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SOLUTIONS TO NONLINEAR ELLIPTIC PROBLEMS WITH
NONHOMOGENEOUS OPERATORS AND
MIXED NONLOCAL BOUNDARY CONDITIONS

EUN KYOUNG LEE, INBO SIM, BYUNGJAE SON

ABSTRACT. We investigate the existence, multiplicity and nonexistence of positive solutions to
nonlinear (singular) elliptic problems involving nonhomogeneous operators and mixed nonlocal
boundary conditions based on the behaviors of the nonlinear term near 0 and co. In particular,
we discuss the existence of at least three positive solutions to the mixed nonlocal boundary
problems, which is new finding even for the problems involving homogeneous operators. The
novelty of this study lies in constructing completely continuous operators related to nonlinear
elliptic problems involving complicated boundary conditions. We emphasize that only one fixed
point theorem is used to obtain the existence and multiplicity results, despite generalizing and
extending most of the problems in previous literature.

1. INTRODUCTION AND MAIN RESULTS

We consider the nonlinear (singular) elliptic problems with nonhomogeneous operators and
mixed nonlocal boundary conditions:

—(w(t)e(u'))" = An(t) f(u), t€(0,1),

—au'(0) = 1 $)kd(s,u)ds ma'o~u'
u0) = a'(0) = [ (s, u)d + 3G u(G) -

1 n
)+ 00 (1) = [ (s, + 3 Bkl
j=1
where A >0,a>0,0>0,0<; <1,0<3; <1, meN, neN, and {(;};2; and {{;}]_; are
increasing sequences in (0,1). Here ¢, f, w, h, go, g1, kY and k:jl satisfy the following conditions:
(H1) ¢ € C(R,R) is an odd increasing homeomorphism such that there exists 1) € C((0, ), (0, 00))
such that ¥ (0) =0 and ¢(rs) < ¥(r)p(s) for r > 0 and s > 0,
(H2) f € C((0,0),(0,00)) with liminf,_, f(s) > 0 and there exist ¢ > 0 and v > 0 such that
f(s) < S for0<s <1,
(H3) w € C((0,1],(0,00)) and h € C((0,1),(0,00)) with [; #Edr < oo, where d(r) :=
min{r,1 —r},
(H4) go,g1 € C((0,1),[0,00)) with G := max{[lgolls + 32371 e [lgalls + 3271 Bi} < 1,
(H5) k9, kj € C((0,1) x [0,00),[0,00)) are such that k)(s,r) < r and kj(s,r) < r, where
i€{0,1,2,...,m} and j € {0,1,2,...,n}.
Nonlocal boundary value problems of ordinary differential equations arise in various areas of
applied mathematics and physics. In particular, multipoint boundary value problems arise in a
fluid flow problem [I1] and the theory of elastic stability [20], and integral boundary value problems
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arise in blood flow problems [I7, 24] and thermal conduction problems [5l [13]. Recently, many
studies have been conducted on these two nonlocal boundary value problems. One can find several
works on multipoint and integral boundary value problems in a series of papers [6l [7], 15 16, 2T]
and [11, B, 4, 12, 14, 22| 23], respectively. In [I6], Ma studied the existence of positive solutions of
with the homogeneous operator u — (w(t)u')’ (i.e., ¢(s) = s), a nonsingular nonlinear term
f and the following m-point boundary condition

m—2 m—2
au(0) — bw(0)u'(0) = > asu(G) and cu(l) +dw(L)u'(1) = > Bu(()
i=1 i=1

with ac + ad + bc > 0. They used the Guo-Krasnoselskii fixed point theorem in a cone to get
the result. Webb and Infante [22] 23] provided a unified method of establishing the existence and
multiplicity of positive solutions of with the homogeneous operator u — " (i.e., w(t) = 1
and ¢(s) = s), a nonsingular nonlinear term f and various nonlocal boundary conditions involving
Stieltjes integrals (thus allowing for m-point and integral boundary conditions). But one can see
that our mixed nonlocal boundary conditions contain their boundary conditions. Recently, Hai
and Wang [10] addressed the problem with the homogeneous operator u +— (|u/|[P~2u’)’ (i.e.,
w(t) = 1 and ¢(s) = |s|P~2s), a singular nonlinear term f and the following boundary conditions:

au(0) — bu'(0) = /0 g(s)u(s)ds and /(1) =0,
au(0) — bu'(0) = /0 g(s)u(s)ds and wu(1l) =0,

with @ > 0 and b > 0. Assuming that the nonlinear term f(s) could have negative values near 0,
they showed the existence of positive solutions for the cases limg_, % =0 and lims_, (’;8 = 00
by applying the Krasnoselskii fixed point theorem in a Banach space. We note that they did
not discuss multiplicity results. The problem involving both multipoint and integral boundary

conditions simultaneously was initially introduced in [2] as follows:

—u"(t) = f(t,u), te (Ty,Ty),

C m
aru(Ty) + asu(Ts) = as / u(s)ds + Z Yiuw(vi),
T i=1

C m
uad (1) + B (To) = B [ /() + 3 pal (),
1 i=1
where 0 < Th < ( <wv; <Ts, o;,0; € R, and v;,p; € (0,00). The existence of solutions (which
may not be positive solutions) was discussed via three different fixed point theorems: Schaefer,
Krasnoselskii and Leray-Schauder.

Motivated by the aforementioned studies, we extend these results to the more general case ,
which has a nonhomogeneous operator, a (non)singular nonlinear term, and mixed multipoint and
integral boundary conditions. Our objective is to study the existence, multiplicity and nonexis-
tence of positive solutions of in C1[0,1] according to the behaviors of f near 0 and oo, that

S

is, the values of fy := lim,_,q % and foo 1= limg_ oo f%;; In particular, to discuss the existence

of three positive solutions, we assume

(H6) f(s):= f”g—(f), where f, is continuous and nondecreasing,

(HT7) there exist n > 0 and 6 > 0 such that

f(9)/f(77) Dw || hy 19 (P ) (E8)
o(0)" ¢(n) w,h, 627 ’
and one or two of the following:
(H8a) n < ﬁ,
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£O) o 2w I R () mind o)
®) heo :
F) _ _wohd max{fo.ful

)

) o) 7 2w [hy () (L)’
max{fo,foo} - 4w Al (2E) (1L

) >

)

)

)
(H10a T ] o i (> 1),
(H10b) fo > feo, (H8a), (H9a) and (H9D),
(H10¢) fo < feo, (H8D), (H9a) and (H9b),

*

where w, := min,ejo ) w(t), w* := maxyep,1] w(t), [|hy H1 = f d(r)’Y

*.—mln{/ h(r)dr, dr}

1
2
and ¢ is the largest constant such that max,cp s 9 (s) <
d(1) <(1)¢(1) by (H1). This implies 6 < 1.
Noting that fo = oo implies f(s) could be singular at 0, we state theorems according to the
following value of fo: fo = o0, fo =0 and fy € (0, 00).

_ AW (R)e0) vk . w87 ¢ (n) 0 .
1. Case fy = oo. Let A\, := ho57 1(0) , A = e (ES) ) and \*° = 2Hh|\1w( 1+a) . We

establish the following results.

We note that ¢ (1) > 1 since

2w* :

Theorem 1.1. Assume (H1)—(H5), fo = 00 and foo = 00. Then (L.1)) has no positive solution for
A > 1 and has two positive solutions uy and ug for A = 0 such that ||ur||eo — 0 and ||uzl|eo — 00
as A — 0.

Theorem 1.2. Assume (H1)-(H5), fo = 00 and foo = 0. Then (1.1) has a positive solution u
for X > 0 such that ||ullcc = 0 as A = 0 and ||u|lcc — 00 as A — oco. In addition, if (H6), (H7),
(H8a) are satisfied, then (1.1)) has three positive solutions u1, ug and ug for A € (A, \*) such that

lurlloo < n < [luzlloe < % < lluslloc-

Theorem 1.3. Assume (H1)-(H5), fo = 0o and fo € (0,00). Then has no positive solution
for A > 1 and has a positive solution u for X < A such that ||ulleo — 0 as A — 0. In addition,
if (H6), (HT), (H8a), (H9a) are satisfied, then has three positive solutions u1, uy and us for
A € (A, min{A*, A%} such that |Ju1]lso <7 < |Juzllc < % < ||lusloo-

* (L6
2. Case fp =0. Let A\ := %f(“) We establish the following results.

Theorem 1.4. Assume (H1)-(H5), fo = 0 and foo = 00. Then (L.1) has a positive solution u
for X > 0 such that ||uljec — 00 as A = 0 and ||ullcc — 0 as A = oco. In addition, if (H6), (H7),
(H8b) are satisfied, then (1.1) has three positive solutions uy, us and uz for A € (A, \*) such that

lulloo < % < lluzllo <1 < lluslloc-

Theorem 1.5. Assume (H1)-(H5), fo =0 and foo = 0. Then (1.1 has no positive solution for
A= 0 and has two positive solutions uy and ug for X > 1 such that ||u1]leo — 0 and ||uzljec — o0
as A — 00.

Theorem 1.6. Assume (H1)—(H5), fo =0 and fs € (0,00). Then has no positive solution
for A= 0 and has a positive solution u for X > Ay such that ||ulle — 0 as A — co. In addition,
if (H6), (HT), (H8b), (H9b) are satisfied, then has three positive solutions w1, ug and us for
A € (max{A, Ao}, A*) such that |u1]lee < 2 < [Juzlloeo <1 < ||usllco-

and A\g = % We establish the following

3. Case fy € (0,00). Let \0 := ——— 2= Ty

2|lhlh (=& ) fo

results.

Theorem 1.7. Assume (H1)-(H5), fo € (0,00) and foo = 0. Then has no positive solution
for \> 1 a nd has a positive solution u for X < A\° such that ||u|lcc — o0 as A — 0. In addition,
if (H6), (H7), (H8b), (H9a) are satisfied, then has three positive solutions uy, us and us for
A € (A, min{A*, A°}) such that |Ju1]leo < 22 < [Juzlleo <7 < [Jus]-
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Theorem 1.8. Assume (H1)-(H5), fo € (0,00) and foo = 0. Then has no positive solution
for X = 0 and has a positive solution u for A > Ao such that ||ullcc — 00 as A = co. In addition,
if (H6), (H7), (H8a), (H9b) are satisfied, then has three positive solutions uy, uz and ug for
A € (max{A,, Ao}, A*) such that |[ui]lc <0 < [Juzlloc < 22 < [Jus|so-

Theorem 1.9. Assume (H1)-(H5), fo € (0,00) and fo € (0,00). Then has no pos-
itive solution for A = 0 and X\ > 1. If (H10a) is satisfied, then has a positive solu-
tion for A € (min{\g, Ao}, max{A\%, A>}). If (H6), (H7), (H10a), (H10b) are satisfied, then
(L3) has three positive solutions uy, ug and Ug for A € (max{A«, Ao}, min{A\*, A>°}). If (H6),
(H7), (H10a), (H10c) are satisfied, then has three positive solutions wuy, us and us for
A € (max{ A, Ao }, min{A\*; A\°}).

We use the following Krasnoselskii-type fixed point theorem to get the existence and multiplicity
results (see [9, Lemma Al).

Proposition 1.10. Let X be a Banach space and I : X — X be a completely continuous operator.
Suppose that there exist a nonzero element z € X and positive constants r and R with r # R such
that

(a) if y € X satisfiesy = oly for o € (0,1], then |lyllx #r,

(b) ify € X satisfiesy = Iy + 71z for 7 >0, then |ly|]|x # R.
Then I has a fized point y € X with min{r, R} < ||y||lx < max{r, R}.

The main challenges of this study are constructing the completely continuous operator (T in
Section 2) for the modified problem of that reflects the mixed nonlocal boundary conditions
and finding lower estimates of functions obtained through the operator (Thy, where y € C|0, 1]).
In general, due to the boundary conditions, completely continuous operators related to nonlocal
boundary value problems are more complicated than those related to local boundary value prob-
lems, and functions obtained through the operators related to nonlocal boundary value problems
could have maximums either in (0, 1) or at a boundary of (0,1). To overcome the difficulty of con-
structing the operator Ty, we modify the completely continuous operators for the local (Dirichlet
and nonlinear) boundary value problems in [I8| [I9] by adding some functions representing the
boundary conditions (A(y), B(y) and C(s) in Section 2). To find necessary lower estimates of
Ty, we use different representations of Thy depending on where it has a maximum.

It is also noteworthy that this study complements the existing results by dealing with the
nonlocal boundary value problem in which it has a nonhomogeneous operator and a (non)singular
nonlinear term. In particular, we discuss the existence of at least three positive solutions that has
not been treated much in previous studies.

In Section 2, we construct the completely continuous operator Ty to find fixed points of the
modified problem of and show that the fixed points are eventually positive solutions of .
We prove Theorems [1.1] - [14- and [I.7]- [L.9]in Sections 3, 4, and 5, respectively. Section
6 provides an example of with a nonhomogeneous operator and a singular nonlinear term.

2. PRELIMINARIES

In this section, we construct the completely continuous operator T for the modified problem
of and show that fixed points of T are positive solutions of .

We first construct the completely continuous operator Ty. To do this, we extend the ideas in
[18] [M9], which are the local boundary value problems. For y € C[0,1], we define the following
functions related to the boundary conditions:

A@:Agw%< w+2% (G (G,

mm:Agu s ) s + 3 B3k (€5, (e

Jj=1

Wos) . A (L,
w(0) +w(0)/0 h(r)f (y)dr) for s € R,
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where f*(y(t)) := f(max{y(t),0prd(t)}) and px > 0 is to be determined in each section. Then we
define the operator T : C[0,1] — C10, 1] by

Tyy(t) == A(y) +aC(m,) + /O ¢_1(w(1£)<?§;ny) +w?8) / h(r)f* (y)dr ) ds,

where y € C[0,1] and m, € R is the constant such that

Lor(e@elmy) A
By) — bm, = Aly) +aC(m,) + [ o7 (P25 + s [ b ar)as
It can be shown that Tyy € C1[0,1], m, = (Thy)' (1), C(my) = (Try)'(0), and m,, is continuous for
y. Further, T : C[0,1] — C]0, 1] is completely continuous, Thy(t) is the solution to the boundary
value problem

—(w(t)g(a"))" = A(t)f* (), t € (0,1),
2(0) — az’(0) = A(y),
z(1) +ba'(1) = B(y),
and Thy satisfies the following property.
Lemma 2.1. Assume (H1)-(H5). Then Thy(t) > 6||Thyllcod(?).

Proof. Let x(t) := Thy(t). We first show x(0) > 0. If a = 0, then it is clear because z(0) = A(y) >
0. Let @ > 0. Assume to the contrary that z(0) < 0. Then z’(0) < 0 by the boundary condition
at 0. If there exists t, € (0, 1] such that a:’( 2) =0 and z'(t) <0 for t € (0,%,), then we have

7' (t) = / h(s > 0,

which is a contradiction. Thus z'(t) < 0 for t € (0,1]. This 1mplies 2'(1) < 0 and z(1) < 0.
However, this is a contradiction since (1) = B(y) — bz’(1) > 0. Hence x(0) > 0.

We can show z(1) > 0 by similar arguments. Then we obtain z(t) > §||x||cd(t) by Lemma 2.1
in [g]. O

~

Next we find a condition for fixed points of T to be positive solutions of (1.1)).

Lemma 2.2. Assume (H1)—(H5). If Thy =y for some y € C[0,1] with ||y|lcc > px, then y is a
positive solution of (L.1)).

Proof. 1t is clear that y € C1[0,1] since Thy € C*[0,1]. Further, we have y(t) > §||yllood(t) >
dprd(t) > 0 by Lemma Thus y satisfies

—(w(t)o(y")) = A(t) f*(y) = Mh(t) f(y), te€(0,1),
1 m
y(0) — ay'(0) = A(y) = /O 90(8)kJ (s, y(s))ds + Z ik (G y(G)),

y(1) +by'(1) = B(y) = / L (5) kA (5. 4(s) ds+z,8”€w (&))-

Hence y is a positive solution of (1.1)). O

Now we introduce different representations of Thy to be used to find lower estimates. If
IT\ylloo = Thy(tm) for some t,, € (0,1), then (Thy)'(t) > 0 for ¢t € (0,t,), (Thy)'(t) < 0 for
t € (tm,1) and Thy can be written as

A(y) + a(Thy)'( +f0 ( ftmh dr)ds 0<t<tm,
Thy(t) =
B(y) — b(Tay) (1) + [} ¢ ( ()dr)ds t <t < 1.
If | Taylloo = Tay(0), then (Thy)'(t) <0 for ¢ € (0, ) and TAy can be written as
_ / P w@e((Tay)(0) A [? .
Tat) = Bly) — (1) (1) + [ ot (= ZEATE 2 [ h e (yar ) s
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If |IThylloo = Thy(1), then (Thy)'(t) > 0 for ¢t € (0,1) and Thy can be written as

TAy(t):A(y)+a(T,\y)’(O)+/o ¢,—1(W(1)¢E£(T;)y / " d.

3. PROOFs OF THEOREMs [LIHI3

We use Proposition with I = T\, X = C[0,1] and z = 1 to show the existence and
multiplicity results in Theorems Let fin(s) := inf,e(s,00) f(r). Noting that lims o ¢((§) =

%1016
oo since fo = oo, we can choose ry € (0,1) such that f(;”(S) > QUJ;fL(* £)

px =7y in Ty. Additionally, we assume 7y < mm{n7 } to prove the existence of three positive
solutions in Theorems -

for s < ry. Then we define

Proof of Theorem[I.1 We first show the multiplicity result for A ~ 0. Let o € (0,1] and u € C|[0, 1]
be a solution of u = oThu and |[ul]lec > rx. Then u(t) = oThu(t) > 0 by Lemma If
||u|loo = u(0), then w'(0) = o(Thu)'(0) < 0 and u satisfies

[ulloe = w(0) < Thu(0)

gA(u):/O o(s)kJ(s ds+2a7 (G» [u(Gi)l)

< Glfuf oo

However, this is a contradiction since G < 1. If ||u]/eo = u(1), then /(1) = o(Thu)’(1) > 0 and u
satisfies

[ufloe = u(1) < Tru(1)

1
gB(u):/O g1 () (s, |u(s) ds+zﬂ”sj,\u<@>|>

< Glfulloo-

However, this is a contradiction. Hence there exists t,, € (0,1) such that ||u|lcc = u(t;;). Then
u' (1) = o(Thu)' (1) < 0. We note that 6 < 1, A(u) < Gl|ulle, (Taw) (0) = C((Thu)' (1)), and
u(t) = oThu(t) > o6||Thulloed(t) = 6]julsod(t) by Lemma[2.1] Thus u satisfies

([

< A(u) + a(Tow)' (0) + /Otm 5! (w?s) /:m h(r)f*(u)dr> ds

= A(w) +ag™" (w<1)¢§£(T$)u>'<1>> * wE\O) /o () (w)dr) + /0 ¢ (w?@ / W) (e ) ds
A .

< AGw)+ (1 +a)p (= /01h< )" (u)dr)

<Aw)+(1+a)! (%/o h(r)<max{u, (SCr,\d(r)}‘Y + fM(max{u,émd(r)})>d7")

< A+ 1+ 007 (2 [ 00 (G + o) )ar)

A h
< Gl + (1 o (2 (G Al )) ),

where fyr € C([0,00),]0,00)) is such that fas(0) = 0, far(s) is nondecreasing for s < 1 and
far(s) :=max,¢(1 4 f(r) for s > 1. Then we obtain

olulle) < (175 )o (P2 < 2u(1228) (G + Wil fartlull).
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This implies

A (1ta cllhylly ([Fall2 2 (el oo )
1< —q/;< )( - + ) (3.1)
1= G/ [JullSod([[ufl) P(llulloo)
If |ulloo = 1, then we have 1 < 2 w(ll“'g)(;l};ﬂ; + Hh”;}{fsf(l)). However, this is a contradiction
for A ~ 0. Hence ||ul|oc # 1 for )\ ~ 0.

Now we show that there exist two constants (one is greater than 1 and one is ess than 1)
satisfying (b) in Proposition [[.10] Let 7 > 0 and u € C’[O7 1] be a solution of v = Thu + 7.
Then there are three cases: (i) ||u|lcc = u(ty,) for some t,, € (0,1), (ii) |[ullcc = u(0), and (i)
|ulooc = u(1). We first consider the case (i). Then (Thu)'(t,,) = 0. We note that

u(t) = Thu(t) + 7 = 0| Trullcod(t) + 7
_ Ollullo
- 4
for t € [1,3] by § < 1 and Lemma If t,, > 1, then (T,\u)’( ) > 0 and u satisfies

/ h(r dr)ds

dr) ds

IMMZAWHWHMW®+/
z/m
zéw¢*Q§[ <may®m

1
1
> 17 (o
_4

(5IIUI|oo ))

By similar arguments, we can show that if ¢,, < % then [lu[jcc > $¢~ (Ah*fm(
(ii), (Thw)'(0) <0, (Thw)' (1) < 0 and u satisfies

= ). For case

nwszmwwamﬂu+A;w%—w@%fyﬂmﬁnﬁm[hmﬂwmﬂw
zéh>@@0m><ww
2/3/4 i/ dr)ds

L 5Hu||oo
> 107 (2 gl 0.
For case (ii), (Thu)’(0) > 0, (T,\u) (1) > 0 and u satisfies
/ Y we(Taw)' (1) At .
lulloo = A(u) + a(Thu) (0)+A o7 et w(s)/s B(r) f* (w)dr ) ds
Yt )
> [ o (oo [ s r)as
v -1 i ’ r u)ar )as
> [ 07 (s )| )
L (e fm<5"1"w>).
Hence we obtain ||u||cc > 7 (Ah fm( ‘“4”‘” )) for all cases. Then we have

&H@UH“) s(alulle) < w()o(2L=).

w*
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This implies

fn(P15=) _wrp ()
¢(5Hu\loo) M,

(3.3)

By the definition of r), we obtain r) < %. Thus ||ul|leec # rx for A > 0. Noting that

limg_yeo fd’)”(ij) = oo since fo, = 00, we can also find Ry > 1 such that Ry > 1 and

for s > Ry. Thus ||ul|cc # R for A > 0.
By Proposition [I.10} 7 has two fixed points v1,v2 € C[0,1] for A & 0 such that ry < [[v1]lec <
1 < |lva]loo < Ra. Hence v; and ve are positive solutions of (1.1) by Lemma Further, we
obtain ||v1]jec — 0 and |Jvz]|ec — 00 as A — 0 from (3.1]).
Next we show the nonexistence result for A > 1. Assume that (1.1)) has a positive solution wu.
Then u satisfies (3.3)). Since lim;_, f¢(S) =00 = limg_, 0 f(g;i‘;), we have
Sllullo w1 ( 16
0< inf fm(s) Sfm( 1 ) Sww(a)
s€(0,00) &($) ¢(%) Ah

(3.4)

However, this is a contradiction for A > 1. Hence (L.1)) has no positive solution for A > 1. O

Proof of Theorem[1.4 We first show the existence result for A > 0. If u € C[0,1] is a solution of
u = Thu+ 7 with 7 > 0, then u satisfies (3.3)). This implies ||u||s # rx for XA > 0.
If u € C[0,1] is a solution of uw = ¢Thu with ¢ € (0,1] and ||u||cc > 7, then u satisfies (3.1)).

Noting that limg_, ff;(i‘;) = 0 since f, =0, we can find Ry > 1 such that Ry > r) and

A (LT4ayyg eyl | lbllifa(s)
1> *w(1 - G) (5787;(5) )

W

Thus we obtain |u||e # Ry for A > 0 from (3.1). By Proposition T has a fixed point v for
A > 0 such that 7y < [|[v]lec < Rx. By Lem v is a positive solution of (I.I)). Further, we
obtain ||v]|sc — 0 as A — 0 from and [|v]| o — 00 as A — oo from (3.3).

Next we show the multiplicity result for A € (A, \*). Let o € (0,1] and u € C[0, 1] be a solution
of u = ocT\u. We note that

u(t) = oThu(t) > od||Thaullcod(t) = d]jullcd(t)
by Lemma 2.1} By (H6), if [|u||cc =7 (> 7») then u satisfies

A
w(s)

) forsZ]/%,\.

ol < AG) + Ty @) + [ 67 (25 [ hesar)as

< A+ (14 a)o (2 /O1 h(r) £ (u)dr)

*

= A(u) + (1 +a)p™ (i /0 " () et drad(r)}) dr)ds

Wi max{u, drxd(r)}”

! u

Ao ()

w407

< Gllulloe + (1 +a)o7"

Therefore,

lt+ay, (1-G)ullscy _ Alryllif(ulls) , (1+a
¢(”“”°°)Sw(1—G)¢( 1+a )S d w(l—G)'
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This implies
w.6” < Flullee) _ f(n)
M li(32E) ~ dllulles) — S()
However, this is a contradiction for A < A*. Hence |Ju|loo 7# 1 for A < A*.
Let 7 > 0 and u € C[0,1] be a solution of u = Thu + 7. Assume |ulo = 2. Then three cases

can occur: (i) ||ulloo = u(ty,) for some ¢, € (0,1), (i) ||l = u(O) and (iii) ||u||oo = u(l). We
first consider case (i). Noting that u(t) > ”uH"" for ¢t € [1, 3] from (3.2), if ¢,,, > %, then

num>Awwwamﬂm+4%¢*@£®Ammnﬁwmﬂm

1/4 tm max{u, dryd(r
2/0 (b_l(w?s)/s h(r)f’;r(la;{j 5ric?(i()})7})dr>ds

zﬁmw%$éﬁmwﬁthk

> 3 (a1 (1)),

M, 87 g dllullo
£( [l

By similar arguments, we can show that if ¢,, < & then |lull > $¢~ (322 1

(ii), we have

)). For case

Co(Ta o w(0)e((Taw)(0) A
ol > B = T30 W+ [ 67!( wis) s
>

] /OS h(r)f*(u)dr) ds

3

fr(max{u, orad(r)})
/0 hr) max{u, dryd(r)}? dr )ds

1
> [
3/4
Slufc
/1 ¢~ h(r)if'Y( ! )dr)ds
3/4 [l
-

>3 (! 25'“"“))

For case (iii), we have

1/4 By
ulloo ZA(u)+a(T,\u)’(O)+/O ¢—1( w()p((Thu) / " d

w(s)
§ 1/4(25_1 At J~(max{u, oryd(r)})
/01/4 I(U;(S)/
ZA W(E/ Tl

R max{u, dryd(r)}”
Lo (),

Y

"l
(o

h(r) dr) ds
(

h(r)

5Hulloo
f’Y( )dr) ds
47w 4

Hence we obtain ||u||oc > %qb_l(%f(%)) for all cases. Since [|ufo = 22,

MY F(O)  ARSY L 6|u]loo 16 0|l oo 16
T = w1 o) <9(F)o(T7) =v(5)e0)
However, this is a contradiction for A > \,. Hence lu]| oo # 49 for )\ > A

We can choose RA > 1 such that RA > 29 Further, ry < n < 4 and (As, A*) is nonempty by
(H8a) and (H7), respectively. Thus . has three posmve solutlons v1, v2 and vs for A € ﬁ, AY)

such that 7y < [|[v1]lse <7 < [Jv2]lec < 2 < [Jv3]jec < Ry by Proposmonand Lemma . O

we have

Proof of Theorem[I.3 We first show the existence result for A < A>°. If u € C[0, 1] is a solution
of u = Thu + 7 with 7 > 0, then u satisfies (3.3). Thus |lu||e # 7 for A > 0.
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Let o € (0,1] and u € C0, 1] be a solution of u = cThu. Assume ||u||s > rx. Then u satisfies

(3.1). Since limg_, 00 ff(;) = foo € (0,00), there exists Ry > 1 such that Ry > 7\ and

Ltay/ cllhylln | [Rlifa(s)y  2A[|R[1fx  (1+a
*1”( G>(6737¢(s)+ 5(s) )< =g

If ||u)|oo = Ry, then 1 < %7#(11_%) from . However, this is a contradiction for A < A*°.
Hence ||ul|oo # Ry for A < A>°.

By Proposition and Lemma has a positive solution v for A < A*° such that
7 < |[v]ls < Rx. Further, we obtain ||v[|c — 0 as A — 0 from (3.1)).

Next we show the multiplicity result for A € (A, min{\*,\>*}). The following were proven
in the proof of Theorem (i) if w € C]0,1] is a solution of u = cThu with ¢ € (0,1], then
|ulloo # m for A < A*, and (ii) if w € C0,1] is a solution of u = T,\u+ 7 with 7 > 0, then
[ulloc # % for A > A.. Further, we can choose Ry > 1 such that By > 2£. Since ry <n < %
and (/\*,mm{)\* A°°}) is nonempty by (H7), (H8a), and (H9a), (L.1)) has three p051tlve solutlons
vy, v2 and vs for A € (A, min{A\*, \>*}) such that r) < ||111H<>O <N < |Jvalloo < 22 < |JU3]loo < Ra.

Now we show the nonexistence result for A > 1. Assume to the contrary that has a positive
solution u for A > 1. Then u satisfies since limg_,q % = oo and limsHoo fg‘ S) = foo > 0.
However, this is a contradiction for A > 1. Hence (| . ) has no positive solution for A > 1. O

) for s > Rj.

4. PROOFS OF THEOREMS [1.4H1.6

In this section, we consider the case fo = 0. Since fo = 0 implies lims_,¢ f(s) = 0, we can define

fai(s ;'(:)maXTe[o 5] f(r). Noting that lim,_,o fgf(S) = 0 since fo = 0, there exists r§ € (0, 1) such
M\

that 6y < nhw(=5)

is assumed to show the multlphmty results in Theorem [I.4] and Theorem [1.6]

for s < r}. Then we define py = r} in 7). Additionally, 7} < mm{n,

Proof of Theorem[I.4, We first show the existence result for A > 0. Let o € (0,1] and u € C0,1]
be a solution of u = cThu. Assume |jul|o > r}. Following the arguments in the proof of Theorem
we obtain

file < A+ 1+ i~ (2 [ w1 o)

’ 1
< A+ (@0 (2 [ ) s max(u.or3d))ir)

< Gllufloc + (14 )™ (A\lhlllfMlluHoo))_

Wi

Then u satisfies

sl < w( 1 +g)¢<(1 —1ci)|Lu|\oo) - A“h””ﬁ(”“”w)w(jfé)

This implies

e Siylulle)
NFIo(ES) = ()

Thus ||u||ee # 7} for A > 0 by the definition of r}.

If u € C[0,1] is a solution of u = Thu + 7 with 7 > 0, then u satisfies (3.3). Then ||uljc # Rx
(> 1) for A > 0, where R is the constant found in the proof of Theorem By Proposition [I.10]
and Lemma has a positive solution v for A > 0 such that r§ < [|v|l« < Rx. Further, we
obtain ||v]|s — 0 as A — oo from and [|v]|oc — 00 as A — 0 from ([@.1)).

Next we show the multiplicity result for A € (A, A*). Following the arguments in the proof of
Theorem |1.2) we can show that (i) if v € C[0,1] is a solution of u = oTh\u with o € (0, 1], then
[|ulloo # m for A < A*, and (ii) if u € C[0, 1] is a solution of u = Thu+7 with 7 > 0, then ||u|cc # %
for A > A,. Further, we can choose Ry > 1 such that Ry > 7. We note that r} < 479 < n and

(4.1)
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(A, A*) is nonempty by (H8b) and (HT), respectively. Hence (|1.1)) has three positive solutions vy,
vg and v3 for A € (A, A*) such that r§ < ||v1]e < 479 < lwzlloo <M < ||vs]loo < Ra- O
Proof of Theorem[I1.5. We first show the multiplicity result for A > 1. Let 7 > 0 and u € C|[0, 1]
s w* (16
be a solution of u = Thu + 7. Then wu satisfies (3.3). If ||u]lcc = 1, we have Im(3) o w5,

#(5) = Ahe
However, this is a contradiction for A > 1. Hence |Ju| s # 1 for A > 1.
Let 0 € (0,1] and w € C[0, 1] be a solution of u = oThu and ||ul|s > 75. Then u satisfies (4.1]).
This implies ||ul|oc # 73 for A > 0. Further, since lim,_, fuls) _ 0, we can find Ry > 1 such

~ #(s)
that Ry > 1 and

Fials) __w.

¢(s) Al ($£8)
Thus we obtain [|u]s # Rx for A > 0 from (@3)). By Proposition and Lemma 2.2} there exist
positive solutions v; and vy for A > 1 such that 7} < |[|[v1]jec < 1 < [JU2]lec < Rx. Further, we
obtain [|v1][oc = 0 and |Jva|oc — 00 as A — oo from (B3.3)).

Next we show the nonexistence result for A = 0. If u is a positive solution of (1.1f), then u
satisfies (4.1). Thus we have

for s > EA.

W fiu(5)
————gr < sup < 00. (4.2)
>‘Hh||1¢( e ) s€(0,00) ¢(5)
However, this is a contradiction for A ~ 0. Hence (|1.1)) has no positive solution for A =~ 0. g

Proof of Theorem[I1.6L We first show the existence result for A > Aoo. If u € C[0,1] is a solution
of w = oThu with ¢ € (0,1] and |ul|sc > 73, then w satisfies (4.1). This implies ||uloc 7# 73 for
A>0.

Let 7 > 0 and u € C]0, 1] be a solution of u = Thu+7. Then u satisfies (3.3). We note that there

exists R} > 1 such that R} > 1 and JZZ’(—S) > J%’" for s > R} since lims_>Oo fg g‘; = foo € (0,00).

If |lul|oo = 4R* , then we have
foo _ fn(RY) _ w¥(F)
2 T o(Ry) T Ahs
from (3.3). However, this is a contradiction for A > Aw. Hence ||u|lc # @ for A > A. By
Proposition and Lemma2.2] (L1)) has a positive solution v for A > Ay such that 7§ < [|v]jec <
41;*. Further, we obtain ||v||cc — 0 as A — oo from ({3.3).

Next we show the multiplicity result for A € (max{\., Asc}, A*). The following were proven in
the proof of Theorem[L.2} (i) if u € C[0, 1] is a solution of u = ¢Tyu with o € (0, 1], then [|ul/os # 7
for A < A* and (id) if u € C[0,1] is a solution of u = Thu + 7 with 7 > 0, then [|ufo # % for
A > A,. Further, r§ < % < 5 and (max{\,, Ao}, \*) is nonempty by (H7), (H8b), and (H9b),
and we can choose R} > 1 such that 4R* > 7. Hence (| . ) has three positive solutions vy, vo and
v for A € (max{\, Ao}, A*) such that 5 < il < 2 < [[oafloe <7 < |Jvalloe < 2

Now we show the nonexistence result for A = 0. If u 1s a positive solution of . then we can
show that u satlsﬁ 2|) following the arguments in Theorem. However, this is a contradiction

-

(4.3)

for A ~ 0. Hence (|1.1)) has no positive solution for A ~ 0. O

5. PROOFS OF THEOREMS [1.7H1.9|

Proof of Theorem[1.7, We choose py = T in T, where 75 € (0,1) is such that fg(i;) < 2fy for

s < Ty. To show the multiplicity result, we also assume 7y < min{, %
We first show the existence result for A < A%, Let o € (0,1] and u € C[0,1] be a solution of
u=oT\u. If ||u|| = Ty, then u satisfies (4.1)). Thus we have

Wi fM( )
AllA]l ¢(1+") Y

However, this is a contradiction for A < \°. Hence |lulo # Tx for A < A°.

< 2fo. (5.1)
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If u € C[0,1] is a solution of u = Thu + 7 with 7 > 0, then u satisfies (3.3). Then ||uljc # Rx
(> 1) for A > 0, where R is the constant found in the proof of Theorem By Proposition [I.10]
and Lemma has a positive solution v for A < A\? such that 7\ < ||v]l < Rx. Further,
we obtain [|v[ec — 00 as A — 0 from ([@.1).

Next we show the multiplicity result for A € (A,, min{\*, \°}). Following the arguments in the
proof of Theorem [1.2] we can show that (i) if u € C[0, 1] is a solution of u = oThu with o € (0, 1],
then ||ullcc # n for A < A*, and (ii) if v € C]0,1] is a solution of u = Thu + 7 with 7 > 0, then
[ulloo # 42 for A > A,. Further, 7\ < % < 5 and (A, min{\*,\°}) is nonempty by (H7), (H8b)
and (H9a), and we can choose Ry > 1 such that Ry > n. Hence has three positive solutions
v1, v2 and v3 for A € (A, min{\*, \°}) such that T < [|v1]joc < 2% < |Jv2]loc <N < [|U3]J00 < Ra.

Now we show the nonexistence result for A > 1. If u is a positive solution of 7 then u
satisfies . However, this is a contradiction for X\ > 1. Hence has no positive solution for
A> 1 O

Proof of Theorem[1.8 We choose py = 7y in Ty, where 7\ € (0,1) is such that fm(g;) > @ for

s < 7). To show the multiplicity result, we also assume 7, < mln{n, 5
We first show the existence result for A > A\g. Let 7 > 0 and v € C[0,1] be a solution of
uw="Tu+ 7. If |[u]|oo = Tx, then we have

4
TA

2 _wrp(%)

=<5 (5.2)

2<z5(

from . However, this is a contradiction for A > Ag. Hence |[ul|cc # 7 for A > Ao.

Let o€ (O 1] and u € C0, 1] be a solution of u = oThu with ||ul|e > 7x- Then u satisfies

Since limg_, oo jé‘f(s) = 0, we obtain ||ul|e # Ry (> 7)) for A > 0, where R, is the constant found

in the proof of Theorem By Proposition and Lemma 2.2} (L.I) has a positive solution v
for A > Ao such that 75 < [|v]|oe < Ra. Further, we obtain [|v||c — 0o as A — oo from (3.3)).
Next we show the multiplicity result for A € (max{A., Ao}, \*). Following the arguments in the
proof of Theorem [I.2] we can show that (i) if u € C[0,1] is a solution of u = oT\u with o € (0, 1],
then ||u||OO #n for A < A* and (i) if w € C[0,1] is a solution of uw = Thu + 7 with 7 > 0, then
lulloo # 22 for A > \.. Further, 7\ < g < 479 and (max{A«, Ao}, \*) # 0 by (H7), (H8a) and
(H9b), and we can choose RA > 1 such that R)\ > 49 . Hence (| . ) has three positive solutions vy,
vy and vy for A € (max{\., Ao}, A*) such that 7\ < ||v1||OO <1 < Jvalloe < 2 < ||vslloe < Ra.
Now we show the nonexistence result for A =~ 0. If u is a positive solutlon of .7 then
satisfies (4.2)). However, this is a contradiction for A ~ 0. Hence has no positive solution for
A= 0. O

Proof of Theorem[I.9 We first consider the case fy > foo. Then Ao = min{Ag, Aog} and A® =
max{\? A\>}. We choose py = 7, which is the constant in the proof of Theorem

We show the existence result for A € (Mg, A°) = (min{\g, Ao }, max{A\°, A>*}). Let 7 > 0 and
u € C0,1] be a solution of u = Thu + 7. If ||ul|ec = 7», then is satisfied. This implies
lullw # 7x for X > Ag. Let 0 € (0,1] and u € CJ0,1] be a solution of u = oThu. Since

limg_s oo fé‘f(i ) — foo, there exists R§ > 1 such that R§ > 75 and fM(S) < 2foo for s > RS, If

lullo = RS, then /\Hh\llw*( =y < fé”(gz*)) < 2fs from (4.1). However, this is a contradiction for
A

A < A%, Thus |Juljs # RS for A < A>°. Since (A9, A>°) is nonempty by (H10a), has a positive
solution for A € (A, X’O).

Now we show the multiplicity results. We have (7) if u € C[0,1] is a solution of u = cThu
with o € (0,1], then ||u||s # 7 for A < X\* and (i) if u € C[0, 1] is a solution of u = Thu + 7
with 7 > 0, then ||ul|s # 49 for A > \,. Further, 7\ < min{n, 3¢ 91 and we can choose R§ > 1
such that RS > max{n, ¢ o1, Slnce (max{ A, Ao}, min{\*, A>°}) is nonempty by (HT7), (H10a) and
(H10Db), . has three pos1t1ve solutlons vy, v2 and vz for A € (max{A., Ao}, min{A\*, A>**}) such
that 7 < [[01]lo0 < 71 < [22lloo < 2 < [[v5]lo0 < B.
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Next we consider the case fo < foo. Then Ao = min{Ag, Moo} and A% = max{\° A\>}. We
choose p) = T, which is the constant in the proof of Theorem

We show the existence result for A € (Moo, A%) = (min{Ag, Ao }, max{A?, A>°}). Let o € (0,1]
and u € C[0,1] be a solution of u = oThu. If |jullec = T, then is satisfied. This implies

llulloo # Ta for A < A%, Let 7 > 0 and u € C[0, 1] be a solution of u = Thu + 7. If ||ulloec = %,

then is satisfied. This implies ||u|co # 41;; for A > M. Since (Moo, AY) is nonempty by
(H10a), has a positive solution for A € (Aso, A°).

Since (max{, Moo }, min{A*, \°}) is nonempty by (H7), (H10a) and (H10c), we can also show
that has three positive solutions vy, vy and vs for A € (max{\, As }, min{\*, \°}) such that
Ta < [[v1]loe < 2 < [Jv2]lc <1 < [v3]le0 < % following the above arguments.

The proofs of the nonexistence results for A &~ 0 and for A > 1 follow the arguments in the
proofs of Theorem and Theorem respectively. ]

6. EXAMPLE

In this section, we discuss an example of a mixed nonlocal boundary value problem involving a
nonhomogeneous operator and a singular nonlinear term. We consider the (p, ¢)-Laplacian problem

A 3w
—((®)(u[P2 4 ul[72)) = Mh(e) (5 + Bu + CemtE 4 D), te (0,1),

u(0) = ' (0) = [ (@Ko s + 3 k(G uc), o)

i=1

WHMW=Am@me+Z&W%MM

Jj=1

where l <p<qg<oo,7 >0,7%2>0,73>0, A>0,B>0,C>0,DeRand C+D >0. We
assume @ > 0,5 >0,0<aq; <1,0<8; <1, wand h satisfy (H3), go and g¢; satistfy (H4), and
kg, kg, k7, and K} satisfy (H5), where i € {1,2,...,m} and j € {1,2,...,n}.

The operator of this problem is u — (|u/[P~2u’ + |o/|972u’)’. It is a nonhomogeneous operator
and ¢(s) = |s|P72s + |s|972s satisfies (H1) with 1(s) = max{sP~1,s771}. The nonlinear term is
fls) = s% 1+ Bs 4 Cewsis + D. Tt is singular at 0 and fy = co since A > 0. Further, it satisfies
(H2) and (H6) with v = ;. Hence, satisfies (H1)-(H6), fo = oo and v = 1 under the above
conditions.

1. If B>0and v, > ¢—1, then f., = co. Thus has no positive solution for A > 1 and
has two positive solutions u; and uy for A &~ 0 such that ||u1]|ec — 0 and ||uz||e — 00 as
A—0.

2. If 99 < ¢ —1, then foo = 0. Thus has a positive solution u for A > 0 such that
lt]loc = 0 as A = 0 and ||uljcc — 00 as A — oo. In addition, if C' > 0,7 =1 and 6 = 43,
then we have

J0) ,J0p) _ Fr B+ Ce¥ 4D 2
o0) o(n) ~ S A+ B+ CenT 4D
. Ces +D 2 (6.2)
274" A+ B+Ce+ D
Ce% + D

> 1

T A A+ B+ Ce+ D)
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for 5 > 1. Thus (H7) and (H8a) are satisfied for v3 > 1. Further, we have
e (T T+
© b (e + Byg? + Ced + D)
3

6.3
. 2w, 0N (6:3)
Il (H£8)7-1(A + B + Ce?T + D).
Hence if y3 > 1, then (6.1)) has three positive solutions for A € (A, A*).
3. 1f B> 0and 7 = ¢~ 1, then foo = B € (0,00) and \* = - Thus (6.1)
1-G

has no positive solution for A > 1 and has a positive solution u for A < A*° such that
lt]loc = 0 as A — 0. In addition, if C > 0, n =1 and 6 = 3, then we have
—1 23 N
£(0) 73% +By 4 CeF + D o.% D
= p—1 qg—1 Z qg—1 >1
¢(9) 73 + 73 2’}/3
f0) ), Ce +D
d(0)" ¢(n) = 47 (A+ B+ Ce+ D)
for 453 > 1 from (6.2)). Thus (H7), (H8a) and (H9a) are satisfied for 3 > 1. Noting that

A« and \* are the same as those in (6.3)), if 3 > 1 then (6.1)) has three positive solutions
for A € (A, min{A*, A\*>°}).

)

>1
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