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COMPLETE CLASSIFICATION OF SELF-SIMILAR SOLUTIONS FOR
SINGULAR POLYTROPIC FILTRATION EQUATIONS

YANZHI ZHENG, JINGXUE YIN, SHANMING JI

ABSTRACT. This article concerns the complete classification of self-similar solutions to the sin-
gular polytropic filtration equation. We establish the existence and uniqueness of self-similar
solutions of the form u(z,t) = (8t)~*/Fw((Bt)~ B |z|), and the regularity or singularity at x = 0,
with «, 8 € R and 8 = p—a(l—mp+m). The asymptotic behaviors of the solutions near 0 or co
are also described. Specifically, when 8 < 0, there always exist blow up solutions or oscillatory
solutions. When S > 0, oscillatory solutions appear if « > N, 0 <m < 1 and 1 < p < 2. The
main technical issue for the proof is to overcome the difficulty arising from the doubly nonlinear
non-Newtonian polytropic filtration diffusion div(|Vu™P~2Vu™).

1. INTRODUCTION
The aim of this article is to study the singular polytropic filtration equation
up — div (|V(|u\m—1u)|”*2w|u|m—1u)) —0, (1.1)

in RV with N > 1, m >0, p > 1, and m(p — 1) < 1. We are concerned with the self-similar
solutions for the equation . The equation with m(p — 1) < 1 corresponds to the infinite
diffusion property while the case with m(p — 1) > 1 corresponds to the finite propagation speed
property. The equation has possible singularity or degeneracy for both cases depending on
both m and p. Two typical cases of the equation with m(p — 1) < 1 are the well-known
singular porous medium equation (with m < 1 and p = 2) and the singular p-Laplace equation
(with m = 1 and p < 2). There exist blow-up solutions and oscillatory solutions in the singular
polytropic filtration equation, which is not presented in the case m(p — 1) > 1. For the positive
solutions of the equation , it can be simplified into

up — div (\Vum|p_2Vum) =0. (1.2)

The equation has a distinctive of practical applications in physics, chemistry, biology
and other fields. Nonlinear diffusion equations, as an important area in the direction of partial
differential equations, have received much attention in recent years. Many scholars study the
properties of the equation , including the existence and uniqueness, the regularity and the
asymptotic behavior of the solutions.

The interior and boundary Hélder continuity for bounded weak solutions for quasi-linear equa-
tion u; = div(Ju|™ | Vu[P~2Vu) has been proved by Porzio and Vespri [28]. The existence and
asymptotic behavior of the traveling wave solutions for the doubly nonlinear diffusion equation
with Fisher-KPP reaction in RY x (0, 00) have been addressed by Audrito and Vazquez [3]. The
global stability of sharp traveling waves for the degenerate porous medium equation with Fisher-
KPP reaction was proved in [35]. Qualitative theory of non-linear degenerate parabolic equations
related to the polytropic filtration equation was established in [24] 25] 29]. For the fast
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diffusion case, asymptotic behaviors of the solutions were studied in [2], [TT], T4} [I8], [T9]. Systematic
analysis of qualitative theory for nonlinear parabolic equations can be found in [12], BT, 34].

Regarding the polytropic filtration equation , the extinction and nonnegative solutions for
initial data has been shown by Yuan et al[37], which provided the existence of extinction solution
in the degenerate case and nonnegative solution in the singular case. Jin and Yin discussed the
critical exponents and non-extinction property for a nonlinear boundary value problem of the
above equation in singular case where p has a lower bound with p > 1+ 1/(m+1) [22].
Then Li and Mu extended their results to p > 1 and gave the blow-up set and upper bound of
the blow-up rate for the non-global solutions in [26]. From the above articles, it is clear that
the smoothness of the solution of the polytropic filtration equation is not as good as that of the
solution of the p-Laplace equation and the classification of the solution is more complicated.

In addition to the study of the related properties of the diffusion equation, some people have
also considered the diffusion equations from the perspectives of source term, convection, etc (see
for example [21I]). The reason is that after introducing the source term or the convection, their
interactions with diffusive phenomena may lead to more diversified asymptotic behaviors of the
solutions, such as instantaneous shrinking of the supports of solution, extinction and other phe-
nomena. Moreover, a large amount of scholars are interested in diffusion equations with sources
or nonlocal sources, and studied the existence of global solutions, critical extinction and blow-up
exponents and etc, see for example [16, [32, [38] [39]. Jin et al. considered for the fast diffusive
polytropic filtration equation with sources, proving its critical extinction and blow-up exponents
in [23]. Propagation profile for a multi-dimensional non-Newtonian polytropic filtration equation
with orientated convection was investigated by Ye and Yin in [36].

It was Bidaut-Véron who first studied the complete classification of self-similar solutions to
the singular p-Laplace equation in 2006 [5]. Moreover, he also considered the degenerate case in
2009 [6], and the large time behavior of the self-similar solutions for the equation with a source
in the same year [7]. Classification of self-similar solutions of the degenerate polytropic filtration
equations (with m(p — 1) > 1) was investigated in [27]. Since the self-similar solutions make a
great important in describing the regularity and stability of the solutions, the existence and further
properties of the self-similar solutions has been well-studied in [11 [8, [9, T3] 20} 33].

Motivated by the previous works, we are looking for self-similar solutions of the singular poly-
tropic filtration equation . We try to extend the classification results of the self-similar solu-
tions for singular p-Laplace heat equation by Bidaut-Véron [5] to the singular polytropic filtration
equation with m(p—1) < 1. We note that the doubly nonlinear diffusion div(|Vu™ P~ *Vu™)
is more complicated than the single porous medium diffusion div(Vu™) and the single p-Laplace
diffusion div(|]Vu|’ ?Vu). The variables related to u and Vu are not separable in the analysis of
phase portrait, particularly there is a singular or degenerate factor |y|#_1 in the corresponding
differential system (see in Section [2). Two main difficulties arise in the classification of
self-similar solutions of the singular polytropic filtration equation :

e The construction of energy functionals related only to Y and Y’ is inapplicable, therefore we
combine the energy functional and the Bendixson-Dulac criterion to show the non-existence result
of periodic orbit or limit cycle.

e The discussion of monotonicity of Y is more subtle. Different from the previous works, we
cannot determine the monotonicity property according to the comparison principle based on the
sign of Y.

The aim of this article is to present a complete description of the self-similar solutions to the
singular polytropic filtration equation . We state the main results and related differential
systems in Section 2] The local and global solutions together with their asymptotic behavior to
the differential equations and the differential systems are formulated in Section [3] The existence,
monotonicity and the asymptotic behavior of the self-similar solutions are classified in Section

2. MAIN RESULTS AND RELATED SYSTEMS

In this article, we are concerned with the self-similar solutions for the singular polytropic
filtration equation (I.1)) in RY with N > 1, m > 0, p > 1, such that m(p — 1) < 1. Note that for
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the singular p-Laplace equation with p € (1,2) (i.e., the case m = 1 for the polytropic filtration
equation )7 the classification of self-similar solutions was investigated by Bidaut-Véron [5].
Here for the singular polytropic filtration equation with m(p — 1) < 1, both m and p have
influence on the asymptotic behavior and classification of self-similar solutions.

We define

mp N-p
d=r——"—""—, 1= ;
1—mp+m p—1
therefore 5 ~ N
m(p—1) 1—mp+m
Two critical values Py, P, are involved in the problem
P N +mN _ N+mN
YT mN 2T 1+ m+mN’

they are connected to § by the relations

p>Prsd>mN, p>P&d+mé—mN >0.
If u(x,t) is a solution, then for any o, 8 € R, uy(x,t) = \u(Az, \°t) is a solution of (1.1)) if and
only if

1)

§=p—a(l—mp+m)=(1—mp+m)(>—a),
noticing that > 0 < a < %. Given « € R such that o # %, we search for self-similar solutions,
radially symmetric in x, of the form

w=u(z,t) = ()" Puw(r),r = (8t) 7 |z|. (2.2)

The time variable ¢ in (2.2]) can be replaced by t — T. Hence, for any real time T, we obtain
solutions defined for any ¢ > T when 8 > 0, or t < T when 8 < 0. The following second order
non-autonomous differential equation arises:

N -1

(] T P O s ™ [P | 4 aw e’ =0, (By)

with r € (0,00). We will show a complete description of all the possible solutions of (1.1) with
constant or changing sign.

2.1. Explicit solutions. Solution U. The simplest positive solutions of equation (£, existing
for any « such that (§ — mN)(§ — ma) > 0, are given by

w(r) = o/ mp=o/m
where

0= (677"

§ — mN\ =
7m)1 ) (2.3)

0 — ma
They are associated to a unique solution u of (1.1)) called U, singular at = 0, for any |¢t| > 0:
Ct

Case o = N. Equation (F,)) has a first integral
w4+ mP L |w|™ ! PR w| ™ = Cr Y. (2.5)

All the solutions for C' = 0 are given by

)T €= pa (6 - mN). (2.4)

/ -5
w=wg1(r) = ((5_17“7” +K),. ",

such that
5
u=ug(e,t) = (Byt)"NON BTV 2P + K) ", K €R, (2.6)
with 8 = By = (% —N)(1—mp+m). Set p > N(1 —mp+m) and K > 0. The solutions are

usually called Barenblatt solutions [4]. For every ¢ > 0, the function u 1, defined on RY x (0, 00),
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admits a unique solution of equation (1.1]) with initial data u(0) = ¢dy, where J is the Dirac mass
at 0, and K is determined by [,y ux(z,t)dz = c.
Case o = L. Equation (E,| can be explicitly solved:

w(r) =Cr="™  u(t,z) = Clz|~™"™, C #0. (2.7)
The solutions u are independent of ¢.
Case N =1 and o = #pl_l) > 0. The equation (£,) admits the explicit solutions in the
form:

w(r) = £(Kr —mP~'a? | K|P)™®, where Kis a constant.
They correspond to the unique solutions w of ([L.1)) is
u(z,t) = £(K|z| — mP~laP Y K[Pt)~ .

2.2. Main results. Before introducing our main results for equation , we give some defini-
tions of different kinds of solutions in terms of regular solutions, singular solutions and solutions
with a reduced domain.

Considering equation . The solution w is defined on a maximal interval (R,,,oc0) with
R, > 0, whose local existence and uniqueness near any point r; > 0 are easy to be proved.
Returning to solution u of equation corresponding to w by , it is defined on a subset of
(RV\ {0}) x (0, £00):

Dy = {(x,t) |z € RN, Bt > 0, |z > ()7 Ry}

When w is defined on (0, 00), then u is defined on (RY \ {0}) x (0, +00).

(i) Regular solutions. Among the solutions of (£, defined near 0, we also show the existence
and uniqueness of solutions w = w(;a) € C*([Ry,o0)) with R,, = 0, such that for some a € R,

w(0) =a, w'(0)=0,

called regular solutions. If w is regular, then D,, = RY x (0, +00), and u(-,t) € C*(RY) for t # 0,
u is called regular. This does not mean the regularity up to ¢t = 0: indeed w presents a singularity
at time ¢ = 0 if and only if 0 < a < %. In the paper we would not consider the trivial solution
w = 0, associated to a = 0.

(ii) Singular solutions. If R,, = 0, and w is not regular, then u presents a singularity at z =0
for t # 0, called a standing singularity. Following [I0] [30], for such a solution, z = 0 is said to
be of weak singularity if z — w(|z|) € LL (RY), or equivalently u(-,t) € LL (RY) for t # 0; and
of strong singularity if not. If u has a strong (resp. weak) singularity, and lim; o u(¢,z) = 0 for
any z # 0, u is called a strong (resp. weak) razor blade. If u(-,t) € L*(RY) for t # 0, u is called

integrable.
(iii) Solutions with a reduced domain. If R,, > 0, we will say that « and w have a reduced

domain. Then D,, has a lateral boundary of the form %, = {|z| = C(Bt)%}, of parabolic type if
B > 0, of hyperbolic type if 8 < 0, and u has an explosion near ¥,,. We calculate the blow-up
rate, which is of the order of d(z, t)fﬁ, where d(x,t) is the distance to X,,, by Proposition
0. 1ol

Next, let us give the main results with respect to the function w. For simplicity, we avoid the
particular case (for example N = 1, ma = §, or p = P;) and do not mention the existence of
solutions with a reduced domain. All of them and the detailed results in terms of the function w
can be found in section [} An important critical value of « is involved:

K L d(mN — )
m  m(p—1)(md+38§—mN)’
which appears when p > Ps, such that a* > 0.

of =

Remark 2.1. To return from w to u, consider any solution w of (2.28)) defined on (0, c0), such
that for some A > 0 and g € R, lim, o 7w = ¢ # 0 and lim,_, o 7w = ¢/ # 0. Then
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(i) For fixed ¢, u has a singularity at = = 0, and u(x) ~ O(|z|=*) as |z| — 0, u(z) ~ O(|z|7H)
as |z| — oo. Thus x = 0 is of weak singularity if and only if A < N, and u is integrable if and
only if A < N < p.

(i) For fixed x = 0, the behaviour of u near ¢t = 0, depends on the sign of 3:

lim || “[t]( @)/ Bu(z,t) = C #0, if ma <4,
t—0
lim |} [¢|=N/Bu(z,t) = C #0, if ma > 6.
t—0

Our main results of the classification of self-similar solutions to the polytropic filtration equation
(1.1) are listed for the cases 8 > 0 and 8 < 0 separately. We follow the same line as the self-
similar solutions for p-Laplace equation in [5], which is the special case m = 1 for the polytropic
filtration equation (1.1). Compared with the single p-Laplace equation in [5], we note that for

. . . . . . 1 4
non-Newtonian polytropic filtration equation (1.1)), there is a singular or degenerate factor |y|m
in the corresponding autonomous system via logarithmic change of the variable (see the system
(2.14)), which is the main cause of the difficulties of this paper.

(i) Solutions defined for 3 > 0. Here we consider the solutions u of (I.1)) on (R \ {0}) x (0, 00)
of the form (2.2]), which means ¢t > 0, or equivalently ma < §. Now we discuss with respect to the
sign of p — P;. For the proofs, we refer the reader to Theorems and

Theorem 2.2. Assume —oo < ma < §, and p > Pi(N < 2). Then U is a solution on (RN \
{0}) x (0,00), which is a strong razor blade. There exist also positive solutions with a strong
singularity, and u ~ O(|z|~%/™) as |z| — 0, and limy_o |z|*u = L > 0 (for x #0). For a > N,
there exists at most one zero in any function u(-,t) at time t.

(1) For a < N, the reqular solutions on R x (0,00) have a constant sign, are not integrable,
and they are solutions of with initial data Llx|~* € LL (RYN). There exist positive integrable
razor blades, with u ~ O(|x|~"™) as |x| — 0. There exist also positive solutions with a weak
regularity, and u ~ O(|z|~"™) as || — 0, and lim;_o |z|*u = L (in particular if o = L, then
uw = Clz|~"/™). There exist solutions with one zero and a weak or a strong singularity.

(2) For « = N, the reqular Barenblatt solutions are integrable with a constant sign. There exist
solutions with one zero and of weak singularity.

(8) For a > N and 0 < m < 1, 1 < p < 2, the regular solutions have at least one zero.
If a < a, then any solution has a finite number of zeros. If N < a*, there exist & € («,d)
such that if & < «, the regular solutions are oscillating around 0 for large |x|, and r°|w|™ ‘1w
is asymptotically periodic in Inr; and there exists exactly a solution w such that v°|w|™ ‘1w is
periodic in Inr.

Theorem 2.3. Assume —oo < ma < §, and p < Py. Then the regular solutions on RY x (0, 00)
have a constant sign, are mot integrable, and are solutions of with initial data L|z|~ €
Ll (RN). The non-regular solutions are not defined on (RN \ {0}) x (0, 00).

Observe that if a > 0, all the solutions w tend to 0 at co, while if a < 0, some of the solutions

are unbounded near co.

(ii) Solutions defined for S < 0. Next we search for the solutions of on (RV\{0}) x (0, 00).
They are associated to ma > §, equivalently ¢ < 0. One of our most important results is the
existence of a critical value a.;y > 0 for P, < p < Py, for which the regular solutions u..;; are
positive, integrable, and vanish identically at time 0. Another new phenomena is the existence
of positive solutions such that C1U < u < CyU for some Cy,Cs > 0, with a periodic property,
according to Theorem [2.5] From Theorems [£.7] when p > P; and .10} [£.12] and [£.14 when p < P,
we deduce the following results.

Theorem 2.4. Assume § < ma, p > Py (N > 2). Then any solution u on (R™ \ {0}) x (0, —00),
in particular the reqular ones, is oscillating around 0 for fized t < 0 and large |z|, and r°|w|™ 1w
is asymptotically periodic in Inr. There exist weak integrable razor blades, with u ~ O(|z|~"/™)
as |z| — 0.
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Theorem 2.5. Assume § < ma, p < Pi. Then U is a solution on (RN \ {0}) x (0, —00), it is a
weak razor blade. Moreover

(1) If p < Py, the regular solutions on RN x (0, —00) have a constant sign, are not integrable,
and vanish identically at t = 0, with ||u(-,?)|| e @r) < C|t|T91. All the solutions have a finite
number of zeros.

(2) For ma < n, the regular solutions have a constant sign, with the same behaviour (given by
(2.6) if « = N). There exists a positive solution u, which is not integrable, with u ~ O(|z|~)
as |z| = 0 (a strong singularity if and only if « > N), and limy_o |z|*u = L. If « = 1, then
u(z,t) = Clz|~"/™ is a solution with a strong singularity.

(3) If p> Py and 1 < p < 2, there exists a critical value acri such that - < ooy < o and the
reqular solutions Uerit iuwe a constant sign, are integrable, and vanish identically at t = 0, with
(s ) e vy < ClIH.

(4) If @ € (Qerit, @) and 1 < p < 2, there emist positive solutions u such that r®|w|™ 1w is
periodic in Inr, thus

C1U <u < CyU for some Cq,Co > 0.

There exist positive solutions u, with the same bounds, such that r|w|™ *w is asymptotically peri-

odic inInr near 0. There exist positive integrable solutions u such that r®|w|™ ‘w is asymptotically
periodic near 0.

(5) If aerit < a0 and 1 < p < 2, the regular solutions are oscillating around 0 for fized t < 0
and large |x|, and r®|w|™ ‘w is asymptotically periodic in Inr. There exist solutions oscillating
around 0, such that r|w|™ Yw is periodic. If a* < «, there exist positive integrable razor blades,
with u ~ O(|z| /™) as |z| — 0.

2.3. Different formulations of the problem. Defining
In(r) =1V (w 4+ mP~ 7Y |w| ™ ! P2 w | ), T () = 1N I (r), (2.8)
equation is equivalent to the form
Ty =rN"HUN —)w, T (r) = —(N — a)mP~ o2 |w|™ ! P2 jw|™ e (2.9)

If « = N, then Jy is constant, which leads to (2.5).
Let us use the following logarithmic substitution: given d € R, and defined

ya(r) = rw[™ w, Yy = —mP @D ET Ty (P72 ' 7 =Inr. (2.10)

Then the equation (F,) is rewritten in the form
’ 2-p
yd' = dya — |Ya|?=" Ya,

' (p+d(p—1)—3%) 1 1 2-p (2.11)
Y = (p = 1)(d = )Y POy 5 (g — Yl Ya).

Thus y4 satisfies
Yd + (n—2d)yg — d(n — d)ya
eHdp-1—E)r P ] (2.12)
_— —_ - m —_ = 0'
m(p—1) [Ya — dyal™ " |ydl (yg + (ma — dya))
The most important case is the special value d = ¢: setting y = ys,
y(r) = rolw|™ tw, Y = —mP O MLy | P2 | (2.13)

we are led to the autonomous system

, 2-p
y' =0y — Y[y,
1 — (2.14)
Y = (2 N)Y oyl oy — Ly (Y.
m m
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Hence equation ([2.12)) takes the form

n_ d—mN _  , (6 —mN)
O 0 ) o)
+ ﬁléy—y’\g‘plylﬁ‘l(y”r(ma—é)y) =0.

Remark 2.6. Since (2.14) is autonomous, for any solution w of the problem (£,)), all the functions
we(r) = &§ Yw(&r), & > 0, are also solutions.

System (2.14]) will be considered by applying the phase plane analysis method, and shows our
main results. Notice that the set of trajectories of system (2.14) in the phase plane (y,Y) is
symmetric with respect to (0,0). In the phase plane (y,Y") we define

2 2-p
M= {(%Y) cR 3|Y|P*1Y=5y}, (2.16)
which is the set of the extremal points of y. We denote the four quadrants by
Ql = (Ov OO) X (0,00), Q2 - (—O0,0) X (0,00), Q3 = _Qly Q4 — _QQ-

Remark 2.7. The vector field at any point (0,&), £ > 0 satisfies y' = ffﬁ < 0, thus points
to Qg; moreover, Y/ = (% — N)&, if § > mN, then Y’ > 0, otherwise Y’ < 0. The field at any

point (,0), ¢ > 0 satisfies Y/ = ap'/™, thus points to Q; if & > 0 and to Q4 if o < 0; moreover
/
y = dp > 0.

Remark 2.8. The couple (y,Y) is related to Jy by the identity
In(r) =rN"w(y|m "ty —Y), T=Inr, (2.17)
and the formulae (2.8)) can be rewritten again corresponding to the relations
1 0 1
(= y =) = (— = a)(jyl= 'y =Y) + (N =)V

= (O Ny ) Y - a)ly

(2.18)
1 _q
m y.

2.4. Stationary points and energy functionals of system . In this subsection, we first
discuss stationary points of system and research their local behaviour in order to facilitate
the following study of the behavior of trajectories in phase plane.

If § = mN = ma, then system admits an infinity many of stationary points, given by
+(k, (5k)P~1), k > 0. Apart from this case, if (§ — mN)(6 — ma) < 0, there exists a unique
stationary point (0,0) in system (2.14). If (6 — mN)(6 — ma) > 0, there exist three stationary
points:

(0,0), M,=(£,(60)P""Ye Q1, M,/ =M, e Qs,

m
where ¢ = (6P~ =) =

(i) Local behaviour at (0,0). The linearized problem at (0,0) is given by
6
y' =0y, Y'=(=-N)Y,
m

and has the eigenvalues A\; = ¢ and Ay = % — N. Thus (0,0) is a saddle point when § — mN < 0,
and a source when § — mN > 0.

(ii) Local behaviour at M. Setting

y=y+L Y=Y+ (50", (2.19)
system ([2.14) is equivalent in Q; to
50)27P _ -
7 =07~ 20y o)
5 b (2.20)
/ = (— — % —_— —_ 7n_1 e — 2—p 1+%_p7 7Y
Y (m N)Y + —(ma+ (m—1)§)f=""y m(p—1)5 14 Y +9(y,Y),
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where B
®(y,Y) = —(Y + (80P~ 1)7T + 60 + (‘Sf;)g_:y, (2.21)
and
(G, Y) = (5 0% mo(g +0) — (¥ + 307 4 (0 - Nyt
(2.22)

1 1 1 — —
- W(ma + (m —1)0)0m 1y + o 1)(52_p€1+71_pY, Y > —(60)P

The linearized problem is

1 _
o — S5 2—p
y =0y p—1 (60)°7PY,

- 1 1 1) 1 1 —
Y = — —1)0) w4 (— = N — ——— 52 Ppttm—P)y,
3 (mat (m = DAE G (= N = )
Its eigenvalues A1 < Ay are the solutions of equation
§ § mN — 0 P
det(M —A) =X —(§4+ — — N — - A — §—mN)=0. (22
et ) ( +m m(p—1) ma—é) m(p—l)( mi) (2.23)
The discriminant A of the equation (2.23) is
A:(5+£—N— ) mN_5)2+ Ap (6 —mN)
m m(p—1) ma—0 m(p—1) (2.24)
—[5—£+N+ d(mN —9) 2 45(mN —06)  ma+ (m—1)0 '
N m m(p — 1)(ma — 9) m(p — 1)(ma — 9) m '
The critical value a* of « from the discriminant A is
N —
ar=2y O(mN = 9) (2.25)

m ' m(p—1)(mé+0—mN)’
it appears when § > mLHN:
Oé:Oé*<:>A1+>\2:O.

When 6 < mN, then § < ma, M, is sink when § < ﬁ—lyn or § > ﬂ% and o < o*; My is source
when 6 > {Tyn and o > «*. When § > mN, then M, is always a saddle point, but as we will find
the value o* also plays an important role in the sequel.

Moreover, the sign of a* and its position with respect to IV or n are important in the sequel.
By calculations,

. P (6*+ (mN—N—m—2)mé+2m?>N)
B m(l+m)(md + 3 — mN)
_n (6 —mN)?
S m + m?(p—1)(md + 5 —mN) (2.26)
(6 —mN) (62 —m(m + N +2)6 + m?N)
m(§ —m)(md + 86 —mN) '

Thus o > 2 > 0if N >pand mé+d —mN >0, if N = 1,a* >0 if p > 322

Also, when A > 0 one can choose a basis of eigenvectors u; = (—wﬁ)j;p,)\l —¢) and ug =
(B2 5~ 2a),

—_1
%Ve can obtain the stability at the stationary points by researching their local behaviour, and
then we can know the motion of the trajectories near stationary points. In order to obtain a global
distribution of the trajectories, we need to construct energy functionals to analyse the properties
of the solutions in the whole space.
A classical energy function is associated with equation (E,,) is
1 1=p

B(r) = o] P+ ] e, (227)
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which is non-increasing, since E'(r) = —(N — 1)r~Yjw|™ 1w’ [P — m!=Pr|w|™ 'w. It is not
sufficient in the study, we construct a new energy function adapted to y and Y following [5].
Define

where

— mN)sp-1 -5
Wiy, v) = MOEOZ MmN mIVET sy me —9)
p p m+1

It satisfies
W'(r) = (8y = [Y [+ Y)(18y[P =6y — Y)(md + 6 — mN) — |yl %~ (5y - |[Y]|> )
oy — |Y|?»"1’Y)
oy25y — V)"
When méd 4+ d — mN < 0, W is non-increasing. When md + § — mN > 0, we consider the curve

2—p
10y — Y[y
meawfmj\f},

where by convention the quotient takes the value ‘;2__; Y A |Sy[P20y = Y. It is a closed

= (@y — [ [FEY ) (8yl7 =20y = V) (ms + 6 — mN — Jy| 5!

L={(y,Y)eR : H(y,Y) =y

curve surrounding (0,0), symmetric in reference to (0,0). Let S, be the domain with boundary
L and containing (0, 0):

Se={(Y)eR*  H(y,Y)<mé+5—mN}. (2.29)

Then W' (r) > 0 if (y(7),Y (7)) € Se and W/ (1) < 0if (y(7),Y (7)) ¢ Sc. We notice that S¢ is
bounded if 1 < p < 2 and 0 < m < 1: indeed for any (y,Y) € R?,

1 2-p 2=py L
H(y,Y) 2 5((0y)"7 + [Y]r=0)|y|= "
Also S, is connected, more precisely for any (y,Y) € S¢ and any 6 € [0,1], (0y,0P~ 1Y) € S,.

2.5. Other systems for positive solutions. When w has a constant sign, we set two functions
corresponding to (y,Y):

2-p
Y|»-1Y mrw’ Y mP~L|w|™ ! P2 |w| ™ T
() =Y gy ey - (230)
Y w ly|= "ty Tw
Thus ¢ describes the behaviour of % They convert (2.14) into system
ma—C oy opp L ma — ¢
¢ =CC=m+———xIC""ly pm=<§(§—n+ )
(/) m(p_l)l " Plyl mp—1)o
. (2.31)

o' = (o~ N)+ (ol oly) T N) (0~ 1) = (0~ M) + (2~ N) (o~ 1)

In particular, System (2.31) provides a short proof of the local existence and uniqueness of the
regular solutions, corresponding to its stationary point (0, ).

Also, if w and w’ have a strict constant sign, we can define a new function in any quadrant Q;:
setting

L1
b= % _ vl i y
then we obtain a new system on (¢, ¢):
¢ =gcmys Il
m(p—1) (2.32)
v=u(N-S s ).

That means we can convert system (2.31) into a polynomial system ([2.32) without singularity.
We get two stationary points (1,0) and (0, +00) from system (2.32]).
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We also consider another system in any quadrant Q;: setting

1 1—m p—2
C:—E, o=—s, dr=gsdv=|y| ™ |Y]|r—Tdy,
then we are led to the new system
d 1+ ma
dTQ/ = 9(5(1 +ng) + m(i—lg;)
p (2.33)
ds 1 1
— = —s(—+ag+s(—+Ng)).
dv m m

We obtain stationary points (ma, 0), (00,1) and (+00,0) from system (2.33).

3. GLOBAL SOLUTIONS

We study the differential equation and the related differential systems in Section |2} Most
of the proofs of this section are parallel and similar to that of self-similar solution for p-Laplace
equations in [5], except that the non-Newtonian polytropic filtration diffusion div(|Vu™” 72Vum)
in changes the asymptotic behaviors, such that there is a singular or degenerate factor |y| w1
in the corresponding differential system , which causes the main difficulties of this paper.

3.1. Existence of solutions of equation (F,).

Proposition 3.1. For anyr, >0 (11 >0, if N =1), and a,b € R. There exists a unique solution
w to the equation in a neighborhood V of r1, such that w € C*(V) and w(ry) = a, w'(ry) = b.
And w can extend to a mazimal interval of the form (R, o0), where Ry, > 0.

Moreover if R,, > 0, then w is monotone near R,, with an infinite limit.

Proof. We first prove the local existence and uniqueness. If 0 < m < 1, and 1 < p < 2, local
existence and uniqueness near r; > 0 follow directly from the existence and uniqueness theorem
applied to equation (2.14), since the map & — f,(§) = |§|%§ and 7 — gm(n) = |n\%_1 are of
class C'. If N=1, setting r; = 0, we can get a local solution in a neighborhood of 0 in R and
extend it to [0, 00).

Consider the case of 1 <p<2and 1 <m < ]ﬁ. For a = 0, the system is a priori singular on
the line y = 0 since m > 1. Notice that it is only singular at (0,0). In fact, near any point (0, &)
with £ # 0, we can consider y as a variable, and

(3~ N)Y +|yl=(ay — £|V|7=1Y)

dYy
— =F(yY), FY,y)=-" 2-p
oy — [Y[»=1Y

dy

)

where F is continuous in y and C! in Y, hence local existence and uniqueness hold.
Ifo<m<l,and 2 <p< % + 1, and if b = 0, the system is only singular at (0,0). In fact,
near any point (£,0) with & # 0, we can consider Y as a variable, and

Sy — |Y]71Y
(& = MY + [yl (ay —m Y=y

m

dy _
dy

G(K y)a G(Ya y) =

in the same way, where G is continuous in Y and C' in 3, thus local existence and uniqueness
hold.

Next, we show that any local solution around r; can extend uniquely to a maximal interval
of the form (R,,,00) with R,, > 0 and the solution is monotone near R,, with an infinite limit.
These are proved in the same way as Theorem 2.2(i) in [5]. Here we omit the details for the sake
of simplicity. O

Notation For any point Py = (yo,Yy) € R?\ {(0,0)}, T[p,] denotes the unique trajectory in the
phase plane (y,Y") of system ([2.14) running through Fy. By symmetry, T_p = —Tp,]-
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Theorem 3.2. (i) For any a € R, a # 0, the equation (E,)) admits a unique solution w = w(-,a)
in an interval [0,19), such that w € C1([0,7¢)) and ||w|™ 1w/ [P~2|w|™ 1w' € C1([0,70)) and

w(0) =a, w'(0)=0;

and then
m—1,,/|p—2 m—1,,/ 1—p
lim L™ P m P (3.1)
r—0 rw N
It implies that in the phase plane (y,Y), a unique trajectory corresponding to the solution is
denoted by T,., satisfying lim, , oy =0 and lim,_, II% =5
y m y

(i) If N > 2, any solution defined near 0 and bounded is regular. If N = 1, it satisfies
lim, 0w’ =b€R, and lim,ow =a € R.

Proof. The idea of the proof is from [7], we show the process of the proof here for the sake of
completeness.
(i) Assume a > 0,w > 0. Let p > 0. From (2.8) and (2.9)), any regular solution w € C*([0, p])

of the problem, such that ||w|m’1w’|p72|w|m’1w' € C1([0, p]), satisfies w = T'(w), where

7)) = (o +m [ ) )"
and

H(w(r)) = —m'P(rw — =N Jy(r)) = —m! P (rw - rlfN/ sV (w(s)) ds), (3.2)
0
with j(w) = (N — a)w. Conversely, the mapping T is well defined from C([0, p]) into itself. If
w € C([0,p]), and w = T(w), then w € C((0, p]), and ||w|m’1w'|p72|w|m71w' = H(w); then
|wm ! [P2wm " € C1((0, p]) and w satisfies (Ey)) in (0, p]. Furthermore, lim, ¢ j(w(r)) =
(N — a)a. Then [|w|™ ' [P=2|w|™ tw' = —Wr(l + 0(1)). In particular, lim,_,o w'(r) = 0,
and
[fwf™ =t [l € €O, ).

From ,

i ||w|m—1w/|p—2|w|m—1w/ - ml—pa
rl—r>r(l) rw B N

We consider the ball
Bry = {w e C([0,p]) : lw —allcqo,ry < M},

where M is a parameter such that 0 < M < g. Notice that j is continuous, hence T is a strict
contraction from B, ys into itself for p and M small enough. For any w € B, a, and any r € [0, p)

(p < R), from (62),
N -« N —«

fmlfp(aJer I (an))TSH(w(r))gfmlfp(a—Mf ~ (a+M))r.

We define pu(a) = (1 + 'N—J;"') (a+ M) > 0, then

[H (w(r))] <m!™Pp(a)r.
Thus we obtain
IT(w) = all g o,y < @) 7D preeT,
and T'(w) € B, ar for p = p(a) small enough.

Now for any wq,ws € By ar, and any r € [0, p], then

[T (w1 (r)) = T™ (w2 (r))] < m/or [[H (1) |75 H (wr) — |H (ws)| = H(w3)|(s) ds.
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For any s € [0, 7], we have

2-p

|1 (1) |75 H (wr) — |H (ws)|7=F H (w5)|(s)

P

< *p(a) =¥ 575 | H (w) — H(ws)|(s)

-1 2= L3 _ N [T N (3:3)
<m ula)r-tsP1 (|wy —wa| + |N — als o wy — we|do
0

< m70(a)s 7 [|lwn — w2 o,
with C(a) = p(a)>—1 (1 + ¥<2l) so

m m / 1
T (w1 (1) = T™ (w2 o < CL@P w1 = walloqo, < 5 len = wallego, -

if p(a) is small enough. Then T™ is strict contradiction from B, ps into itself, thus T' is strict
contradiction from B, »s into itself. Hence existence and uniqueness hold in [0, p].

(ii) If w is defined in (0,p) and bounded, then Jy = r™(N — a)w is integrable; suppose
lim, o Jn(r) =1, then |[w|™ 1w/ [P72|w|™ 1w’ = m!~Plr1=N(1+0(1)). If N > 2, it implies [ = 0.
This shows w is regular. Indeed if [ # 0, either [ is finite or [ = oo, then w’ converge to co and w
converge to oo, which contradicts to that w is bounded. If N = 1, then it admits lim,_ow’ = b,
and lim, ,ow = a € R. O

Definition 3.3. In the plane (y,Y), the trajectory 7, starting from (0,0) at —oco and its opposite
—7T, are called regular trajectories. We shall say that y is regular. Notice that 7, starts in Q; if
a>0,and in Q4 if a < 0.

Remark 3.4. From Theorem [3.2] and Remark 77, all regular solutions are obtained from one of
them: w(r,a) = aw(asr,1). Thus they have the same behaviour near co.

3.2. Sign properties. Next we will present more details on the zeros of w or w’, by applying the
monotonicity properties of the functions y4 and Yy, in particular y, Y, ¢ and 0. At any extremal
point 7, they satisfy the following differential equations respectively

m(p — 1)yli(r) = (md(p — 1)(n — d) + (d — ma)eP+HC=D=57 |4y, 2P|y | 55 yg,  (3.4)
m(p — 1)y" (1) = (—8(6 — mN) + (8 — ma) sy ly| =" )y = —m|Y[7=1 Y, (3.5)
m2Y"(r) = maly| =y + (m — D]yl = v/, (3.6)

m?(p— 1)¢"(r) = (1 — mp +m)(ma — Q)[¢[>Ply| 7wy~ y
— (1= mp+m)(ma—C)(6 —QC> Py,

2-p 2 P
m?(p—1)o" (1) = (L —mp +m)(o — D]o|7=1Y[y| " =Dy =m(p-1)(c - 1)¢. (3.8
Proposition 3.5. Let w # 0 be any solution of (E.)).

(i) If o <max(N, L), then w has at most one zero, and no zero if w is regular.
(ii) If N < max(%, a) and w is regular, it has at least one zero.

Proof. (i) Let us consider two consecutive zeros py < p1 of w, with w > 0 on (po, p1), thus
w'(p1) <0 < w'(po). If &« <N, then

In(p1) = In(po) = —mP = (p "Hw(pr)|™ "’ (p1) P + 8 Hw(p2) ™M (p2)|P1)

P1
= (Nfoz)/ sNlwds,

PO

which is contradictory; hence w has at most one zero. If w is regular with w(0) > 0, and p; is a
first zero, then

P1
(o) = (N - a) / Nl ds > 0,
0
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we also get a contradiction. Next suppose 0 < ma < 7 and apply the substitution (2.10), with
d = ma. Then there exists at most one zero in y,,.. In fact, if y.,, has a maximal point 7 where
is positive, and is not constant, then following (3.4)

Yma(T) = ma(n) — ma)yma(T), (3.9)
yir . > 0, which is a contradictory. Similarly, the regular solution satisfies lim,_, _oc Ymaq = 0 for
a > 0, and ¥, has no maximal point, hence y,,, is positive and increasing.

(i) If w > 0 on [0,00). Consider the case N < a, Jn(r) = (N — a) [; s"twds < 0,

11 1 . 1 1, . .
m 1w + Lrp=1 < 0. The function 7 — 6 P — w™ »-1 is non-increasing and

thus w =

w = O(r=%/™) at oo, then y is bounded at co. For any r > 1, we have Jy(r) < Jy(1) < 0,
since Jiy(r) < 0. Thus yw () + |In(D)]e M7 < Y (1) for any 7 > 0. Then lim, o Y = oo,
thus lim, . ¢y = —oo from , which is contradictory. Hence, p; is the first zero of w, which
means w has at least one zero, and Jy(p1) < 0, w’ < 0. O

Proposition 3.6. Let y be any non-constant solution of (2.15)), the corresponding solution w is
defined on the mazimal interval (R,,,00) with R, > 0, where (y,Y) # (0,0), and s be an extremity
of the mazimal interval.

(i) Ify has a constant sign near s, then'Y also has a constant sign.
(ii) If y is strictly monotone near s, then'Y,(,o are also monotone near s.
(i) If y is not strictly monotone near s, then s = o0, 6 < mN < ma, y oscillates around £.

Proof. (i) The function w has at most one extremal point on (R,,00). Indeed, if w > 0, r is
extremal point, we find (|w™ 1w/ [P~ 2w™ w') = —m!"Paw, a # 0, then if a < 0, we know w' is
monotone increasing. Since w’ is continuous, 7 is a unique point. From , Y has a constant
sign near s.

(ii) Assume y is strictly monotone near s. Firstly, consider the function ¢, which satisfies
(2.31). If there are g such that ¢/(r9) = ma(ma — n). If ma # n, then 79 is unique, since ¢’ is
continuous, thus ma — ¢ has a constant sign near s. Then at any extremal point 7 of ¢, ¢ (7) also
has a constant sign from . Thus ( is strictly monotone near s. If ma = 7, one gets ( = ma.
Next consider Y. At the extremal point 7 of Y, then m2Y" (1) = maly| ="y + (m — 1)|y| =" /¢
for . We know Y is of constant sign near 7, since y and ¢ are monotone. Then 7 is unique
and Y is monotone near s. At last consider o, which satisfies . If there are 7y satisfying
o(19) = 1, then ¢/(1) = o — N. If a # N, then 73 is unique, and o — 1 has a constant sign near
s. Thus at the extremal point 7 of o, ¢”(7) has a constant sign from . Then o is strictly
monotone near s. If « = N, then o(7) = 1.

(iii) Assume y is not strictly monotone near s. Then we can find a strictly monotone sequence
{mn}5—; with converging to s, such that y'(7,) = 0, ¥ (72n+1) < 0 < y"(72,). Since y(r,) =

571|Y|%Y, we deduce Y > 0 near s from (i). From (3.5), one know
(5 = ma)o Py (ran i) HEP < 66— mN) < (6 = ma)dT Py (ra) HE P,

thus 6 < min(mN, ma), and y(72,) < £ < y(T2n41). It cannot happen if s is finite, since y tends
to co. It is also impossible when a < N. In fact there exist at least two points 67 < 6 such that
y(01) = y(62) = L and y > £ on (61,02), ¥/ (61) > 0 > y/(62). According to the system (2.14)),
Y(61) < (80)P~1 < Y(6). From (2.18), (eWN=2)T(yt/m — Y)Y = (N — a)e™W=3)7yt/™ and we
know one solution of is the constant (¢, (§¢)P~1), hence

(e(Nfﬁ)'r(yl/m _El/m — Y+ (56)1771))/ — (N _ a)e(Nfﬁ)'r(yl/m _él/m) >0

on (61,63). Tt is contradictory to integrate on this interval. O

3.3. Behaviour of w near 0 or co. Here we suppose y is monotone, such that w has constant
sign near 0 or co, we can assume w > 0.

Proposition 3.7. Let (y,Y) be a solution of system(2.14), such that y is strictly monotone and
y > 0 near s = £oo. Then
lim¢=X, A=0,ma,n,ord.

T—S
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Moreover, one of the following eventualities holds

(1) (y,Y) converges to a stationary point different from (0,0), then A =6, and (6 —mN)(6 —
ma) >0 or § = ma = mN.

(i1) (y,Y) converges to (0,0), then
e cither A =0,s = —o0, and y is reqular, or N=1.
o or A = 1, then either (s = 00,06 < mN) or (s = 00,06 = mN,a— N < 0) or (s =
—00,0 > mN) or (s = —00,§ = mN,a— N > 0).

(iii) lim, sy = 00, and A = ma, then either (s = oo, ma < §) or (s = 00,0 = ma,d—mN < 0)
or (s = —oo,ma > 9§) or (s = —00,6 = ma,d —mN > 0).

Proof. In the case, the function y is monotone, then Y, o, are also monotone from Proposition
thus ¢ has a limit A € [—00,00] and o has a limit p € [—00, 0], and (y,Y) converges to a
stationary point, or limy = oo; then lim |Y| = oo, from system . To use the L’Hospital’s
rule, we consider the two quotients
Y (6—mN)o+ma—(
(y/my §—¢

(3.10)

and

(YY) 6= mN + (ma= Qo) _ (6= mN) + (ma— QU P 5
Y m(p—1)(6 =) m(p—1)(6 =) ' '
(i) If (6 — mN)(6 —ma) > 0 and (y,Y) converges to (¢, (5¢)P~1), then obviously A = 4. If
§ = ma =mN and lim, ,sy = k > 0, then lim, ., Y = (§k)P~!, thus A = 4.
(ii) (y,Y) converges to (0,0). Then A is finite. Indeed, if A\ = £oo, then p = 0, the quotlent

(3.11) converges to 7;”(1;[_’15), since |Cy| = |Y|P 1 = o(y'/™) and y tends to 0, thus ¢ = IY\ fy has

the same limit, applying L’Hospital’s rule, which is impossible.
o If mN < §, then (0,0) is a source, so s = —oo. If p is finite, either u = 0, then A = ma, from

the quotient (3.10). The quotient (3.11)) converges to %, as mentioned above, we know

|Cy| = o(y'/™) and y tends to 0, following L’Hospital’s rule, which is contradictory; or p = %, and

Pt = |puly "™ (1 + o(1)), then A = 0 and w is regular. If y = oo, then A = %
(p—1)(6—-X)

from quotient (3.11), thus A = 0 or A = 7. If A = 0, then % — —n from system (2.31)), and

s = —00, thus necessarily n < 0, which means N = 1.
o If mN > § (thus N > 2), we know (0,0) is a saddle point, thus either s = —oo and
b= )\—Othenwlsregular Or s = oo, 4 = o0, then A = 0 or A = 7. Now if A = 0, the

quotlent converges to Foo, we obtain a contradiction. Thus A\ = 7.
o If mN = 5 (thus N > 2), either A = 0, thus y' = mNy(l + o(1)) > 0, thus s = —oo and
= § from quotient . Or A > 0, then A = 6§ = mN = n from . Furthermore if s = 0o,
then a — N < 0; if s = —o00, then a— N > 0. In fact, (y"/™ —Y) = (N —a)y'/™ can be rewritten
as (Y —y*/™) = (a — N)y'/™ and y = m-IN-lys1 (1+0(1)), (Y —y'/™) =Y (1 +0(1)) since
A=n=mN and p = oo, then

(Y _ yl/m)/ — (O[ _ N)mfl/mel/mYm — (Oé _ N)mfl/mel/m(Y _ yl/m)ﬁ

If s=—o00,and @« — N <0or s =00, and @« — N # 0, which is impossible.

(iii) y tends to co. If s = oo, then 3/ > 0, for ¢ = y(6 — ) > 0, thus ¢ < §; if s = —o0,
then 3’ < 0, thus ¢ > . If A = 400, we find the quotient converges to oo; thus A = o
and s = —oco. In any case, ¢! < 0, thus |u| < ﬁ from system (2.31), then |u| = 1 from

(3.10). But Y’ = —%\Y\l;@@pj?i/(l —ma-o(l) = (§ —mN)|Y|™ W) since system (2.14)), a
contradiction follows by integration. Thus A is finite, and A # 0. Indeed, if A = 0, then u = 0,
since o = |C|p_2Cy_lfmwf+m, but p = %>, from , which is a contradiction.

o If mar # 6, then A = ma or A =6, from (B.11)). In turn o = \)\|p_2)\y_m(1 +0(1)), thus
1= 0. Necessarily A = ma. Indeed, if A = §, ¢ converges to oo from (3.11)), which is contradictory.
And if s = oo, then 3/ > 0, thus ¢ < 4, hence ma < 8. If s = —oo, then similarly ma > 4.
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o If ma = 4, then A = ma = § # mN, and (£ — N)(6 — ¢) > 0 from (3.11)); thus if s = oo,
then (6 —mN) < 0; if s = —o0, then § — mN > 0. O

Next in order to show a precise behaviour of w in all cases, we improve Proposition

Proposition 3.8. Under the assumptions of Proposition let w be the solution of a8Ss0-
ciated to y by (2.13).
(i) If \ =6, and (6 — mN)(§ —ma) >0 or 6 = mN = ma, then (near 0, or o),

6|w|m71

limr w=/.

(ii) If A = ma # 0, then (near 0, or co) limr*w = L > 0.

(iii) If A =n > 0,7 # mN, then limr=w = ¢ > 0.
(iv) If A\ =ma =0 #mN, then

1 Tmp T
limr%(lnr)flfmlwmw =K =: <E|mN — 0[P (1 —mp + m)) e (3.12)
(v) If \=n=mN = # ma, then
1 \U/m mN —m T
e () 28 = = (L) (v N Y
() F5 w0 = = () () (313)
(vi) f N=1,A=n=—-1 or A=0 (near 0) then
limw=a€R, limuw =1 (3.14)
r—0 r—0

and b#0, and a =0 (thus b >0) if A = —m.
Proof. (i) This follows directly from (2.13]) and Proposition
(2.31]

(ii) Let A = ma # 6. From system (2.31), rw’ = —aw(1 + o(1)). Next we employ Proposition

e Either s = co and ma < §; thus for any v > 0, w = O(r=*%7), i = O(r**™7) near oo and
w = O(r—=1), J! = O(re(=mp+m)=p=14+7) "thus J/ is integrable, hence J,, has a limit L, and
limr®w = L, for g = 0 and J,(r) = r*w(1 + o(1)). If L = 0, then r*w = O(re(t—mptm)=p+y)
hence w < pe(l=mptm)=—p—a+y 55 % > poall=mptm)+ptaty we reach a contradiction by the
estimate of = = O(r*™) for vy small enough. Thus L > 0.

e Ors = —o0,and § < ma, and lim,_,,y = 0o, w = O(r~*=7), L = O(r*=7),w' = O(r—>=177)
near 0, and J/, = O(re(=mp+m)=p=1-7) thys J/ is still integrable; thus limr®w = L > 0. If
L = 0, then r®w = O(r®(1=mP+m)=P=7) " we reach a contradiction by the estimate of % Then
again L > 0.

(iii) Let A = n > 0,7 # mN. From Proposition either (s 00,0 < mN) or (s =
—00,0 > mN). As mentioned above we obtain w = O(r~m*7) and + = O(rm*7) near oo or
0 for any v > 0. Here we substitute d = 7 into (2.10). Thus y, = O(e*77), i = O(e®™7),
y;, = O(e¥7), hence Y, = O(e*7), and Y; = O(e*7) from [2.1I). From (2.11), we deduce
Y, = O (e (l=mp+m)(E=mEN7) When s = oo, then § < 17, when s = —o0, then § > 7 from 23).
Thus Y, is integrable, and Y;, has a limit denoted by k, and Y,, — k = O(ewm (I=mptm)(E=mEn)T),

gl= |

Now, (e7"y,) = —e‘"TYn”%l7 thus y,, has a limit denoted by ¢ = %kﬁ7 it implies lim r?w™ = ¢,
which is equivalent to limrmww = ¢, ¢ = ¢/™. If ¢ = 0, for Y, = O(e%(l_mp"‘m)(‘s_")i””), then
Yn = O(ewm A=mptm)(E=mENT) e reach a contradiction by i = O(e*7) for  small enough.
(iv) Let A = ma = § # mN, thus (s = 00,0 —mN < 0) or (s = —00,0 —mN > 0), and
lim, ,,y = co. Then Y = (§y)?~1(1 4 o(1)), and g = 0, thus (y"/™ —Y) = y/™(1 + o(1)), and
from ,
/" =Y) =(N—a)Y = (N =§)8" ' (y"/™ = Y)" "D (1 +0(1)).

Then y = (L |mN — §[6P~*(1 — mp + m)|7|) =mpm (1 + o(1)), which is equivalent to (3.12).



16 Y. ZHENG, J. YIN, S. JI EJDE-2025/63

(v) Let A =n =mN =J # ma, thus (s = co,a — N < 0) or (s = —o0,a — N > 0), and
lim, .,y = 0. Then Y = (mNy)?~'(1+4 o(1)), and p = oo, thus Y — y'/™ = Y (1 + o(1)), and
from (3.12)),

(Y —y"/™) = (a = N)y"/™ = (o = N)(mN) "M/ "y 750

= (0= N)(mN) /™ (Y =y /™) 70T (1 o(1)).

m(1+mN)

m(1+mN)
Therefore y = ¢|r|” " T+ | ¢ = ﬁ((mN)l/m%) T (where p = (}IZ%V), which

is equivalent to (3.13]).

(vi) Let A = 0, mrw’ = o(w), by integrating, we know w + r|w’| = O(r~F) for any k > 0. Then
Ji(r) = (1—a)w is integrable, thus J; has a limit at 0, and lim,_,¢ 7w = 0, thus lim, o w™ 1w’ =
¢ € R, then lim, ,ow = a > 0, and lim,_,ow’ = b. Then b # 0, since the regular solutions satisfy
7 and a # 0. If a = 0, implies w = br(1+o0(1)), then ( = —m. If A = n = —1, then from ,

w is increasing, thus w has a limit a > 0 at 0, w’ = —aAm~1r~1(1+0(1)), and by integrating, we
know a = 0. And ((w™ tw')P~1) = m!=P(1 — a)w(l + o(1)), thus w™ 1w’ is integrable, so w’
has a limit b # 0. U

Proposition 3.9. (i) Suppose mN < § < ma, or mN < 6 < ma. Then any solution y has a
infinite number of zeros near oo.

(i) Suppose that y has a infinite number of zeros near +oo. Then either mN < ma < §
and |y| < ¢, [Y| < (80P~ near 00 or mN < & = ma or max(§,mN,n) < ma. Besides, if
§d <mN < ma, then |y| > € at this extremal points.

Proof. (i) Suppose that is not the case. Then assume y > 0 for large 7; we know y is monotone
from Proposition (iii). Applying Proposition with s = 0o, it is contradictory.

(ii) Suppose that y is oscillating around 0 near +oo. Then from (3.5]), at the extremal points,

ly| = (5 — ma) < 67715 — mN). (3.15)

We can prove that the inequality is strict: if one equality holds, then y is constant. Thus |y| < ¢

from (3.15) and |Y| < (6£)P~! for ¥ = 0. And max(mN,n) < ma, from Proposition then y

has a infinite number of zeros near too. If § < mN < ma, then |y| > ¢ at its extremal points

from (3.5)). O

Proposition 3.10. Suppose that md + 5 — mN < 0. Then any solution y has a finite number of
zeros near In Ry,. If it is defined near 00, and no monotone, then it converges to =My. There is
no cycle and no homoclinic orbit in R?.

Proof. (i) Suppose that y has an infinite number of zeros. Then ma > mN > 0 from Proposition
If there exists two consecutive zeros p; < ps of w, and 7 € (In py,1In py) is a maximal point of

|yal, from , then
m(p — 1)d(n — d) + (d — ma)e®HHE=DE7|dy, P Ply,| = < 0.
That means, with p = €™ € (p1, p2),
Pl ma — d) > m(p — )d(n — d). (3.16)

First, fix d < ma, d < . Then we consider the energy function E(r) defined by . It is non-
increasing. Then E(r) is bounded on (In R,,, 00) N [p1, 00), so w is bounded since o > 0. Suppose
that there exists a strictly monotone sequence {r,} -, of consecutive zeros of w, converging to
7 € [0,00). If ¥ > 0, we can find sequence {r,} -, satisfying w > 0 on (ra;,—1,72,) and w < 0
on (ren,r2,41). Then there exists s, € (7, 7,41) such that w'(s,) = 0, since w € C[0, 00), it
implies w(7) = w'(F) = 0. Since E’(r) is non-increasing, then E(r) = 0,w(r) = 0, we obtain a
contradiction from (3.16), because the left-hand side tends to 0, the right-hand side tends to a
constant greater than 0. If 7 = 0, that means R,, = 0. As above, we also reach a contradiction.

(ii) Suppose that y is positive near +00, and non monotone. Since § < mN < ma, following

Proposition we know y oscillates around ¢. There exists a sequence of extremal points {7, },_ ;.

where y(7,) < ¢, and ‘Y(Tn)|%Y(Tn) = 0y(ty), thus (y(7,),Y (7)) is bounded. It means that
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w(pn), W (pn) (where p,, = ™) are bounded, thus E(p,,) is bounded, and E(r) is bounded. Hence,
(y,Y) is bounded. Denote the vector field of system by (f1, f2) and defined h(x,y) = 1. Then
div(hfi, hfa) = 5+% —-N-— mM Lo |Y|%, which is negative if mé+dé—mN < 0. Bendixson-
Dulac criterion shows that there is no periodic orbit. Thus the trajectory converges to M,. Finally,
if there exists a homoclinic orbit, then 7, is homoclinic, lim,_, _ oo (y,Y) = lim, o (y,Y) = (0,0),
thus lim,_(w,w’) = lim, . (w,w’) = (0,0) and lim, o £ = lim,_, o £ = 0, hence £ = 0 and
w = 0, which is contradictory. O

Proposition 3.11. Suppose that y is not monotone near oo (positive or changing sign), then y
and 'Y are bounded.

Proof. If y is changing sign and mN < ma < ¢, then |y| is bounded by ¢ from Proposition
Moreover, if mé +§ — mN < 0, y also is changing sign, from Proposition [3.10] Thus
6 < 5N < mN, and 6 < ma. If y stays positive, we know 6 < mN < ma, following
Proposition In any case § < ma. Here we apply the energy function W defined by .
Further W (y,Y") can be rewritten under the form

W(y7 Y) = F(ya Y) + G(y7 Y)

with

y|” SylP
F(y,Y) = m|p/| —méyY + mpy|7

(3.17)
m(ma — 9)

m+1 |
We find F(y,Y) > 0, from Young inequality, thus W(y,Y) > G(y,Y) > 0 for large y. Then
W'(r) < 0 whenever (y(7),Y (7)) ¢ S, where S; is given at (2.29). Denote 7y be arbitrary
in the interval of definition of y. Then W(r) < W(ry) for any 7 such that 7 — 79 > 0 and
(y(r),Y (1)) ¢ Sc. Since S, is bounded, there exists k > 0 large enough such that W(r) < k
for any 7 such that 7 — 79 > 0, and (y(7),Y (7)) € Sz. And we can choose k > W (rg). Then
W(r) < k for 7 — 19 > 0, Thus y and Y are bounded near co. O

1 § —mN)or—1
G(y,Y) = y|m 192"‘%

lyl”.

Next we show a further sign property. By applying Proposition [3.6| and Proposition 3.7 we can
improve Proposition [3.5

Proposition 3.12. Assume —o0 < ma < 0 and o < N. Then the regular solutions have a
constant sign, y is strictly monotone and lim,_,., ( = ma. Moreover, any solution has at most
one zero, and then lim,_, . ( = ma.

The above proposition is proved in the same manner as [5, Proposition 2.13].

3.4. Behaviour of w near R, > 0.

Proposition 3.13. Let w be any solution of (E.|) with a reduced domain (R,,,o0) (Ry > 0).
Then

) po1 p—1 T )

lim |r— Ry|T=meFm Ry ™" w = (7> , and lim o=1. (3.18)

r—=Ry 1-— mp +m T—1In Ry,

Proof. Following Proposition assume that w is decreasing near R,, and lim,_,r, w = oo, thus
y > 0and Y > 0 near In R, and lim,_,, g, ¥ = 00. And o also is monotone near In R,,, from
Proposition Thus o has a limit g such that u € [0, 00]. Suppose = 0, then Y = o(y'/™) =
o(y'/™ —Y), from (2.18) we have

G =YY = (L —a)e " Y+ (N =)y = (&~ act o) 7 V),

hence y cannot blow up in finite time. Similarly, if x = oo, then y'/™ = o(Y) = o(Y — y'/™), and

(" =YY = (N =Y ) 4 (N = )y = (2 ot o(1) (M - V),
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which is also contradictory; thus p € (0,00). Moreover, if A is finite, ¢ = |§|p’2Cy*1_Tf+m

converges to 0, which is not true. Thus lim, 1, g, ( = 00, hence p = 1 from equation (3.10).

p—1 o™ ! P2y 1+0(1),thenwfﬁwm—lwl_’_m—lrp%l(l—l—o(l)) =

Therefore o(7) = —m

0, and (3.18 - ) holds.

3.5. More information on the stationary points. (i) HOpf bifurcation point. When
6 +md —mN > 0, a Hopf bifurcation appears at the critical value a = o*. Then there exist some
cycles appearing near o*, from the Poincaré-Andronov-Hopf theorem in [I5]. We find more precise
results by applying the Lyapounov test for a week source; it requires an expansion up to the order
3 near My, in a suitable basis of eigenvectors, where the linearized problem has a rotation matrix.

Tw

Theorem 3.14. Let § < mN,mé+d6 —mN >0 and 1l < p < 2, a = o, then My is a week
source; moreover if « < o and o* — « is small enough, then there exists a unique limit cycle in
Q1, attracting at —

*

Proof. When o = «a*, we can obtain the eigenvalues given by A\; = —ib, Ao = ib, with b =
\/ﬁ(mN — ). Let

§50)2p 5 mN —§
u(a):(p)—l ’ v(a):m(p—l).ma—é’
then
o(a®) = §(mN—6)  _mé+i—mN _ 62
m(p — 1)(ma* — ) m m(p—1)

First we apply the substitution (2.19)), which leads to (2.20). The functions ® and ¥, which is
defined at (2.21) and (2.22)), can be expanded near (0,0) of the form

®(4,Y) = BoY? + B3Y3 + - ..

)

and
U(g,Y) = Coof® + C1aGY + Co2Y? + Cs07° + Co15°Y + CrogY? + Co Y3 +
where
2-p 3-2 2-p)B—2p) <43
B —_ P B = - P
2 2(p_ 1)2 ((%) ) 3 6(]3— 1)3 ((%) s
_lomra __Llem e 2m
Coo = 55 4 (ma—0+2md), Cii= T 1)5 ¢ - 2m502’0u(a)7
Coo = 72;1053721162721#% §5Ch 0 — — (2 —pm? C uz(a)
0.2 2m(p — 1)2 ’ 0.2 (1= m)(ma — 0 + 2mé)  >° ’
C(1-m)(1-2m) 1 _, ~2m(1 — 2m)(ma — 8+ 3md) O3 gu(a)
Cs0 = 6m* b (ma =0+ 3md) = 3(1 = m)(ma — & + 2md)? v(a*) '
Cpq = — (I-=m)(1—2m) §2-ppltE—p — _ 2m?(1 — 2m) C3 gu*(a)
’ 2m3(p — 1) (1 —m)(ma—3+2mdé)?  v()
Ciq= ,%53 2p41+772p’ 6C) 5 = — 2(2 *p)ms C2 Ou ( )
’ 2m?(p — 1) ’ (1—m)(ma —0+2md)®  v(a)
2 4
Cos = _w54 B3t 520, = — 2m*(2 — p)(3 — 2p) C3 gu*(a)
6m(p — 1) ’ 3(1 —m)2(ma — & +2md)?  v(a)
5By = — (2—p)m? Cz,ou?’(a)'

(I =m)(ma—295+2mo) v(a)

Next we use the substitution

o g(r) = u(@)zi(0), Y =0x1(0) + ba(6),
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to obtain

1
1 _9°
b2 b2u(a)

They can be written the expansion of order 3 in the form

D (u(a)zy, 61 + baa),

25(0) = —x1 — < V(u(a)zy, 821 + bro) + O (u(a)zy, 671 + bas).

’ 2 2 3 2 2 3
T] = Tg + A2,0%7 + 1,112 + G0 225 + a3,0T] + A2127T2 + a122125 + ap 325 + -+,

and
o 2 2 3 2 2 3
Ty = —21+ b270:v1 =+ bl’ll‘ll‘g + b0’2$2 + b370x1 + ng!Ell‘Q + bl’gl‘lxz + b0,3£L'2 =+
We compute the Lyapounov coefficient
L =3a30+ a2+ ba1+3bo3 —azoa1,1 + bi,1bo,2 — 2a0,2b0,2 — ag 2011 + 2a2,0b2,0 + b1,1020.
After simplification, we obtain

b(1 —m)?*(ma — 6 + 2md)*6* 1-p 5
4m502210u4(04) L= md+6 —mN [51? +@2=pb ] <0

The property of M, follows from [I7], let us notice the fact that 6 has the opposite sign of 7.
Moreover there exists an unstable limit cycle attracting at —oo for all o near a* such that M is
a sink, that means a < o*. O

(ii) Node points or spiral points. When system (2.14)) has three stationary points, and if M,
is a source or sink, then § < mN. It is a interesting point that M, is a node point. Moreover o*
corresponds to a spiral point, from (2.23)).

We find M, is a node point when A > 0 from (2.24)), that means § < 1’1—]7\; - @
or § > mN 24/mp’ (mN—34) or § > mN n 24/mp’ (MmN —=5)

1+m - 1+m and «@ S ai, 14+m 1+m

ay < ag, where

and « > ao, one verifies

N 7£+ d(mN —9)

Fom m(p —1)(md + 6 — mN + 2/mp'(mN —§))’ (3.19)
5 o(mN —9) '

Qg = —

m+m(p—1)(m5+5me72\/m).

Remark 3.15. If § < mN, then N < a3, and N = a1 & N = %qu’. Also a; < L &
82 + (4m — N + 3)md + m2N > 0.

(iii) Nonexistence of cycles. If there exists a cycle O in system in R?, then O surrounds
at least one stationary point. If it surrounds (0, 0), the associated solutions y have changing sign.
If it only surrounds My, then it stays in Qi, thus y stays positive. In fact, O cannot intersect
{(¢,0), > 0} at two points, and similarly {(0,£),& > 0}, from Remark ?7.

For suitable values of ma, §, mN, we can verify that cycles cannot exist by applying Bendixson-
Dulac criterion. System can be rewritten under the form

y/ = fl(y7 Y)7 Y' = f2(ya Y)a (320)
with 5
2-p 1-m 1 2-p
A Y) =0y —[Y[7=Y, f(y,Y)=(— - NY + |y (ay — —[Y[»=Y).
Thus o7 o7 5
1 2 1 1—m 2—p
—(y,Y —(y,Y)=0+——-N— —— m |Y|P=T. 21
oy v Y)+ 55 Y) =0+ — m(p_l)\yl Y| (3:21)

For example, if mé + 8 — mN < 0, we find that there exists no periodic orbit in R? by a direct
consequence of Bendixson-Dulac criterion, which was proved in Proposition[3.10] Next we consider
cycles in Q.
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Theorem 3.16. Let 6 < mN, then § < ma. When My is a node point, there exists no cycle or
(m—1)8
< 2.
5

ma—0o+2m

no homoclinic orbit in Q1 if m>1 andp < 2 —

Proof. Let us use the linearization (2.19), (2.20). Consider the line L given by the equation
Ay +Y = 0, where A is a real parameter. The points of L are in Q; when —(3¢)?~! < Y and
—{ < y. We obtain:

2-p 1— ‘mp m
Af +V' = [(M) -2 Ny L gty
p- m m(p —1)
ma+(m—1)0 1-m
+T€ :|y+A(I)(ya Y)+¥(7,Y).
From ([2.24)), we find an A such that
27 1— mp m - 1 1—m
(66) A2 (§_£+N+762 Pg + )A_i_WET :()7
p— m m(p—1) m?

and A # 0. Furthermore, ®(,Y) < 0ison LNQ;. In fact (p—1)®(t) = ((5€)p_1+t)129%11) —(60)%~7,
thus ® has a maximum 0 on (—(6£)P~",0c0) at point 0, and it is non-positive on this interval.
U(y,Y) <0isalsoon LN Q;. In fact,

_ %= 1y 1-m 15 Syt (mat+(m—1)0) 4
Vg=—G+0m" ——5= G+ 0= + (30" )7 ~ - e,
and .
1 _ 2-p 1 1
Uop = —— (g4 0w HY + (§0)P~ N =1 + §2Ppt-rta

by a computations, we have

(1 —m)(ma—5+2m5)zi_2

U;(0,0) =0, Uy(0,0)=0, Py5(0,0)=

m?3 ’
U.+(0,0) = 1752 pg Ui (0,0) = _2;1)6372}76272174»#
gY \Yy m2( ) 7 vy \Y, = m(p— 1)2 .

Hence, applying the extremum principle of binary function, then we know ¥ has a maximum 0 on
(—1,00) N (=(60)P~1, 00) at point 0 if m > 1 and p < 2 — % < 2, thus it is non-positive on
the interval. Then the orientation of the vector field does not change along L N Qp, which means
that there exists no cycle in Q7; and similarly no homoclinic orbit can exist. In the case a = N,
then Y = 4'/™ € [0,¢) defines the trajectory 7y, associated to the solutions given by with

K > 0, and there exists no cycle in Q1, otherwise it would intersect 7. O

Theorem 3.17. Assume 6 < mN, d —ma <0< mi+d—mN,0<m<1,1<p<2and
(p — 2)(ma — 8)(ma — § + 2md) + m(1 —m)é? < 0. If a — a* > 0, there exists no cycle or no
homoclinic orbit in Q.

Proof. In this case, My is a source or a weak source. Suppose there is a cycle in Q; in system
(2.14). Then any trajectory starting from M, has a limit cycle in Q7, with attracting at co. Such
a cycle is stable; it means that the Floquet integral on the period [0, P] is non-positive. Thus from

20,

/07:@];( Y)+%( Y))dT=/0P<6+7fL—N_m(pll)yln:nYi Har<o. (322)

Now from (2.20)),
P (% 2—p B
0:5/ ydr — / Yd7+/ O(g,Y)dr,
0
and

P 2—ppl+=—p P P B
0:7’”@*”;5 557—1/ gdf+(i—N—7‘5 £ )/ Yd7+/ U(y,Y)dr;
m 0 m m(p—1) 0 0
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then
P - 0 —mN 1 1 p—1 P -
U(y,Y)d - S T /@‘Yd
| v e [FR - i | B [ ar
_ —5 . P
=[7mN 5(p—1)5p—lzp—2—ma2%rl}/ gdr,
m m 0
P _ ma+mé—35 (7 _
Uy, YV)dr — ———— [ @5, Y
| vy -t [ v)ar
P
:_(M(gl—pﬂ*-%—p_é_ﬂ)/ Vdr
m2 m 0 ’
Let
— - 0 —mN 1 _ 2. p—1 —
F(3,Y)=9(3,Y - §2PpIt P (3,
@) =@ V) + [ - s o 2w,

- - ma+md—90_ ,_ -
G5,Y)=Y(y,Y) - T‘I’(%Y)-

We can show that F'(7,Y) has a minimum at point (0,0), if 0 <m < 1,1 < p < 2 and (p —
2)(ma — 8)(ma — 6 + 2mé) + m(1 —m)d* < 0. Simultaneously, G(§,Y) also has a minimum at
point (0,0). Thus F(3,Y) and G(7,Y) are nonnegative in Q;. Hence,

P P
/yd7<0 =y </, /Yd7'<0.
0 0
Since y’:&nyplfl,we have
P P
/ Yr-1 d7'=5/ ydr < 6LP. (3.23)
0 0

From (3.22), (3.23)) and the Holder inequality, we find that

1—m

0+ 2 _np<t /P vitd
_— S — y m p— T
m m(p—1) Jo
1
m(p—1)
o(mN —9)
m(p—1)(ma —96)" "’
thus a — a* < 0, which is contradictory. Next suppose there exists an homoclinic orbit. From [I7]
P303 Theorem 9.3.3],the saddle connection is repelling, since the sum of the eigenvalues A1, Ay of
the linearized problem at (0,0) is 0 + % — N(> 0). Then the solutions just inside the cycle spiral

toward the loop near —oo. We know My is a source, or a weak source, such solutions have a limit
cycle attracting at oo, which is contradictory. O

< §2 P P

Theorem 3.18. Assume § < mN and § —ma <0< J+ % — N. If ma <1, there exists no cycle
or no homoclinic orbit in Q.

Proof. Suppose system admits a cycle in Q.

(i) Let ma < 1. My is a sink when a < «*, thus any trajectory, which converges to M, at oo,
has a limit cycle O in Qq, attracting at —oco. Denote (y,Y") be any solution of orbit O, of period
P. Then O is unstable, thus the Floquet integral is nonnegative. Following (3.21)) we obtain

1 l-m __2-p
)y m qu)de().

4]
P Z _N- -
t0(6+m N m(p—1

Moreover y is bounded from above and below; thus ¢, defined by (2.10) with d = ma, satisfies
lim; oo Yma = 0, lim; s 00 Yma = 00. From (3.9)), we know y/,, > 0 for ma: < ), then it has only
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minimal points. Thus y,,,, > 0 in R. From and (| - with d = ma,

1 1-m 2-p —
yjnia + (n —2ma) + mp—1) 1)ym’£& Yiia' = ma(n ma)Yma = maln - ma)yma >n—ma.

/
m
ma ( Yma MAYma — Yﬂga

Integrating on [0,P] it implies n — 2ma + § + % — N > n — ma, which is contradictory to
0 —mN +6—ma <0.

(ii) Suppose system admits an homoclinic orbit in Q. Since § < mN, (0,0) is a saddle
point, thus 7, is the only trajectory starting from (0,0) in Q;, and there exists the only one
trajectory T; converging to (0,0) in Q; for large 7, with lim,_, yl% = 00, and lim,_,,, r"w™ =
c>0.

We know 7, satisfies im, oo e "™ y0(7) = @™ > 0, thus lim, o Yma = 0; and yma
has only minimal points. As above, 7, is monotone increasing and positive, and 7, satisfies
lim, o0 €M7y = ¢ > 0. If ma < n, then lim; 00 Yma = 0, thus 7, # To. If ma =n, T, is
a explicit solution given by , which means y,,, is constant, thus again 7, # Ts. O

(iv) Boundedness of cycles. When there exist cycles, apart from a few cases, we cannot prove
their uniqueness, hence we pay attention to the following properties.

Theorem 3.19. When it is nonempty, the set C of all the cycles of system (2.14) is bounded in

R2.
Proof. Assume that there exists a cycle in R?. From Proposition [3.6} 3.9 and [3 - it can
happen only in three cases: mN < ma < §, mN < § = ma, max(d, nN,n) < ma and 6 > 1+m In

the first case, the set C is bounded and contained in (—£,£) x (—(6¢)P~1, (§¢)P~1), from Proposition
In other cases we apply the energy function W. The trajectory O corresponding to the solution
is denoted by (y,Y). Then W is periodic, and its extremal points are exactly the points of the
curve L. In fact, if there exists an extremal point 71 such that W’/(r) = 0 and (y(m1),Y (11)) ¢ L,
and it is on the curve M defined at (2.16). Thus, y (7’1) = 0, and y" (1) # 0, since O can not
reduced to a stationary point. Consequently, (dy — |Y| = Y)(|6y|P~26y —Y) > 0 near 7y, then W’
has a constant sign, and 7y is not an extremal point. By this means, we obtain estimates for W
independent of the trajectory:

max |W =M= max |[W(y,Y)|.

max [W(7)| Jmax Wy, Y

P

At the maximal points 7 of y, we obtain |Y(T)|%Y(T) = dy(r), thus

mdé + 9§ — mN)P~1 m|Y | m(ma —98), 1 _
wir) =\ P g+ P gy R0 o2
D D m+1
5 — mN)oP~1 m(ma 1
= O mB e a0y oy
p m+1

In any case, y is bounded and independent of the trajectory, and

m|Y ¥’ (mé +6 —mN)§P—1 m(ma —0) 1_4 5

< mdyY + p——1 vy + M,

ly[”
Hence Y is also uniformly bounded, and C is bounded. O

4. CLASSIFICATION OF SELF-SIMILAR SOLUTIONS

We classify the self-similar solutions to the polytropic filtration equation and list them
in a similar way as the self-similar solutions for p-Laplace equation in [5], which is the special
case m = 1 for the polytropic filtration equation . Note that for non-Newtonian polytropic
filtration equation , both m and p have influence on the asymptotic behavior and classification
of self-similar solutions for the singular case m(p—1) < 1, which is the main cause of the difficulties
of this paper.
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ma;

(i) a trajectory T1 converging to My at 0o, such that y is increasing as long as it is positive;
(ii) a trajectory Tz in Q1UQ4 converging to My at —oo, and unbounded at 0o, with lim,_, s ¢

(iil) a trajectory Ts converging to My at —oo, such that y has at least one zero;

(v) a trajectory Ts in Q1 U Q4 unbounded at +00

(iv) a trajectory Ty in Q1, converging to My at co

Lemma 4.1. Assume —oo < max(ma, mN) < §. Then in the phase plane (y,Y), there exist
The proof is similarly to the proof of [5, Lemma 3.1

global behaviours, according to the value of a. We describe the solutions of (

4.1. General properties.
analysis.

EJDE-2025/63

Then the reqular solutions w have a con-

stant sign, and lim, o r%w| = L > 0 if @« < N, especially lim, ,o |w| = L > 0 if a = 0,
P/mp=8/m s qlso a solution. There exist solutions

—00 < ma < mN < 6.

FIGURE 1. Phase planes with m = 0.8 and p = 1.8)

lim, o0 7°|w|™ tw = £ if a = N. And w(r)
satisfying one of the following properties:

4.2. Subcase ma < mN < 6.
Theorem 4.2. Suppose
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(1) (Only if o < N) w is positive, lim, ,ormw = ¢ > 0 if N > 2 (and holds with
a>0>bif N=1), and lim,_, o 7w tw = ¢;

(2) w is positive, lim, o r’|w|™ tw = £, lim, o r*w = L > 0;

(3) w has precisely one zero, lim, o 7% |w|™ 1w = £, lim, o0 r®w = L < 0;

(4) w is positive, Ry > 0, lim, o0 70 |w|™ 1w = £;

(5) w is positive, Ry, > 0, lim, oo r®w = L > 0;

(6) w has one zero, Ry, > 0, lim, o 7w = L # 0;

(7)

a>0>bif N=1), and lim, oo 7w = L > 0;
(8) w has one zero, with lim, ormww = ¢ > 0 if N > 2 (and holds with a > 0 > b if
N =1), and lim, 0o r*w = —L < 0;
(9) N=1,w>0 and holds with a > 0,b > 0 and lim, . r*w = L.
Up to symmetry, all the solutions of are described.

The proof of the above theorem is similarly to that of [5, Theorem 3.2]. See the illustration
Figure [T}

4.3. Subcase mN < ma < J. In this case, we show that system admits some periodic
trajectories, according to the value of a with respect to a*. Notice that N < «a whenever
62 — (m+ N + 2)mé + m®N > 0 from (2.26). Our adopted method is the Poincaré-Bendixson
theorem, by applying the level curves of the energy function W.

Lemma 4.3. Suppose mN < ma < 0. Consider the level curves

Cr=A{(y.Y) eR* | W(y,Y) = k}(k € R)
of the function W defined at (2.28)), which are symmetric with respect to (0,0). Let
ke = W (L, (80)P1) = — (5 — mN)6P 2P, 4.1
e = WL GO =~ (35— m) (11)
If k > kg, there are two unbounded connected components in Cy. If 0 < k < kg, there are three
connected components in Ci, and one of them is bounded. If k = kg, Cy, is connected with a

double point at My. If k = 0, and one of the three connected components of Cy is {(0,0)}. If
k < 0, there are two unbounded connected components in Cl.

Proof. The above assertion for the special case m =1 is proved in [5]. Here we can only consider
the study of Cf, to the set y > 0. Define a function ¢(s) = mlps,‘p —ms+ %, for any s € R, which
has the inverse function. Then we analysis the properties of the function ¢(s) and its inverse
function to obtain the results. The rest proof is similar as the proof of [5, Lemma 3.3]. 0

Theorem 4.4. Suppose 0 <m < 1,1 <p <2 and mN < ma < 6. Then w(r) = £Y/™r=0/™ js q
solution. Moreover,

(i) If a < a*, then any solution of has at most a finite number of zeros.
(ii) There exist & such that max(mN, ma*) < mé& < §, if a > &, there is a cycle around (0,0)
in the phase plane (y,Y).
(iii) Consider any « such that there exists no such cycle. Then the regular solutions have a
finite number of zeros and lim, oo r®w = L, # 0 or lim, 7‘5|w|m*1w = (. There exist
solutions of type (2)-(6) of Theorem 5.2, and other solutions have one of the following

properties:
(1) (only if L, # 0) lim, 0o 7w = L, # 0 and lim,_,q rmw=c%#0 (or (3.14)) holds if
N=1);

(77) lim,_ rew=c #0 (or holds if N =1) and lim, o, 7w = L # 0.

(iv) Consider any o such that there exists such a cycle, thus there exists solutions w with
oscillating near 0 and oo, satisfying r°|w|™ w is periodic in Inr. The regular solutions
w oscillate near oo, satisfying °|w|™ *w is asymptotically periodic in Inr. There exist
solutions of type (2), (4), (5) of Theorem|4.%, and other solutions have one of the following
properties:
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FIGURE 2. Phase planes with m = 0.8 and p = 1.8

(37) with lim,_,o 70 |w|™ 'w = ¢, and oscillating near co;
(9) with lim,_,ormww = c # 0 (or (3.14) holds if N = 1) and oscillating near cc.

(10) with precisely one zero, Ry, > 0, and lim, o, r®w = L # 0;

(17) with precisely one zero, Ry, > 0, and lim,_, o r°|w|™
(11) with R,, > 0 and oscillating near oo.

EJDE-2025/63

(5) of Theorem from

b

Proof. First observe (E,|)) always admits solutions of type (2), (4)

Lemma (411

{(,Y) eR? | |yl < £,[Y] < (50)P7'}

It means that 7 is bounded near +oo, hence the limit set at oo is contained D.

However M, ¢ D; and (0,0), which is a source, a node point, can not belong to the limit set I at

Consider any trajectory 7. If y has an infinity of zeros near +oo,

* (Fig. ).
then following Proposition[3.9] 7T is contained in the set D

near +o0o.

se a < «

(i) Suppo

oo. Indeed, according to Poincaré-Bendixson theorem in [I7], T is a closed orbit, so system (2.14))

m
g
o
H
o
[
>
Q
<]
o
Q
=
<
o
I
o
o]
0
=
=
=)
]

)

2-p
p—1

thus applying Bendixson-Dulac criterion, there exists no cycle in the set {|y| < D,|Y| < (§D)P~'},

(p—1)(md+6 —mN))=mmm and 0 < m < 1,1 < p < 2. Now we find that

(o7~

where D

(4.2)

then (60)P~! < (§D)P~L.

S <D,

*

a< o

which is contradictory.
The curve L intersects M at point (

)

Hence there exists no cycle in D

Then

1).

(OD)P~

)

D

SeNM =

(67

(ii) Assume o > max(N,

1}

)

{(6D, =1 (@D)*""):0 € [0

and D < ¢ from (4.2)), thus My is not contained in S,. We can find k; > 0 small enough satisfying

Next we look for k € (0, k¢) satisfying £ is in the domain restricted by C};.

,21 is contained in S,.

= &(0, N) be given by

> 0. By a straightforward calculation,

p
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Hence S,

b
ko

If o > @, we can find ko(< k) such that £ is contained in the set {(y,Y) € R? | W(y,Y) < k2 },
is delimitated by C’zl and C’,l;z, it implies S, is bounded and positively invariant. There exist no

which has three connected components. Since S, is connected, it is contained in
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any stationary point in S,, thus it contains a cycle, from the Poincaré-Bendixson theorem (see
Fig. .
The rest of the proof follows similarly as the proof of Theorem 3.4(iii) and (iv) in [5]. O

Remark 4.5. From the numerical studies, in a similar way as the classification of self-similar
solutions of singular p-Laplacian equations by Bidaut-Véron [5], here for the polytropic filtration
equations we also conjecture that & is unique, and the number of zeros of w is increasing with
a € (N, &); and moreover there exists a3 = N < ag < -+ < @y < a@py1 < -+, such that the

regular solutions have n zeros for any « € (v, ay11), with lim, oo 7w = L, # 0, and n+ 1 zeros
for v = app1, with limy_ o rPw™ = ££.

4.4. Subcase ma < 6 < mN. In this case, system (2.14) admits a unique stationary point (0, 0),
and N > 2.

VSt s ]

I Y 4l
Ry

Y 1]

[ T A Y Ay )

R SNy
T

[ e

Q
[
N
=
[
(=2}

FIGURE 3. Phase planes with m = 0.8 and p = 1.8

Theorem 4.6. Assume —oco < ma < § < mN and a # N. Then the reqular solutions, defined
on (0,00), have a constant sign, and the positive ones satisfy lim, oo r*w =L > 0 if ma # 4§, or
holds if ma = 6. All the other solutions have a reduced domain (R, > 0). Among them,
the solutions satisfy one of the following properties:

(1) w is positive, lim,_, rmw=c#0if 5 <mN, orlim,_ e rV(In r)lltrime = p defined at

(13.13) if 6 = mN.

(2) w is positive, lim, oo 7w =L > 0 if ma # 9§, of holds if ma = 6.

(3) w has one zero, such that lim, . 7w =L # 0 if ma # 9, or holds if ma = 6.
Up to symmetry, all the solutions are described.

The proof is similarly as that of [5, Theorem 3.5]. See the illustration in Figure
4.5. Subcase mN < § < ma.

Theorem 4.7. Suppose mN < § < ma and o # N. Then

(i) There is a cycle surrounding (0,0) in system (2.14)), thus the corresponding solution has
a changing sign such that v |w|™ “w is periodic in Inr. All the other solutions w, in par-
ticular the regular ones, are oscillating near oo, and r®|w|™ ‘w is asymptotically periodic
i Inr. Equation admits solutions w such that lim,_ormw = ¢ #0if2<N< %
and holds if mN = § or holds if N = 1.

(ii) Equation admits solutions such that Ry, > 0 or lim, _or%w = L # 0 if ma # 4§, or
holds if ma = 9.

The proof is similarly as that of [5, Theorem 5.1]. See the illustration in Figure [
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FIGURE 4. Phase planes with m
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trajectories in system (2.14]), either surrounding (0, 0), coinciding with changing sign solutions,

or located in Q; or Qs, coinciding with constant sign solutions. We know that § < mN implies

In a similar way as the

G).

2

n

mN

1+m

< o from (2

< ¢ implies

m

And

0 < mN < n from (2.1).

classification of self-similar solutions of singular p-Laplace equations by Bidaut-Véron [5], here for
the polytropic filtration equations we also show some general properties of the phase plane firstly.

n

Remark 4.9. (i) The trajectory 7, starts in Q;. Because (0,0) is a saddle point, system (2.14)
admits a unique trajectory 7, converging to (0,0), in Qp for large 7, and lim, oo rmw = ¢ > 0,

If 7, is

77

Ts is bounded and in the interior of the domain delimitated by Q; U 7., from Remark

from Proposition and Furthermore, if 7, does not stay in Qi, then 7y stays in Q;, and
homoclinic, it stays in Q;.

(ii) Any trajectory T, where y is not monotone near oo, is bounded near oo from Proposition
3.11} According to the Poincaré-Bendixson theorem, and trajectory, which is 7 bounded at +oo,

either converges to (0,0) or =My, or the limit set I'y at oo is cycle, or I'y is homoclinic hence

-

(iil) If system (2.14) admits a limit cycle surrounding (0, 0), then it also surrounds the points

T="T,T+=
+M, from (3.15]).

where there exists no cycle or no homoclinic orbit in Q;, from

First consider the case ma < 7,

Theorem

FIGURE 6. Phase planes with m = 0.5, p=1.5, and n =5

Then the regular solutions have a
/mp=d/m s o solution. There are the

Theorem 4.10. Suppose 6 < min(ma, mN), and ma < n.

constant sign, and lim, . r’|w|™ tw = £. And w(r)

solutions satisfying one of the following properties:

(i) If ma < n, there exist solutions such that

1) w is positive, lim, ,or®w = L and lim,_; o 7°|w|" 1w = ¢;

)
)
)

=c> 0

.
mw

w is positive, Ry, > 0, and lim, o r

2

3) w is positive, Ry, > 0, and lim,_, o 7 |w|™ tw = ¢;

(
(
(

(4) w has one zero, Ry, >0, and lim, _, o 7 |w|™ 1w = ¢;
(i) If ma = n, then w = Cr~""™ is a solution. The equation (E)) admits the solutions of

(2) or (3).

type (4), but not of type
Proof. (i) For the case when ma < 7, the proof follows similarly as that of [5 Theorem 5.4]. See

the illustration in Figure [6]

Indeed all the trajectories stay under T, and 7,

(see Figure @, there exists no positive solution satisfying

"
(

R, > 0, thus no solution of type (2) or (3).

is defined by the equation ¢

(ii) For the case when ma

er—'m for ([2.30), or T, is equivalent to

7, that means w =
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We now pay more attention to the interesting case, where n < ma.

Y, =c¢, Yn/ = 0. Consider any trajectory 7[p] running through some point P
The proof is to that of [5, Lemma 5.5

the solution (y,Y) starting from P at time 0. Then Y;,(0)
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FIGURE 7. Phase planes with m = 0.8, p = 1.8, N = 6, andn = 5.25

(i) There exists a (mazimal) critical value aerir of r, such that

Theorem 4.12. Suppose
still a solution. Moreover
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and the reqular trajectory is homoclinic: all the reqular solutions have a constant sign and satisfy
lim, o 7w = ¢ #0.

(ii) For any o € (Qerit, ™), there does exist a unique cycle in Q1, which implies that the
equation admits positive solutions w such thatr‘5|w|m_1w s asymptotically periodic in Inr
near 0 and lim,_, - 7‘5|w|m_1w ={ # 0. The equation also has positive solutions such that
r5|w|m’1w is asymptotically periodic in Inr near 0 and lim, _ rww=c> 0.

(iii) For any o > o, there does not exist such a cycle in Qy, but the equation admits
positive solutions such that lim, o r|w|™ *w = £ and lim,_, row=c>0.

(iv) For any & > Qurit, there exists also a cycle around (0,0) and +M,, thus rw|™ 1w is
changing sign and periodic in Inr. The regular solutions, are changing sign and oscillating at
oo, and r‘s\w|m_1w is asymptotically periodic in Inr. There are solutions in the equation
satisfying Ry > 0 or lim,_so r®w = L # 0, and oscillating at oo, and r°|w|™ 'w is asymptotically
periodic in Inr.

The proof is similarly to that of [B), Theorem 5.6 |. See the illustration Figure lﬂ Note that for
non-Newtonian polytropic filtration equation , both m and p exert critical influence on the
asymptotic behavior. The result in Theorem[3:14]is valid under the condition 1 < p < 2. And when
applying Theorem [3.17, we should pay attention to the fact that its conclusion holds exclusively
under the conditions 0 < m < 1,1 < p < 2 and (p — 2)(ma —§)(ma — § +2mé) + m(1 —m)é% < 0.

Remark 4.13. An open question is the uniqueness of criv. It can be shown that if there exist
two critical values ol ;; > o2, then the first orbit is contained in the second one.

cri crit?
In the case § < 17171?\7/17 there exists no cycle in R? from Proposition and we obtain the
following result.

Theorem 4.14. Suppose § < TN and § < ma. Then the reqular solutions have a constant

1+m
sign, and lim, oo r®|w|™ 1w = . All the solutions have a finite number of zeros. And w(r) =
(Y/myp=3/m s a solution. Moreover, if ma < 1, the results were shown in Theorem L If

n < ma, there exist at least one zero in all the other solutions. There exist solutions, such that
lim, soormw = ¢ # 0, with a number n of zeros, for n > 1. All the other solutions satisfy
lim, s o0 0 |w|™ Yw = £, with n or n+ 1 zeros, for n > 1.

The iss similarly to that of [5, Theorem 5.7 |.
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