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Abstract

The aim of this paper is to establish some new results on the absolute continuity
and the convergence in total variation for a sequence of d-dimensional vectors whose
components belong to a finite sum of Wiener chaoses. First we show that the prob-
ability that the determinant of the Malliavin matrix of such vectors vanishes is zero
or one, and this probability equals to one is equivalent to say that the vector takes
values in the set of zeros of a polynomial. We provide a bound for the degree of this
annihilating polynomial improving a result by Kusuoka [8]. On the other hand, we
show that the convergence in law implies the convergence in total variation, extend-
ing to the multivariate case a recent result by Nourdin and Poly [11]. This follows
from an inequality relating the total variation distance with the Fortet-Mourier dis-
tance. Finally, applications to some particular cases are discussed.
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1 Introduction

The purpose of this paper is to establish some new results on the absolute continuity
and the convergence of the densities in some LP(R?) for a sequence of d-dimensional
random vectors whose components belong to finite sum of Wiener chaos. These result
generalize previous works by Kusuoka [8] and by Nourdin and Poly [11], and are based
on a combination of the techniques of Malliavin calculus, the Carbery-Wright inequality
and some recent work on algebraic dependence for a family of polynomials.
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Densities for random vectors on Wiener chaos

Let us describe our main results. Given two d-dimensional random vectors I’ and
G, we denote by dry (F, G) the total variation distance between the laws of F and G,
defined by
dTV(FaG): sup |P(F€A)7P(G€A)‘a
AeB(R4)
where the supremum is taken over all Borel sets A of R¢. There is an equivalent formu-
lation for dry, which is often useful:

dry (F,G) = 5 sup EL6(F)) - EW(E)],

where the supremum is taken over all measurable functions ¢ : RY — R which are
bounded by 1. It is also well-known (Scheffé’s Theorem) that, when F' and G both have
a law which is absolutely continuous with respect to the Lebesgue measure on R¢, then

dr (F.G) = %/R 1£(2) — g(x)|dz,

with f and ¢ the densities of F' and G respectively. On the other hand, we denote by
drp (F, G) the Fortet-Mourier distance, given by

dpym(F,G) = sup [Elo(F)] = E[p(G)]l;

where the supremum is taken over all 1-Lipschitz functions ¢ : R? — R which are
bounded by 1. It is well-known that drj; metrizes the convergence in distribution.

Consider a sequence of random vectors F,, = (Fi,,...,Fy,) whose components
belong to &]_,Hi, where #; stands for the kth Wiener chaos, and assume that F),
converges in distribution towards a random variable Fi,,. Denote by I'(F},) the Malliavin
matrix of F,,, and assume that F[detI'(F},)] is bounded away from zero. Then we prove
that there exist constants ¢,y > 0 (depending on d and ¢) such that, for any n > 1,

drv(Fn, Fso) < cdpy(Fr, Fo)7. (1.1)

So, our result implies that the sequence F;,, converges not only in law but also in total
variation. In [11] this result has been proved for d = 1. In this case v = Tlﬂ, and one
only needs that F, is not identically zero, which turns out to be equivalent to the fact
that the law of F, is absolutely continuous. This equivalence is not true for d > 2. The
proof of this result is based on the Carbery-Wright inequality for the law of a polynomial
on Gaussian random variables and also on the integration-by-parts formula of Malliavin
calculus. In the multidimensional case we make use of the integration-by-parts formula
based on the Poisson kernel developed by Bally and Caramelino in [1].

The convergence in total variation is very strong, and should not be expected from
the mere convergence in law without some additional structure. For instance, there is a
celebrated theorem of Ibragimov (see, e.g., Reiss [16]) according to which, if F},, I\, are
continuous random variables with densities f,, fs that are unimodal, then F,, — F, in
law if and only if dry (F,, F»o) — 0. Somehow, our inequality (1.1) thus appears as unex-
pected. Several consequences are detailed in Section 5. Furthermore, bearing in mind
that the convergence in total variation is equivalent to the convergence of the densities
in Ll(]Rd), we improve this results by proving that under the above assumptions on the
sequence F,, the densities converge in L?(R?) for some explicit p > 1 depending solely
on d and q.

Motivated by the above inequality (1.1), in the first part of the paper we discuss the
absolute continuity of the law of a d-dimensional random vector F' = (F},..., Fy) whose
components belong to a finite sum of Wiener chaoses ®}_, ;. Our main result says
that the three following conditions are equivalent:
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1. The law of F' is not absolutely continuous with respect to the Lebesgue measure

on R<.
2. There exists a nonzero polynomial H in d variables of degree at most dg?~! such
that H(F) = 0.

3. E[detT(F)] = 0.

Notice that the criterion of the Malliavin calculus for the absolute continuity of the
law of a random vector F' says that detI'(F') > 0 almost surely implies the absolute
continuity of the law of F. We prove the stronger result that P(detI'(F') = 0) is zero or
one; as a consequence, P(detT'(F) > 0) = 1 turns out to be equivalent to the absolute
continuity. The equivalence with condition 2 improves a classical result by Kusuoka
([8]), in the sense that we provide a simple proof of the existence of the annihilating
polynomial based on a recent result by Kayal [7] and we give an upper bound for the
degree of this polynomial. Also, it is worthwhile noting that, compared to condition 2,
condition 3 is often easier to check in practical situations, see also the end of Section 3.

The paper is organized as follows. Section 2 contains some preliminary material on
Malliavin calculus, the Carbery-Wright inequality and the results on algebraic depen-
dence that will be used in the paper. In Section 3 we provide equivalent conditions for
absolute continuity in the case of a random vector in a sum of Wiener chaoses. Sec-
tion 4 is devoted to establish the inequality (1.1), and also the convergence in L”(]Rd)
for some p. Section 5 contains applications of these results in some particular cases.
Finally, we list two open questions in Section 6.

2 Preliminaries

This section contains some basic elements on Gaussian analysis that will be used
throughout this paper. We refer the reader to the books [10, 13] for further details.

2.1 Multiple stochastic integrals

Let $ be a real separable Hilbert space. We denote by X = {X(h),h € $} an
isonormal Gaussian process over §). That means, X is a centered Gaussian family of
random variables defined in some probability space (2, F, P), with covariance given by

E[X(h)X(9)] = (h, 9)s,

for any h, g € $). We also assume that F is generated by X.

For every k > 1, we denote by H; the kth Wiener chaos of X defined as the closed
linear subspace of L?(Q2) generated by the family of random variables {H (X (h)),h €
9, Ih]ls = 1}, where Hy is the kth Hermite polynomial given by

22 dF 2

Hy(x) = (—1)Fe” d‘ik (7).
We write by convention 4y, = R. For any k£ > 1, we denote by $H®* the kth tensor
product of $§. Then, the mapping I (h®*¥) = Hy(X(h)) can be extended to a linear
isometry between the symmetric tensor product H®* (equipped with the modified norm
VE!|| - ||ge+) and the kth Wiener chaos Hj. For k = 0 we write Io(z) = ¢, ¢ € R. In the
particular case $ = L?(A, A, i), where p is a o-finite measure without atoms, then HOk
coincides with the space L?(u*) of symmetric functions which are square integrable
with respect to the product measure ;*, and for any f € $H* the random variable I (f)
is the multiple stochastic integral of f with respect to the centered Gaussian measure
generated by X.
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Any random variable F' € L?(Q) admits an orthogonal decomposition of the form
F =Y"72, In(fx), where fo = E[F], and the kernels f; € $°* are uniquely determined
by F.

Let {e;,7 > 1} be a complete orthonormal system in §). Given f € HOF and g € H,
forevery r = 0,...,kAj, the contraction of f and g of order r is the element of $®(*+7—27)
defined by

oo

f@rg= Y (fren®@ei)gor @ (g e @ Dei e,

i1yenyip=1

The contraction f ®, g is not necessarily symmetric, and we denote by f®,¢ its sym-
metrization.

2.2 Malliavin calculus

Let S be the set of all cylindrical random variables of the form
F=g(X(h1),...,X(hy)),

where n > 1, h; € $, and g is infinitely differentiable such that all its partial derivatives
have polynomial growth. The Malliavin derivative of F is the element of L?(2; §)) defined
by

By iteration, for every m > 2, we define the mth derivative D™ F which is an element
of L2(2;H®™). For m > 1 and p > 1, D"™” denote the closure of S with respect to the
norm || - ||,n,, defined by

I1EIE, , = BIFP] + Y E[IDFllfe,] -
j=1

We also set D™ = Ny;,»1 Npx1 D™P.

As a consequence of the hypercontractivity property of the Ornstein-Uhlenbeck semi-
group, all the || ||, ,-norms are equivalent in a finite Wiener chaos. This is a basic result
that will be used along the paper.

We denote by ¢ the adjoint of the operator D, also called the divergence operator.
An element u € L?(); ) belongs to the domain of §, denoted Domd, if |E(DF,u)s| <
culFllr2(q) for any F € D2, where ¢, is a constant depending only on u. Then, the
random variable d(u) is defined by the duality relationship

E[F5(u)] = E(DF, u)g,. (2.1)

Given a random vector F' = (Fy, ..., F;) such that F; € D2, we denote I'(F) the Malli-
avin matrix of F', which is a random nonnegative definite matrix defined by

Li;(F) = (DF;, DFy)s.

If F;,, € D'? for some p > 1 and any i = 1,...,d, and if det '(F') > 0 almost surely, then
the law of F is absolutely continuous with respect to the Lebesgue measure on R? (see,
for instance, [13, Theorem 2.1.2]). This is our basic criterion for absolute continuity in
this paper.
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2.3 Carbery-Wright inequality

Along the paper we will make use of the following inequality due to Carbery and
Wright [4]: there is a universal constant ¢ > 0 such that, for any polynomial @ : R™ — R
of degree at most d and any « > 0 we have

1

E[Q(X1,..., X)) P(IQ(X1, ..., X,)| < a) < cdat, (2.2)

where X1, ..., X, are independent random variables with law N(0, 1).

2.4 Algebraic dependence

LetFbeafieldand f = (fy,..., fx) € F[z1,...,z,] be a set of k polynomials of degree
at most d in n variables in the field IF. These polynomials are said to be algebraically
dependent if there exists a nonzero k-variate polynomial A(ty,...,tx) € F[ty,..., 1]
such that A(fy,..., fx) = 0. The polynomial A is then called an (fi, ..., fx)-annihilating
polynomial.

Denote by

- (2

D > 1<i<k,1<5<n

the Jacobian matrix of the set of polynomials in f. A classical result (see, e.g., Ehrenborg
and Rota [6] for a proof) says that fi, ..., fr are algebraically independent if and only if
the Jacobian matrix Jr has rank k.

Suppose that the polynomials f = (f1,..., fx) are algebraically dependent. Then the
set of f-annihilating polynomials forms an ideal in the polynomial ring F[t;,...,t]. [na
recent work Kayal (see [7]) has established some properties of this ideal. In particular
(see [7], Lemma 7) he has proved that if no proper subset of f is algebraically depen-
dent, then the ideal of f-annihilating polynomials is generated by a single irreducible
polynomial. On the other hand (see [7], Theorem 11) the degree of this generator is at
most kg1,

3 Absolute continuity of the law of a system of multiple stochas-
tic integrals

The purpose of this section is to extend a result by Kusuoka [8] on the characteriza-
tion of the absolute continuity of a vector whose components are finite sums of multiple
stochastic integrals, using techniques of Malliavin calculus. In what follows, the nota-
tion R[X1,..., X,4] stands for the set of d-variate polynomials over R.

Theorem 3.1. Fix q,d > 1, and let F = (F,...,F;) be a random vector such that
F, e ®)_,Hy foranyi=1,...,d. Let T :=I'(F) be the Malliavin matrix of F. Then the
following assertions are equivalent:

(a) The law of F' is not absolutely continuous with respect to the Lebesgue measure

on RY.
(b) There exists H € R[X1,..., X ]\ {0} of degree at most D = dq?~! such that, almost
surely,
H(Fy,...,F;)=0.
(c) E[detT] = 0.

Proof of (a)=(c). Let us prove —(¢) = —(a). Set N = 2d(q — 1) and let {ex, k >
1} be an orthonormal basis of §). Since detT' € EBkN=o ‘Hi, there exists a sequence
{@n,n > 1} of real-valued polynomials of degree at most N such that the random vari-
ables Q,,(I1(e1),...,I1(e,)) converge in L?(2) and almost surely to detI" as n tends to
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infinity (see [11, Theorem 3.1, first step of the proof] for an explicit construction). As-
sume now that E[det '] > 0. Then for n > ng, E[|Q.(I1(e1),...,I1(e,))|] > 0. We deduce
from the Carbery-Wright’s inequality (2.2) the existence of a universal constant ¢ > 0
such that, for any n > 1,

P(|Qn(Ii(e1), ..., Ii(en)] < A) < eNAYN(E[Qn(Ii(er),. .., Ii(en)?]) /2N,
Using the property

ElQu(I1(e1), -, Ii(en)’] = (BlQn(L1(e1), - ., [i(en)]])?
we obtain
P(IQn(I1(e1), - i(en)] < X) < eNAYN(E[Qn(Li(en), ., Ii(en) )TN,
and letting n tend to infinity we get
P(detT < \) < eNAYN(E[det T]) /N, (3.1)

Letting A — 0, we get that P(detI’ = 0) = 0. As an immediate consequence of abso-
lute continuity criterion, (see, for instance, [13, Theorem 2.1.1]) we get the absolute
continuity of the law of F', and assertion (a) does not hold.

It is worthwhile noting that, in passing, we have proved that P(detT" = 0) is zero or
one.

Proof of (b)=(a). Assume the existence of H € R[X3,---,X4] \ {0} such that, almost
surely, H(F},...,F;) = 0. Since H # 0, the zeros of H constitute a closed subset of R?
with Lebesgue measure 0. As a result, the vector F' cannot have a density with respect
to the Lebesgue measure.

Proof of (c)=(b). Let {e;,k > 1} be an orthonormal basis of $), and set Gy = I(e;) for
any k£ > 1. In order to illustrate the method of proof, we are going to deal first with the

finite dimensional case, that is, when F; = P;(Gy,...,Gy), i = 1,...,d, and for each i,
P, € R[X,...,X,] is a polynomial of degree at most ¢. In that case,
"~ 0P oP
(DF;, DFy)g = a—(Gl,...,Gn)a—k(Gl,...,Gn),

and the Malliavin matrix I’ of F' can be written as T' = AAT, where

)

1<i<d, 1<isn

As a consequence, taking into account that the support of the law of (G4,...,G,,) is R™,

if detT" = 0 almost surely, then the Jacobian (gfj? (y1,--- ,yn))d has rank strictly less
Xn

than d for all (y1,...,y,) € R™. Statement (b) is then a consequence of Theorem 2 and
Theorem 11 in [7].

Consider now the general case. Any symmetric element f € $®* can be written as

oo

fZ E a1, e, ®...R0e,.

I, ulk=1
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Setting k; = #{j : I; =}, the multiple stochastic integral of ¢;, ®...®¢;, can be written
in terms of Hermite polynomials as

Ik(ell X ... ®€lk) = HHk:l(Gl)a
=1

where the above product is finite. Thus,

oo

L) = Y an.u]]Hu(G),
=1

where the series converges in L2. This implies that we can write
Ii(f) = P(G1,Ga,...) (3.2)

where P : RN — R is a function defined »®N-almost everywhere, with v the standard
normal distribution. In other words, we can consider I;(f) as a random variable defined
in the probability space (RN, »®N). On the other hand, for any n > 1 and for almost all
Yn+1sYnt2, - .. in R, the function (y1,...,yn) — P(y1,¥2,...) is a polynomial of degree at
most p. By linearity, from the representation (3.2) we deduce the existence of mappings
P,...,P;: RN — R, defined v®N almost everywhere, such that foralli = 1,...,d,

F, = Pi(G1,Ga,...), (3.3)

and such that for all n > 1 and almost all y,, 1, Yn+t2, ... in R, the mapping (y1,...,yn) —
P;(y1,y2,- . .) is a polynomial of degree at most ¢. With this notation, the Malliavin matrix
I’ can be expressed as I' = AA”, where

OP;
A:(8 (Gl,GQ,...)) .
Lj 1<i<d, j>1

Consider the truncated Malliavin matrix I',, = 4,, AL, where

OF;
b= (L6 )

1<isd, 1jsn .
From the Cauchy-Binet formula
detT',, = det(A,AT) = > (det Ay)?,
J={j1,--dayC{L,...,n}
where for J = {j1,...,ja},

oP;
AJ— <8a’;](G1’G2’)> 3

1<i<d, jeJ

we deduce that detI',, is increasing and it converges to detI'. Therefore, if detI' = 0
almost surely, then for each n > 1, detI';, = 0 almost surely.

Suppose that E[det T'] = 0, which implies that detT" = 0 almost surely. Then, for all
n > 1, detT',, = 0 almost surely. We can assume that for any subset {F},,..., F; } of the
random variables {F1, ..., F;} we have

E[det Ty, (F;,, ..., Fi,)] #0,

because otherwise we will work with a proper subset of this family. This implies that
for n > ng, and for any subset {F;,,...,F; },

EldetT,(F;,,...,F; )] #0,
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where I',, denotes the truncated Malliavin matrix defined above. Then, applying the
Carbery-Wright inequality we can show that the probability P(det T, (F;,,..., F;.) = 0)
is zero or one, so we deduce detI',,(F;,, ..., F;, ) > 0 almost surely.

Fix n > ng. We are going to apply the results by Kayal (see [7]) to the family of
random polynomials

Pz(n)(ylavyn) - Pl(ylv 7yn7Gn+17Gn+27"')7 1 < 1 g d

We can consider these polynomials as elements of the ring of polynomials K[y, ..., yn],
where K is the field generated by all multiple stochastic integrals. This field is well
defined because by a result of Shigekawa [17] if F' and G are finite sums of multiple
stochastic integrals and G # 0, then G is different from zero almost surely and g is well
defined. The Jacobian of this set of polynomials

apl(”)
J(ylvvyn)_< az (ylvyyn)>
Yj ) .
1<i<d, 1<j<n

satisfies J(Gy,...,G,) = A, almost surely, and, therefore, it has determinant zero al-
most surely. Furthermore, for any proper subfamily of polynomials {PZ.(I"), . ,Pi(:’) }, the
corresponding Jacobian has nonzero determinant. As a consequence of the results by
Kayal, there exists a nonzero irreducible polynomial H, € F[zy,...,z4] of degree at
most D := dg¢%~!, which satisfies the following properties:

(i) The coefficients of H,, are random variables measurable with respect to the o-field
U{Gn+17 GnJrQ, . }

(#4) The coefficient of the largest monomial in antilexicographic order occurring in H,
is 1.

(iii) Forallyi,...,yn € R,

Hn(Pl(n)(ylw~'ayn)7'"aPén)(ylv"wyn)) =0

almost surely.
(iv) If A € Fzq,. .., x4 satisfies

AP (Y, yn)s - P (s yn)) = 0
almost surely, then A is a multiple of H,,, almost surely.

If we apply property (ii:) to n + 1 and substitute y,,+; by G,,+1 we obtain

Hn+1(P1n+1) (yh ey Yny Gn+1)7 ey P£n+1)(y17 vy Yn, Gn+1)) = 0.

From property (iv) and taking into account that for any 1 < ¢ < d,

Iji(n-‘rl)(yly <o Yny Gn+1) = Pz(n) (yla cee 7y”)

almost surely, we deduce that H,; is a multiple of H, almost surely. Using the fact
that H,,; is irreducible and normalized we deduce that H,, = H,; almost surely for
any n > ng. The coefficients of these polynomials are random variables, but, in view
of condition (), and using the 0 — 1 Kolmogorov law we obtain that the coefficients are
deterministic. Thus, there exists a polynomial H € R[X7, ..., X4]\ {0} of degree at most
D = dq%! such that H(F}, ..., F;) = 0 almost surely. O
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The condition E[detI'] > 0 can be translated into a condition on the kernels of the
multiple integrals appearing in the expansion of each component of the random vector
F'. Consider the following simple particular cases.

Example 1. Let (F,G) = (I1(f),Ix(g)), with k& > 1. Let I' be the Malliavin matrix of
(F,G). Let us compute E[det T']. Applying the duality relationship (2.1) and the fact that
0(DG) = —LG = kG, where L is the Ornstein-Uhlenbeck operator, we deduce

E[|DG|I3] = E[GS(DG)] = kE[G?] = kk!llg§ex

so that

E[det T IFIEENDGIE] = EL(f, DG)3] = IfISEIDGIZ] — k> Elli-1(f @1 9)*]

kLIS gl fer = 11f @1 gllfew—)-
We deduce that E[detI'] > 0 if and only if |[f ®1 gllgex-1 < [|f|lsllgllser. Notice that

when k = 1 the above formula for E[det '] reduces to E[detT'] = det C, where C' is the
covariance matrix of (F, G).

Example 2. Let (F,G) = (I2(f),Ix(g)), with k > 2. Let I be the Malliavin matrix of
(F,G). Let us compute E[det I']. We have

k

k-1
DG = k2Z(T—1)!<T_ ) Iop—2r(9 ®r g) = 27”7”'< ) Iok—2:(9 ®7 g),

r=1
so that
(DF,DG)y = 2k(Ii(f ®19)+ (k= 1)Ii—a(f ®2 9))
IDF|S = Allfl3e: +4L2(f 1 f)
k 2
k
IDGIG = kklllgen + (k= DkkIIa(g @11 9) + Z”“’@ Iok-21(9 @1 9)
r=3
We deduce
EldetT] = E[|DF|3|DGI3] - E[(DF, DG)3)

= 4kK!|| flZe2llgll5er + 8(k — DEENf ®1 f,9 ®k—1 g) 52 — 4k>K!|| f @195 e
—4k(k — D! f ®2 9||32~3®<1«—2>
= 4K flle: lgllfer +8(k — DR f @1 glFer — 4K°K!| f ©19]§er
—4k(k = DE!|f @2 gl F o0 (3.4)
Therefore, E[detT'] > 0 if and only if the right hand side of (3.4) is strictly positive.
Consider the particular case k = 2, that is, F = (I2(f),I2(g)) and let C be the

covariance matrix of F'. By specializing (3.4) to k = 2, we get that

Eldet T = 16(]1f 302 19130 — (£, 903 02) +32(1f @1 gll3e = |1 Erll3e2) > 4det C. (3.5)

We deduce an interesting result, that generalizes a well-known criterion for Gaus-
sian pairs.

Proposition 3.2. Let F' = (I5(f), I2(g)) and let C be the covariance matrix of F. Then,
the law of F has a density if and only if det C' > 0.

Proof. If det C' > 0 then E[detT] > 0 by (3.5); we deduce from Theorem 3.1 that the
law of F' has a density. Conversely, if det C' = 0 then I5(f) and I>(g) are proportional;
this prevents F' to have a density. O
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4 Convergence in law and total variation distance

In this section we first prove an inequality between the total variation distance and
the Fortet-Mourier distance for vectors in a finite sum of Wiener chaoses.

Theorem 4.1. Fix ¢,d > 2, and let F,, = (F1,,..., Fq,) be a sequence such that F; ,, €
@i_, Hi foranyi=1,...,d andn > 1. Let T, := I'(F,,) be the Malliavin matrix of F),.
Assume that F,, lay F asn — oo and that there exists § > 0 such that E[detT',,] > § for
61111 n. Then F, has a density and, for any v < (d+1)(4d(q171) there exists ¢ > 0 such
that

+3)+1”
dTV(Fn7Foc) ngFM(anFoo)v- (4.1)

In particular, F,, — F,, in total variation as n — oc.

Proof. The proof is divided into several steps.

Step 1. Since F; ,, lgv Fi o with F,, € @Zzl H, it follows from [11, Lemma 2.4] that
for any i = 1,...,d, the sequence (F;,) satisfies sup,, E|F; |’ < oo for all p > 1. Let
¢ :R? — R € C* be such that ||¢|| < 1. We can write, for any n,m,p, M > 1,

|El¢(Fy)] — E[¢(Fn)l| < |E (01— nr2,0/212) (Fn)] — E [(01 (= ar/2,0/210) (Fin) |
+2 sup P(max [Fn| > M/2)

n>1 1<i

N

sup |E[(Fn)] = Elt(Fn)]|

PEC®: [¢Plloo <1
suppy C[—M,M]4

21+
sup I/ F; P .
S ey
Therefore, since sup,,; F [maxi¢;<q |Fi|"] is finite, there exists a constant ¢ > 0 (de-
pending on p) satisfying, foralln > 1,

c
drv (Fn, Foo) < sup ‘E[(b(Fn)] _E[¢<FOO)H +m~ (4.2)
$€C: [|lloo <1
supp¢pC[—M,M]4

As in [11], now the idea to bound the first term in the right-hand side of (4.2) is to
regularize the function ¢ by means of an approximation of the identity and then to
control the error term using the integration by parts of Malliavin calculus. Let ¢ : R —
R € C* with compact support in [—M, M]? and satisfying ||¢||.c < 1. Let n,m > 1 be
integers. Let 0 < o < 1 and let p : R — Ry be in C2° and satisfying [, p(z)dz = 1. Set
pa(x) = Lp(£). By [11, (3.26)], we have that ¢ * p, is bounded by 1 and is Lipschitz
continuous with constant 1/«. We can thus write,

| Elp(Fo)] — Elp(Fa)|
< |E[9* pa(Fn) — ¢ * pa(Fm)]| + 25up |E [(¢(Fn) — ¢ * pa(Fr))]|

n>1

1
< adFM(Fn, F..)+2R,, (4.3)
where dg;s is the Forter-Mourier distance and

Ro =sup |E[(¢(Fn) — ¢ * pa(Fn))]] -

n>1

In order to estimate the term R, we decompose the expectation into two parts using

the identity
€ det I,

1= , > 0.
detl’,, +¢ + detl',, +¢ €
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Step 2. We claim that there exists ¢ > 0 such that, foralle > 0 and alln > 1,

e 1
E|—— | < cex@art, 4.4
[det I, +J e (-4)

Indeed, for any A > 0 and by using (3.1) together with the assumption E[detT,,] > S,

9 3 1 3 1
F|l— g E|l—1 e 2(qg—1)d g — 2(¢q—1)d |
[detFn+5] {detl“n—i—a {d tF,,L>/\}} +cA )\—i-c/\

2(g—1)d

Choosing A = £2-Dd+1 proves the claim (4.4). As a consequence, the estimate (4.4)
implies

€ detI',,
R, = E F,) — o (Fh
sup W ) =9 xpal >>(detrn+g+detr,,+e)ﬂ
1 det ',
< 2ce(@-—ndit —_— 4.5
ce +i1§1> {(cﬁ ¢ * pa)(F, )detI‘ +E] (4.5)

Step 3. In this step we will derive the integration by parts formula that will be useful
for our purposes. The method is based on the representation of the density of a Wiener
functional using the Poisson kernel obtained by Malliavin and Thalmaier in [9], and it
has been further developed by Bally and Caramellino in the works [1] and [2].

Let » : R* — R be a function in C* with compact support, and consider a random
variable W € D*°. Consider the Poisson kernel in R¢ (d > 2), defined as the solution to
the equation AQy = Jy. We know that Q-(z) = cylog|z| and that Q4(z) = cq|z|*~¢ for
d > 3. Then, we have the following identity

d
h=> 0;ih*0;Qa. (4.6)

i=1

As a consequence, we can write

E[W det T, h(F,)]

ZE[WdetF / 0:Qu(y)0sh(Fy — y)dy

- / 0,Quly)E (W det Todih(Fy — ) dy.

We claim that

d
E[W det T0;h(Fy — y)] = Y E [h(F, — y)6(W(Coml'y,); o DFy )] (4.7)

a=1

where § is the divergence operator, and Com(-) stands for the usual comatrice operator.
The equality (4.7) follows easily from the relation

alh(Fn - y) = Z(F;1)071<D(h(Fn - y))v DFa,n>.6»

a=1

multiplying by W detT',,, taking the mathematical expectation, and applying the duality
relationship between the derivative and the divergence operator. The random variable

A (W) Z §(W(Coml',,); o DFy )

d
- — Z ((D(W(ComI'y)a,i), DFyn)s + (Comly, )q ;WLF, ;)

a=1
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satisfies A4; , (W) € D, and we can write

E[W det T, h(F, ZE[ W) | h(y)0:Qa(Fn —y)dy| . (4.8)

R4

Step 4. We are going to apply the identity (4.8) to the function h = ¢ — ¢ * p, and to

the random variable W = W, . = m. In this way we obtain

B0~ 6+ pa)F) |

detT'),, +¢

d
S8 AW [ (0= 0% ) 00Qu(E, ~ )] @.9)
=1

We claim that, for any p > 1, there exists a constant ¢ > 0 such that

SupEHAi,n(an—:)lp] < C572.

Indeed, this follows immediately from the fact that the sequence (F;,) is uniformly

bounded in L? for each i = 1,...,d and that we can write
d
AinWas) = ST4 =1 ((D(ComT,)ai, DFy s, — (ComDy)iLFun)
K ’ = detT'), + ¢ v ' o "

1

+m (ComI'y,)q(D(detTy), DF, )6 }

On the other hand, we have
| (0= 05p)W0QuE iy = [ (0() = 6y~ 2)pa(2)0:Qu(Fy ~ )dyd:
R4 R2d
= [, 0P = 0)a()0.Quly) ~ 0Quly — )iy

Taking into account that
Ty

0;Qa(x) = ded, (4.10)

for some constant k;, we can write

(¢ — 6% ) W)Qa(Fu — y)dy = kg | &(Fu — y)palz) (L — L0 dyde.
. L. (==

yld  Jy—

Fix R > 0. Set Br = {(y, %) : ly| = R, |y — z| > R}. We can assume that the support of p
is the unit ball {|z| < 1}. Then for any (y, z) € (Bgr)¢ with |z| < «, both |y| and |y — z| are
bounded by R + «, and we obtain

Yi Y
O(Fn — y)palz <—>dydz
/<BR>C En=9)pal) { fya = [y =21
lyil | lyi — 2 |>
Pa(2) < + dydz
/(BR)” lyld |y — 2|
< 2/ |yiu|ldy:2/ v |d % (R+ a).
{ly|<R+a} Y {lyl<1} |y|?
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On the other hand,

O(Fn — y)pal2) ( Ho_ A ) dydz

Br yld Jy — 2|
< (max |Fp,| + M)? sup / y—id — ind Pa(2)dz.
1si<d WwI=R J{zly—z1=R) | Y] ly — 2|

There exists a constant ¢ > 0 such that, for |y| > R,

y—z| > Rand |z] < o,

Yi Yi — Zi

— |d g2 d
s v Wl A B
Y Yy—=

lyl?ly — 2|2 ly|?ly — 2% =

Therefore,

\ [ 6= 6% 0)0Qu(F - y)dy\ <e <R+ o+ aR 4 max |[Fun| + M)d) ,
Rd 1<i<d

for some constant ¢ > 0. Substituting this estimate into (4.9) and assuming that M > 1,
yields

sup
n

<ee? (R+a+ aR_de) ,

E [(¢_¢*pa)(Fn) detT'), ]

detI',, + ¢

for some constant ¢ > 0. Choosing R = a#+T M 7+T and assuming a < 1, we obtain

—9 1 _d_
< ce 2qTT M, (4.11)

sup‘E (6= 0 pu)(F)

n

det T,
detT',, +¢

for some constant ¢ > 0.

Step 5. From (4.3), (4.5) and (4.11) we obtain
|E[6(F,)] — E[$(Fn)]| < édFM(Fn,FOO) + e TTIA 4 e 2T Mt
By letting m — oo, we get
|E[o(Fn)] — E[¢(F)]| < édFM(Fn,FOO) + e T 4 e QT M (4.12)

Finally, by plugging (4.12) into (4.2) we obtain the following inequality, valid for every
M>21,p>21,n>1,e>0and0<a < 1:

1 d
1 T M THT 1
dpy (Fp, Fao) < <adFM(Fn, Flo) + exatart 4 O‘T + Mp> : (4.13)
p 2(g—1)d+1
1 —_
where the constant ¢ depends on p. Choosing ¢ = (adTl Mm) HEETDIIT e get
1 TGS
dry (Fy, Foo) < c (dFM(Fn,FOO) n (aﬁ Mﬁ) DI Mp> . (4.14)
@

Notice that dpp (Fp, Foo) < 1 for n large enough (n > ng say). So, assuming that n > ng

and choosing
(d+1)(4(g—1)d+3) _ d
o = dFM(Fm FOO) @D AGQ—DdFH+T N[~ @FDEG-DIFHFT

we obtain
drv (Fa, Fao) < ¢ (dpat (Fo, Foc) DM 4+ M77), (4.15)
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where D = (d+ 1)(4(¢ — 1)d + 3) + 1. Notice that o < 1 provided M > 1 and n > ny.
Optimizing with respect to M yields

dTV(FnaFoo) < Cd}:‘]\/[(}f—;“f«joo)pppﬁ7

and taking into account that p can be chosen arbitrarily large, we have proved that for
any v < + there exists ¢ > 0 such that (4.1) holds true.

Step 6. Finally, let us prove that the law of F, is absolutely continuous with re-
spect to the Lebesgue measure. Let A C R? be a Borel set of Lebesgue measure
zero. By Lemma 3.1 and because E[detT,] > § > 0, we have P(F, € A) = 0. Since
drv(F,, Fx) — 0 as n — oo, we deduce that P(F,, € A) = 0, proving that F, has a
density by the Radon-Nikodym theorem. The proof of the theorem is now complete.

O

Under the assumptions of Theorem 4.1, if we denote by p,, (resp. p~) the density of
F,, (resp. F,), then the convergence in total variation is equivalent to

/ 1Pn() — poo(@)]dz — 0,
Rd

as n tends to infinity. We are going to show that this convergence actually holds in
LP(RY) forany 1 < p <1+ m

Proposition 4.2. Suppose that F,, is a sequence of d-dimensional random vectors sat-
isfying the conditions of Theorem 4.1. Denote by p,, (resp. p~,) the density of F,, (resp.

Fy). Then, forany1 <p < 1+W’ we have

/ 1Pu() — poo(@) Pdzz — 0.
Rd

Proof. The proof will be done in several steps. We set N = 2d(¢ — 1) and we fix p
such that 1 < p < 1+W'

1) Denote by I';, the Malliavin matrix of F,,. Using Carbery-Wright’s inequality (2.2),
we have, for any v < +,

sup E [(detT,) "] = sup/ 1P (detT,, <t~ 1dt < C <1 +/ t”lifdt) < 00
n 0 1

n

2) Fix a real number M > 0. For any a < N+1 and 1+ § <p <1+ 7%, we have

/pﬁ(ﬂf)l{lpnu)l@f}dw
Rd

_ (detTp,)™
= E {pi’b E) L onm0l<Mn (G Ty
1 N
< B [pm VNI E) L, (5, 1<any (det ) N2 T B [(det T,) 7 W T
p—1 a
< CE[pn™ (Fa)L{jppj<ary det T (4.16)
where

N

C = supE {(det F,,,)*N#O‘] < .

Applying the identity (4.8) to h = pn 1{| pn())<my @nd W =1 and taking into account
that (4.10) holds, yields

p=1
E | pn® (Fn)l{lp (Fn)|<M} detF = de/ |y|d (Fn - y)1{|pn(Fn7y)|<I\4}Ai,n dy,
(4.17)
EJP 18 (2013), paper 22. ejp.ejpecp.org
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where A;,, = 4, ,(1) = X¢_, § ((ComT,); a DF, ).
For any r € R and any function f : R? — R, the integral

/13 yfdf(x —y)dy

a |y

can be decomposed into the regions {y : |y| < 1} and {y : |y| > 1}. Then, using Holder’s
inequality, for any exponents § > d and 7y < d, there exist a constant C , such that

sup
z€R?

[ e y)dy\ < Cay (U5 + 1£1)
Yy

€Rd |yl

—1

pP—1
We are going to apply this estimate to the function f = pp* 1y, () <m} and to the
exponents 8 = % >dandy= p%l < d. In this way we obtain from (4.17)

p—1
E [p”a (Fn)l{|p, (Fo|<nry det Fnjl

p—1 p—1
po o
(/ Pﬁ(fﬂ)l{pnmsM}dw) + (/ Pn(fff)lﬂpn(m)sM}dx) 1
R4 R4

—1

(/ pﬁ(fﬂ)l{pn(msM}dx) +1
Rd

From (4.16) and (4.18) we deduce the existence of a constant K, independent of M and
n, such that

< ¢q Z EHAi,nHCaﬁ
i=1

< ca Y E[|AinllCaps (4.18)
=1

p—1

P

/dpﬂ(aﬂ)1{|mac>\<M}df'fg K [(/dﬂﬁ(fﬂ)l{pnunw}dﬂf) +1 (4.19)
R R

Since f]Rd Ph(2)1¢p, (z)|<aryde is finite (it is less than MP~1), we deduce from (4.19) that

sup sup / Po ()1, ()| <mydT < 00,
n M>0 JRd
implying in turn that

n

SUP/ PP (z)dr < oo,
R
3) Let n,m > 1. By applying Holder to
/ lpn (@) = pm () |Pda = / lpn () = pm(2)||pn () — pm(z) [P~ dz,
R4 R

we obtain, forany 0 < € < 1,

[ 10n@) = putoPte < ([ lput)=puilis) ([ lputo) = pule] )

1—e

(4.20)
We can choose ¢ > 0 small enough such that
p—€ 1
<—x<1 .
7 IS I
Then, from Part 2) we deduce
/ lon () — pm(z)[Pdz — 0 as n,m — co.
Rd
As a result, {p, } converges in L?(R?), which is the desired conclusion. O
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5 Some applications

In this section we present some consequences of Theorems 3.1 and 4.1. We start
with a straightforward consequence of Theorem 4.1.

Proposition 5.1. Fix ¢,d > 2, and let F,, = (Fi,,...,Fq,) be a sequence such that
F, € EBizl Hy, for any i = 1,...,d and n > 1. Let T, := I'(F,) be the Malliavin
matrix of F,,. Asn — oo, assume that I, — F,, in law and that I',, — M, in law, with
E[det M| > 0. Then F,, converges to F, in total variation.

Proof. We set N = 2d(q — 1). Since T',(i,5) ¥ Muo(i, ) with T (i, §) € @N_, Hy, it
follows from [11, Lemma 2.4] that for any i, = 1,...,d, the sequence I',(,j), n > 1,
satisfies sup,, E|T',,(7,7)|P < oo for all p > 1. As a result, E[detT,,] — E[det M| > 0 and
the desired conclusion follows from Theorem 4.1. O

Our first application of Proposition 5.1 consists in strengthening the celebrated
Peccati-Tudor [15] criterion of asymptotic normality.

Theorem 5.2. Letd > 2 and k4, ...,kq > 1 be some fixed integers. Consider vectors
Fn = (Fl,na s 7Fd,n) = (Ikl (fl,n)> o aIkd(fd,n))v nz 1a

with f; ., € §°%. Asn — oo, assume that F), YN~ Ng(0,C) with det(C) > 0. Then,
drv(F,,N) — 0 asn — oc.

law

Proof. Since F;, — Fj;. with F;, € H;,, it follows from [11, Lemma 2.4] that
for any ¢ = 1,...,d, the sequence (F;,) satisfies sup,, E|F;,|P < oo forall p > 1. In
particular, one has that E[F; ,F},| — C(i,j) as n — oo for any 4,5 = 1,...,d. Denote
by I',, the Malliavin matrix of F},. As a consequence of the main result in Nualart and
Ortiz-Latorre [14], we deduce that I',, — C in L?(Q2) as n — oco. Finally, the desired
conclusion follows from Proposition 5.1. O

The next result is a corollary of Proposition 5.1 and Theorem 3.1, and improves
substantially Theorem 4 of Breton [3]. It represents a multidimensional version of a
result by Davydov and Martynova [5].

Corollary 5.3. Fixd > 2 and ky,...,k; > 1. Consider a sequence of d-dimensional
random vectors {F,,n > 1} of the form F,, = (Fi,...,Fyn), with F;,, = I;,(fin),
i=1,...,d, n > 1. Suppose that F, converges in L*({)) to F,, and the law of F,, is
absolutely continuous with respect to the Lebesgue measure. Then, F,, converges to
F, in total variation.

Proof. By the isometry of multiple stochastic integrals, for any : = 1,...,d, the
sequence f; ,, € $HOFi converges as n tends to infinity to an element fioo € HOk, and we
can write

Foo = (Ikl(fl,OO)v LR Ikd (fd,OO))~

Since the law of F is absolutely continuous with respect to the Lebesgue measure, we
deduce from Theorem 3.1 that E[detI'(F)] > 0, where I'(F) is the Malliavin matrix
of F. On the other hand, taking into account that all the norms || - ||,, , are equivalent
in a fixed Wiener chaos, we deduce that forall 1 <i,5 <d

Lij (Fn) =T (FOO)
in L?(Q) as n tends to infinity, for all p > 2. Therefore, we can conclude the proof using

Proposition 5.1. O
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In the case of a sequence of 2-dimensional vectors in the second chaos, it suffices to
assume that the covariance of the limit is non singular. In fact, we have the following
result.

Corollary 5.4. Let (F,,,G,) = (I2(fn), I2(gn)) be a pair converging in law to (Fs, G ) as
n tends to co. Let C, be the covariance matrix of (F,, G,) and assume that det C, > 0.
Then (F,,G,,) converges to (F,G) in total variation.

Proof. Let I',, (resp. C,) be the Malliavin (resp. covariance) matrix of (F,,G,).
Taking into account that all p-norms are equivalent in a fixed Wiener chaos, we deduce
that that both {F,,n > 1} and {G,,,n > 1} are uniformly bounded with respect to n
in all the LP(Q2). Thus, one has det C,, — det C as n tends to co. On the other hand,
we have by (3.5) that E[detT',] > 4detC,. By letting n tend to co, we deduce that
E[detT,] > % det Cc > 0 for n large enough. Theorem 4.1 allows us to conclude. O

Another situation where we only need the limit to be non degenerate in order to
obtain the convergence in total variation, is the case where the limit has pairwise inde-
pendent components.

Corollary 5.5. Fixd > 2 and k1,...,kq > 1. Consider a sequence of d-dimensional ran-
dom vectors of multiple stochastic integrals {F,,, f > 1} oftheform F,, = (Fi 5, ..., Fan) =
(I, (fin),--- s Ik, (fan)). Suppose that F, converges in law to Fyo = (Fi 0., Fic0)-
Assume moreover that Var(Fj.,) > 0 for any j = 1,...,d and that Fi .,...,Fj . are
pairwise independent. Then F,, converges to F, in total variation.

Proof. The proof is divided into several steps.

Step 1. We claim that there exists v > 0 such that E[|DFy,|*...||DFsn|*] = ~
for all n large enough. Indeed, let j = 1,...,d. Since E[||DF},||*] > Var(Fj,) and
Var(Fj,) — Var(Fj ) as n — oo, we have that E[|DF},|*] > 1Var(F;.) > 0 for all
n large enough. Using Carbery-Wright’s inequality, we deduce that there exists ¢ > 0
such that, for all n large enough and all A > 0,

1
P(|DFjnll® < X) < eX?572.

1
x1<<a kj)’

=]
> « [e3 1
= / P<||DF1,n|| .. [|DFypll S)dm
0 x
< 1+ [ {P(IDRI < o)+t P(IDFLI < o7 ) fda
1 ZTd xrd

oo 1 1
< c<1+/ [mW+~~~+xW]dm),
1

so that sup,,»; E[||DF1 [~ ... [|[DF4,[~%] < co. Combined with

we can write

As a consequence, for 0 < a < A(—TFma

E[||DFy ||~ ... ||DFyn

« Oé2

E[|DFo|?... |DFsal? > ElIDFL" .|| DFya]*]?
_2
> (BlIDFylI " ... | DFayal =)+,

this proves the claim.

Step 2. We claim that E[det'(F,,)] — E[|DF1,|?...||DFanl?] — 0 as n — oco. To
prove the claim it suffices to show that, forany 1 < ¢ # j < d, one has (DF; ., DFj’n>5 —
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0 in all the LP(Q). By hypercontractivity, to prove this latter property it is enough to
check that (DF; ,,, DF} )5 — 0 in L?(€2). Recall from [12, (3.20)] that

ki/\kj
ki\ (k;
Cortrzn i) = kst 3 (5) (%)im e s
r=1

k?i/\k)j

kN2 (k\? ~
+ Z N?(;) (;) (kz +l{3] *2T)!||fi7n®rfj,n
r=1

Since Cov(F},, F7,) = Cov(F?,, F},) = 0 (recall that F; o, and F} ,, are assumed to

in

be independent), we deduce that || f; ,®, f;.||> — 0 forallr = 1,...,k; A k;. But

| 2

| 2

Finks ki — 1\2 (k; — 1\
BUDF . DF3 =22 30 0= 02 (Y1) (M) ot by = 2t gl

r=1
and the claim is shown.

Step 3. By combining Steps 1 and 2, we obtain the existence of v > 0 such that
E[detT'(F,)] = ~ for all n large enough. Theorem 4.1 then gives the desired conclusion
of Corollary 5.5. O
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