion
and

tH Y Tut ntH T,
The second term on the right hand of the above equality does not exceed

O(v/n—'loglog n)o(ngfl)

uniformly in ¢ > 1 almost surely, by the law of the iterated logarithm. The first term
does not exceed

19) < \/ant(log(nH) + log IOg(TLHt))
Tt

/Tnt dB(y) W (nHt + ant) — W (nHt) N W(ntH) nH — T,

)dﬁ”®mﬁ)

uniformly in ¢ > 1 almost surely, by the path properties of a Brownian motion (cf. Hanson
and Russo (1983)). The proof of (2.6) is now completed.
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Let B,(y) = B(T, +y) — B(T,). Then conditionally on ¥, B,(y) is a standard
Brownian motion. It is obvious that

Tn(t_l) Tn + y .

Hence, conditionally on %, En(t), t > 1, is a mean zero Gaussian process with covari-
ance function

Tnts/ 7dy =s fort>s>1.
7 (t—1) (Tn +y)?
It follows that B,,(t), t > 1, is a standard Brownian motion and is independent of ¢,. So,
it is independent of .%,, because .#,, C ¥,,. The proof of the main part of the corollary is
now completed.

Now for (2.7), from (2.6) it follows that

dist(Wn(-),ﬁanC)) — 0 a.s. in D[1, 00),

where dist(-,-) is a metric in D[1,00). Note that o, is .#,-measurable and 7, — 7 a.s.,
and, conditionally on %#,, 5, B, () and 7,, B (-) has the same distribution. Hence, (2.7)
follows from (2.8) by noting the following fact that:

()] 5. > FBoo(") a.s. and dist(€,(-), 7 (")) = 0 a.s. in D[1,00)
= ()| 5. % FBu() as. in D1, 00).

This fact follows from that for any bounded and uniformly continuous function f :
D[l,OO) — (_007 OO),

lim sup E[f(T)n) - f(fn)’gzn]

n— oo

<E|[timsup £ () = F(&)I| V/ Fu] = 0 as.

n—oo

n

due to Lemma A.2 of Crimaldi (2009).

Finally, (2.8) follows from (2.6) by letting (,, = B,,(1), and (2.5) is a conclusion of (2.8)
or (2.7). Aletti, May and Secchi (2009) showed that (2.5) implies Z., having no point
masses in (0, 1) by utilizing a metric of the weak convergence of probability measures
with the limit distribution being absolutely continuous. Here we give a straightforward
proof. Let f(t) = ¢~"/2 be the characteristic function of a standard normal distribution.
Firstly, note that (2.5) implies that for every \/n Z,-measurable event F,

lim E[e!V™"Zn—2e) . 7,] = f(6t)]E a.s.

n—oo

In fact, if let I,, = E[Ig|%,], then I,, — Ig a.s.. And hence

lim E[e"V(#n=Z=)[p| .2, ] = lim E[eVZn—2=)] | Z,]

n—oo n—00

= lim E[e!™V"Zn=2<)| 211, = f(G)] a.s.,

n—oo
where in the fist equality we use the fact that

N — 0 a.s. and |n,| < M a.s. = E[n,|#,] = 0 a.s..

This fact is due to Lemma A.2 of Crimaldi (2009). Next, choosing F = {Z,, = p},
p € (0,1), yields
f(@t)Ip = lim E[eVrZn—P 5|7,
n— o0
= lim eitﬁ(zn_p)E[IE\ﬁn] = lim V"2 P[p g.s..
n—oo

n— oo
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Hence, |f(ct)|Ig = Ig a.s.. So Ig = 0 a.s. because |f(ct)| < 1 on E. The proof is now
completed. O

From the above proof, we obtain the following corollary.

Corollary 2.7. Suppose {Y,,Y,,n > 1} is a sequence of random variables, {a,} is a
sequence of constants with a,, — oo, and ¥, is a filtration of o-fields such that Y,, is
¢, -measurable. If for almost every w, the distribution of a,(Y,, — Y ) conditionally on
¢, converges to a non-degenerate distribution, then Y, has no point masses.

Remark 2.8. By (2.5), it can also be shown that for every event F,

lim sup lim sup E[exp { — itn%Zoo}IE] ’

[t|] 00 nM—00

<limsup lim sup E ‘E[exp {itn% (Zn — ZOO)}IEL&/R]

[t|] 00 Mm—00

=lim sup lim sup E |E[f(t5n)IE|ﬁn]| = limsupE[ |f(t500)|IE] =0.

[t| o0 n—o0 [t]—

Let fr(t) be the characteristic function of the conditional distribution of Z., given E
with P(E) > 0. Then the above equality means that

=0.

lim lim sup ’fE (tn%)
\t|~>oo n—oo

Note that for any to > 1, no > 1 and |s| > 2tgng, there exist a real number ¢ with |t| > ¢,
and an integer n > ng such that s = tn'/2. We conclude that

lim fg(s)=0.

|s]—o0

This is related to the Cramér condition. Obviously, if E = {Z., = p}, p € (0,1), and
P(E) > 0, then |fg(t)| = 1 which is a contradiction.

The next corollary is the central limit theorem for the random number of draws.

Corollary 2.9. Suppose m; =my >0, EU{, < oo and EUY, < oo for some p > 2. Then

Nn,l

vn ( - Zm) % h(w) - N(0,1) stably, (2.9)

where h(w) = \/Zeo(1 — Zoo)\/(1 — Zoo) (207 — 1) + Zoo(202 — 1), and N(0,1) is a stan-
dard normal random variable which is independent of .% ..

Proof. We need to prove that

A
n
s 71— Z)N (0, o2 — 1)
+ V1= ZoZooNs (o, o2 — 1)) +5-N3(0,1) stably,

where N; (O, o — 1), Ny (0, o3 — 1), N3(0,1) are three independent normal random vari-
ables which are independent of .%.,. Write
=1 X6 (U /my — 1)

Api = , k=1,2. 2.10
& Nor ( )
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Then v
Api = O(y/n~tloglogn) a.s. and —mk 14 Ay

’ M Np g

By the Taylor expansion and (2.8), we have that
Z‘H,
Nn,l _ - Nn,l 7 - 1+An 1 _7z
oo T oo T Zn 1_Z71 [o ]
n Nn,l + Nn’2 1+An 1 + 1+A5, 2

log1
= — Zo(1 = Zo) (Ap1 — Anp) + (Zo — Zoo) + o(%)
zfzn(1*Zn)(An1*An2)+&’"<7’+0(n7%) (2.11)

= D02 () + 22 (A,

\/an

+ G +o(n” f)a.s.

Nn

)2

Note that (,, is a standard normal random variable which is independent of ¢,, Z,,

— = = Zn(lfzn)\/ﬁ —
N, and A, g, k = 1,2. Also, 0,, — 0 as,, B/ e — VZoo(l — Z&) a.s. and

Z”“%\/ﬁ)‘/ﬁ — Zso\/1 — Z. The proof is completed if we have shown that

(VN1 An1, v/ NazAnz) 5 (Nl (0,02 — 1), Ny (0,0% — 1)) mixing. (2.12)

Note that o — 1 = Var(Uix/my), k = 1,2. The above convergence follows from Theo-
rem 4.1 of May and Flournoy (2009). O

The next corollary tells us that conditionally on .%,, the distribution of /n ( 2l — 7o)
does not converge.

Corollary 2.10. Suppose m; = my > 0, EUY; < oo and EUY , < oo for some p > 2. Let
FE be an event such that, forw € F, there is a distribution F,, verifying

Vi (s

n

—ZOO)] 4 F, (2.13)

Fn

Then P(E) = 0.

Proof. Recall (2.11). Let n,, = \/nZ,(1 — Z,,)(Ap1 — An2). Note that Z,, -+ Z» a.s.,
5n§n|y LN oN(0,1) a.s.

and that Z,, A, and A, 2 are .%,-measurable. By (2.11) and (2.13), there exists an
event 0y with P(Qy) = 1 such that /nZ,(1 — Z,)(A,1 — A, 2) converges on E N . So
there exists a random variable 7 such that

Np(w) = n(w) Yw € EN Q.
Suppose P(E) > 0. Choose z such that P(n > z, E) > 0. Then it follows that
P, <az,n>a,E) = P(n<az,n>xE)=0.
So P(n, < z|n > x, E) — 0. On the other hand, according to (2.12) we have

Ny nZn(1 = Z,) y y
= ~— "IN, 1A — — " /N, 5 A2 — N(0,1) mixing,
n \/m ,1 )1 \/m ,244n,2 ( ) g

where N (0, 1) is independent of .%. It follows that
lim P(nn <zln>=x,FE)=o(x) > 0.

We get a contradiction. The proof is completed. O
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3 Unequal reinforcement mean case

Denote p = 7+, and
2
Yn,l .
It is obvious that Z,, = % and 7, = 1jff; when m; = ms. In this section, we consider

the case of m; # ms. Without loss of generality, we assume that 0 < m; < m.. May and
Flournoy (2009) proved that the limit v, exists almost surely with P(0 < ¢, < 00) =1
when the reinforcement distributions p; and ps have bounded supports. Durham and
Yu (1990) proved a similar result, namely:

n,l

converges almost surely to a finite limit 7.

P
Nn,2
It is easily seen that
P
m
o) 21%0 a.s
my
and
N, 1 mp Y, 1
lim —/= = —2¢y a.s., lim —= = My .5
n—oo NP mq —oo N

In a recent paper of Zhang et al. (2014), it is proved that the weakest condition for
P(0 < ¥ < 00) = 1 is that E[U; x log™ Uy 1] < 00, k = 1,2, and a general multi-color RRU
is consider. We state the convergence result as the following theorem.

Theorem 3.1. Suppose E[U} ;. logt Uy ] < 0o, my > 0, k = 1,2. Then the limit 1., exists
almost surely and P(0 < 1o, < 00) = 1 both when m; = mq and my # ma.

The following theorem is our main result on the Gaussian process approximation
for v,,. From the Gaussian approximation we are able to show that ., has no point
masses in (0,00). And accordingly, all the limits of the sequences {Yr.1/v/,}, {¥n.1/n"},
{¥n1/|v,1#}, {Nna/N2 ,} and {Nn.1/ne} have no point masses in [0, co].

Theorem 3.2. Suppose my > m; > 0, EU}, < oo and EU, < oo for some p > 2. Denote
o2 = E[(Urr/my)?], k = 1,2. Let dy = min{lpr,% — 5} Then (possibly in an enlarged
probability space) there is standard Brownian motion B(y) such that for any 0 < 6 < o,

oi/mr [ dB(y _otts)
e — \i/j ,, ()+O(n =) (3.1)
My "l Y
5OV W (i) | ettt
m;/z NI

where W (z) = —x [ y~'dB(y) is also a standard Brownian motion.

Furthermore, the Brownian motion B(y) can be constructed with a filtration of o-
fields {¢,,} and a non-decreasing sequence of stopping times {T,,} satisfying Properties
(a) and (c) in Theorem 2.1, and

— ) a.s., (3.2)

Property (b’) T, = % +o(nP1=9)) a.s. for0 < § < d.

The proof of this theorem will be given in the last section. Next, we state several
corollaries. The first one is on the law of iterated logarithm and the central limit theo-
rem for .
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Corollary 3.3. Under the conditions in Theorem 3.2,

r/2 _ o
limsupn (?/Jn woo) ! Mmoo a.s. (3.3)

n—oo /2loglogn m;/z

and there exists a sequence {(,} of standard normal random variables for which (,, is
independent of .%,, and

n’ (%/1 1/100) = 0177?/17%(" +o(n™°) a.s. for some € > 0. (3.4)
my
Hence
nt (¢y, %o)‘y RN N( Ulml%o( )) a.s. (3.5)

and 1, has no point masses in (0, 00).

Proof. (3.3) follows from (3.2) and the law of iterated logarithm of the Brownian motion.
(3.4) can be proved in the same way as proving Corollary 2.4. O

Corollary 3.4. Under the conditions in Theorem 3.2,

N,
nf (S5 — ) 45 N(0,1) - /0o (202 — 1) stably (3.6)
n,2
and

ns (At ) 4 N(0,1) - \/neo(202 — 1) stably, if p < 2/3,
! =P (TEE —na) = —pn a.s., ifp>2s  (3.7)

nf (Mmoo + pnZnt) S N(0,1) - /neo(207 — 1) stably, ifp =23,

N,

e (3.8)

Proof. For (3.6), let A,, ;; be defined as in (2.10). Then

Apo = O(q/N,;é loglog N,,.2) = O(y/n~'loglogn) = o(n™27) a.s.,
An1=O(/N,; 1loglog N, 1) = O(y/n~rloglogn) a.s..

Note that 7, = M It follows that

mj (1+ Apo)”
1+ An,l

=~ + wn%u — Au + 04, ) (1 +0(4,,))

- — niAnlJ'_ E)

—n"% 1/ 1pn ‘/ p (V/Na1An1) + o(n ‘)} a.s.

The proof of (3.6) is completed by noting that w” Ynmy — 7)o @.S., ;,;l — Moo @.5., /N 1401 $
N(0,0% — 1) mixing, and ¢, is a standard normal random variable which is independent
of %,
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For (3.7), it is sufficient to note that

an an an P an NrLl an 2

) — ) 1_ 3 — ) 1_ ) O( i) )
n’ Ny, < n ) Ny o P n
le Nn,l Nn

,1 — —
NPT pr oy nf=t 4 O(n2(p 1))
n,2 n,2

N,
:NZ’; — 2Pt +o(n1) as.
n,
(3.8) is obvious because 1 — % = % ~ "ﬁ”p a.s. The proof is now completed. O

Finally, we give the functional central limit theorem.

Corollary 3.5. Define W, (t) = n? t?(Y[nt) — Yoo), t > 0. Then

Wi (t) 5 01y/cBoo(t?) stably (3.9)

in the Skorokhod topological space D(0,c0), where By (t) is a standard Brownian mo-
tion which is independent of .%,. In particular,

p _
<maX°fl§"l Wi = ¥n) 1’) = 2> (3.10)

01y/Nn1 B

Proof. The proof of (3.9) is similar to that of (2.3) by noting that n, = wj%’;’“ . For (3.10),
it is sufficient to see that ’

lim P

n—oo

1P (Yoo — ) _ ,
B T, (Walt) — (L)

and N, 1 ~ non” a.s.. O

4 Concluding Remark

We approximated Z,, — Z and v, — th by a kind of Gaussian process [ y~'dB(y),
which is a tail stochastic integral with respective to a Brownian motion, with time ¢
stopping at a random variable nH or 1/, where H? = (1 + 1, )(°1 /s + 03). But this
does not mean that f:;{ y~1dB(y) and fnjo%o y~1dB(y) are Gaussian random variables
and their distributions are unknown because the mixing distribution of ¢, is unknown.
For deriving the asymptotic distributions, the approximations (2.6) and (3.4) seem more
powerful than (2.1) and (3.1) because the process for approximation is independent
of other random variables considered. (2.1) and (3.1) are helpful for establishing the
strong convergence such as the law of the iterated logarithm.

This paper only considers the two-color urn model. Berti et al. (2010, 2011) de-
rived the almost-sure central limit theorems for the multi-color RRU. However, it is also
assumed that the reinforcement means are equal. The strong convergence and asymp-
totic normality for a general multi-color reinforced urn model are studied recently by
Zhang, et al. (2014). It is expected to approximate the urn components after being suit-
ably normalized by a multi-dimensional Gaussian process. The Skorokhod embedding
method used in this paper does not work for the multi-dimension case. Though strong
approximations for multi-dimensional martingales can be found in literature, for exam-
ple, Monrad and Philipp (1991), Eberlein (1986) and Zhang (2004), the martingales
concerning to the reinforced urn model usually do not satisfied a condition that the
asymptotic conditional variability is .%,-measurable for some fixed k (cf. (A.5)), which
is needed in the approximation theorems for multi-dimensional martingales. A new
approach is needed for approximating the multi-color reinforced urn models.
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A Proof of the main results

Recall |Y,| = Yu1 + Yoo E[Xnk

— Yna o omy
UVp = V7, P =y Denote

ynfl] - P(Xn,k: - llynfl) - |Y;1”7711k|;l Zn - ?;%Ll‘,

1 1
Qn=—logY,1 — —logY, .
mq mao

Then

1 U, 1 U,
AQ"L = Qn - Qn—l :7Xn,1 1Og 1+ —ml ) 7Xn72 log 1+ 2
mi Y, mo Y,

n—1,1 n—1,2

Un,l/m1 Un,z/m2
= |Xnio— = Xn2
Yn 1,1 Yn 1,2

ot () 4 et (522

=AQY + AQP, (A1)

where f(x) = x — log(1 + ) satisfying 0 < f(z) < 22 for z > 0.

Proof of Theorem 2.1. Let g(z) = 1_{:7;; Then g(Qn) = Z, and ¢'(Qw) = M1 Zo0(1 —
Z ). According to the Taylor expansion, it is sufficient to show that B(t) and 7,, can be

constructed such that

Qoo - Qn = E dB(x)
m

(An) a.s.. (A.2)

Recall m; = my. It is easily shown that |Y,|/n — m; a.s.. According to Theorem 3.1,
Zn = Zoo = 12— € (0,1) a.s., which implies that ¥, » ~ n a.s., k = 1,2. So, for AQP

1+
U?
1,2 ‘<%1]>

in (A.1) we have
Y2

U2
S oA EIAG A <CZA 1<E[Xzyly2”
1—-1,2

1=1 -1,1
—CZ)\‘ Yio1 ”rf NREEN <0§:A—1r2<oo
Y1 Yz 1,1 Y1l Y12—1,2 B =1 : 7

‘ - 1]+E{X12

which implies that 32,° ., |AQZ(2)| =o(\,) a.s..
For AQn , we use the truncation method. Let Un k= U" 2 Upk = mk]{[}n,k < n%},

—2
Tk = EUmk, Mok = E[Unkl, k=1,2, My =Mp1 — Mp2, and

Uni U,.2
A (1) — . ) _ )
M, min | Xn1 Yo 1 n,2 Yoi2)

A A5 -

Then {AM,,, Z#,} is a sequence of martingale differences. Note that

o0
ZP(%> )<E(U1k) <00, k=1,2.
my mi

n=1

From the Borel-Cantelli lemma, it follows that

(AQ”;& ——AM, i.0.) = 0.
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Also,
o0 1 1 [e’e] |ml|
—E[AMWY).Z,_1]| =
l;l mlll AT l;l Y0
2
<cz ZE|Ulk|I{U1k>Z 3 < Cnv S TE(ULP] = o(An).
l=n+1 k 1 k=1

Hence, we conclude that

S AQ= > millAMﬁo(An)

l=n+1 l=n+1
1 M,
( —)—i—o()\ ) a.s.
m =n n
For the martingale M, = Y_;_, AM;, we have
2 EU. EU.
E[(AM,)?]|Z_y] = (22 n.1 n2 2 A3
[( ) | 1] (lYn—1|) ( Zn—l * 1- Zn—l mn)7 ( )
2 min \* _—4 2 4
E[|AM,|*|. 0 1] < ( ! ) EU, , < Cw)) EU, . (A.4)
=1 Yn—l,k,

By the Skorokhod embedding theorem (cf. Theorem A.1 of Hall and Heyde (1980,page
269)), (possibly in an enlarged probability space) there is a standard motion B(z) with
a filtration {¥,} and a sequence of nonnegative stopping times 71, 7o, --- with the fol-
lowing properties

(i) M, = B(T,), where T,, =Y | 7i;

(i) Z. C Y., T, is ¥, measurable, E[r,|¥9,_ 1] = E[(AM,)?.#,_1] and E[r"|9,_1] <
CTE[(AMn)QrL%\n_ﬂ for any r > 1;

(iii) Conditionally on %, B(T,, + =) — B(T,), = > 0, is also a standard Brownian motion.

Now, we verify that the Brownian motion B(z) and the stopping time T,, are desirable
for Property (b) and (A.2). At first, we assume the following approximation for the
conditional variance.

E[(AM,))?[Fn1] = H(w) + o(n? ") a.s. (A.5)

From (A.5) it follows that
S Elral%-1] = nH(w) + o(n?) a.s.
1=1

On the other hand, by (ii) and (A.4) we have that

i {( %) K 1} <CZZk L <CZ (Urnfmi)?] <

By the law of large numbers for martingales, it follows that

n

Z(Ti —E[1i|%_1]) = o(n?) a.s..

i=1
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Hence
T, = Zn =nH + o(n%) a.s.
i=1
and Property (b) is verified. Then it follows from the path properties of a Browian
motion (cf. Theorem 1.2.1 of Csérg6 and Révész (1981)) that

B(T,) — B(nH) = o (\/ (1og - +1oglogn)) = o(nAn) a.s.

So

> AQ = ( 0 — B(Z”)> +0(\n)
l=n

l=n+1
1 B(nH) =1
m( ll+1 H)-— >+I_HZ(1+1)O(MZ)+O(A”)
_ 1 B(zH) . B(nH) o
o </n ¢ n ) + o)
:mil (H . Baff)da: = B(ZH)> +0(An)
7 ~ dB(z) +o(A\n) a.s..

mi JnH X

Finally, we verify (A.5). Note that E[Un Wl — ol
Zn, — Zs a.s.. (A.D) is obvious for p = 2 by (A 3).
For 2 < p < 4, we still have Corollary (2.4) due to the approximation for the case of

p = 2. Hence ,
Zn — Zoo = O(y/n~tloglogn) = o(nr ') a.s.

Y.|/n — my as., k = 1,2 and

On the other hand,
Yoi+Yno o S S Xaw (Ui — E[Uss])

min min

=0(y/n—tloglogn) = o(n%_l)) a.s.

and )
7| <> E[Us/md {Vifme > n7}] = o(ns ™),
k=1
o} — E[U, 4] = E[(Ur4/mi) 2I{Usi/mi > 0} = o(ni 1), k=1,2.
(A.5) follows by (A.3). The proof is now completed. O

Proof of Theorem 3.2. Let g(x) = ¢™*. Then ¢(Q,) = ¥, and ¢'(Qs) = M1¥o. Accord-
ing to the Taylor expansion, it is sufficient to show that B(¢) and 7T,, can be constructed

such that
*  dB(y) _p(1+6)

\/71& K"/d y2 +o(n” 2 ) a.s. (A.6)

Recall (A.1) and note that Y,,_1 2 ~ man, Y,_11 ~ 1/}ooY£2 ~ P (maen)? a.s.. It can be
shown that for 0 < 6; < /2 and &; < (1-r)/p,

ilQ e X f(m)\“l ]

=

Qoo_Qn:

g8 L

(1+51) YE Lk EUl & e ln(1+51)/2

c -
2 —
Y2, T oI b

< 00,

||M
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_p(1+6y)
2

which implies >7° | X; kf(Yz - k) =o(n ) a.s., k =1,2. Also, for the martingale

differences X; » ;,12/1”“”22 — W' we have

S e (a7 ) ]

=1

s p(Hol) Yz 12EU, >/m? 0 1p(1+61)
E < o0 a.S.,

c
2 = 2
—1| Yl—1,2 -1 !

=1

which implies Y72 ., (Xi2 [;’12/1’"22 - |Yzl 1‘) = o(n—%) a.s.. Similarly, we can show
that 32, (X1 [%1/1"‘12 ~wiy) =oln” % logn) a.s. It follows that
e Ul,l/m1 1 p(1+81)
Qoo — Qn = (X7 )+0n 2 a.s.
zz;l b Yicia Y] ( )
and
Qoo — Qn = o(nfg logn) a.s. (A.7)
Define oo/
pms(man)’/*n? ( Un.1/my 1 )
AM, = X, — . (A.8)
o1 ! Yooi1 |Yao|
Then
g > AMl _p(1+67)
Qoc — Qn = \/ﬁ > o ol =) a.s. (A.9)
pmaimy l=n+1
and
pma(man)Pnf  pma(man)Pn?
E[(AM,)?%|.Z_1] = —
K ) | 1] |Yn—1|Yn—1,1 U%\Yn—ﬂz
Next, we first show that
E[(AM,)?|F1] = winpflu +o(n ")) a.s. (A.10)
From (A.7) and the Taylor expansion, we conclude that
Y,
W% L’l)p — oo = €™M — MO — o(n" % logn) a.s.
n,2
On the other hand,
Yor _y 1 You | 5o Sl XinlOsfr — Ef)
mon m; n n
k=1
1 oo n, — & —_= L
=1-— Yoo (Vn.2)" +o(n~ % tlogn) + O(n é(loglogn)é)
mi n
=1 -0®n" ) +o(n 1) =1+0(n""") a.s.
It follows that
Y, Y, Y, _ Y, _
Yo =22 4 2% — ] 4 o(n ") and 1 e =o(n"") as.
Man  Man  Man (man)P
(A.10) is verified. From (A.10), it follows that
n np
Z E(AM,)?|Fn-i1] = — (1 +0o(n™"")) a.s.
— Yoo
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On the other hand, for 0 < d, < § — 7,

o E[JAM,[P|F, 1] Yn-11
Z npl 52) p/2 CZ nP- 62)/)/2 YP 11|Y 1|

n=1

1 1
<C Zl nP(=02)r/2 nl—p < oo.
n=

So, similarly as in the proof of Theorem 2.1, by the Skorokhod embedding theorem,
the standard motion B(z), the filtration {¥,,} and the stopping times {T},} can be con-
structed such that M,, = B(T,) and

- 1
ZE [(AM;)?|.F1-1] + o(n1=%)) = f”p—i—o(”p(l_&wﬁ)-
=1

o0

Denote §p = min{(1-r)/p,1/2 — 1/p}. It is remained to verify (3.1). By the Properties (b’)
and the path properties of a Brownian motion, we have for any 0 < § < dy,

M, — ( n’ ) = 0(np<12_5)) a.s.

Voo
Hence
=AM, i ( 1 1 ) M,
3 S (Rl Yy M
l=n+1 i l=n e (l + ]_)p nre
_ Z _ B(L’) _ B )
ZP l —|— 1) woo npP
0 1-96) p(1-6)
o(I'" 2 o(n /2)
[T pB(*"fv) B("/4s) _p(1+8)
_/ S dr — Y +o(n™ 2)
1 > B B(»*® o P
:7/ (;E)dx— (" /voo) +o(n- (1;5))
woo n")/wOC €T ne
1 < dB P
:7/ (x)dff‘ko(”_%) a.s.
¢OO "p/’wac T
(A.6) is now proved by noting that (A.9), (A.7) and pma = m;. And hence (3.1) is
verified. 0

Remark A.1. Using the truncation method as in the proof of Theorem 2.1, we can
proved that (3.1) remains true under the assumption of only finite second moments if
_p(1+96)

= is replaced by n~ % (log log n)%. This implies that the law of iterated logarithm
(3.3) remains true when EU? | < co and EUY , < oc.
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