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HOLDER REGULARITY OF WEAK SOLUTIONS TO NONLOCAL
p-LAPLACIAN TYPE SCHRODINGER EQUATIONS WITH
AP-MUCKENHOUPT POTENTIALS

YONG-CHEOL KIM

ABSTRACT. In this article, using the De Giorgi-Nash-Moser method, we obtain an interior Holder
continuity of weak solutions to nonlocal p-Laplacian type Schrédinger equations given by an
integro-differential operator L% (p>1),
LPu+VulP2u=0 inQ,
u=g inR™\Q.
Where V = Vi — V_ with (V_,V4) € L (R") x LI (R™) for ¢ > ﬁ >1land 0 < s <
1 is a potential such that (V_,Vi’l) belongs to the (A1, A1)-Muckenhoupt class and Vi’l is
in the Aj-Muckenhoupt class for all 4 € N. Here, V> := V. max{b,1/i}/b for an almost

+
everywhere positive bounded function b on R™ with V4 /b € LL (R"), g € W*P(R") and

Q C R™ is a bounded domain with Lipschitz boundary. In addition, we prove local boundedness
of weak subsolutions of the nonlocal p-Laplacian type Schrédinger equations. Also we obtain
the logarithmic estimate of the weak supersolutions which play a crucial role in proving Holder
regularity of the weak solutions. We note that all the above results also work for a nonnegative
potential in L (R™) (¢ > ps > L 0<s<1).

loc

1. INTRODUCTION

The research on nonlocal partial differential equations has been performed not only in pure
mathematics, but also in scientific areas that necessitate its concrete applications. This kind of
problems appear in various applications such as continuum mechanics, phase transition phenomena
related to a nonlocal version of classical Allen-Cahn equation, population dynamics, nonlocal
minimal surfaces, a nonlocal version of Schrédinger equations for standing waves (see [3] B [@]),
game theory and also constrained variational problems with fractional diffusion arising in the
quasi-geostrophic flow model, anomalous diffusions and American options with jump processes
(see [7, 8, 31]).

For ¢ >
that

() V- € L (R"),
(11) V+ e Liloc(Rn)’

(iii) there is an almost everywhere positive bounded function b on R™ so that Vi /b € L (R"),

V_, v belongs to the (A;, A;)-Muckenhoupt class and V2% is in the Aq-Muckenhoupt
+ +
class for all ¢ € N, where

>1(p>1,0<s<1), let PyP(R") be the class of potentials V' =V, — V_ such

n
ps

max{b,1/i}

V.
b +

bi  _
v =

2020 Mathematics Subject Classification. 47G20, 45K05, 35J60, 35B65, 35D10, 60J75.

Key words and phrases. Holder regularity; nonlocal p-Laplacian type Schrédinger equation;
AP-Muckenhoupt potential; De Giorgi-Nash-Moser method.

(©2025. This work is licensed under a CC BY 4.0 license.

Submitted February 21, 2025. Published August 8, 2025.

1



2 Y.-C. KIM EJDE-2025/83

ItV e PyP(R™) for ¢ > 22 > 1 (p>1,0<s <1), then we say that V is a Al -Muckenhoupt
potential. When p = 2, we call it A;-Muckenhoupt potential.

The aim of this paper is to obtain an interior Hélder regularity of weak solutions of nonlocal p-
Laplacian type Schrodinger equations with A7-Muckenhoupt potentials and to additionally obtain
the local boundedness of weak subsolutions of the nonlocal equation.

For p > 1, let K, be the family of all positive symmetric kernels satisfying the uniformly

ellipticity assumption

C"’LypySA cnyP:SA n
< K(y) = K(—y) < , 0<s<l1, yeRM{0}, 1.1
s (y) = K(~y) s \{0} (1.1)

where ¢, p s > 0 is the normalization constant given by
+
T(2) p(1 - s)

TS

For K € K, (p > 1), we consider integro-differential operators L%, given by

L u(z,t) =p.v. A Hy,(u(z) —u(y)K(x —y)dy (1.2)
where H(t) = [t|P72t for t € R. If p = 2, then we write L}, = Lg. In particular, if K(y) =
Cnp,s|yl 7" 7P, then L = (—A)? is the fractional p-Laplacian and it is well-known [20] that

Sl_ig{(—A)Zu =—-Apu
for any function v in the Schwartz space S(R™), where
Ayu = div(|Vul|P~?Vu)

is the classical p-Laplacian.

We are interested in the Dirichlet problem for the nonlocal p-Laplacian type Schrédinger equa-
tion

LEu+VuP2u=0 inQ
u=g inR™"\Q

where V' € PgP(R") for ¢ > - > 1 (p > 1land 0 < s < 1), g € W*P(R") and 2 C R" is
a bounded domain with Lipschitz boundary. The existence and uniqueness of weak solution to
the above nonlocal equation was obtained in [24] by applying standard technique of calculus of
variations. More precisely speaking about the problem, by employing the De Giorgi-Nash-Moser
theory we obtain an interior Hoélder continuity of weak solutions to the nonlocal p-Laplacian type
Schrodinger equations with A-Muckenhoupt potentials, and we obtain the local boundedness of
weak subsolutions of the nonlocal equation. Here, we note that the boundary condition is imposed
on R™\Q with nonlocality. In fact, from the probabilistic point of view, it conforms to the natural
phenomenon that a discontinuous Lévy process on the domain 2 can exit 2 for the first time
jumping to any point in R™\Q.

When p = 2, the research on the nonlocal equations was strongly motivated by the study of
standing wave solutions of the form

(1.3)

U(z,t) = e “u(x)
of the time-dependent nonlocal Schrodinger equations

Ko
iy = Lr¥ + V(@)

which is a fundamental equation of fractional quantum mechanics and fractional quantum physics.
This equation was used for the first time in the literature by Laskin [25].
It turns out in Section 3 that any potential V' in P, (R") satisfies

/n lo()| V-(y) dy < / lo()| Vi (y) dy, (1.4)



EJDE-2025/83 HOLDER REGULARITY OF WEAK SOLUTIONS 3

[ P vt < [ el vy (15

for every ¢ € YS (©), whenever ¢ > 2 > 1 (p > 1 and 0 < s < 1). As a matter of fact, the

inequality (1.4) is a useful tool for the proof of nonlocal Caccioppoli type inequality to be given
in Theorem 1 5 and also the inequality (1.5 makes it possible to prove in Lemman 3| below that
Yy P () is a quasi-Banach space.

Notation.

e For r > 0, 7o € R" and s € (0,1), let us denote by B? = B,.(x¢), B, = B,(0).

e For two quantities a and b, we write a < b (resp. a 2 b) if there is a universal constant C' > 0
(depending only on A\, A, n,p, s and ) such that a < Cb (resp. b < Ca).

e For a,b € R, we denote by

aVb=max{a,b} and aAb=min{a,b}.

e Let F7" be the family of all real-valued Lebesgue measurable functions on R™.
e For u € C(BY), we consider the norm

[ullc(poy = sup |u(z)|.
zeB?
For v € (0,1), the 4" Hélder seminorm of u on BY is defined by

[u(z) — u(y)|
[u]cv(goy = sup ——=
(B7) z,y€BY, x#y |{E - yh
and the v*" Hélder norm of u on BY is defined by
luller ey = llullesoy + [ulen (po)-
e For 29 € Q, p > 1 and r > 0 with BY C Q, the nonlocal tails of the function u in B C Q is

defined by
Tr(u; 20) = (Tps/ |U(y)|p_1 dy)ﬁ (1.6)
7 R7\ By (z0) [Y — o[PS

We now state one of our main results which is called the local boundedness of weak subsolutions
to the nonlocal p-Laplacian type Schrodinger equation (1.3)), as follows.
Theorem 1.1. Let V € PyP(R"), g € W*P(R") forq> - >1(p>1, 5€(0,1)) and BY. c Q.

If u € YP(Q)™ is a weak subsolution of nonlocal p-Laplacian type Schridinger equation (L.3)),
then there is a constant Cy > 0 depending only on n,s,p, \, A and Q such that

_(=1n 1/p
supu < § T (ug;x0) + Cod =r? (][ ul dm)
B'E)' BS’V\

for all 6 € (0,1].

L.1. Remarks. (a) If u € Y P(Q2)” is a weak subsolution of the nonlocal p-Laplacian type
Schrodinger equation and g € W*P(R"™) for s € (0,1), then we see that u € LP(Q?) and
u < g on R"\Q, and thus 4 < g4 there. Then it follows from Hoélder’s inequality and fractional
Sobolev inequalities (2.4 . ) below that

[Tr (ws; 20) P~ <7,.p5(/ 9+71(y) dy+/ Ju(y)[P ! dy)
’ - Re\q |y — @o|" TP O\B, (wo) 1Y — To["FP*

—n(1-1)

<
“((p=Dn+p*s
(b) If u € Ygs’p(Q)Jr is a weak supersolution of the nonlocal p-Laplacian type Schrodinger
equation (1.3)) and g € W*P(R") for s € (0,1), then —u is its weak subsolution and v > g on
R™\Q, and so u_ < g_ there. Then, as in the above (a), we obtain that
—n(1-1)

: -1 -1
[Tl 2l % ((p— 1)n+p25)1/p(HQHWSP(R") el o)) < oo

5775 (912 gy + Il < 0.
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Then, from Theorem we easily have

(p—1n
—infu =sup(—u) < 6T, (u_;z9) +Cod  s»? (f
BO 5

BY

1/p
u? d:v)

0
2r
for all § € (0,1].

(c) Ifu € Y;r ()T is a weak solution of the nonlocal p-Laplacian type Schrodinger equation
(1.3) and g € W*P(R"™) for s € (0, 1), then it follows from (a), (b) and Theorem [1.1| that

1/p
|u|P dx)

—1)n
oscpo u < 20 Tp(u;z0) +2Co 0 — <][
B3,
for all 6 € (0, 1].

The next logarithmic estimate plays a crucial role in proving Hélder regularity of weak solutions
to the nonlocal p-Laplacian type Schrodinger equation and in showing that the logarithm of its
weak solution is a function with locally bounded mean oscillation. In a different way from that of
[10], we obtain the logarithmic estimate.

Theorem 1.2. Let V € PyP(R") and g € WHP(R") for ¢ > - >1(p>1and 0 <s <1). If
U € Y;”’(Q)+ is a weak supersolution of nonlocal p-Laplacian type Schrédinger equation (1.3) with
u >0 in BY C Q, then there is a constant co > 0 depending only on n, s, p, A\, A and Q such that

//BEXBg I (W) drc () < cor [y () [Tt w0+ (14 IV o)

for any b € (0,1) and r € (0, R/2), where dx(z,y) = K(x —y) dzdy.

Employing the De Giorgi-Nash-Moser theory and using Theorems [I.T]and [I.2] we obtain the fol-
lowing Holder continuity of weak solutions to the nonlocal p-Laplacian type Schrodinger equation,
and also we can easily derive Corollary [1.4] as a natural by-product of Theorem

Theorem 1.3. Let V € PyP(R"), g € W*P(R") for q > o > 1 (p>1,0<s<1) and let

BgR CcQ Ifue Ygs’p(Q) s a weak solution of the nonlocal p-Laplacian type Schrédinger equation
(T.3), then there exist constants ny € (0, 522) and ng € (5224, 2%) such that u is locally

p

2(p—1) 2(p—1)’ p—1
n-Hélder continuous in 0 for any n € (0,75 U [nd, p’fl). Furthermore, for each xo €  and for
each n € (0,75 ]V [ng %)} we have
r\" 1/p
oscgou < (—) {TR(u;xo) + (f |u(z)|P dx) } (1.7)
TR By

for any r € (0, R/2). Here it turns out that there exist universal constants co,cs > 0 such that

_ps_
In <1i\/ 1-46P—1

2 /p 1, et
Ind 4 (Z) o

The next corollary can easily be obtained by using Theorem[I.3]and employing the interpolation
on Holder spaces between C"o (BY) and cno (BY), which eventually fill up an interior n-Holder
continuity of u in Q for all n € (ny, 7).

Corollary 1.4. Let V € P;P(R"), g € WP(R") for q > 5 > 1 (p>1,0<s<1) and let

BgR Cc Q. Ifue Y;”’(Q) s a weak solution of the nonlocal p-Laplacian type Schrédinger equation
(1.3), then we have the estimate

1 1/
sup lullenipoy S == | Tr(us o) + (f lu(z)[P dx) p} (1.8)
re(0,R/2) T Ry BY,

for alln € (0, p’fl).

If pp%l < 5 < 1, then we can expect the better regularity, i.e. C1**-estimate for some « € (0, 1).
As a basic tool for our main results, we show that any weak subsolution of the nonlocal p-Laplacian
type Schrodinger equations enjoys the following nonlocal Caccioppoli type inequality.
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Theorem 1.5. Let V € PyP(R"), g € WHP(R") for ¢ > 7o > 1 (p > 1, 5 € (0,1)), and let

S

BY. Cc Q. Ifuce€ Y, P(Q)7 is a weak subsolution of the monlocal p-Lapacian type Schridinger
equation ([1.3), then for any nonnegative ¢ € C>°(BY) we have the estimate

!/ wmwcwnpvundy+x[/ C@)wla) — (o) dx(,y)
BY BOx B

2p+11 c w(x) Vw Pl¢(xz) — P T
<2 (G [ ) Ve — o detey

- 2p+2( sup / w' ™ (y) K (v — y) dy) [Pl (mo)
Rn\ BO

z€supp(()
where w = (u — M) for M € (0,00) and ¢, = %[2(}9 — 1)t

Remark 1.6. (a) In case that p = 2 and s = 1, the study of the classical Schrédinger operator,
i.e. local Schrédinger operator —A + V' has been ongoing actively and widely in analysis area in
Mathematics and Mathematical Physics (refer to [Tl 4, 12} 29] B0, [32]).

(b) When p =2 and V € L{ (R") with ¢ > 3+ (0 < s < 1) is nonnegative, it is known in [5]
that a fundamental solution for nonlocal Schrédinger operator L + V' exists and its decay can be
obtained. Under an additional restiction that the potential V is in a reverse Holder class RH” for
v> 5 >1(0<s<1), the L* — LB estimate for the Schrédinger operator Ly + V was obtained
inside certain trapezoidal region Z which is consist of (é, %) and also the weak type L* — L?
estimate was partially obtained on the boundary of the region Z (see [6]).

(¢) In case that p = 2, 0 < s < 1 and V is an A;-Muckenhoupt potential, it was shown in
[24] that a fundamental solution for nonlocal Schrédinger operator Ly + V exists and its decay
can be obtained. Moreover, Holder continuity and nonlocal Harnack inequalities for Ly + V were
obtained in [22] and [23].

(d) When V =0 and 0 < s < 1, the nice result of this problem was obtained by Di Castro,
Kuusi and Palatucci [9]; as a matter of fact, when p € (1,00), they proved nonlocal Harnack
inequalities for elliptic nonlocal p-Laplacian equations there. Also they obtained Holder regularity
in [10].

(e) In case that p = 2 and 0 < s < 1, nonlocal Harnack inequalities for (locally nonnegative
in Q) weak solutions of nonlocal heat equations was obtained in [21I] by applying the De Giorgi-
Nash-Moser theory and the Krylov-Safonov covering theorem [27].

(f) When the nonlocal equation with the forcing term f € L®(2) and V = g = 0 is
considered for 0 < s < 1 < p < oo and a bounded domain Q C R™ with C''! boundary, Iannizzotto,
Mosconi and Squassina obtained the first global Holder regularity for its weak solutions in [19], i.e.
there exist some a € (0, s] and C' > 0 depending only on n,p, s and Q such that

1
[ull o < C T
for any weak solution u € Wy?(Q) of the nonlocal equation. If the nonlocal equation mentioned
just in the above is considered for 0 < s < 1, p > 2 and a bounded domain Q C R” with C'!
boundary, then they also established the first fine boundary regularity for its weak solutions in
[18], i.e. there exist some a € (0, s] and C' > 0 depending only on n, p, s and Q such that

1
p—1
o < NI

Fa
dg,
for any weak solution u € W*(Q2) of the nonlocal equation, where dq(z) = dist(x, 92).

The article is organized as follows. In Section 2, we furnish the function spaces and the definition
of weak solutions of the nonlocal p-Laplacian type Schrédinger equation given in , and mention
a well-known lemma which is very useful in applying the De Giorgi-Nash-Moser theory. In Section
3, we give a brief introduction about weighted norm inequalities and the Ap,-Muckenhoupt class.
Additionally, we furnish several examples about sign-changing potentials which is in the class
PoP(R™) (¢ > 2w >Lp>10<s< 1). In Section 4, we obtain a sort of nonlocal Caccioppoli
type inequality and several useful local properties of weak solutions to the nonlocal p-Laplacian
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type Schrodinger equation by using it. In Section 5, we show that the logarithm of a weak solution
to the nonlocal p-Laplacian type Schrodinger equation with A7-Muckenhoupt potentials becomes
a function with locally bounded mean oscillation. In Section 6, we obtain an interior Holder
continuity of weak solutions to the nonlocal p-Laplacian type Schrédinger equation by applying
the results obtained in Sections 4 and 5.

2. PRELIMINARIES

Let & C R™ be a bounded domain with Lipschitz boundary and let K € K, for p > 1. For
p>1land 0 < s < 1,let X*P(Q) be the linear function space of all Lebesgue measurable functions
v € F" such that v|q € LP(Q) and

)|p dr dy < oo
RZ" Iw—yI”“’s Y

where R%" := R?"\ (5¢ x 5¢) for a set S C R™. We also set

XoP(Q)={ve X*P(Q):v=0 ae in R"\Q} (2.1)
Since CZ(Q) C XyP(Q), we see that X*P(Q) and X;7(Q) are nonempty. Then we see that
(X=P(Q), || - I xs»(e)) is a normed space with the norm || . ||XS.]J (@) given by
)\p 1/p
Jollxso = Rolzocay + ( / |x L e ay) < o (2.2)

for v € X*P(£2). For p > 1, we denote by W*P(2) the usual fractional Sobolev space with the
norm

vllwsr ) = lvllzr(o) + [V]wsr@) < 00 (2.3)

o // [v@@) — vl dy)l/p
wer() axQ |33— \"“’S '

When Q = R" in (2.3), similarly we define the spaces W*P(R") for p > 1 and s € (0, 1).
If p>1and s € (0,1) satisfy ps < n, then it is well-known [II] that there exists a constant
¢ =c¢(n,p,s,Q) > 0 such that

with the seminorm

£z~ < cllfllwer (2.4)
for all f € W#P(Q) and 7 € [p, p.], where p, is the Sobolev exponent
n
n—ps

P+ =
Moreover, there is a constant ¢ = ¢(n, p,s) > 0 such that
||fHLT(]R") < chHWSvP(]R"% VT € [ZLP*L
||fHLp* (R™) <c [f]Ws,p(Rn) Vf S Ws,p(Rn).

Using ([2.5)), we easily see that there exists a constant ¢ > 1 depending only on n,p, s and  such
that

(2.5)

[ull xsr@) < llullxsr@) < CHUng*p(n) Yu € Xo" (), (2.6)

)|P 1/p
lull 0y = // Ix— st dxdy) . (2.7)

Thus || - ||xs» ) is a norm on X3P () equ1valent to (2.2). By using the change of variables, we
can easily derive the following version of the fractional Sobolev inequality (2.4)).

where

Proposition 2.1. Let Br be a ball with radius R > 0. If s € (0,1) and p € [1,00) with sp < n,
then there is a constant ¢ = ¢(n,p, s) > 0 such that

1 1 1_ 1
”f”LT(BR) <cR™ )Hf||Lp(BR) +cR™ )t [f]WS’P(BR) VT € [p,ps].

pn
n—ps’

I fllzeoe (Br) < ¢ BRF| fllLe(Br) + ¢ [flwer(Br)- (2.8)

In particular, if T = p, := we have
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For g € W#P(R"), we consider the convex subsets of X*P(Q) defined by
XgP()F = {v € X°P(Q): (9 —v)x € Xg" (D)},
XoP(Q) = XoP(Q) TN X3P ()" ={ve X (Q):g—ve Xy ()}
For g € W*P(R™) and a potential V' € PgP(R™) with ¢ > p% >1(p>1,0<s<1),let
YSP(Q) = X*P(Q)NLY(Q) and  Y;P(Q) = XP(Q) N LY, (Q)

where LY, (Q2) is the weighted L? class of all real-valued measurable functions u on R™ satisfying

_ p . 4 _ P o 4 _ 4
o < lullfy @y 1= | WP Vedy = [ )P V- dy = el g = [l o) < -

That is, we see that u € Ly, () if and only if u € LY, ()N LY, (). Here, we note that ||“H]Zg

need not be nonnegative, and so the class L{,(2) is not always a normed space.
Also we consider function spaces Y, »P(Q2)* and Y ?(Q)~ defined by

Yo = {u e Y*P(Q) : (9 —u)s € Y (Q)}.

()

Then we see that
s, _ s, + s, —
Y0P (Q) =Y P ()T NY P Q).
If u = g = 0 in R™\, then we easily know that Y;""(Q) = X (2) N L}, (©2) need not be a Banach
space. However, if V € P;P(R") for ¢ > »s > 1 (p>1,0<s<1), then it turns out in Lemma
below that the class Y;"P(Q) is a quasi-Banach space with the quasinorm || - | yer(q) given by

[l

e = il + [ WOPV) . we ¥i7(@),
Yy P () = X3P(Q2) and they are quasinorm-equivalent.
To define weak solutions of the nonlocal equation (1.3), we consider a bilinear form (-, -) s,
X*P(2) x X*P(Q2) — R defined by
i = [ Hyluta) = um)0(a) = o) (2.9
nxR™

where di (z,y) := K(x —y) dz dy.

K -

Definition 2.2. Let V' € P;?(R") and g € W*?(R") for ¢ > »s >1(p>1,0<s<1). Then
we say that a function u € YP(Q)™ (u € Y P(Q)") is a weak subsolution (weak supersolution) of
the nonlocal p-Laplacian type Schrodinger equation ([1.3), if it satisfies

n

(), 1 + / V() |u(@)[P"*u(z)p(z)dz <0 (> 0) (2.9)

for all nonnegative ¢ € Y;"P(Q). Also, we say that a function u is a weak solution of the nonlocal
equation (1.3)), if it is both a weak subsolution and a weak supersolution, i.e.

(u, ), +/ V(2)|u(@) [P *u(z)p(z) dz =0 VY € Y5 (). (2.10)

R~

To prove our results, we need a well-known lemma [15] that is useful in applying the De Giorgi-
Nash-Moser method.

Lemma 2.3. Let {N;}7°, C R be a sequence of positive numbers such that
N1 < doef N vk e Nu {0},

where dg,n > 0 and ey > 1. If Ny < dal/neal/n2, then we have Ny < eak/" Ny foranyk =0,1,...
and moreover limy_, oo N = 0.

We need several elementary inequalities which are useful in proving Theorems [I.2] and [I.5]



8 Y.-C. KIM EJDE-2025/83

Lemma 2.4 ([24]). (a) If a,b € R and A, B > 0, then we have the inequality
b= alP"?(b— a)(bB” — aA”) > —c, (|a| + [b])" |B — AJ?

for all p > 1, where ¢, = %
(b) If a,b € R with b > a and A, B > 0, then we have the inequality

(b= ) (B — aA®) > {(b— a)" (A7 + B) — dy(lal + )" |B ~ AP

for allp > 1, where d,, = 1[2(p — 1)]P~1.
(c) If A> B >0 andp > 1, then (A — B)P~' > b,AP~1 — BP=1 for p > 1, where b, =
11,9 (p) + 27715 o) (0)-
Lemma 2.5 ([I0]). Ifp > 1, € € (0,1] and a,b > 0, then
a? < WP+ cpeb? + (14 cpe)e' Pla — P,
where ¢, = (p — 1)I(1 V (p — 2)) for the standard Gamma function T.

3. WEIGHTED NORM INEQUALITIES ON THE A,-MUCKENHOUPT CLASS

In this section, we briefly introduce the A,-Muckenhoupt class for p > 1 and we prove that any
potential V' in PP(R™) (¢ > w>Lp>1,0<s< 1) satisfies certain weighted norm inequalities
related with (V_, V).

By a weight w on R™ given by the Lebesgue measure, we mean a locally integrable function
w: R™ — [0, 00) almost everywhere. For f € L] (R") and x € R", the Hardy-Littlewood maximal
function M f is defined by

Mf(z) = sgp][ |f(y)l dy,
where the supremum is taken over all cubes Q* with center . For a pair (v,w) of weights, the
quantity [v,w](4, 4,) is defined by

1 -1
[v,wl(a,.a,) = supg (fo (W) dy) (fw(y) 77 dy)" ", 1<p<oo,
supg (fo v(y) dy)llw™ 1||L°°(Q)a p=1,
where the supremum is taken over all cubes Q C R". For 1 < p < oo, we say that (v,w) € (4,, 4p)
if [v,w](a,,4,) < o0, and w € A, if [w]a, 1= [w,w](4,,4,) < 00. For 1 < p < oo, the facts that

(A1, A1) C (4,,4,), A1 C Ay and (v,w) € (4,, Ap) is equivalent to the mapping property that
M LP(R™) — LP(R"™)
is bounded, i.e. there is a universal constant C), , > 0 such that

supltv({e € R My (@) > 1)) < O | e ) (3.1)

>0
for any f € LP(R™), are well-known in [I6]. Here, we denote by

o(B) = [ vl ay

for a set E C R™. The reader can refer to [I6] for these stuffs in Fourier analysis.
We shall now furnish several examples in the class Pg?(R") for ¢ > 2o > 1 (p>1,0<s <1)

mentioned in the above introduction (see also [24]):
(a) If go(z) = |z|* for a € R, then it is easy to check that

[gn]a, < oo ifand only if —n<a<O0.
If we consider a sign-changing potential
Vi(z) = [a]*/7 cos(|a])
with a € (—n,0] and ¢ > 2 > 1 (p>1,0<s<1), then we can easily check that Vi € P;P(R")
with b(z) = cos™(|z]).
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(b) Let v be a Borel measure on R™ satisfying that
v(Q")
My (x) := sup
Qr Q]
where the supremum is taken over all cubes Q® with center € R"™. Then it is known in [I4] that
[hyla, < oo for hy(xz) = [Mv(x)]”, v € (0,1). We consider the following sign-changing potential
Va(e) = hy (@) sin(1/Je])
for v € (0,1). If ¢ > ﬁ > 1for p>1and 0 <s <1, then it is easy to check that V5 € PyP(R")
with b(x) = sin™ (1/]x]).
(c) Let v(z) = In(1/[z])15(0;e-1) + 1rn\B(0;e—1)- Then it is easy to check that v € A;. We
consider the following sign-changing potential
Va(x) = v(z) cos(1/]x]).
If g > ﬁ > 1forp>1and0 < s <1, then it follows from properties of the Gamma function that
Vz € PyP(R™) with b(x) = cos™ (1/]x]).
Next, we derive several fundamental lemmas which are useful in proving Theorem

Lemma 3.1. IfV € P;P(R") for ¢ > ﬁ >1,p>1and 0<s <1, then

| e@pv-an< [ el vy

<C forae xeR"

for all p € YyP ().

Proof. In the exactly same way as the proof of [23] Theorem 3.6], we see that

/]R ()P V(y)dy > 0 (3:2)
for all ¢ € C2°(R™). Take any ¢ € Yy " (). Since C°(Q) is dense in X;7(Q2) (see [13] and [17
Theorem 1.4.2.2]), we can take a sequence {p;} C C°(Q2) such that

or = ¢ In XJP(Q).

Since V' € P;P(R™), there is a nonnegative bounded function b on R™ such that

Vb= % e LL (R™), (V_, V") € (A1, Ay) and V' € A, (3.3)
for all i € N. Then we claim that
din [ el Vit dy = [ )P Vi) d (3.4)
—00 Rn Rn

indeed, we note that [lox||xsr@) < 2[l¢llxsr ) for all sufficiently large k € N, and also we see
that, for any y € R”,

e ()l

|
len()” = le(y)” = /( | %T”drﬁp(lw(y)\ —le@)) (e @)V o))"

Thus it follows from the fractional Sobolev inequality and Holder’s inequality that

‘/R lok (V)P Vi (y) dy*/ﬂ@l@(y)lpw(y)dy‘

1

< / lox @) = [eW)IP| Vi () dy

(3.5)
P Y/ p B
Sp(/ﬂl\wk(y)lflw(y)l{ V+(y)dy) (/Q(|50k(y)|\/|g0(y)\) V+(y)dy>
S ||<P||X3’P(Q)H<Pk - (p”X‘g’p(Q)HVJrHLq(Q) —0 ask— oo.
Also, we claim that
[PV = [ )P V- dy (3:6)
oo JRrn n
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indeed, we have
Vo) < Vo VP Naan Vit (v) ae y €R,

because (V_, V_ff’l) € (A1, A1) by (3.3). Since V! € LL (R") by (3.3), as in (3.5), we obtain that

[ el vy = [ e v

< / ler )P = le@)P| V-(y) dy
o

< (Bl VDV- VP ) % [ lor P = o)l V20 dy =0 as b= o

Thus, by (3.2), (3.4) and (3.6]), we obtain that
/ le()[P V-(y)dy = lim |90k( )P V_(y) dy

k—o0

< tim [ o)l Vo) dy
— 00
= /R le ()P Vi(y) dy.
The proof is complete. U

Lemma 3.2. IfV € PgP(R") forq> - >1(p>1,0<s<1), then YyP(2) is a quasi-Banach
space with the quasinorm || - ||ys» (o) given by
ol = il + [ WPV () wE Y 7(0),
Moreover, Yy'P(Q) = X3P(Q2) and they are quasinorm-equivalent.
Proof. Tt follows from Lemma and ([2.5) that

< ul

gy < Il iy < Nl + Iy, ) < 1+ 190%™l
Since X7(€) is a Banach space, this implies the required results. O

Theorem 3.3. IfV € P;P(R") for g > »e > 1and 0 <s <1, then

/n lo()|V-(y)dy < /n le(y)| Vi (y) dy (3.7)
for all o € YyP ().

Proof. Take any ¢ € Y;P(2). Since C°(Q) is dense in X7 (Q2) (see [I7] and [13]), Y7 (Q) =
XP(€) and they are quasinorm- equlvalent by Lemmam we can take a sequence {p;} C C o (Q)
such that ¢; = ¢ in Y57 (). So by (2.5) we also have ¢; — ¢ in LP+(2), where p, = .S

we can choose a subsequence {¢p;, } such that

n—

i, = ¢ a.e. in Q. (3.8)

Also we have

k—o0

im [ (s )| Vi () dy = / o) Vi (v) dys; (3.9)
RTL Rn

indeed, it follows from the fractional Sobolev inequality and Holder’s inequality that

)/R \soi,c(y)Iw(y)dy—/Rn le(W)| Vi (y) dy‘
S/Qfl%k(y)l—Iso(y)||v+(y)dy
= (/Q\Isom(y)l—Iw(y)ll”w(y)dy)”p(/ﬂV+(y)dy>”pl
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s41 1
ST v s, — @llysrollVillLa@) = 0 as k — oo

where ¢ is the dual exponent of g. Hence, by Fatou’s lemma, Lemma[3.1] [23, Lemma 3.5], (3.2),
(13.4), (3.8) and (3.9), we conclude that

[ lewIvawdy = tim [ Jew)P V- dy

Rn

< lim lirnlnf/ loi, (WP V_(y) dy

< lim liminf / o ()P Vi () dy
R’V‘L

p—1t k—oo

< lim loW)I? Vi(y) dy

p—1t Jrn

- / o () Vi () dy
]Rn

Therefore the proof is complete. O

4. LOCAL PROPERTIES OF WEAK SUBSOLUTIONS

In this section, we shall obtain certain local properties for weak subsolutions to the nonlocal
p-Laplacian type Schrodinger equation. These results play a crucial role in establishing an interior
Holder continuity for weak solutions to the nonlocal equation . To establish the result, we
need several steps.

Lemma 4.1. Forp>1 and N >0, let h(t) =t?~'(t — N); — (t — N)& > 0. Then h is Lipschitz
continuous on R.

Proof. We note that h(t) =0 for t < N, h is in C*(N, 00),

h(t) — h(N) , — h(N) 1
= 1 = Np .
e L ey
Also it is easy to check that lim;_, o h(t) = 0, because
Pt - N
i TN

Moreover, in order to check the differentiability of h at the infinity, we set g(t) = h(1/t). Then we

have 0 1,1 1,1
t —

lim Lg(): lim [ (= N)_f(f_N)p}ZO,

t—0+ t t—0+ LtP N ¢ t t
because L1 1 LN

I [—<7—N (N }:1' S |

Jim (5 (5 N/ (G - N) = i, (1_ (NP

This implies the required result. O

Corollary 4.2. If N >0 and u € X*5P(Q) forp>1 and 0 < s < 1, then
(a) |ufP~2u(u— N); — (u— N)E € X5P(Q) and it is nonnegative in R", and
() [JulP~u(u— N)4 — (u— N)E]CP € X3P(Q) for any nonnegative ¢ € C(R).

Proof. (a) Note that |u[P~?u(u— N); — (u— N)E = how for the function h given in Lemma
Since h is Lipschitz continuous on R by Lemma it is obvious that 0 < hou € X*P(Q).
(b) By the mean value theorem, we have

@) - \—!/ v ar|

<p€” 1( )V P Y) ¢ (=) = <)
< 2pH<HLoo(]Rn |<($) - <(y)|
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for all z,y € R™. This means that (? is Lipschitz continuous on R™. So we can easily derive the
result. The proof is complete. O

Next we need the nonlocal Caccioppoli type inequality that is Theorem This is a very
useful tool in proving local boundedness of weak supersolutions to the nonlocal p-Laplacian type
Schrodinger equation.

Proof of Theorem[I.5 For simplicity, we assume that o = 0. Let w = (u — M) for M € [0, o)
and take any nonnegative { € C°(B,). We use ¢ = w(? as a testing function in the weak
formulation of the equation. Then we have

i+ [ )l o)V () dy <0 (41)
where dg (z,y) = K(x — y) dz dy and
b= [[ (o) = ul)ele) ~ o) dias) forp > 1.

The first term in the left-hand side of the above inequality can be decomposed into two parts as
follows:

P, K = / / | Hy(ula) =~ u)(e(o) — () di.)

? //(R"\B7-)XB,, Hy(u(@) — u(y)) ¢(z) dx (2, y)
= Il + 2[2

(4.2)

For estimating I, without loss of generality we assume that u(x) > u(y). Then we first observe
that w(z) > w(y) and

Hy(u(@) — u(y))(p(x) — ¢(y) = (w(z) —w(y)"~ (o(@) - ¢(y)) (4.3)

whenever z,y € B,; indeed, it can easily be checked by considering three possible occasions (i)
u(z),u(y) > M, (ii) u(z) > M, u(y) < M, and (iii) u(y) < u(zr) < M. Also we observe that

[C(@)w(z) = C(y)w(y)[P < 277 Hw(z) —w(y)[P(¢P(x) + (P (y))

B (4.4)
+27 (w(@) + 0 ()W) — (@)
By (b) of Lemma 2.4, (4.3) and (4.4), we have
Hy(u(x) = u(y) (¢(@) — #(1))
> @) — v () + ) — (@) + P @)IC() = )P (4.5)
> G () — Cww P — (5 +d) (@) + (1)) — @)
Thus it follows that
1 » .
e g [ ) - )P dsy) "

1
~2(i+ad) [[ @ @) - @l dicay)
B, x B,
For the estimate of I5, we note that

Hy(u(z) = u(y)p(e) = —(uly) —u(@)) (u(@) = M) (2)
> —(uly) — M)§ (u(z) — M)+ (P (x)

+
<
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and thus we have

pz-ff W@ iy
> —( sup(o /Rﬂ\Br wP™ (y) K (x — y) dy)/ w(z)¢P(z) dx.

xrESUpPp

(4.7)

B,

Finally, we claim that

[ eV @iy = [ )y (48)

n

This is equivalent to the inequality

[ @ 2uwut) - @] 0V ) dy
> [ P P uwe) - e ))e V- o) d

whose proof is just a direct application of Lemma [3.2] Theorem [3.3] and Corollary [£2] Hence the
required inequality can be obtained from (4.1)), (4.2]), (4.6), (4.7) and (4.8). O

Next, we shall obtain the local boundedness of such weak subsolutions which is Theorem [I.1]
and a relation between the nonlocal tail terms of the positive part and the negative part of weak
solutions of the nonlocal p-Laplacian type Schrodinger equation (|1.3)) in the following theorems.

Proof of Theorem[I.1l Take any ¢ € C°(B?) such that [V¢| < ¢/r on R™. Let w = (u— M) for
M € (0,00). By Lemma Theorem and the mean value theorem, we have

[ k@) - P de.y

BYx B9 (4'9)
S PPN g Ny + A, C1,5) [l

where

A(w,¢,r,5) = sup / WP (y) K(z — y) dy.
zesupp(¢) JR™\BY

Applying Proposition [2.1] n to , we obtain

1/
<][ lw(|PY dx) < (P psHVCHLm(BO +T*P8)rps][ |wl? dx + A(w, {,, s) rps][ wdz (4.10)
BY B9

B
wherefy:nfps . =0,1,2,..., we set
re= (ko Ry, g = T
M+ M
My=M+(1—2""M, M= %

wg = (u— My)4 and wi = (u — M}})4 for a constant M, > 0 to be determined later. In (4.9)), for
k=0,1,..., we choose a function (; € C’COO(B(T)Z) with Ck|BOk = 1 such that 0 < (, <1 and

et

V| < c22/r  in R™.

o= (f, I )

wi(x) > My — Mp =272,
whenever u(z) > M1, we then have

1 wh | (wi)PO—Y) 1/p 2k N1 1/p
N <( AR A d) <( ) (][ x md) L4l
E+1 S |B | . (Mk-l,-l — Mg)p(,},,l) €z ~ M* Bo |wk Ck| xz ( )

Tk

For £k =0,1,2,..., we set

Since wj, > wr41 and
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Since ¢, € C2°(BY,), wj, < wo for all k and

r —k—
[yl > [y — ol [z — o] > (1= 7E )y — o] > 27y o)

for any = € BSZ and y € R™\BY | we easily obtain that

TE?
AW, Gy ey 8) < €289 =P [0 (40 ) [P L (4.12)

Since 0 < w; < wy, and wg(x) > My — My, = 27872 M, if u(x) > My, it follows from ([4.10)—(¢.12)
that

2k _p(v’yfl) » ps
(i7) 7 Mase ][ 7 dr 4+ 2240 (T, (g ) ][ wi dx
* BO r BO
Tk Tk
%, p—1
pk ATP . p—1 ok(n+ps) W Wy
S C2 Nk: + C[ﬁ»(w()’x())] 2 f;o (M;: _ Mk)p71 dx
Tk

< c(2pk +2’f("+ps>(ﬁ)pfl[7' (wo; )}p—l) NP
= M* T 050 k*

Taking M* in the above so that M, > §T,(wo; o) for § € (0, 1], we obtain that

Nt & (N1t
— <
v, S oa (M)

where dy = 5T > 0,a=2r"F2HP~ D355 S {andnp=~v—1> 0.
_1 1
If No <dy"a > M,, then we set

(p=D)n  (n—ps)?

M, =6 T (wo;z0) +cod  »* a »** Ny
where co = ¢ By Lemma we conclude that

_@=bn  (n—ps)? 1/p
supu < M + M, < M + 5T (wo; o) + cod =2 a #7252 (][ (u—M)ﬁ_d;v) .
B

BY 2
Hence, taking M | 0 in the above estimate, we obtain the required result. O

The third estimate is a lemma which furnishes a relation between the nonlocal tails of the
positive and negative part of weak solutions to the nonlocal p-Laplacian type Schrodinger equation.

Lemma 4.3. Let V € PpP(R"), g € WP(R") forq> - >1 (p>1,s€(0,1)). Ifue Y P(Q)
is a weak solution of the nonlocal p-Laplacian type Schrédinger equation (1.3) such that u > 0 in
B% C QQ, then we have the estimate

ps

T\r—1T
Tr(uss o) S (1+ [Villpage)) supu + (E) "Tr(u_;zo) Vr e (0,R).
B
Proof. Without loss of generality, we assume that zq = 0. Let M = supg_u and o(z) = w(z)¢P(z)
where w(z) = u(z) — 2M and ¢ € C2°(Bs,/4) is a function satisfying that (|5, =1,0< (<1
and |V(¢| < ¢/r in R™. Then we have
o= [[  Hyul) - uw)el) - o) dica.)
B, xB,
v [ ) - u@) () - 20 dca.y)
"\ B, J B, (4.13)

+ [ V@@ ) - 20000 (@) do
=J1+ Jo + Js.

Since
—2M < w(z) :=u(z) —2M < —-M Vz € B,, (4.14)
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by Lemma [2.4a) we have
Hy(w(z) —w(y))(w(z)¢?(z) —w(y)c(y) = —cpd”MP(((x) — C(y))”
for any z,y € B,, it follows from simple calculation that
nz e [ )P dic(e,y) 2 ~MPr|B,, (4.15)
B, x B,

The lower estimate on Jo can be split as follows

dza [ ] ) -0 0w iy

M /E ) / (o) ) ) )
= J2,1 - J2,2,

where Epy = {y € R"\B, : u(y) < M}. Since (u(y) — M)y > ui(y) — M, it follows from (c) of
Lemma [2:4] that
(uly) = M)E" > byl (y) — MP

where b, = 11 2(p) + 2_(1’_1)1(2’00)( ). Thus the lower estimate on J 1 can be obtained as
Jag > doMr—P%|By| [Tr(uy;0)]7"" — dsMPr—%|B,| (4.16)
with universal constants do,ds > 0. If x € B, and y € F);, then we observe that
(u(@) — u()i" < ap(julz) = MP~ + M —u(y)["~")

< apMP™ 4 ap(M +u-(y) — uy (y))P ™

< ap MV 4 ap(M +u_(y))™

< ap(1+ap) MY+ ap [u—(y))P~
where a, = 1(1,9)(p)+2P "' 1(2,00) (), because uy (y) < M+u_(y) for any y € Ep;. Since u_(y) =0
for all y € Bpg, the upper estimate on J 2 can thus be achieved by

Ja.o < 4ay(1+ a,)MP /MB / *(z) dr (z,y)

a w (P12 (2 " (4.17)
o [ @@ )

< dyMPr=°|B,| + ds MR ™| B, | [Tr(u_;0)]" "
with universal constants d4,ds > 0. Thus, by (4.16) and (4.17), we have

Jo > —dMPr=P*| B,| — dMR™"*|B,| [Ta(u_;0)]""" + eMr~"*|B,| [To(us;0)]" "

(4.18)
where d, e > 0 are some universal constants depending only on n, s, A and A.

Finally, it follows from (4.14), Holder’s inequality and the fractional Sobolev inequality that

Jy > —2MP X Vi(x)CP(x) dx

20| Vlenin ([ €7 () d)

1/q'

v

_pn_ n;ps 1 _n—ps (419)
_2Mp||V+||Lq(Q)(/§\2Cn7ps (I) dx) |Q|q’ n

v

L_n —ps
> MV, oyl (I i + (B )
2 = IVillpag)MPr—"| B, |
where q > >land 1< q < g with %—i— % = 1. Hence the estimates (4.13)), (4.15), (4.18)),

and ( glve the required estimate. O
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Next we shall obtain the local boundedness for nonnegative weak solutions of the nonlocal
equation (|1.3) by employing Theorem and Lemma It is interesting that this estimate no
longer depends on the nonlocal tail term, whose proof is pretty simple.

Theorem 4.4. Let V € P;P(R") and g € WHP(R") forq¢ > 2= > 1 (p > 1, s € (0,1)). If

ps
u € Y P(Q) is a nonnegative weak solution of the nonlocal p-Laplace type Schridinger equation

(1.3), then we have the estimate
supu < C ( ][
B B

uP(x) da:) v

0

27

for any r > 0 with BY, C Q.

Proof. We choose some § € (0,1] so that 1 — ddy > 0 and take any r > 0 with B, C Q where
do = co(1+[[Villza)) >0

for the universal constant ¢y > 0 given in Lemma [I.3] Then it follows from Theorem [I.I] and
Lemma [4.3] that

_(=Dn 1/p
supu < 5d0[supu+75r(u_;xo))] +Chd  =p? <][ uP(x) dx)
B

0 0 0
Br Br 2r

Since Ta-(u";20) = 0, we can easily derive the required result by taking

s (P*lz)”
=200 "
1 — ddy
Hence we complete the proof. O

5. LOGARITHM OF A WEAK SOLUTION IS A LOCALLY BOUNDED MEAN OSCILLATION FUNCTION

In this section, we prove that the logarithm of a weak supersolution to the nonlocal p-Laplacian
type Schrodinger equation is a function with locally bounded mean oscillation. To do this,
the following tool which is called the fractional Poincaré inequality is very useful.

Let n > 1,p>1, s € (0,1) and sp < n. For a ball B C R", let up denote the average of

u € W*P(B) over B, i.e.
up 2][ u(y) dy.
B

Cap(l = 5)|B| ™
(n—sp)r—t
with a universal constant ¢, , > 0 depending only on n and p, which is usually very useful in
getting the logarithmic estimate of weak supersolutions. Of course, the logarithmic estimate could

be obtained as in [I0], but we will not apply their approach to achieve it. Our method to realize
the logarithmic estimate is easier and more simple than their method.

Then it was shown in [2] BI] that

lu — uBHip(B) = [u]ng(B) (5.1)

Proof of Theorem[I.3 For simplicity, we set zo = 0. So, in what follows, we write B, := BY for
r > 0. Take any r > 0 so that By, C B where Br C 2. Consider a radial function ¢ € C°(Bs,./2)
with values in [0, 1] such that (|, =1, {|rm\B,, = 0 and

1
IV <= inR™
r
We use the function
¢P(x)

p(r) = m
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as a testing function to the nonlocal p-Laplacian type Schrodinger equation ([1.3)), where wuy(z) =
u(x) +b. Then we have

0< //Rn . Hy(up(z) — wp(y)) () — o(y)) dr (z,y) + /Rn V(2) Hy(u(z))p(x) dz
= [ ) - )6 - o) i)
B2, X Ba,
+ 2/R’ B 5 Hy(up(z) —wp(y)) () dx (z,y) + /Rn V(z)|u(z) [P~ 2u(z)p(x) do

= H(u,0) + I(u, ) + J(u, ).

(5.2)

Without loss of generality, we may assume that uy(z) > up(y) for the estimate H(u,); for, by
symmetry, the other case up(z) < up(y) can be treated in the exactly same way. Then we have
two possible cases: (a) up(z) < 2up(y) and (b) up(x) > 2up(y).

Case (a): up(y) < up(z) < 2up(y). By the mean value theorem, we note that

¢@)
() 2 C(y) = ¢Plx) = ¢P(y) =p/< TPl < p¢P T (@) (C(@) — ¢(v)),

(y)
¢(y) (5.3)

((z) <Cy) = ¢Plx) = " (y) :p/q : (=P Hdr < p¢PH () (¢(x) = ()

Then it follows that

o L C@ =) e 1
o) = o) = == 7+ 0 ey ~ i)
P @) @) = <) | td 1 -
= u? " (y) < )/0 dT([T up(x )—Ub(y))+ub(y)]p71)d (5.4)
< PP @) (@) — <) Cp-1) P () (up (@) — up(y))
B up~ (y) up ()
< PPN @) [C(@) = CWlun(y) _ (p— 1) (@) (up (@) — us(y))
- up (y 2v up (y) .
Applying Young’s inequality with indices p’ = %, p, &, it follows from that
e(up(@) — up(y))P¢P (@) + cel(x) — ((y)[Puy(y)  dzdy
H(u.0) < C"””SAp//BQ « By uy (y) |z — y[ntps (5.5)
cnp s // (up(x) — up(y))PCP(x)  dady '
B2y X Ba, uf(y) |z — y|ntPs

o o — AMp=1) .
If we choose € = ¢ in (5.5)), then we have

— P dad p
S - // <P(x) (Ub(.’L') B Ub(y €z y+ // + )l dx dy
Bayx Bay uy, (y) |z — y[ntps Bay x Bay \x - yl" ps

(up(x) —up(y))” _ dwdy o
_ D e
O R e e

because x,y € Ba,. Since 0 < up(z) — up(y) < up(y), we have

I us(z) — Inwy(y)[” = (/0 (Ub(ub(m) — up(y) — dT)P < (up(@) —up(y))? (5.7)

) — up(y)) + wp b

(5.6)

uy (y)
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Thus by (5.6) and (5.7) we have
], ol (8
Bz XBZ U/b(y)
P
B, xB, up(y) /1 | —y[rFes

Case (b): up(z) > 2up(y). It follows from the inequality in Lemma with e = (2P~ —1)/2
that

P dxdy

n—ps
o=y

B _ P(x) — ¢P(y) 1
p(z) —oly) = a7 () +¢P(y) (ug’*l(m) ui’*l(y))
< ) — ) 1 1
<2 (P -
w0 e ) 59
eCP(y) + celC(z) — CW)P —pr1y SP(Y) '
< — (1-2 ) —
uy (z) uy (y)
cl¢z) ¢ (1 1\ ¢Py)
0w (5 Mﬁ(y)-
Since up(z) > ub(x) —up(y) > up(y by . ) and ( we have
( )|p
cA dxd
- c)\ S // Ub(x) —w(y))Pt  dwdy ' '
Bon sz, ugfl(y) |z — y|ntps
Since
(Int)? <c(t—1)P"' fort > 2,
we have
_ p—1 _ p—1
(o)~ Inun(y)]” < o W) c(“b“)ug?zg” S A
Combining with , it follows that
_ P 1 ’I,Lb(x) P dl‘dy ( )lpd d
o €O G 0+ [, o 2o 1)
< _ ! up(Z)\ P dxdy n—ps.
~ //BTXBT ! (Ub(y)) oyl T
Hence, by and , we conclude that
up(x) dx dy nps
//B " ‘m( X y)) e T (5.13)

u
For the estimate of I(u, ), we note that i) u(y) > 0 and u(z) — u(y) < u(zx) for (x,y) €
By, x (Br\Bz,) and (ii) (u(z) — u(y))+ < u(z) +u_(y) for (z,y) € Ba, x (R™\Bg). Since ( is
supported in Bs,. /o, the above observatlons (i) and (11) yield that

1
I(u,p) < 2c¢y, ,SA/ / ————dydx
! Bg, /2 /R™\ Ba, ‘y - x0|n+p6

+2cnps/ / y dydr (5.14)
Bay s JRO\Bg U z) |y — xo|" TP

< ,rnfps 1

s G ()

TR U_,l‘o p
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because |y — x| > |y — x| — |2 — wo| > |y — wo|/4 for all (z,y) € Bs,/2 x (R™"\By,). Also, it follows
from Holder’s inequality and Proposition [2.1] that

Hug) < [ Vi@)r(a) da

1
7

< ||V+||LT(Q)</QCPT/($) d:c) T
n-Pks n—ps (515)

_pn_ nps 1
< ||V+||Lq(Q)</QCn—ps (:L‘) dl’) |Q| q’ n
71 l (T_pSHC”Z[),p(B,.) + [C]:;Vs,p(B,.))

n—ps

TP SVl paoy RS

< WVillacoyl

i

< |[Villpaay |2l
where ¢ > 2t > 1, p>1and 1 <¢ < 2 with
1 1

q q

By (5.13)), (5.14) and (5.15)), we obtain that

u(z) +b\ P drdy PP o\ ps . _
1 < — - p n—ps (1 v
o I b 2 ot a5 Wb
for all b € (0,1) and r € (0, R/2), since z,y € Bs,. Hence we complete the proof by applying
D). 0

We now introduce a sort of local BMO spaces on BY C Q, i.e. BMO?(BY,) for p > 0. The norm
[ - ”BMOP(B%) is defined by

» 1/p
Iflsmorsgy = s (4 |7@) = fiol dy)
‘ re(0,R/2) NJ B0

and the space is given by
BMOP(Bg) = {f € Lioe(R") : [|fllmmor sy < 00}
If p = 1, we write BMO?(B%) = BMO(BY%). Then we easily see that

1/ IBmo(zy) < I1flIBmo(sy) (5.16)
because ||f| — |flpo| < |f — fpo| and
Ilf j39||BMO(BOR) < ||f||BMO(B%) + HgHBMO(B%)' (5.17)
We observe that ; ) , )
Mb:“%a“ and aVb— %W—\

for any a,b € R. This implies that

1f v gllBmocsy) < [[fllBmosy) + llgllByo(ss,), (5.18)
1f A gllsmocs) < Ifllsmocse) + l9llBmose,)- '

In addition, we can obtain the following John-Nirenberg inequality (as in [16]) by using the
Calderén-Zygmund decomposition in harmonic analysis as follows; there exists some constants
b1,b2 > 0 depending only on the dimension n such that
—(b A
o € BY: 1£(@) = fral > A} < by 2/ Tmmorei? g0y

for any f € BMO(BY), every r > 0 with BY, C B% and BY% C €, and every A > 0. By standard
analysis, this inequality makes it possible to easily show that

If f € BMO(BY) for BY € Q and 1 < p < oo,

5.19
then | - |pmo(so,) is norm-equivalent to | - ||pmor(Bo)- (5.19)
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Lemma 5.1. If we set

v(z) =In (m) fora,be (0,1),

where the function u satisfies the same assumption as Theorem[1.9, then we have

][ |v(z) —vpolP dz S R r,r(u_;T0)
BO

T

for any r € (0, R/2), where
1 7\ PS _
Rorr(u-i@0) = oy (55) Trusiao)? ™ + (14 Vi Laoy).

It follows from this that v € BMO(BY), and moreover

||UHBMO(B% S [mb7T7R(u_;xo)]1/p < 00.

Proof. The first part easily follows from the fractional Poincaré inequality (5.1 and Theorem
Also the second part can be shown by applying the Remark of Theorem [I.1]and Holder’s inequality
because u € WP (R™). O

Corollary 5.2. If we set © = (vV 0) Ad for d > 0 with the same v as in Lemma then
£ 1000) — sy e £ unlucszn) Vi€ 0,R)2),
BY

where

1 /r\ps i
mb,r,R(u—;xo) = pp—1 (E) [TR(u_;xO)] + (1 + ||V+||LQ(Q))~
It follows from this that v € BMO(BY%), and moreover

||1_)HBMO(B%) S [%b7T7R(u7;$O)]1/p < 0.

Proof. Without loss of generality, assume that o = 0. By Lemma we have
£ lo@)l 1ol

B,
< |v(z) —vp,|. Then we can easily derive from (5.17) and (5.19) that

][ |6(z) — Up, | de < [Rprr(u_;0)]/P.

r

P dx S Reorr(u_;0),

because ||U($)| — |v]B,

Finally, the second part can be done as in Lemma 5.1 O

6. INTERIOR HOLDER REGULARITY

In this section, we establish an interior Holder regularity of weak solutions to the nonlocal
p-Laplacian type Schrodinger equation (1.3]) by applying the previous results obtained in Sections
4 and 5.

Proof of Theorem[I.3 Fix any p > 1 and 0 < s < 1 and take any R > 0 with Br(z) C Q. For
simplicity, without loss of generality, we assume that zo = 0. For any £ € NU{0} and r € (0, R/2),

we set
k 1

rk:%for(SE(O,(i)F), Bk:Bmv BZ:BQT‘k'
Let us set

_ 1/p
E(ro) = 2T /2(u; 0) + ZC’O(][ |u|? dx)
B,

where Cy > 1 is the constant given in Theorem For k € NU {0}, we set
Tk

E(re) = (7)7]5(?”0)

0
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where 7 € (0, p”Tsl) is some constant to be determined later. For our proof, if we set v = u/E(rg),
then we have only to prove that

oscp, v < O(ry) = (6.1)

for any k € NU {0}.
We proceed by using the mathematical induction. By the remark of Theorem we see that
oscp, v < O(rp).

Assume that (6.1]) holds for all & € {0,1,...,m}. Then we will show that (6.1 is still true for
m + 1. For this proof, we consider two possible cases; either

‘B Jr1|’1{v>1nf,3kv—l—@ T /2}| 1 (6.2)
Bl =3 '
or
|Bi 1 N {v <infp, v+ O(r)/2}] N 1 (6.3)
|Bji 4l
If (6.2)) holds, then we set vy, = v —infp, v, and if (6.3 holds, then we set
v = 0O(rg) — (v— 1};151}).
In these two cases, we see that vy > 0 in By and
’Bk+1ﬂ{vk > @ rk /2}‘ 1 (64)
Byl T2
Furthermore, vy, is a weak solution satisfying
sup |vm| < 20(rg) (6.5)
By

for all k € {0,1,...,m}. Under the induction hypothesis, if m > 1, then we now claim that
[T (0 0)JP 7 < e 6= P=D[O(ry )P (6.6)
for k € {0,1,...,m}. Indeed, by (6.5) and that
[vm () [P —ps 1 -ps . v(z)[P~*
——dx Sy PPsup [uPT 4+ g PP [O(r) [P + ——dzr
/R"\Bo |z|ntps * i ol ) R\B, |T["TPS
ST TG G

we have the estimate

m

- v (2) [P [vm ()P~
-0)P-1 = pSZ/ [vm d DS d
[’TTm(Um’ )] cr Br_1\By |1.|n+ps x+CTm R\ Bo ‘x|n+ps x
k=1
m
1 , [Vm ()P~
<r”62 sup |vm| 17~ 1/ d:c—l—r’”/ = dx
~'m —~ ka1| m” R\ By |x|n+ps m R"\Bo |x|n+ps

(Lmys[@(’"kfl)]p’l

Tk
(rm )ps (Tk—1 ) (p=1)n
Tk To
(r )(pfl)n f: (rm>psf(p*1)n (rk_1>(p*1)n
1 Tk Tk

= [O(rp,)|P 1o~ P Z §(m—Fk)[ps—(p—1)n]
k=1

Ms

£
I

1

Il
M-

3

=

0
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§(m—=1)[ps—(p—1)n]
1 — §—Ips—(p—1)n]

< 5 (=1 [O(ry)]P~t < 6P D10 (r,, )Pt

For k and d > 0, we set

By, = [m (w) vo} Ad.

v +b
Applying Corollary with a = ©(ry)/2, b € (0,1) and d > 0, we have
£ o) = @ P e £ Ry (0)-30) (6.7
BZ+1
where

1 T\ Ps _
Ro,r,r(u—;0) = hp— I(R) [Tr(u—;x0)]" 1‘*‘(14'||V+||LQ(Q))'

If we set b= 67-1 "0 (ry) in (6.7, then by (5.19) and we obtain that

][* ok (z) — () B k+1|dm < <][ ) [0k () — (Vk) B k+1|p dm)l/p s

< e(1+ Vil paey)”

where ¢ > 0 is a constant depending only on n,s,p,n, A and A. From (6.4), we can derive the
estimate

1
d= d dx
\BZH N{vk > O(ry)/2}] By N{uk>0(r)/2}
1
= Thr d dx 6.9
\Bkﬂ A ok = 000/ i; ooy (6.9)

/ :5 = 2(d (Uk)B):_H)
+1| B

The estimates and make it possible to obtain the estimate
[ Biiya N {or = d}| /
|B +1| - |BZ+1| B ,n{ty=d}
2

S m
1Bisal /By,

< (U + Villogey)”

(d — (5k)3* ) dx

('Ek _ (’Dk)B* )dl‘ (610)

A{or=d} ke

We now set

O(ry,)/2 + 5ﬁ—"@(rk))
3671 7"0(ry) '
Then we see that d,. ~ In(1/d). By (6.10), we have

d=d, ;:m(

. ps__ 1 1
|Biy1 N {or <2077770(ry) }| <€ (T+ 1V llzoe) /r < G (T+11Villzo) /P

ER = d. = In(1/9) (6-11)

1l
Now we proceed the next step with a well-known iteration process as follows. For i € NU {0},
we set

i _ i + Pi =
pi= (142 g, p= 2L 2P+1’ B; = B,,, Bi= DB,

For i € NU {0}, we consider a function ¢; € C2°(B;,) with (i|p,,, =1 such that 0 < (; <1 and
|V¢i| < cp;t in R™. Moreover we set d; = (1 + 20551 "9(ry,) and w; = (d; — vy,)4 and
|B; N {or, < di}|  |Bi N {w; > 0}

|Bil B | Bil '

N; =
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From (6.11)), we see that

1/p
1 q
Ny < Co( + Vil (Q))

< In(1/9) (6-12)

By Theorem we have

wiGlyns, S [ /B ) VP IGl) - Gl dic(e.y)

([ @ ) )l s,

zesupp((i)
= A(pu Wi, Cl) + B(,Oz, Wi, CZ)

Then we have the estimate

Alpsywi ) < d / / Supee [VGI” 30 4
B,, /B

o {vr<di} |z —y|nipsp

1
< dp( ) / / —_— dy dz (6.13)
pi’ B, Afon<di} By, (YIMTPITP

S dfpi B 0 {v < di}].
By the fact that
ol 2yl = s = (1= D)yl > 272y
for all y € R"\B,, and x € Bj;,, we obtain that
Blowi ) S 2B o<yl [ W,
re\B, |Y["TP* (6.14)
<2100 4 P By 0 {ug, < di}| [Tryyy (wi 0)]P7 1
Thus it follows from and (6.14)) that
[wigi]ww%) < (df + 2%<"+PS> di[Trpyy (w3 0)1P71) 7% By O {vg, < i} (6.15)

From and that w; < 25%_"@(%) in By and w; < |vg| +25%_"@(7’k) in R", we can derive
that

. -1 s
. p—1 < ,.ps ‘wz(y)lp d Tk+1\P . p—1
[7;19+1 (w“ 0)] rk+1 /Bk\Bk+1 |y|n+ps 4 + ( Tk ) [7;}9 (w“ 0)]
S 0P PmIT@(r) P 4 67Ty, (0 )P S P

Thus by (6.15)) and (6.16[), we have

[wiCiTyencs, ) S 20 dfp; P |Bi N {ug < di}- (6.17)

(6.16)

By applying (6.17)) and the fractional Sobolev’s inequality with exponent
n

Y= )
n — ps

we can deduce the inequalities

1/7 pn n;ps
() < (] 5 )
Bit1 Bi
[wilas,,) 070Gl s, )
2UnHps) g =P | By {uy < dy ).

< (6.18)
S

Since |Bit1| ~ p' ~ |B;| and
w; = (d; — o)+ = (di — dig1) Lpe<d oy =277 2di Lp<disys
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estimate (6.18) yields that
. . ps . .
iy (P SEa) T < G ([ g doar) 2 ap PO S
Bit1

| Bit1] ~ |Bi] | Bi] ’
which gives
i(n+ps) gP _
1/~ 2 i . i(n+ps+p) p.
N Sc(di—di+1)pNZ§02 N;.
This leads us to

Nipp < 012"7("+P5+P)Ni1+m.
If we could show that
Bo N < 207170 —n=ps  y(n—ps)>(ntpstp)
NO = ‘ 0 {Uk: ~ (Tk:)}| S cl rs 9 pZs2 = cy, (6]_9)

| Bo|
then by Lemma 2.3 we conclude that lim; ,o, N; = 0, i.e.

. _ps___
inf v, > Or-T "@(rk).
Bria

To guarantee (6.19)), by (6.12) we observe that
1
o (L4 [Villow)

» o §< —(co/ex) A+ Vil La@)™/?
= In(1/3) = ’
and so we choose § > 0 as
P 1,2t
5 = e—(co/e) Vi lLa@)? 5 (LyE
: &)
If v, = v — inf g, v, then by (6.1) we have
0SCB,,, U = OSCR, ,, Uk < 0SCB, U — Bi’nf v < (1= 6710 (ry). (6.20)
k+1
If v, = O(r) — (v — inf g, v), then we have
08CB,,, UV = 05CR, ., Ux = O(r}) — inf v+ info — inf v, < (1 - 5771 O (ry,). (6.21)
B4 By, Bit1
From (6.20) and (6.21]), we obtain that
Tk

Ps ps n _pPs___ —
oscp,, v < (1=67-1"")0O(rg) = (1—-07-T ”)( ) O(rks1) = (1=07-1"N)5 "O(rp41). (6.22)

Tk+1

To find 7 so that (1 — §7°1~")5~7 < 1, we consider the function
§n) = 0"+ 571,

We note that

s

fl(n)=5nln6(1—5%*2’?) =0 & = ps

201y

&(n) < 0forn < mps and £'(n) > 0 for n > n,s. These facts imply that the graph of £ is
going down from the point (0,1 + §*7) to the point (1, s, 1+ 267) and is going up the point
(2mp.5, 1 + 0%-=) right after that. Since we see that

20" < 14 6%s  and 28" < 1,

we can find exactly two 7’s inside (0, -2%) so that

p—1
§7 4671 =1. (6.23)

If we set Y = §", then the above equation (6.23) will be transformed into

Y2y 4ot o

— =
and its solutions are

14+ V1 — 4571
=Y = T (0,1),
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because § < (1 /4)%1 Hence it turns out that the solutions of (6.23)) are

In (11\/1746% )

_ 2
o = Inéd

Then we see that £(n) > 1, ie. (1 — 87157 < 1 for all 5 € (0,751 U [ng,2mp.s). Thus, if
n € (0,15 1V ng,2np,s), then by (6:22) we conclude that
08¢, U < O(Th41).

Therefore we complete the proof. O
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