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EXISTENCE OF UNDERCOMPRESSIVE TRAVELLING WAVES OF A

NON-LOCAL GENERALISED KORTEWEG-DE VRIES-BURGERS EQUATION

FRANZ ACHLEITNER, CARLOTA M. CUESTA, XUBAN DIEZ-IZAGIRRE

ABSTRACT. We study travelling wave solutions of a generalised Korteweg-de Vries-Burgers equa-
tion with a non-local diffusion term and a concave-convex flux. This model equation arises in
the analysis of a shallow water flow by performing formal asymptotic expansions associated to
the triple-deck regularisation (which is an extension of classical boundary layer theory). The re-
sulting non-local operator is a fractional type derivative with order between 1 and 2. Travelling
wave solutions are typically analysed in relation to shock formation in the full shallow water
problem. We show rigorously the existence of travelling waves that, formally, in the limit of
vanishing diffusion and dispersion would give rise to non-classical shocks, that is, shocks that vi-
olate the Lax entropy condition. The proof is based on arguments that are typical in dynamical
systems. The nature of the non-local operator makes this possible, since the resulting travelling
wave equation can be seen as a delayed integro-differential equation. Thus, linearization around
critical points, continuity with respect to parameters and a shooting argument, are the main
steps that we have proved and adapted for solving this problem.
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1. INTRODUCTION

In this article we study the existence of undercompressive travelling waves for the one-dimen-
sional evolution equation

Opu+ Opu® = 0, D[u] + 703u, 2z €R, t>0 (1.1)
with 7 > 0 and D*[-] is the non-local operator here applied to a real valued function g,

x / 1
IW) g with 0<a<l, dy—— 0. (1.2)
«

'Da[g](x):da/ F(l—a)

—00 (.’E - y)
Observe that this operator only acts on the variable x. Here I' denotes the Gamma function.

Equation with @ = 1/3 and a flux function (v® in (I.I))) which is either a quadratic
or a cubic polynomial, has been derived from one (quadratic flux) and two (cubic flux) layer
shallow water flows by performing formal asymptotic expansions in the framework of the triple-
deck boundary layer theory (see [24, 23| [31]). In [3I] numerical simulations suggest the existence
of travelling waves that violate the entropy condition in the two-layer model. Such solutions
resemble the inner structure, in such a particular limit, of small amplitude shock waves for the
original shallow water problem, that are not entropic or non-classical (see e.g. [I7]). In this
manuscript we aim to study rigorously the existence of such travelling wave solutions for ,
which has a cubic flux and thus corresponds to the two-layer model when o = 1/3.

We recall, that existence and stability of travelling waves for with a quadratic flux function
have been established in [2,[4] (7 = 0) and in [I] (7 > 0), see also [II]. The results of [2] and [I]
form part of building blocks in the proof of our main theorem, as we shall describe below.

We recall that hyperbolic conservation laws exhibit discontinuous solutions, whose disconti-
nuities or shocks may travel with constant speed. These solutions belong to the class of weak
solutions. An extra condition is necessary to select a unique solution for the Cauchy problem.
The most common way to derive uniqueness conditions is to use vanishing diffusion arguments
(see e.g. [30]). In particular, for scalar conservation laws admissible shocks result from construct-
ing travelling wave solutions of the regularised parabolic equation. There are, however, other
types of natural regularisations of hyperbolic conservation laws. Moreover, different regularisa-
tions of hyperbolic conservation laws might lead to different weak solutions. Examples describing
this situation are scalar conservation laws with a non-genuinely nonlinear flux (neither convex nor
concave), such as a cubic flux. In this case, shocks violating the classical Lax entropy condition,
see [21], can be constructed by introducing a diffusive-dispersive regularisation. This kind of so-
lutions is defined by Hayes and LeFloch [I7] as non-classical shock waves, others refer to them
as undercompressive, see [I4] and the references therein. Our aim is thus to show the existence
of such solutions for the non-local version of these regularisations . For a complementary
study of non-classical shock waves for a scalar conservation law with local diffusion and non-local
dispersion see [27].

We notice that the parameter 7 results from a choice in the rescaling. Analogous to [21] we can
consider the equation in the following form

opu + Opu® = €0, D*u] + 603u, xR, t>0, (1.3)

where € and J are positive constants that act as control parameters. This means that depending
on their relative size either diffusion (§ < £2/®) or dispersion (§ > £2/®) dominates in the limit
of both € and § — 0. The parameter 7 results from the scaling (x,t) — (¢'/%x,'/*t) so that
T=4/ €2/ Tt is when this parameter is of order one when we expect to get solutions that violate
the entropy condition.

We introduce the travelling wave variable £ = x — ct with wave speed ¢ and look for solutions
u(z,t) = ¢(§) of which connect two different far-field real values ¢_ and ¢,. A straightfor-
ward calculation shows that if ¢ depends on x and ¢ only through the travelling wave variable,
then so does D*[¢], and the travelling wave problem becomes

—ct' +(¢%) = (D*[g])’ +7¢"". (1.4)
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Here ’ denotes differentiation with respect to £&. We can then integrate (1.4]) with respect to & to
arrive at the following travelling wave equation

7¢" + D[] = h(¢), where h(d):=—c(¢—d-)+ " — o7, (1.5)

where we have used

lim 6(¢) = ¢ (1.6)
E——o0
lim (€)= 6. . (1.7)
£—o0
If ¢’ decays to zero fast enough as & — oo, then we obtain the Rankine-Hugoniot condition
_ =t o o
c=——=0¢7+¢" +¢_9¢4, (1.8)
b+ — -

that we assume throughout this manuscript.

One expects that travelling wave solutions correspond to classical shock waves in the limit of the
diffusive and dispersive terms tending to zero (in the right order -dispersion followed by diffusion
tending to zero- or at the right asymptotic rate) if the Lax entropy condition [25, Chapter II.1] is
satisfied, which for the current non-linear flux reads:

302 << 3¢ (1.9)

In this manuscript, however, we investigate the existence of travelling wave solutions that do not
satisfy (1.9). In particular, we shall look for solutions that satisfy

¢ < 3min{¢?, ¢ }. (1.10)

We assume without loss of generality that ¢, < ¢_ (observe that the equation is invariant
under the change ¢ — —¢).
The roots of h(¢) are ¢4, ¢_ and ¢. := —(¢p_ + ¢4 ). We require that

b4 < e < O (1.11)
so that
' (¢-)>0, h'(p:)<0 and h'(¢y) >0, (1.12)
which is equivalent to the condition ((1.10). We observe that this in particular implies that ¢_ > 0
and ¢+ < 0.

Under these assumptions, travelling wave solutions of (1.5)) with ([1.6) and (1.7)) correspond to
non-classical shocks in the sense described earlier. On the other hand, solutions that satisfy (1.5
with (1.6)) and

lim ¢(¢) = ¢, (1.13)

£—o0

correspond to classical shocks (with the same wave speed). We expect, as in the local case o = 1
(see e.g. [21]), the possibility of solutions satisfying to be a distinguished limit in the sense
that there is a unique value of 7 that allows such connection, whereas there is an open set of values
of 7 that allows solutions to satisfy (1.13). We recall that this last possibility corresponds to the
classical shock admissibility condition (1.9)) if we replace ¢ by ¢. in the notation. Moreover, if
the only zeros of h where ¢_ and ¢, with , this would be the only possible travelling wave
solutions that can be constructed in both the local and the non-local case (see [1]).

There is a further necessary condition for existence of 1) on the values ¢_ and ¢,
namely that ¢4 + ¢_ > 0, which implies that ¢ > 0 (see ([L.8))), in particular. We shall show
this below (see Lemma 7 and this is a consequence of the results of [I]. Let us state our main
theorem.

Theorem 1.1 (Existence of undercompressive travelling waves). Let ¢_ and ¢ € R such that

with ¢ = — (P4 + ¢—) holds and such that
by +¢_ > 0. (1.14)
Then there exists 7 > 0 such that (L.5)-(1.7) has a unique solution (up to a shift in &) in C3(R).
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We notice that the conditions with ¢. = —(d4+ + ¢—) and coincide with the
necessary conditions given in [27] for solutions of the Riemann problem to admit a shock wave
that is not entropic in the Lax sense, but that is entropic for the quadratic entropy pair (see
also [25] and references therein, and [2I] and [3]). This means that in the limit of zero diffusion
and dispersion (§ — 0%, ¢ — 0% with 7 = §/e%/“ of order one in (I.3)) one expects to obtain
undercompressive shocks. We also notice, as we shall discuss in Section that this model
does not support solitary waves, because a solution that connects ¢_ to itself ends up to be just
the constant solution ¢ = ¢_, this is due to the presence of the non-local dissipation term (see
Remark in Section below).

The uniqueness of 7 is an open problem, as well as the dynamic stability of undercompressive
travelling waves. These questions are left for future work. A detailed discussion on the evolution
problem for initial conditions with arbitrary far-field values is out of the scope of this paper. It
is interesting, however, to relate the different ranges of far-field values to a Riemann problem for
the conservation law (i.e. the zero diffusion and zero dispersion case) and whether the expected
solutions are recovered in the limit where §, ¢ — 0 while 6/22/* is kept of order one in (L3). A
first step in this direction is to perform numerical simulations that illustrate the Cauchy problem
with an initial condition that connects general constant values. In this regard structure-preserving
methods might be appropriate (see [20] and its applications, see e.g. [19][I8] and references therein)
and this will be part of a future study.

This article is organised as follows. In Section [2, we give some preliminary results. First, in
Section we give some lemmas with estimates related to the non-local operator. In Section [2.2]
we establish the existence of solutions of that satisfy and prove that there are only
three possible behaviours that such trajectories will have as £ increases: they tend to ¢, or to ¢
as & — 0o, or they tend to —oo as £ — (£*)~ for some finite value £*. This allows us to approach
the problem via a shooting argument, with shooting parameter 7. With this in mind, in Section
we define three disjoint sets of 7 > 0: 3. (the profiles tend to ¢., thus for such 7’s the waves are
classical), Xy (the profiles tend to ¢4 and the waves are non-classical) and X, (the profiles tend
to —oo, and in fact ‘blow up’ at a finite value of £). Then we prove Theorem by first showing
that 3, is non-empty and open and that Y. is non-empty. Then, we argue by contradiction
assuming that ¥ is empty, which in particular implies that >, must be closed. We arrive to a
contradiction by applying continuity with respect to 7, and hence ¥ must be non-empty, which
proves the behaviour of the desired solutions and their existence, and thus our main theorem.

We note that the proof of ¥, being non-empty is very involved: the idea is to use that for
the quadratic case (see [I]) where only classical solutions exist, it was conjectured that for small
enough values of 7 the travelling waves are monotone decreasing. This is still a conjecture, but if
this was true, we can look at the problem for a modification of our non-linearity h such that it
is C? smooth, but that it has only the two zeros ¢_ and ¢. and coincides with h in an interval
of ¢ containing these values. This means that for 7 small enough such that the solutions are
monotone, both problems coincide (recall )7 and hence solutions of the original problem for
such small values of 7 must tend to ¢. as £ — oo, and therefore ¥, is non-empty. We do not
prove monotonicity for the modified problem, but it is enough to prove that for small values of
7 the profile solutions remain in the interval where both non-linearities coincide, we show this in
Section[d] Additionally, in this section, for the sake of completeness, we show that if the profiles of
the modified problem are monotone decreasing (and, by similar arguments, for the problem with
a quadratic non-linearity), they decay to ¢, like £~ as & — oo, as for the case 7 = 0 (see [13]).

In Section |5} we give numerical evidence to illustrate the role of 7 in the behaviour of solutions
of satisfying . Indeed, we adapt the value of 7 recursively between what appears to be
the two generic behaviours ¢ — ¢, and ¢ — —o0, to capture (as long as machine accuracy allows)
the distinguished behaviour ¢ — ¢;. We do this for two values of « for illustrative purposes.

In Appendix[f] we prove continuous dependence with respect to 7 on finite intervals of existence.
In fact, we only have to formulate our equation as a functional differential equation and apply the
results of [10].
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Finally, we point out that for the proof we need some results on the linearised equations around
¢_ (some of them are already given in [I], see also [I1]) and most importantly around ¢.. In Ap-
pendix [7.I] we give pertinent information about the roots of the characteristic equations associated
to the linearised problems around ¢_ and ¢..

In particular, we will use repeatedly the following formulation for solutions that decay to ¢,
or that are close to them in some sense,

1" o I _ / o ¢/(y)
76+ DG (0]~ W(90)0 = h(0) ~ (60— d [ Wy,
—00 (§ - y)
where we have split the non-local term by integrating separately on (—o0,&y) and on (&, §) for
some value &y < £. In particular, we use the notation,
AC)
D =, —=—d
50[¢] a/go (f*y)a Y,
which is a Caputo derivative of order « € (0, 1) (see [9} 15]).

In this way and thanks to (T.12), or A'(¢.) < 0, we can treat the right-hand side as given and
apply a variation of constants type of formulation (see e.g. [9] and [I5]) to obtain the solution
implicitly. The study of the corresponding linear equations (the inhomogeneous and the homoge-
neous one) is done in the Appendix In particular, we analyse the fundamental solutions of the
homogeneous equation: we give its behaviour near the initial conditions and in the far-field, and
study its behaviour in several ranges of its domain as 7 — 0% (concluding monotonicity for small
values of 7, in particular). These estimates are crucial to show that 3. is non-empty.

2. PRELIMINARY RESULTS

2.1. The non-local operator and some elementary lemmas. Let us first recall some basic
properties of the fractional differential operator D[-]. Since it can be written as the convolution
of ¢’ with 8(z)x~*/T'(1 — «) (where 6 is the Heaviside function), D*[-] is a pseudo-differential
operator with symbol

ri(kl\/_i)f(gg))(k) = (b +iaq sgn(k)) |k|*, 1)

ie. F(D¥u])(k) = (bo + iaq sgn(k)) |k|*@(k) where F denotes the Fourier transform

1 .
Flo)(k) = (k) = —= [ e *p(z)dw,
(D) = pl0) = <= [ e p(a)
and the coefficients a,, and b, are given by
aazsin<%) >0, bazcos(%> >0, forO<a<l,

(we refer to [6] for the details of the computation to obtain (2.1))). The operator on the right-hand
side of (1.1)) is then a pseudo-differential operator with symbol

F(0:D*) = — (an — iba sgn(k)) [k|]*T, (2.2)

which is dissipative in the sense that the real part of (2.2)) is negative.
For s > 0 we shall adopt the following notation for the Sobolev space of square integrable
functions,
H*:={uec L*R): ullm: < oo}, Ilullg =1+ k[*)""*a L2) ,

and the corresponding homogeneous norm
ull gro := [Pl L2 (w) -

Using that (a2 +b2) = 1 it is easy to see that || D%ul| ;. = ||u|| j7o+«, and this suggests that one can
interpret D*[-] as a derivative of order «. We also observe that D[] is a bounded linear operator
from H® to H°~%, for all s > 1.

For m € Nxq, let C{"(R) denote the set of functions, whose derivatives up to order m are
continuous and bounded. Then one can also infer that D“[-] is a bounded linear operator from
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CL(R) to Cp(R). As explained in [2], this can be easily seen by splitting the domain of integration
in (1.2) into (—o0,z — M] and [z — M, z] for some positive M > 0. Then integration by parts in
the first integral shows the boundedness of D*[-]. Moreover, we will need the following improved
estimate.

Lemma 2.1. For a € (0,1), letz € R and g € C,}(—oo,x), then for every z € R with z < ,

D)) < Ca( s low)) ( swp lg )"

y€(—00,2] y€(—00,2]
where (20)
2(2a)™¢
Co = da ( 11—« ) '
In particular, if g € CH(R), then D%[g] € Cy(R) with
ID*[gllle < Callg'llS gl

Proof. The proof is similar to the estimate for Riesz-Feller operators, see e.g. [0, Proposition 2.4].
Let z < z, and let us denote, for simplicity,

a=( sw o)) and A= sw 7).

yE(—00,2] yE(—00,2]
Then
0o I, M e, 0 (s
IDYg)(2)| = da Mds‘ <d, Mds‘wa wdsl. (2.3)
0 5% 0 5% M 59
We estimate the first integral by taking the supremum in ¢’ and computing the remaining integral,
thus "
!/
‘/ d‘<A’/ ds_ A ppea,
0o ¢ l-a«

In the second integral, we first 1ntegrate by parts and pull out the supremum of g to deduce
’/ Zﬁsd‘<a‘/ d’+AMa<2AMa
S satl
Using these estimates in gives
A’
D% [g] ()] < da ( —M' 4+ 2AM” ) (2.4)

An easy computation shows that the minimum of the right-hand side of is attained at
M = 2aA/A’ and this implies the first statement. The second is a consequence of the first by
taking the

supremum over all values in R. O

In some instances we shall need to split the integral operator (|1.2) as follows

/ x /
Da[g](x)da/m@g_%ldy+da/pom1dy, for some zy < x, (2.5)
and treat the first term as a known function, whereas the second one can be viewed as a left-sided
Caputo derivative, see e.g. [22], which we denote by Dg [-], indicating that the integration is from
a finite value o, i.e. g € C}([zg,0)) and « € (0, 1].

Notice that the first term on the right-hand side of , which is a function of z, is not equal
to D%[g](zo), which is a number for fixed xg. We shall use the following technical lemma several
times.

Lemma 2.2. For all ¢ < —¢_ (< 0), and defining H(¢ fo y)dy, we have
2¢% < h(¢) < Crd*(< 0) and (0 <)H(¢) - H(¢>_) < Cyo?

Zo

where

200 + ¢4 )0y

VsCh=mT

(<1) and Cgx<2.
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The proof is an elementary calculus exercise. It is important to recall that constants here only
depend on ¢ and ¢_.

2.2. Existence of trajectories that satisfy and the derivation of (1.14). In this section
we prove the existence of solutions of that satisfy as & — —oo. Next, we prove that
there are three possible behaviours of such trajectories as £ becomes large. The existence of these
trajectories follows directly from the results of [I], this means that we shall not need to prove some
steps, although we recall their proofs for completeness.

Namely, one obtains the following theorem by a direct application of the previous results and
a soft argument for the unbounded case.

Theorem 2.3. Given 7 > 0, ¢_ and ¢4 € R such that (1.11) with ¢. = —(¢4 + ¢—) < 0 holds.
Then,

(1) There exzists a solution ¢ € C3(—00,0) of (1.4) satisfying
lim () = 6
E——o0

and ¢'(§) < 0, for all £ € (—00,0), that is unique (up to a shift in ) among all ¢ €
¢ + H?*(—00,0) N CP(—00,0).

(2) Such solutions satisfy ¢(§) < ¢— for all & in the interval of existence.

(3) If such solutions are uniformly bounded, they exist for all £ € R and limg_,o ¢(€) €
{¢+,¢c}. Otherwise, there exists a finite £* € R such that limg_, ey~ ¢(§) = —oo.

The proofs of (i), (ii) and the first part of (iii) are a consequence of the results in [I]. We
recall some of the steps of the proof for these parts below. Thus, it remains to prove the second
statement of (iii): that unbounded solutions cannot be extended to the whole R. In the latter
case we first exclude the oscillatory behaviour (Lemma below), i.e. we show that the limit is
—00, and then we prove that this limit is reached at a finite value of £ (Lemma .

Let us first summarise the implications of the results from [I] in the proof of Theorem [2.3] For
(i), one shows a ‘local’ existence result [I, Lemma 2] on (—oo,&] with & < 0 and |€] sufficiently
large, that is based on linearisation about ¢ = ¢_ as £ = —oo. For 7 > 0, all solutions of the
linearised equation

7" + D] = b (¢_)v, (2.6)

in the spaces H*(—00,&) with s > 2 are of the form v(¢) = be*é, b € R, where X is the only real
and positive root of

P(z) =122+ 2 -1 (o), (2.7)

(see Appendix |7} Lemma . The statement can be proved as in [I1], where a genuinely non-
linear flux function has been considered. The requirement in this proof is only to have h/(¢_) > 0,
which is guaranteed by . Then we can construct solutions of the non-linear problem
on (—o0, ] as small perturbations of the exponential solutions of as in [I]. The next step is
to extend for increasing & these solutions by a continuation principle [I, Lemma 3] and show that
there is uniqueness up to translation in £ [I, Lemma 5].

Statement (ii) follows by the same arguments as in the proof of [I, Lemma 4]. Then the first
statement of (iii) is a direct consequence of [I, Lemma 6] that guarantees that under the given
assumption, the value of the limit must be a zero of h different from ¢_. We recall that for the
quadratic case, h has only two zeros, ¢_ and ¢ (that would correspond to ¢. given the condition
(1.12)), but in the current case h has three zeros. The argument in the proof of [I, Lemma 6] is
by contradiction, assuming that the constant value of the limit of ¢ is not a zero of h, hence we
obtain the conclusion in Theorem allowing the third possibility, ¢ .

As a final remark, let us mention a crucial difference for the cubic flux. For the quadratic flux
one can show that solutions remain bounded and that this implies the existence of a limit value
as £ — oo and therefore the only possible connection is to the constant value ¢, and this implies
the existence (and uniqueness up to translation in £). However, in the cubic case we cannot show
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that solutions of (1.5 subject to (|1.6) remain bounded from below. The main difference in the
arguments comes from the functional

[
H(o) = /O Wy dy = 2 + 2 4 Ap, with A=cop_ — ¢ . (2.8)

The difference H(¢) — H(¢_) being non-negative is a necessary condition for existence (see
Lemma below). In the quadratic case (and, more generally, for a genuinely non-linear flux) the
corresponding primitive has a zero ¢ < ¢, that gives a lower bound of the solutions, because in the
interval (¢4, ¢—), H(¢)— H(¢—) > 0. In the current case this is no longer true; H(¢)—H(¢—) >0
is satisfied in (—o0, ¢_), then, the existence of a lower bound is not guaranteed by this argument.
In the next lemmas we summarise the conditions on H.

Lemma 2.4. Let ¢ be a solution of (L.5)) that satisfies (L.6)) and let (—00,&erist) be its interval
of existence, where epist € RU{400}. Then

13
[ O WD G)(W) dy > 0, VE € (—00, Eunint)-

Moreover, the integral vanishes if and only if ¢ = ¢_.
As a consequence, for all £ € (—00,&erist), the following holds

0< T@F + [ SWD I dy = H6(E) - ). (2:9)

The first statement appears in the proof of [I, Lemma 4] (see also [I1] for a similar result) and
adapts the arguments of [26, Chapter 9]. The second part of the lemma follows by multiplying
by ¢' and integrating with respect to £&. The condition is on the primitive of the
corresponding non-linear function of the equation, here .

Next, we show , which is a necessary condition on the far-field values for a solution of

— to exist.
Lemma 2.5. Let ¢_ and ¢ satisfy , Then, the inequality
H(gs) — H(p-) >0 (2.10)
is a necessary condition to obtain a global solution ¢ of that satisfies both and .
Moreover, 18 equivalent to
c< ¢*  which implies ¢_ + ¢ > 0. (2.11)

Proof. Suppose that ¢ is a global solution of (1.5 satisfying (1.6) and ( . Then ) holds,
and taking the limit £ — oo yields

H(py) - /¢ YD [6](€) dé > 0.
We observe that H(¢) > H(¢p_) for all ¢ # ¢_, and in particular (2.10) holds by (1.11). The
assertion (2.11)) follows from (2.10f) by elementary computations. d

Remark 2.6. We remark that if condition ) does not hold then, Theorem - ii) and (iii)
and Lemman 2.4)imply that the only p0551b111ty is that a solution that satisfies (i) of thls theorem
is the one that has lim¢ oo ¢(§) = ¢.. This is because it is the only limiting value, of the
three possibilities given in Theorem that satisfies H(¢.) — H(¢—) > 0 (see (2.9)). For the
same reason, there are no solitary waves supported by this model, since that would imply that
H(¢_) — H(¢_) = 0 and by Lemma [2.4] this means that ¢ must be constant.

Next we show that if a trajectory ¢ that satisfies (|1.6)) becomes unbounded, then it cannot
oscillate below a certain value.

Lemma 2.7 (Non-oscillatory behaviour). Let ¢ € Ci(—00,0) be a solution as constructed in
Theorem|[2.3 (i)-(it). If the continuation of ¢ becomes unbounded, then there exists £* € RU{+o0}
such that limg_, ¢+~ ¢(§) = —oo.
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Proof. Since ¢(§) < ¢_ for all £ € R and, by assumption, ¢ is unbounded, there must exists
&* € RU{+o0} such that liI’I(l ir;f »(&) = —o0.
E=(6*)~
We have to prove that c lién) $(§) = —oco. We argue by contradiction, and assume that
—(&*)~

limg_, ey~ ¢(§) # —oo and does not exist. Then, by regularity, ¢ becomes unbounded in an oscil-
latory fashion as £ increases. This means that there exists a sequence of local minima as follows:

{&in tn>0 is increasing and satisfies £, — (6%)7, ¢’ (§,) = 0, ¢”(&0:,) > 0 and (1) < —o—

for all n > 0 and {¢(&;,) }n>0 is @ monotone decreasing sequence with lim,_, o ¢(£);) = —oc.
Observe that also h(4(€l;,)) < 0 for all n > 0, and this gives
Da[¢]( mm) - h(¢( mm)) - TQSH( mm) <0 forallneN. (212)

Lemma gives a bound for the fractional derivative in terms of ¢ and its first derivative.
Namely, there exists C, > 0 (independent of 7) such that

ID[G)(E)] < Callll ;= oo )1 1F (—oc,e) for all € € (—00,€¥)

and, in particular, for each £ = £, we obtain the lower bound

0> D[8)(Ehin) = ~Callolier 16150 oo (2.13)

min

On the other hand, considering Lemma and that qb” (&r.,) > 0, we obtain the upper bound

DO [8)(€n) < MH(ER)) < —Cald(Eian)® = ~Calldlim (oo ). (2.14)
Now, combining (2.13)) and -, we obtain
—C. ||¢|\Loo( T e X 11 SR
which is equivalent to
6152 ) < G0 Mmoo (2.15)

We obtain an upper bound on ||¢'|| e (— oo en.

min

) using Lemma H and Lemma as follows:

T

3 (6'(€)* S H(@(€) — H(#-) < Cud"(6) < 2(6(Emn)))" . VE € (—00. )

which implies

16/ Zoe (- ,sgm>—*||¢llmo( 007" (2.16)

min

Finally, combining (2.15) and (2.16) implies for all n € N that

”quLoo( 00,En, ) T_a/207

with C = 2“%. But this contradicts that lim, ., ¢(&];,) = —oc and such sequences of local

minima cannot exists. Thus it must be that lime_, ¢+)- ¢(§) = —oc. O

Next we show that £* of the previous lemma is a finite value.

Lemma 2.8. Let ¢ € C3(—00,0) be a solution as constructed in Theorem (i)-(i). If the
continuation of ¢ becomes unbounded, then there exists a finite £* € R such that

5_}}?)7 #(§) = —o0, (2.17)

and, therefore, ¢ cannot be extended to R. Moreover, the asymptotic behaviour of ¢ is given by

lim |p(§)] (" — &) = V7C (2.18)

E—(€%)~

where C' > 0 is a constant independent of 7.
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Proof. Since ¢ is unbounded, by Lemma there exist £* € RU {400} and & € R such that

lim 0€) = 0o and /(€) <0, ¥E € (61.6°) (2.19)

It is now convenient to rewrite the equation (1.5]), as a first order system by making the change
of variables u(§) = ¢(§) and v(§) = ¢'(§) for £ € (—o0,£*). This gives

u =,
v = % (h(u) — D*[u)). (220)
We first notice that there exist some &y € [£1,£*) and C,, > 0 such that
—o0o <u(f) < —¢- VL€ [£,£7), ulfo) Suf) <d- VE< & (2.21)
and
v(§) < =Cy, VEE (£,&). (2.22)

The bounds (2.21)) hold by (2.19)). Let us show (2.22)): If v becomes unbounded there is nothing
to prove, again by (2.19). On the other hand, if v is bounded, we obtain an upper bound of v'(§),
which diverges to —oo as £ — (£*). Indeed, applying Lemma Lemma and an estimate

like ([2.16)) yield

(€)= Lhu(e) - Lo ul(e)

T
2¢C

3 @ 14+«
< (@) + e u(®)

Ch 2¢C, 1
= u(©°(3 -~ e e )

Q‘]

The right-hand side of this inequality tends to —oo as { — (£*) 7, therefore, limg_, (¢+)- v'(§) = —o0.
This implies . We can adjust the value of &y by taking it closer to £* as necessary so that
both bounds hold in the same interval.

Once and are established for £ € (&g, £*), we introduce the variables

1 v
z:=—<0 and wi=—-—2>0
U U
in such interval.
We also change the independent variable, in order to absorb z in the derivative, as follows,

£ d

Yy

§ =89 — ——, s0>0. 2.23)
/go z(y) (

Notice that z < 0, thus s is strictly increasing with respect to &.
The system ([2.20]) then reads

% = —ZW
ds ’ (2.24)
% = —2u? + %(h(%) - D~ [2])23

Case I: We first analyse the possibilities of ‘extinction’ and of ‘blow-up’ for w at a finite s. Let
us assume the former: there exists a finite 5 > s¢ such that lims ,sw(s) = 0. Then, at £ < &,
given by § = sp — f&i u(y)dy, either v(€) = 0 or limg_, &)~ u(§) = —oo. The former contradicts
(2.22)). The latter case implies that either § is infinite, which gives a contradiction, or that w is
integrable in (£o,&). In that case, we have that £ = £* < oo, but also that for £ € (&, &*) there
are very small constants €; > 0 and €2 > 0, such that

€1 < —Z;Sl <& (2.25)
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and integrating gives
1 1
<u(f) <
£2(§ — &o) + 1/u(o) e1(§ — &o) + 1/u(éo)
so that &* <&, — . The constant £; tends to 0 as { — (€*)~ (because we have only used the
definition of w and the limit w — 0 in the estimate ) implying that £* = &y, but this gives
a contradiction, with the choice of £;. This implies that w cannot tend to 0 at a finite value.
Let us assume now that w exhibits ‘blow-up’. Then there exists a finite s* > sg such that
limg_, ¢« w(s) = co. Thus, for £ € (&, £*) sufficiently close to £*,
w'(€)
u?(8)

>1

and this, integrating over (&p, &), gives
1

ul@) < 7
© §— &+ 1/u(&o)
but, this implies that s* cannot be finite (using the above bound in the integral of (2.23) gives co
as lower bound) and w does not blow up.

Case II: Let us now assume that w is defined for all s € R. We shall show that 3lim,_, o, w(s) < oo,
and then apply the definition of the new variables and integrate to get the result. First, we obtain

estimates from ((2.24)).
Integrating the first equation in (2.24]), we obtain

z(s) = z0e Jow®ds 0= as s — co. (2.26)
This limit is clear if f s)ds = +oo. If f s)ds < 400, in particular lims_, o, w(s) = 0, then

an argument as for the extmctlon of w gives that elther lims—, o0 v(s) = 0, which is in contradiction
with ([2.22)), or that lim,_, . u(s) = —oo, which also implies that z(s) — 0 as s — 0.
Now, we observe that D*[u] < 0 for all £ € (&,£*). To prove this we first split D*[u](§) as

follows,

1 ©u(y) ¢ o(y)

—D[u] (&) = / dy +/ dy

da —o0 (E - y)a &o (5 - y)a
The second integral is negative because of (2.22)). And the first is also negative, since integrating
by parts and using (2.21) we obtain

© u(y) o uly) u(éo)
/,oo e “/ - y>a+1 W e g

. u(éo)
<alulel | = G g =©

Let us now obtain a lower bound for D*[1/z] = D*[u] by rewriting Lemma in terms of z
and w. We have two cases for all s > s; for some s; > sy large enough:

0< Da[ } < D(z,w) (2.27)
z
with
C&|%|17Qa if |v| stays bounded,
D(zw) =
C’a|%|1+°‘(sups>sl w)®, if |v| becomes unbounded,

for some CY,, Cy, > 0.
We now obtain bounds for the non-linear term using (2.26]). Let so > s be large enough such

that for all s > s,
. c 1
|2(s)| < mm{m,%},
then

1 1 1
0<=—S22< fzgh(f> == — —(c—(cp_ —¢>)2)22 < = for all s > s5. (2.28)
T T

3
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From (2.27) and ([2.28)) we have the following bounds on dw/ds using the second equation in ([2.24)):

% - ;;;2 —2w? — %(fz)?’D(z,w) < CC%) < % —2w?, Vs > max{sy,sa}. (2.29)
To prove that w — C > 0 as s — oo, we now argue by contradiction. First, we assume that
w becomes unbounded, then implies that w is decreasing as long as w > 1/v/27, but this
contradicts that 0 < w(s) becomes unbounded. Now, we assume that the limit is finite with
C = 0, since also lims_, o 2(s) = 0, these implies that dw(s)/ds > 0 for all s large enough. This
contradicts that C' = 0 and w(s) > 0.
The last possibility that we have to exclude is that w oscillates without limit. Let M =
SUDg s max(s1,s,} W(S) < 00, then using we obtain there exists C' > 0 and s3 > max{si, sz}
such that

% — 2w(s)? — Clz(s)[> < ‘“;’lis)

Here we have used (2.27)) and noticed that for |z| small enough we have |z|2T%, |2|? < |z]?°.
Observe that if M < 1/v/27, no oscillations are possible in the limit, because there exists
S4 > s3 such that

< — —2w(s)? forall s > s3. (2.30)

=

for all s > s4.

1 _ dw(s)
— —2M? - 2o o 200
0< = C|z(s)] <=

Then, in this case, we obtain the desired result: lims_,o w(s) = M > 0 and is finite.
Now, if M = 1/+/27, there exists s € R such that w(s) < 1/v/27, because we are assuming that
the limit of w does not exist. If M > 1/4/27, then by (2.30), with s > s3,
d 1 1
ﬁ < - —2w(s)> <0, aslongas — < w(s) <M.

ds T /27.

This means that on the intervals of s for which \/% < w(s) < M, w is not increasing, so w cannot

oscillate in this range. This implies that w(s) € (0,1/v/27], for all s > s4 with s4 > s3 large
enough, oscillating without limit.

Then, there exists also an increasing sequence {3, }n>0 > $4, where local minima of w are
attained, with dw(s,)/ds = 0, 0 < w(3,) < 1/v/27 and 5, — oo as n — oo. Let the sequence
{0n}n>0 be defined by evaluating the right-hand side of at each s =3,

1 1
0<d,:=——2w5,) < -.
T T
Again there are two possibilities: either {4, },>0 is bounded from below by a positive constant K,
or §, — 0 as n — co. In the former case, from (2.30)) we obtain that for all n,

K —C|2(5,)]** < d—w(En) =0.
ds
Applying as n — oo, we deduce that there exists ng > 0 such that the left hand side is
strictly positive for all n > ng, a contradiction.

If 5, — 0 as n — oo, then w(3,) — 1/v27 as n — oo. This means that this sequence of
local minima is converging to the supremum of w on s > s4, but this contradicts that w oscillates
without a limit and, moreover, this implies that lims_; ., w(s) = 1/v/27.

With the limit of w and taking into account its regularity, we obtain that there exists positive
constants C and Cy proportional to 1/4/7, such that for all £ > &,

w'(§)
1 < 2 (f) < (Cs.
Then, integrating over the interval (£, &) for & < &*, gives
1 1
< u(§)

Col€ — &) + L/u(%y) S CiE— &)+ 1/ ulée)’

These bounds imply (2.18)), since C; and C5 are proportional to 1/4/7, and with £* < & — %,
for some positive constant C. O
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Gathering the results of the previous lemmas we finish this section.

Proof of (iii) of Theorem[2.3 As explained earlier the proofs of (i), (ii) and the first part of (iii)
follow from the results of [I]. The proof of the last part of (iii) follows applying the previous
lemmas. First, Lemma [2.7 rules out the oscillatory behaviour of ¢ and then Lemma ensures

that (2.17) is satisfied. O

3. EXISTENCE OF UNDERCOMPRESSIVE WAVES: PROOF OF THEOREM [L1]

In the forthcoming, for every value of 7 > 0 we will let ¢, (§) denote a solution of equation (1.5))
satisfying (1.6]) as constructed in Theorem According to the three possible behaviours of such
trajectories, established in Theorem [2.3 (iii), we define the following sets of 7’s:

Definition 3.1. For every 7 > 0 let ¢, be a solution as constructed in Theorem [2.3] Then we
define the sets
Yu:i=47>0: lim ¢,(§) =—oc0 for some £* € R},
(r>0: _lm_6(© & er}

Yo = {T >0: gle o (&) = ¢c}a
Bi= {500 m 0§ =0,

By the definition and uniqueness up to translation, these sets are disjoint. If the set ¥ is non-
empty, then there exists a solution ¢, of the problem -, such that lime_, o ¢-(§) = ¢4,
thus showing that will complete the proof of Theorem [I.1}

We prove this by a shooting argument, where 7 is the shooting parameter. We divide this
section into two. In the first part we show that X, is non-empty and open and in the second we
show that X, is non-empty and then also that > is non-empty. In this final part of the proof,
we argue by contradiction; we assume that ¥ is empty, this means that 3. is closed, and using
continuity with respect to 7 > 0, where we invoke Appendix [0} we obtain to a contradiction.

We remark that we use Theorem [6.1] of Appendix [6] for our problem, that is rewritten as (6.4)
with —. This is valid on finite intervals, but, as we shall see, we can get continuity with
respect to 7 > 0 on intervals (—oo, §) using the results of [IJ.

We notice that as a main step to show that X, is non-empty we need to consider a modified
problem where the non-linearity has only the zeros ¢_ and ¢, and coincides with h in that range.
Then we can apply the monotonicity results of [I] and a new result, Theorem [3.5] that guarantees
that trajectories stay in a range where both non-linearities coincide.

3.1. The set X,. We first show that %, is non-empty:

Lemma 3.2. Consider ¢_ and ¢4 satisfying (L.11)) and (1.14). Let ¢, denote the unique (up to

shifts in &) solution of (L.B)) satisfying (1.6) as constructed in Theorem , Then, there exists
Tm > 0 such that for all T > 7, there ezists £ € R such that limg_, (¢+)- ¢-(§) = —o0.

Proof. Let us argue by contradiction. Assume that for all 7p > 0 there exists at least one 7 > 1
such that ¢, (€) is defined for all £ € R. By Theorem [2.3] we know that ¢, is smooth, ¢-(§) < ¢—
for all £ € R, and lim¢_,o ¢-(€) = ¢* € {d¢, ¢+ }. Moreover,

—p_ < P4 < P <0 (3.1)
because of ([1.14)), see also Lemma

First, we prove that ||¢;||cc = ¢— and deduce estimates on ||¢. || and on ||D*[¢:]||oo-

At this point, one has just a lower bound for ||¢;|lcc > ¢—. Then, we distinguish two cases:
Either infecr ¢, (€) = ¢* or there exists a value &min € R such that ¢ ({min) = minger ¢-(§) =:
(bmin-

First, if infeer @7 (€) = ¢* then ||¢r |00 < max{|¢*|,¢_} = ¢_ because of , and this implies
¢+ llcc = é— in this case.

In the other case, let {nin € R be the point at which the minimum of ¢, is attained. It is
enough to prove that ¢, (&min) =: Gmin € (—@_, d¢), since this implies that ||@,||cc < ¢_, because

of .
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We argue by contradiction and assume to the contrary that ¢ni, < —¢—_. Now, using that

q%zf(fmin) >0in " yields

0> h((bmin) = T(b:(fmin) +D“ [¢T](§min) > D~ [¢T](§min)7 (32)
and, by Lemma there exists C,, > 0 (independent of 7) such that
D%[671(6)] < Calldrllog ®ller IS, for all € € R. (3.3)
Then, combining (3.2)) and (3.3]), we conclude that
0> D¥[¢r](€min) = —Calldr oz (197 1% (34)

Now, Lemma 2.2 implies that there exists a constant Cj, > 0, depending only on ¢_ and ¢, such
that

Da[(b‘r](fmin) < h(¢min) < Ohd)?nin = _ChH(bTHgo <0. (35)
Combining (3.4) and (3.5)), then gives
a CQ a
6155 < 5 167115 (3.6)
h

where the constants C, and C}, depend on «, ¢_ and ¢4 but are independent of 7.
On the other hand, Lemmas [2.4] and 2.2] imply that

Z(0L(9)> < H($:(€) — H(é_) < 2|4 for all € € R,

and taking the supre2mum with respect to £ € R yields
ZI9L11%, < 2.1 (3.7)
Finally, with and (3.7), we obtain
< lge I < TR, (3.8)

with C = 2C,,/C}, > 0, which is independent of 7. The hypothesis ¢({min) < —¢— implies
that the inequalities in are strict, then, necessarily 7 < C%/ a¢2:4/ ¢
Cz/“¢2__4/a the bounded solution ¢, satisfies ||¢r|lcc = ¢—.
Observe that the estimates and are valid in both cases considered above, then
substituting ||@||cc = ¢— in them we obtain
¢ oo < 772202, and  [|DY[¢] ]l < 7T 2Ca2%62T (3.9)

We shall use these estimates below.
To complete the proof, we have to get a contradiction with the assumption that there are such
bounded solutions if 7 is large enough. For the argument, we rescale the variables as follows

E=V7X and . (6) = U (X)

. Thus, for 7 > 7, :=

such that (1.5)) reads
d2

=t T2DYW,] = h(T,). (3.10)
Then the estimates (3.9) induce the uniform bounds:
3C > 0 (independent of 7) such that |D% [V, ]|l < C,  [|¥) |0 < C. (3.11)

By Theorem [2.3(i) and its proof, for sufficiently small ¢ > 0, there exists Xy, € R such that
U, (Xo) =¢_ —e and ¥/ (Xy) < 0 with ¢_ — & > ¢, where ¢y, € (¢, ¢—) such that h'(¢n,) = 0.
Let X1 € R such that U, (X1) € (¢c, ¢m) and (¥, (X1)) = h(¥,(Xo)). Choosing € even smaller,
we can ensure that ¢, < ¥(X;) < 0 < ¢y,,. Then, integrating over the interval (X, X) and

using (3.11)) yields
b's

U(X) < U (Xo)+7 20X = Xo)+ [ WE(Y))dY.
Xo

For all X € (Xp, X1), we deduce h(¥.(X)) < h(V,(Xp)) = h(¢— —e) < 0 and
(X)) < UL(Xp) + {77%2C + h(p- — ) }(X — Xo).
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Choosing 79 > 0 sufficiently large, such that the associated T > 7, satisfies 7-%/2 < ‘h(q;;c_s)l,
implies that ¥/ (X) < 0 for all X € (X, X1). And therefore, also, ¥, decreases monotonically for
all X € (—oo, X7) with ¢, < ¥, (X7) < 0.
If ¥ is not monotone for all X € R then it attains its first local minimum at some X, > X;.
We now evaluate the energy estimate , rescaled as for , at Xin and using the bound

(3-11) for D[] yields

0 < H(Ur(Xpnin)) — H(¢-) = 7772 /

—00

Xmin Xmin
U (Y)DE[U,]dY < T_O‘/QC/ |0’ (V)| dY.

—00

Using that ¥, is decreasing in (—00, Xin) and that |V, | = ¢—, implies

Xmin
0 < H(V,(Xmin)) — H(p-) < 77/2C /_ v (Y)ldY (3.12)

=772C(¢- — Vo (Xmin)) < 277 2Co_.

Observe that, H(V,(Xmin)) — H(¢p—) > H(¢d4) — H(¢p—) > 0, since ¥ (Xmin) < ¥-(X;1) <0 and
by Lemma (indeed, H(¢) — H(¢_) has two local minima, one at ¢_ which is zero, and the
other at ¢, which is strictly positive; at ¢. it attains a local maximum). On the other hand, the
upper bound in can be made arbitrarily small by choosing 7y sufficiently large. This gives
a contradiction, thus ¥.. does not attain a minimum and decreases for all X € R.

We have thus concluded that the bounded solution W, converges either to ¢, or ¢. in a
monotonically decreasing way. We can use the previous argument again and take the limit X,.;,, —
o0 in the energy estimate, this gives

0< H(¢*)— H(p_) <1 %2C(¢p_ — ¢*) < 207 °2Co_.

However, 0 < H(¢4) — H(¢—) < H(¢.) — H(¢—) is a fixed positive number whereas the up-
per bound can be made arbitrarily small by choosing 7y sufficiently large. This gives again the
contradiction, and so there cannot exist such bounded solutions if 7 is large enough. O

Lemma 3.3. X, is an open set.

Proof. By Lemma there exists a value 7, > 0 such that (7,,, +00) C X, thus such points are
inner points of ¥,,. Then, it remains to prove that if the intersection (0, 7,,] N X, is non-empty
then is an open set.

Suppose 19 € (0, 7,,] N 2, in particular limgﬁ(gio)f $ry (§) = —oo for some &7 . We next prove
that there exists § > 0 such that for all 7 € (79 — J, 79 + ), the solution ¢, of (1.5 and (1.6
satisfies limg_, (¢x)- ¢ = —oo for some &7 € R.

We use continuous dependence on the parameter 7 on finite intervals (see Appendix @ Given
a bounded interval I such that ¢,,(§) < —¢_ for all £ € I, then for all € > 0 there exists § > 0
such that
|pr (&) — - ()| <€, for €€ and 7€ (19— 9,70 + 9). (3.13)
Let C = 2%C,/Ch, as in the proof of Lemma and € > 0 fixed. We take
§> Esup ‘= sup {5 € (—OO,f:O) : ¢TO (5) = —(max{(b_, (T(;Ec)ﬁ} + 8)}

and choose a bounded interval I by means of,

I:= {f S (fsup?fio) :

— @max{o_, (1 FC) 7T} +2) < 6, (€) < —(max{o_, (g FC) 7} + ).

Thus, there exists § > 0 such that (3.13]) holds. Then, there we take (a maybe smaller value than
the previous) & such that § < (1 —272/%)7y, and we define a sub-interval J C I such that

b (€) < —(max{d_, ((ro — 6) " 2C)7 =} +¢&) forall € € J.
Then, since |¢r, (€)| — ¢ ()] < e by (3.13),
|67 (E)] > |7y ()] — & > max{p_, ((ro — 8)~*/2C) 7= } (3.14)
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forall £ € J and 7 € (19 — 6,70 + 9) for ¢ sufficiently small.

Let us now argue by contradiction and suppose that there exists some 7 € (179 — J, 79 + J) such
that 7 ¢ 3,,. Then this means that ¢, is bounded and one can apply the first part of the proof of
Lemma see , and obtain

e lloo < (r70/2C) 7,

where C' as above. We recall that to get to this inequality the starting assumption is that ¢, has
its minimum in the interval (—oo, —¢_). Now, the inequality contradicts (3.14)), since 79 — J < 7.
Therefore, (19—6, 79+9) C X, and we have that ¥, is open with the usual topology in (0, +o00). O

3.2. The sets ¥, and ¥ : end of the proof. In this section we complete the proof of Theo-
rem [[1]

Before we state the result that we need, which is proved in Section [4] let us introduce the
modified problem:

¢! + D[¢,] = h(¢,), (3.15)

T . (¢)7 if ¢ > - \/ﬁv
h(¢) == { P(6), i &< — /3, (3.16)
where P.(¢) is a function such that P.(—+/c/3) = h(—+/c/3), P.(—\/c/3) = h'(—/c/3) = 0 and

P/(—+/¢/3) = h"(—+/c/3), and such that P.(¢) > 0 for all ¢ < —4/c/3. For example, we can
choose

with

P.(¢) = Ap* + B¢® + C¢* + Do+ E
such that A > 0 and the rest of coefficients are chosen such that, P.(—\/c/3) = h(—+/c/3),
Pl(—+/c/3) = W (—/¢/3) = 0 and P/ (—+/c/3) = h"'(—+/c/3) < —64/c/3 < 0 (these give C' and
D as a linear combination of A and B), and such that the local minimum at some ¢min < —1/¢/3
(this gives a linear relation for A and B, and choosing B very negative guarantees that A is
positive) has P.(¢min) > 0 (this is achieved by taking E > 0 as large as necessary). This last
condition guarantees that h(¢) > 0 for all ¢ < —/c/3.

Observe that at ¢ = ,\/0/737 h attains its local maximum and that ,\/0/73 < ¢, < 0, thus this
modification of h is C? at the point _\/0/73' We observe that we also denote by ¢, a solution to
this problem (for simplicity of notation), but it will be made clear to which problem such profile
corresponds.

We define, analogously to , the primitive of iL H fo y)dy. We observe that h has
only two zeros, namely, ¢, and d) , and the necessary condltlon see Lemma - .,

~ ~ ¢
0< Fi(6) - (o) = [ i)y (3.17)
holds only for ¢ € [¢,¢_], where ¢ is the zero of I;(qﬁ) - f{(¢,) that satisfies ¢ < ¢.. One can
then adapt the results of [I] to this equation subject to the far-field behaviour

Jim 6r(€) = and  lm_6:(6) = 6. (3.18)

In fact, solutions to this problem exist for all 7 > 0 and lie in the interval (¢, ¢_). We also recall
that ¢_ and ¢, satisfy the Rankine-Hugoniot condition, giving the same wave speed c as in ,
because ¢, is also a root of h.

We shall denote by ¢¢ the solutions of the equation with 7 = 0:

D[¢o] = h(¢o) , (3.19)
where h is given in such that
Jim 60(6) =6 and  lim_6o(¢) = ¢ (3.20)

These solutions are constructed as in [2] (see also [4]) and are monotone decreasing.
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With regard to the monotonicity analysis, we recall the following result of [I], that concludes
monotonicity for 7 small enough in a large interval, by comparing the solutions of (3.15))-(3.18)

for 7 > 0 small to the solution of (3.19))-(3.20]).
Theorem 3.4 ([I, Theorem 9]). Let ¢, be a solution of (3.15))-(3.18)). If 7 is sufficiently small,

then there exists an interval I, = (—00,&;] with & = O(172==) as 7 — 07, and a value £ = €2 <

& such that ¢-(€2) = ¢o(€), moreover, |6-(€) — ¢o(€)| < 7C and |¢/.(€) — ¢4(€)| < 7/ C=)C for

all § € I.. Thus for T sufficiently small, ¢, is also monotone decreasing in I,.

The proof of this result can be adapted to the travelling wave equation , without change,
since it only requires the construction of solutions on intervals of the form (—oo, £] and a uniform
bound on the solution.

From this result we have conjectured monotonicity in the ‘tail’ as well (see [1]) for sufficiently
small 7. This is still an open problem, but the conjecture is supported by the numerical compu-
tations in [12]. Instead of monotonicity, we prove the following theorem, that is sufficient for our
purpose.

Theorem 3.5. Let ¢, be a solution of (3.15)-(3.18). If 7 > 0 is sufficiently small, then there exists
a constant Cr = O(17° ) as T — 07, such that —/c/3 < po—Cr < ¢_ and ¢-(€) € (pe—Cyr,d_)
for all £ € [€;,00), where & = O(Tﬁﬁ) as T — 0% as in Theorem ,

As we have mentioned earlier, we postpone the proof of this result to Section 4l We assume for
the rest of this section that the result is true. With that we can prove the following Lemma.

Lemma 3.6. Let (¢p_, ¢ ;c) satisfy the Rankine-Hugoniot condition and with ¢, =
—¢_ — ¢4 If T > 0 is sufficiently small then there exists a solution ¢, € C3(R) of the problem
(L.5) and [B3.18). It is unique (up to a shift) among all ¢, € ¢_ + H?*(—00,0) N CZ(R). In
particular, this means that the set %, is non-empty.

Proof. If 7 > 0, the existence of solutions to (3.15)-(3.18) is shown as in [I]. We now use The-
orem and Theorem [3.5] in particular, for such sufficiently small 7, these solutions satisfy
—\/¢/3 < ¢-(€) < ¢_ for all £ € R. In this range of ¢’s, h and h coincide, thus, these solutions

are also solutions of the original equation (1.5, since they satisfy (3.18|), and this finishes the
proof. O

We are in the position to complete the proof of our main result.

Proof of Theorem[I.1] Throughout this proof, C' denotes a positive constant of order 1 which is
independent of 7 and of any other parameter or small constant that may be used.

We have to prove that X, is non-empty. We argue by contradiction; let us assume that ¥, = 0.
Now, by Theorem we have that ¥, ¥, and X, are disjoint, and that ¥, UX, UX. = (0, +00).
From Lemmas and we then deduce that the set 3. must be closed in (0, +00). This
implies the existence of a 79 € X, N 93, such that, for all § > 0 the set X, N (19 — 0,79 + 0) is
non-empty.

Since 79 € X, the far-field behaviour of ¢, is given by . We recall the construction
of solutions (see [I, Lemma 2]) satisfying (L.6): For all 7 > 0, let A, be the positive root of
722 + 2% — h'(¢_) = 0 and for any € > 0 let also I, = (—00,&, ] with & . = loge/A,. Then,
there exists an order one constant C > 0, such that

¢7’ S ¢— + Hz(L—,e)a ||¢7' - ¢— - eAT£HH2(IE) < 052 .
We conclude, that for all € > 0 there exists J. > 0 and £°, defined by

loge
€ = inf { },
E TE(T0—0c,70+0¢) )\-,—
such that, for all 7 € (79 — ¢, 70 + J¢),

|97 (€) = D= ()], |95, (€) — ¢-(E)] <&, VE<E.
At this stage, we can apply Theorem [6.1] as explained in Appendix [0} about continuous depen-
dence on finite intervals, to get possibly a smaller neighbourhood of 7y for which solutions and
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their first derivative remain close, by an order e constant, to ¢,, and its derivative, respectively,
in a much larger interval (—oo, &5 ] with & > &°.

Now, we follow the steps of Appendix [8] . to solve the equation implicitly as in for a =
—h'(¢e) > 0. For convenience we also introduce the notation

h. = (¢e) < 0. (3.21)

We split the interval of integration on the non-local operator D*[-] at & . Thus, the integral
part for § > &7 can be considered as a classical Caputo derivative, while the remainder is treated
as a known inhomogeneity. This gives

o ¢ ()
7 o _ — _p _ To77
TO¢T() + Dﬁio [¢TO] hc¢To h(¢T0) hc(bTo da /—oo (g _ y)a
For convenience, we can shift the independent variable as n = £ —£7 and introduce the function
@TO (77) = ¢To (5) - ¢C~
Applying these changes of variables to (3.22)) gives the equation
7007 (1) + DG (27, (n)] — he®ry (1) = Q(n;70)

where @) is the term that contains the remainder terms of the new formulation, namely,

Q(U%To) = h(¢m(77 + 57’0)) - d / (I)/

We can rewrite this term, using the explicit formula (|1.5]) of h, as follows (We shall use this notation
below)

dy . (3.22)

Q(n;m0) := (®ry () + 36c)(Pry (1))* + R(n; 70) (3.23)
with
SR A S O
R(n;m0) = —da /m =) dz. (3.24)

Once we reach this point, we can write the solution @, implicitly for all n > 0 as follows:

n
! /0 V' (r;710)Q(n — 7570 dr (3.25)

By, (1) = oy (01 )0 70) + — @, (07 )0/ (35 70) + i

h

where v(n; 79) is the solution of the homogeneous equation
100" + D [v] — hlv =0 with v(0;79) =1, v'(0;79) = 0.

The main properties of this function v(n;7) are given in Appendix [§| (for any 7). Indeed, by
Lemma v(n; T) is continuous with respect to 7 > 0. Thus, we obtain the same continuity with
respect to 7 for since, in particular, v'(n; 7) and R(n;T) are continuous at 7y as well.

Now, as explained above, by continuity with respect to 7 around the value 7y, we have that for
all € > 0 there exists J. > 0 and an interval (—oo, &5 ) such that, for all 7 € (79 — ¢, 70 + J:) and
§ € (—00,&5)s |97 (§) — ¢-(§)| < e. Now, since ¢5,(§) — ¢ as & — oo, by taking d. smaller if
necessary, we can take £ large enough so that ¢, (&) is close to ¢.. Moreover, again, by continuity

and making d. smaller, there exists 570 > ETO, such that [¢r,(§) — ¢c| < € and |¢, (&) — d-(€)] < e

for all 7 € (19 — 0,70 + 9:) and & € ( To,f ). We can achieve

€

&, — &, =0(/e) ase— 0%, (3.26)

70

by taking J. smaller if necessary.
By assumption, 19 € 03, ¥, is an open set and ¥ is empty. That means, that for all € > 0,
there exists 7 € (19 — d¢, 70 + 0:) N X, with
—€
600 (6) = 6=(O)] < 26 forall € € (£5,,E,). (3.27)
This 7 is not unique, it depends on € (via d.), we skip this in the notation for simplicity, but
we have to bear in mind that by taking other values of ¢ there is always such a 7.
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By 7 € ¥, and Lemma [2.8] there exists £, hence n* := & — 5, such that
_CVT

D=(n) ~ , as n— (). 3.28
)~ == (3.28)
Then ®=(n) = ¢=(n + &5,) — dc, in the interval of existence, can be written as
_ 1
Be(n) = (0 )o(7) + RO T + 5 [ Q- dr, (329
c c JO
where necessarily n < Eio — &5, <n* =& — &, where £ depends on 7.

If we take into account this behaviour in , in terms of 7, we notice that the first two terms
in are uniformly bounded by a constant proportional to e: this is because v(n;7) ~ n~% and
V' (1;7) ~ =1+ as  — 0o (see Appendix |8 Lemma , and by |®7(0)| < € and |9L(0)| < C,
where this holds by continuity in 7 near 7.

The integral term in with R(n;7) i.e. the linear part of Q(7;T), can be controlled again
by continuity with respect to 7, since, by construction, this term is close to the one for 7y (observe
that this term corresponds to the solution with £ < £ that is given and close to ¢, in (=00, &5 ]).
On the other hand, the integral term with the first two terms of Q(7;7T) govern the asymptotic
behaviour for large n but with n < n*. Let us make this more precise.

Let us assume that n < n* and let m > 0 be a small number (that we relate to € below), and
M € (m,n). Then we can split the integral of in the following four terms:

/n V'(rT)Q(n — i T)dr = /m V' (1, 7)(@=(n — 1) + 3e) (Pr(n — 1)) dr (3.30)
0 0
M
+ / V' (r;7)(@=(n — 1) + 3¢e) (P=(n — r))zdr (3.31)
* /" V' (r; ) (7(n — 1) + ) (Pr(n — 1)) 2dr (3.32)
M
+/0 V' (r;T)R(n — r; T)dr. (3.33)

Take m = eP with p > 1/2, and M = O(1/e), the latter is possible by (3.26]). This last condition
allows to control the term by an O(e) constant: since in this range ®5 satisfies , the
non-linear term contribution is quadratic. The last non-linear term is controlled by the
behaviour of v’(n) for large n (v/(n) ~ 7~ 1+ as n — oo and n > M = O(1/¢)) and also by the
fact that in this range ®= is small and the non-linear contribution is quadratic. As mentioned
above, the last integral can be controlled by continuity with respect to 7 in v and R, since
this is a perturbation of the similar term in equation (3.25)), but ®.,(n) — 0 as n — oo, thus it
must be smaller than a constant of O(e).

Thus, except for the first integral term, which is the right-hand side of , all other terms
stay below (in absolute value) a constant of order ¢ (as a consequence, mainly of and the
behaviour of v for large 7).

Suppose that n* = n + C. where C. > 0, let us see how the behaviour of such distance to n*
can be estimated in terms of €. The right-hand side of can be estimated as,

m 2 —
[ @t =) + 30 (@etn - | < SV
0 (n* —n)?
where we have used (this is the worst case scenario, where the dominant term of the non-
linear part is (®-)3), and, see Appendix Lemma that

!

V' (r;T) = O(%r) asr — 07,

in particular v'(r) < 0 for small, but positive, values of r. So as long as (n* —n) > C. with

C. x &% (7)1/6, the first term in (3.30) is smaller in absolute value than a constant of order e.
Then, putting together the estimates on all other terms of (3.29), we obtain |®=(n)| < C.
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Then we can take 7 larger, thus closer to n*: Indeed we can get a smaller m, by taking p larger,
to guarantee that |®+=(n)| < eC by keeping C, 5%(?)1/6, which is the distance to n*. Thus
the quadratic behaviour of the non-linear term is valid for as close as we want to n — m, since we
can keep |®+(n)| < eC', thus the estimates on the other terms of can be done as before for
the new 17 and m. We can repeat the process for n closer and closer to n* by taking a larger p for
any €.

On the other hand, before blow-up, but close to it, we have that there is a constant C' propor-

tional to /7 but independent of ¢ (see Lemma), such that [¢=(&)| > CVT/(£* =€) near

&*, or in terms of the variable n

Ve

|@7(n) + ¢e| > C .
(n* —n)

The previous argument allows also |®+(n)| < eC near n*, but then, this would imply that n*—»n >

C+/7 which contradicts the previous estimates, unless 7 (hence 7p) is very small (by making the

balance /7 ~ ¢ 75 (7)1/6 gives that 7 ~ 2P—1). If this is the case (taking ¢ smaller) then 7 € ¥,

by Lemma |3.6] which gives a contradiction. O

4. CONTROL OF THE MODIFIED PROBLEM FOR SMALL 7: PROOF OF THEOREM

In this section we prove that solutions of -, provided that 7 is sufficiently small,
remain within the range where h and h coincide. As before, we use the notation ¢, for solutions
to this problem which are constructed as in [I]. Throughout we adopt the notation of Theorem (3.4
and assume that 7 is small enough so that the conclusion of this theorem applies.

At this step, we introduce the implicit formulation for the equation that is used in the
proofs that follow. We write the equation as the linearised equation around ¢. together with the
remainder terms as we did in the proof of Theorem We notice that such formulation for
equation is similar, with the obvious changes; the linearised part being the same for h and
h. The difference is the choice where we take the shift on & that defines the new variable 7 (for
which we use the same notation) in the current case. As before, we use the notation

hy = h'(de) = 1 () < 0.
For the proof of Theorem [3.5] with 7 sufficiently small, we shall let § € R such that §, < &,
and, by Theorem such that
¢r(€0) — ¢c > 0. (4.1)

We can take &y sufficiently away from &, to guarantee that |¢.(&)| < 1 (by the exponential
behaviour as £ — —oo) although it is not necessary; it will be enough to have |¢” ()| of order
one for 7 small. In particular, with such choice we know that ¢/ (£) < 0 for all £ < &y, but also

for &y < € <&,
Let us split the interval of integration of the non-local operator at this &y, which gives, as before,

" a N _ 7 ! _ o ¢{r (y)
T(b.,. + Dgo [¢T] hc¢r - h((b‘r) hc¢'r da (5 — y)a dya (42)
where we have used again the notation
3 /
9' )
D¢ lg] = da/ = dy.
&Ll & (E—y)>

And the translation of the independent variable is done by means of n = £ — &y and, as earlier, we
introduce the dependent variable

(I)T(n) = ¢T(§) - d)c- (43)
Applying these changes of variables in (4.2)), give the equation:

T®7(n) + DG [2+(n)] — he®r(n) = Q) (4.4)
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where @ is defined, similarly as before, by

Q) = hintn-+ &) — el —do [ 2 (4.5)

—0o0 (77 - Z)a
Again, we can implicitly write the solution to (4.4))-(4.5)), by Appendix [§ and, e.g., [9]. This
gives

T 1 [
B (1) = @0 )oln) + 10T + 5 [ 0)Q - v)dy (146)
c c JO
where v is the solution to the homogeneous equation
" + D§v] — hlv =0 with v(0) =1, v'(0) = 0. (4.7)

For simplicity of notation, we shall not write the dependency of v and @ on 7 throughout this
section, since essentially 7 is fixed.

We recall that the properties and behaviour of v and its derivatives are given in the Appen-
dix Lemma Observe that v is the same for both linearisations of the associated problems

(1.5) and (3.15) at ¢ = ¢.. We shall need the following lemma.
Lemma 4.1. If ®(n) <0 in the interval (—o0,0), then for n > 0:

0 / /
|27 (2)] c  C'o(n)
dz < + 4.8
/_oo (n—2)~ not ne 4.8)
and .

|7 (2)] c
T dz < . 4.9
/_00(77*2)0‘ Tl (4.9)

Moreover, for the modified problem (3.15))-(3.18]), we have the following upper and lower bounds,
there exists Cy, > 0, such that

0 —d' (2
Qn) > —%@3(77) +dq [M mdz (4.10)
for any 0 < M < o0, and
Ch g2 ¢ (=94(2)) Ch 2 o
Qn) < 5 27(n) + da /m = 2) dz< 5= @7(n) - D [®,](07). (4.11)

Proof. Observe that and are obtained as in [I3]. The last estimate might be used for
small values of 7, and the first one for moderate or large values of 1. The constants C in both
estimates are at most of order one, but we cannot guarantee that they are small.

The last two inequalities and , simply follow by applying Taylor’s theorem to ﬁ(qﬁ)
centred at ¢, since there exists, for each n > 0, qZS,] € [infeer ¢r, ¢—), such that

; : _ W'(ow) >

W60 00+ 65)) — e ) = 20 @ )2 (112)
We recall that solutions of (3.15)-(3.18) lie in (6, ¢-), where é < ¢_ is the other zero of (3.17).
Thus infeer ¢-(§) > ¢. Then [h"(¢)] < maxyez 4 1 R ()] =: Cp. O

Proof of Theorem[3.5. We recall that lim¢_, o ¢-(§) = ¢. and using the information from Theo-
rem [3.4] we can take £y < &, where &, is given in this theorem, such that for 7 > 0 sufficiently
small, and since ¢/ < 0 in (—00,&;), (&), ¢’ (&) are of O(1) if not smaller as 7 — 07, and
certainly we have

- (&0) — de > 0. (4.13)
We shall need to estimate @ in (4.3]), for which we shall then use the equation
T 1 [
BL(0) = 2,010/ (0) + L8070 () + 5 [0 )Q0 - ) dy, (1.14)
c cJO

that results from differentiating (4.6) and using that v'(0) = 0 by (4.7).
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We will use the results of Lemma In particular, we know that v'(n) < 0 for all n if
7 is sufficiently small, that v”(n) < 0, holds for 7 sufficiently small and for n < %ipex With
Ninflex = O(Tﬁ) and that v”(n) is non-negative otherwise, see (8.13)).
Step 1: Let n := £ — &y, which we consider to be large. In the first step, we need to obtain a
bound for | P, (n)Ninfiex| for 7 > Ninfiex When 7 is sufficiently small. Therefore, we consider
and using the estimates of Lemma ((8-13) in the integral part, and (8.14)-(8.15) for the other
two terms), and the boundedness of @, which follows from (4.11]). Then, we obtain for 1 > ninfex
and 7 sufficiently small

| ()] < |®,(07)0! () + — B (0F)0" ()] + L, /n W (W)||Q(n — y)| dy
‘hc| 0

h!
c
K(T) C«/ Ninflex n
<af o ([T e [T vwa)
n c 0 MNinflex
K(r) 20"
S C — (= inflex
Nna+l+ T+|h/c|( U(nﬂ ))
S, TMinflex - T%.

i
Here we are applying the knowledge we have on the sign of v” and we are interested in obtaining
a bound of the derivative depending on 7. Notice that this bound, despite having a negative
exponent, is better than the one we obtain from the energy estimate which is of order 71/2
for 7 sufficiently small.

Consequently, we obtain the following estimate, which we will need below, for n > Minflex,

DL (0)| Minlex S 77 as T — 07 (4.15)

Step 2: In this step we take advantage of the behaviour of v’ near n,q0¢ for 7 sufficiently small.
We prove that v behaves as an approximation of the Dirac delta distribution at 7;,g¢« and then
we can approximate [ v'(y)Q(n — y) dy by Q(1 — Ningex) for  sufficiently small. In fact, in this
step we prove that for 7 sufficiently small, there exist an order one constant C' > 0 such that

1 ("
‘hf, / V'(Y)Q(n —y) dy — Q1 — Minflex)
c JO

First, we compute the maximum of (—v’), which is attained at the inflection point Minfiex-
Evaluating (—v') at Minfiex, and using Lemma (8.17), we obtain

Ih| 1 I
O < — / inflex ~ el inflex — 0V < ¢ N « ~ 2—« B
( v (77 fle )) - Tinfle (3 — Ck)(? — a) 72 Minflex T

as 7 — 0. Notice that for 0 < a < 1, the previous exponent is negative, implying that this
maximum tends to +oco as 7 — 07 and the inflection point 7i,aex approaches 0.

Next, we derive the rescaling by first translating the original variable 1 by 7i,aex and considering
the behaviour of v’ for small values of 7 > 0, in particular, for 7 < 1 < Mipflex. Using the
asymptotic behaviour of v' as 7 — 07, we have for very small values of 7

< Cr=a. (4.16)

i, lhel 1 hel 5-a
(=v'(m)) ~ ==n Boa@—a) 2"
lhel 1 lhel 3-a
~ Thinflex 2 linflex
T B-a)2—a) T
|hel 1 Jhel 2 (4.17)

+ (T - 2 _ o 72 ninﬂex) (77 - ninﬂex)

a—1 1
~ CiT27« + Cz;(ﬂ — Ninflex)

such that 17 € (Minflex — €, Ninflex + €) for some small € > 0.
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Let us define, for convenience, the function

O(1 — Minflex) 1= (—U’(n)),
then we observe that

1= / (ol () dn = / " 50— thution) dir. (4.18)

Now we use (4.17) to motivate the following definition (or rescaling of —v’):

1 7 — Tinflex
(—U/(U)) = Tia w( T ) = w'r(n - 77inf‘lcx) s

T2—a T2—«

such that 1 € (Ninfiex — €, Minflex + €) for some small £ > 0.
To analyse the mollification, we now consider the expression

o= [ - = i [Mrwem - i

1 N
= a1 /0 39 — o) Q01 — )Xp0m) () dy

= /(; f)(y - ninﬂex)@n (77 - y) dy7

where @n(z) = |hl,|Q( )X[0,7(n — 2). Thus, we integrate at least over (0,00) to apply (4.18)

c

@n(z) = / o(y — ninﬂex)@n(z) dy for z € R. (4.19)
0
Since ) and, hence, @n are locally integrable, Lebesgue’s Differentiation Theorem implies that
1 z+r o
tig o [ Q) Q2 dy =0

for almost every z € R. In particular, note that the previous identity holds for @ as well.
1
Now, for a fixed n > 0, 7 > 0 small enough and r < %T z—a  applying the change of variable

z=mn—1y and m, we obtain
(77 77mﬂex>|

- ‘ / (= + i) (@ (2) = @y (1 = Minsen)) 2]
a ‘ /B(n —— wr (11 = (2 + Ninfiex) ) (Qy (2) — Qy (1 — Mintiex)) d2

/ (77 - (Z + nlnﬂex))(@n(z) - @7](77 - ninﬂex)) dZ‘ .
B(n—"inflex,T)°

On the one hand, by applying the inequality rrar < 1/2 and the Lebesgue’s Differentiation

Theorem, we obtain the following estimate for a constant C' > 0,

|/ r (1= (2 o)) (@, 2) = @y (1 i)
B('r/ Ninflex,T)

/"] Ninflex +7 (M
n

)|@n(2) - @77 (77 - ninﬂex)|dz

— 1—a

T2« —MNinflex —T T2-«a

Joem (4.20)
< COrsar —/ (@0 (2) = @y (1 — Minsiex)|d2
(27" B(nfninflexvr) ! ! ) )
Cr7=s 1 — — +
ST o Q4 (2) = Qy(n = thiniex)|dz — 0 as r — 07

B(n—"ninflex,T)

On the other hand, we analyse the complementary part as follows. First, we determine the
complementary of B(n — Ninfiex,”) and work on the original variable of integration, we do the
change of variable y = n— 2. Then, in the first inequality we apply the estimates on the behaviour
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of v’ (8.14) and (8.17)). Finally, we can apply the uniform bound for @ derived from the inequality
(4.11)), since ®. is uniformly bounded in this scenario, and yield the following estimate for some
positive constants C' and C’ holds as r — 0F:

/ 50 = (= + Mhaten)) (@ (2) = @y (0 = Minsen)) 2|
B(n_ninflex v"")c

—Ninflex+T

— ‘ /lmnﬂexr n /n” 0(n = (2 4 Ninflex) ) (@, (2) — @, (1 — ninﬂex))dz‘

MNinflex —7 o o
= ‘ / +/ f)(y - ninﬂex)(Qn(n — y) — QU(T] — ninﬂex))dy‘
Ninflex+7 0

< / A @409 - Q1 )l (421)

inflex +7
- Ninflex —7T Y = o
+0/ ;|Qn(n_y) _Qn(n_nlnﬂex”dy
0
ClK/(T) + C2(ninﬂex - ,r)2

o (ninﬁex + r)a T
22(1 22
T2 T2-« o
<C +C’ ~ TG,

Consequently, combining (4.20) and (4.21) gives (4.16]).

Step 3: In this step we use the previous steps to estimate from below and from above for
n 2 7=/ 2=9) for 1 sufficiently small.

Recall that n = £ — & and note that £ < &, is not necessarily large. Consequently, at
17 =0, &, and P/ are not necessarily small. However, by Theorem (3.4} ®, is decreasing up to an
Ny =& — & = O(1~Y2=) for 7 > 0 sufficiently small.

Using equation , we establish the bound

_a 1 n _a
QN — Minlex) — CT7-8 < ﬁ/ Q(n —y)v'(y) dy < QN — Minfex) + CT7=5 (4.22)
c JO
for 7 > Ninflex- Next, we consider the behaviour of v and v’ for small values of 7, (8.14)), to yield
T C:
F(n) = @707 )o(n) + 57 @ (07)v"(n) ~ e (4.23)

for n > Ninflex, where C = 0(7'22%&) as 7 — 0%. Applying the previous estimates ([4.22)-(4.23)) to
the variation of constants formulation (4.6]), we obtain
F() + Q1 = Mhinfiex) — CTT% < (1) < f(0) + Q1) = Thinfiex) + CTF5 .

Applying the Mean Value Theorem to @, on the interval [—ninfiex, 1], there exists 77 € (n—Ninfiex, 1)
such that

f) + QN — Ninflex) — Cr== < Do (N — Ninflex) — (I);—(ﬁ)ninﬂex < f(m) + QN — Minflex) + Cr>os .
Using the bound (4.15)), we obtain

f(ﬁ) + Q(?? - ninﬂeX) —Cr7= < ‘?T(Tl - ninHBX) < f(ﬁ) + Q(ﬁ - ninﬂeX) + CTﬁv (4'24)

for 7 sufficiently small.
Before we obtain bounds on the term Q(7) — 7inflex), We recall its definition,

-/ (2
(o)
7 — Ninflex — Z)a
here the integral term is positive since @, is initially decreasing. For large n and a fixed M > 0,
we use Lemma [L.1] to obtain the estimate

¢’ 0 (—27(2)) c
0< <d, / T dz < , 4.25
(77 — Minflex + M)a — 0 (77 — Minflex — Z)a (77 - ninﬁcx)a ( )

)

0
Q(Tl - ninﬂex) - h ((I)T(T} - ninﬁex) + ¢c) - h/c(I)T(n - ninﬂex) + da / (
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where C' = (=®,(0%) + ¢_) and C" = (=®,(0") + ®,(M)) are positive. These upper and lower
bounds can be combined with the f(n) term but the constants here are not necessarily small,
however, note that we are considering 7 large.

For the term involving h, there are two possibilities depending on its sign. Observe that h is not
convex. In fact, h”/(¢) =0at ¢ = 0and ¢, < 0 < ¢g. Ifh (P (7 — Minflex) + Pe)—PLPr (N—Tinflex) =

0, then () remains positive, but, since we know that ®.(n) — 0 as n — oo, there exists a larger
n such that h ((I)‘r (77 - ninﬂex) + (bc) - h/cq)‘r (77 - ninﬂex) <0. In particular, for 7 — Tinflex ™~ T} W€
obtain to this region: applying the inequality

|- (n+&0) — do(n+ &) ST, for 1,

from Theorem we derive that for sufficiently small 7 and 7 large enough (but with n < n, =
O(r= 1)),

[P, (n)] < [¢r (74 &) — Go(n+ o)l + |po(n + &o) — del ST+ CENNCE

Thus, for 7 sufficiently small, ¢, can be made arbitrarily close to ¢, with ¢, decreasing.
For such 7’s in a neighbourhood of 7., we approximate this term by the quadratic expression

h (@7 (1 — Ninflex) + Pe) — h/c(I)T (N = Minflex) = ﬁ”(&)cpi (N — Ninflex) » (4.26)

then @ can change sign and, in this case, ﬁ”(q@) < 0 (depends on 7). Since we know that @, is
bounded then

Subsequently, using the previous estimates (4.25)-(4.27)) in (4.24), we derive,
Fy(n) — |I~1§;ax|¢)72—(77 — Minflex) — Cr7e < P (1 — Ninflex)
< F1<77) - ‘B;‘:un|(b3—(n - ninﬂex) + C'Tﬁ7

where
1 0 (=97(2)) 1
0<—~F2(n)§f(n)+da/ = dz < Fi(n) ~ —.
ne —oo (M= Minflex — 2)° ne
Hence, we conclude the following inequalities, rewriting as X = ®, (1 — Minfiex) and considering,
by continuity in 7, n > 7=~ (but not too away from 7,) to yield = < 7/(=)

—Cor7a — (L X2 < X <Cy7178 — (1 X?

for C1,C5,C; and C, positive constants. Hence, if we analyse both inequalities and if 7 is suffi-
ciently small, so that the term Co72-< is small, then both parabolas have real roots and since X
is positive initially, we obtain the inequalities

—14+V1—4Cyrz=aC, - —14+V1+4C77a 0y

<®’T — Tfinflex) >
50, < Q- (7 — Ninflex) 20,

for 1 in a neighbourhood of n,. We can extend the argument to all n > n, by continuity of 7,
because guarantees that we can extend the previous estimates: notice that the negative
root tends to zero as 7 — 0 and the same happens for the positive root, implying that ®.(n)
remains close to 0.

Therefore, this allows to control the possible oscillatory behaviour of ®, and, consequently, of
¢, for 7 sufficiently small, ensuring that ¢, remains in the region where h = h. O

(4.28)

For completeness we give the following result on the asymptotic behaviour of solutions as n — oo
for monotone solutions:

Proposition 4.2. If 7 > 0 is sufficiently small and ¢, is decreasing then
lim |¢7(£) — ¢cl€™ < +o0.
£E—o0
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Remark 4.3. In the proof of this proposition we take &y, the shift where we split the non-local
term, very large. Then we can derive equation — similarly and use the implicit formulation
. We shall use the same notation, but now since we are assuming that &y is very large and
that ¢, decreases, then the corresponding initial value for ®,(0") is very small.

Now, in this case, by Lemma (410, as long as @, decreases and stays positive (¢, > ¢.)
but close to 0 (so iz(qu) < 0, but small) then @ is positive,

Ch O, (—M) - &.(0F)
Q) 2 =@+ (07" + da =0 3

2
The first term is dominated by the second if we take M > n and large enough, but such that
M < (®,(0%))72, since we also have that 0 < —®,(07) + &, (=M) = —d. (&) + ¢ (& — M) <
¢— - ch-

Proof. We fix 7 sufficiently small such that Lemma of the Appendix holds, in particular
0 <wv(n) <1andv'(n) <0 for all n > 0.

As said in Remark we use the implicit formulation (with the same notation as before,
for simplicity). Since here we assume that ¢/ < 0 we take & > 1 (and possibly larger than &, of
Theorem above). The assumption implies also that ®, > 0 and that ®/ < 0. Then we follow
an argument similar to that in [13]. Here we can take, if necessary, ®,(0") as small as we want,
by assumption. This means that we can choose the shift & a posteriori to get the result. For
simplicity of notation we denote

(4.29)

0<6:=o,(0).
A lower bound is obtained by applying that Q(n) > 0. Notice that this is possible for very small
§ and large 7 so that M in ([4.29) can be taken 1 < n < M and M% < §~2. Then:

T (0T
@ () 2 () + "2y
c
and this is valid for very large n with n < 6=2/®. The second term is negative, but for all n > 7’
such that

, o T 2L(0F)
TS T
then there exists C' > 0 such that
®,(n) > Cn~ forl < n< o /e, (4.30)

with § < 1 sufficiently small. Here we are using the behaviour of v and its derivatives given in
Lemma of the Appendix Notice that 1 is not necessarily large and both conditions on 7
are compatible, because 6 = ®,.(0") > C|®.(0")| and then for 7 small enough |®.(01)|7/|hL| <
62/=1  Let us obtain an upper bound. Since the second term in is negative, we have

1

n
®(5) < 50) + 37 [ V(Q—r)dr.

Then, we can apply the estimates (4.10)-(4.11]) of the Lemma on Q. But we may split the
integral into several parts. Before that, let us introduce the notation

fim gy [0 (16nt =1 &0) — it = 1)) i

n 0 —P' (2
I : da v’(r)/ wdzdr.

A coo (=T = 2)2

We observe that, by hypothesis, we can start for a & large enough such that 2" (¢(&)) < 0 so that
I; <0 is non-positive. The assumption on ¢, being decreasing up to & also implies that Iy > 0.
Then we have that

P, (n) < dv(n) + L. (4.31)
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We obtain an upper bound for I5 using (4.8]) and (4.9) of Lemma and splitting the interval
of integration at some R > 0:

R / / /4 _ n /
I < d;/*/ '(r)C : ' (r)C" @, (n r)|d7’—|— d# Cv'(r) dr
Wy =) UEGE e TR
R? C o (n—R)\ Cor1 1 '
< (O, Pl
<G 27((777]%)“*1 (n—R)> )+ a (Ra 77‘1)

Now, we take R depending on 7, once that 7 and ¢ (taken as small as necessary) are fixed:
R(n) = (on)*/?, for o € (0,1).
We take o such that R(n) < 1. In particular for each n we have
o<n . (4.33)

1 1 \2/a 1
() g
R R~ R?
The previous estimate and inequality (4.32)) applied to (4.31)) yield, for some order one constants,
R? C R? Cy|®,(n— R Cs; 1 Cy 1
2r (n—R)**tL 27 (p—R)~ a R?  an

Therefore, we can deduce the following upper bound from (4.34)) and using (4.33)), where the worst

case scenario is o o
(1-520") @) < =2,
770(

Then we can say that

() < ov(n) +

2T
for some C5 > 0 of order one, and, therefore, it is sufficient to take o small enough such that
o</, (4.35)

Since, we can choose 6 = ®,(0") arbitrarily small once 7 is fixed and we have (4.30)), we can
conclude that for 1 < 1 < 6~%/“ (large enough but in this range), we can take o satisfying (4.33)
and (4.35)), then there exists C' > 0 such that

C
d,(n) < = forl<n<ds /e (4.36)

/'705
Finally, taking the limit £y — oo implies that § — 0 so we can increase the range of 7 in the limit
and we obtain the result. d

5. NUMERICAL COMPUTATIONS

In this section we show numerical simulations that confirm the existence of solutions of —
for a value of 7 > 0 under the assumptions and (L.14). The numerical experiments are
intended as a complementary tool to illustrate the role of 7 as a shooting parameter in the proof
of existence. For definiteness, in this section we consider

¢* =1, d)Jr =—0.6 ((bc = _0'4)7 (51)

such that all conditions for a non-classical shock wave are satisfied.
First, we show numerical computations of (|1.5)) performed with the method described and
analysed in [I2]. Rewriting the travelling wave problem (1.5) as a system making the change

P = ¢ gives

¢/ =1,
3 .
! = h(g) - da[ @1/’_(32)“ dy. (5:2)

The singularity of the integral term D*[¢] is removed by using integration by parts and taking
into account the regularity and far-field behaviour of ¢, which implies that

Sy LS
/_oo(g_y)ady—l_a/_mw@)(ﬁ y) " dy. (5.3)
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The initial value problem (5.2)-(5.3) is solved by a scheme using the Heun’s method (see e.g. [8]).
For more information on the numerical scheme see [12].

Next, we proceed by shooting with respect to 7 as follows. First, we identify two values of 7, 7.
and 7, such that 7. € ¥, and 7, € 3,,. This is done by integrating the equations for a long enough
interval, typically of length 500, then if the solution approaches the value ¢, = —0.4 in the tail,
we assume that the corresponding 7 is in X.. If the solution decays to negative values beyond say
—10, then we assume that the corresponding 7 is in ¥,,. This operation allows to choose initial
values for 7, and 7,. Then, we start an iterative process, which consists of computing the solution
for 7, = (74 + 7¢)/2, and apply the same criteria to either set 7,,, = 7. or 7, = 7,,. We repeat this
process as long as |7, — 7| < 10e715.

Figure [I] shows solutions for a = 0.9, in this case the iteration stops at the value 7 &~ 2.80018.

0.8 4

0.6 4

0.2 b

-0.81 b

L L L L L L L L L L
-20 0 20 40 60 80 100 120 140 160
g

FIGURE 1. o = 0.9 and 7 =~ 2.80018

Figure [2| shows solutions for @ = 0.5, in this case the iteration stops at the value 7 =
72.821821443764975.

0.6 4

0.4 b

-100 0 100 200 300 400
g

FIGURE 2. o = 0.5 and 7 =~ 72.82182
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6. APPENDIX: CONTINUOUS DEPENDENCE ON T

In this section, we prove the continuous dependence on the parameter 7 using the general theory
for functional differential equations, see [16] 28] §2]. After rewriting the problem as a functional
differential equation, we check that the necessary hypotheses are fulfilled in order to apply the
auxiliary lemmas and the continuous dependence result from [16, §2].

First, we rewrite as a system of first-order delay functional differential equations

¢ =1,

3

To study the continuous dependence of solut1ons on 7, we add 7 as an independent variable.
However, it is easier to consider instead of 7 > 0 its inverse v := 1/7 such that the augmented
system of first-order differential equations reads

¢ =,
3

o =) -vdo [ 0y, (61)
v =0.

To frame this system as one of functional differential equations with finite delay, we split the
integral term at —r for some > 0:

S Yly) [T Wy ¢ Y(y)
/m@—y)ady / E g +/T@—y)ady

The first one is treated as a known function of £ as long as £ > —r, while the second denotes the
fractional derivative from —r and one needs the initial data to be given on (—r,0). Without loss
of generality, we consider the function ¢(£ —r) to be given for £ € (—o0,0) and split the fractional
derivative in two parts as before and applying the change of variable ' = y + r we obtain

E+r / /
y — 7‘ - T) /
=dq / Y +do / ————d
E+r—y) 5 + r—y) Y (62)
§)+D2 [qﬁ](f),
where W(§) :=d, f (?Jr(f e dy’ is a given function. Using (6 , system ([6.1) can be written
as
¢ =1,
Yy — )
z//:uhgb—z/da/ = dy — VW (§), (6.3)
@) 0 (E4+r—y)> (©)
v =0,

for all £ > —r. The first and the third equations are ordinary differential equations, whereas the
second one is an integro-differential equation with finite delay in the integral term. Following the
notation of [16, §2], equation (6.3)) is a functional differential equation of the form

such that z¢(0) = z(¢ +6), for —r <6 <0.
In our particular case, x = (¢, %, v), and F = (F1, Fy, F3) is identified as

Fy (§7 (qﬁ, ¢7 V)) = 1% (65)

E+r "y
Fa6. 0.0 =) -vdo [ =D ay e, (66)
F3 (Ev (¢,¢,V)) =0. (67)

Moreover, we consider the operator F as F : D — R3 with domain D C R x C([-r,0],R?).
We recall C([—r,0],R?) is a Banach space with norm [[¢]loc = sup_,.<.<q|e(s)| for functions
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o € O([-r,0],R®). Finally, we consider the delay functional differential equation for a
starting time o = 0. As it is mentioned previously, we only need the vector (¢,1,v)(8) for all
—r < 0 < 0 as initial datum, the history of ¥(§) for £ < —r is incorporated into W (). Besides,
notice that the application of [Il, Lemma 3] gives us the integrability of ¢ on (—o0, &) for &y < Eepist
defined in Lemma [2.4] Moreover, this argument proves the finiteness of W (¢) for all £ > 0.

We shall show below that we can apply the following theorem to , rewritten as in

with F given by —.

Theorem 6.1 (Continuous dependence [16, Theorem 2.2]). Suppose Q C R x C([—r,0],R3) is
open, (0°,7%) € Q, FO € C(Q,R"), and 2° is a solution of the problem (F°) with initial
condition (0°,4°) which exists and is unique on [0° —r,b]. Let VO C Q be the compact set defined
by
VO ={(&ag): €€ 0% b]}

and let U° be a neighbourhood of VO on which F° is bounded. If (o*,~%, F¥), k =1,2,... satisfies
of — % 4% — 4% and |F* — FOlyo — 0 as k — oo, then there is a k* such that the problem
(F*) for k > k* is such that each solution x* = x*(c*,~*, F*) with initial condition (%, ")
exists on [oF — r,b] and x* — 2% uniformly on [o% — r,b]. Since all z*¥ may not be defined on
[oF — 7, b], by 2% — 20 uniformly on [o* — r,b], we mean that for any e > 0, there is a k*(g) such
that 2%, k > k*(¢), is defined on [0° —r +¢,b], and 2% — 2° uniformly on [0 —r + &, b].

Next we proceed to check that our F': R x C([—r,0],R3) — R? in (6.5)-(6.7) is continuous in
both variables. This is obvious for F; and F3, since F is the projection of the second component
and Fj is just the zero constant function. In the case of Fy, the first term, h(¢()), is continuous
because it is a composition of continuous functions. The integral term is continuous since it maps
Cy(R) into Cp(R) and, finally, the last term, W () is continuous because of the regularity of ¢ in
¢ € (—00,0) and finiteness is obtained as is explained above.

To study the existence of solutions for starting at ¢ = 0, we only need to prescribe the
values for (¢, ¢, v)(€) at —r < £ < 0, since the history of () for £ < 0 is incorporated in W (§)
which we treat as a given function. To study the continuous dependence of solutions on 7 (or
equivalently v) in a neighbourhood of 7, we consider the following initial data

" =0, ¢"=¢" PF—=9’ ol oas k- oo

Note that the delicate point is that changing 7 (or v) influences the profile (&), ¥(&) = ¢'(£),
for £ < 0, hence, also F' through its dependence on W (§). Therefore, we have to use continuous
dependence of ’local’ solutions with respect to 7, to justify the assumptions on ¢*(¢), ¥*(¢) and
F%. But this results follows from [I, Lemma 2]. Let us apply this here.

Considering the behaviour of the travelling wave solution and its derivative at —oco we know
that for all v, =1/7, >0

lim ¢*(§) = lim ¢, () =¢- and lim ¢*(&) = lim ¢, (¢)=0.
£——o0 £——o0 £——o0 {——o0

Therefore, by [I, Lemma 2] and for all fixed & > 0 natural number, there exists some &, =
log(1/k)/ Ak such that

O -6 <1 WHOI< 5, VE<&.

k b
Since it is known that

Jim 66 = lm on(=¢- and _lm v = lm o, (6) =0,

§——o0
then by the triangle inequality,
2 2
€)= "©Ol < 7. O -l < T, W <&
Now, for each fixed 1/k > 0, we can apply continuous dependence on 7 in the interval [¢, 0] taking
as initial condition an arbitrary sequence of v, = 1/7; that converges to 1/7 as k — oo, o = &,
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Fk=F, ¢* = ¢, and ¢*F = @, . Therefore, by the continuous dependence result, we have that
for each ¢, = % > 0 there exist kg > 0, so that k > kg implies
1 1
[#"(€) = ¢*(Ol <+ and [0 —¥(€)] < 7, VE € [&,0]-

Since 1, — 79 as k — o0, it follows that for d > 0 small, there exists some kg > 0 such that for all
k > ko, 7 € (10 — 6k, To + O ). If we define a new subsequence taking the values vy, for k > ko and
rename this subsequence again as {vy }ren, therefore, for this new sequence and taking o* = 0 we
conclude that

¢"(€) = ¢°(9), v = ¥(e), VE<U,
which is sufficient to apply Theorem of continuous dependence on 7 for the system (6.3)) in an
arbitrary bounded interval [0, b] on the interval of existence.

7. APPENDIX: CHARACTERISTIC EQUATIONS OF THE LINEARISED PROBLEMS
Let us recall some results about the zeros of the functions
722+ b2 —a fora,b>0, ac(0,1), (7.1)
722 +b2%+a fora,b>0, ac(0,1). (7.2)
We can give the following result.

Lemma 7.1. For o € (0,1), consider the principal branch of z* (—m < arg(z) < w). Then (7.1))
has exactly one positive real root and two complex conjugate roots with negative real part, and (7.2))
has exactly two complex conjugate roots with negative real part on the principal branch of z*.

The statements about and are proven in [I] and [9], respectively, using variants of
Rouche’s theorem.

For later use, we give the expansion of the zeros of provided that a and b are of order 1
as 7 — 07 (see [1]). Namely, as 7 — 07, we have

2= bt 7-21_%  opazetitals —t baZE qetiniss 7-;2’5 + 0(7-12125) (73)
8. APPENDIX: THE LINEARIZED EQUATION
In this appendix we consider the linear inhomogeneous equation
" + D]+ ap = Q(n), with a >0, (8.1)
(here ' = %) with initial conditions
Y1) =Cy, ¢(07)=Cy. (8.2)

We recall the derivation of a solution via the Laplace transform, see [9]. Applying the Laplace

transform L to f yields
L)) =~ (EQ)S) + (s +5™ 0 (0) +70/(07) | (33)
where £(f)(s) = [ e~* f(n)d. Using £(f * 9)(s) = £(f)(s) £(g)(s), we deduce

v =)L R )+ 0L (g ) £ () 2@

T2+ 5% +a T2 +s*+a 752+ 5%+ a
Define

Ts+ 51
TS24+ 5% +a

i TS+ s -
v(n) =L 1<m)(n) and 0(s) :=

Observing that lim,,_,o+ v(n) = lim,_,. s0(s) = 1 and
1 1 _ 1
= —(1 = 59(s)) = =~ (sL(v)(s) —v(07))

T2 4+s*+a a
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implies
1 1
P S () Sv ()
Consequently,
lim v'(n) =0. (8.5)
n—0+

Writing the expression for ¢ in terms of v reads

vl = 5(04)oln) = T - ¢ [T Q- dy. (5

a

For a > 0, let us sketch the computation of v(n). We recall that since this is the inverse Laplace
transform of 9(s), we have to compute

1 T84 571
- sn —d 8.7
o) 2mi /BT C T trsetal’ (8.7)

where Br C C is a Bromwich contour
Br:={s:Re(s) = o > land Im(s) € (—o00,0)}. (8.8)

Moreover, we restrict to the principal representation of s, namely, here arg(s) € (—m, 7]. Following
the approach in [15] @] and denoting by s; and s = 57 the zeros of with b = 1, which are the
poles of the integrand in . The contribution to the integral of these poles can be computed
away from the Riemann surface cut (since o € (0,1)) that is the negative part of the real line.
One can then split the integral as follows

v(n) =

751 + 5371

=) (59)

asin(am)
2751 + Qs

o0
/ e ""K(r)dr 4+ 2Re (681’7
0

™

where

1
(172 + a)? + 2(772 + a)r® cos(anm) + r2e
The integral term is bounded since K € L!((0,00)). The asymptotic behaviour of the integral
term for 7 — oo can be studied by a refined Watson’s Lemma in [29) p. 65] and [10, §4]. We
note that the function K(r) is not differentiable at r = 0, but we have that for a small & > 0,
the properties K € L'((0,00)) and K = o(r®=*¢) for r — 0 imply that £(K)(n) = o(n=2"¢) for
1 — oco. Using a Puiseux series expansion of K(r) for r — 0, allows to deduce for n — oo,

/OO e K (r)dr = o) 1
0

pry +O(n~29). (8.11)
Finally, we provide the next result of continuity of v(n) = v(n; 7) with respect to 7 > 0 and the
asymptotic behaviour at the origin.

Lemma 8.1. Fora > 0 and 7 > 0, let v(n; ) be the function defined by || form > 0.
Then v(n; T) as a function of T is continuous for 7 > 0. We also have that v is uniformly bounded
with respect to n > 0 and have the following behaviour for n — 0,

K(r)=r*"'K(r), K(r):= (8.10)

a a
~1——n*, V(n) ~—=n, —0.
v(n) 5.1 v'(n) s asT]

Proof. The continuity is obtained by the Dominated Convergence Theorem and taking into consid-
eration that the integrand of is continuous for 7 > 0 since the denominator has two complex
conjugate roots with negative real part (see Lemma .

While the asymptotic behaviour at n — 0 is derived applying the Initial Value Theorem and
computing the limits in the Laplace transform variable (see e.g. [7, Chapter 2] for more informa-
tion). For 7 > 0, we have

. . : 75+ 571
limo(n) = lim sL(v)(s) = Im s—a—orn =1
lim v'(n) = lim s(sL(v)(s) —v(0)) = lim L R—

n—0 s—+400 s—400 TS24+ 8% +a
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and, similarly,

—a32 a

limv"(n) = lim ——-—— = ——. 8.12
a0 () sotoo 752 + 50 1 a T (8.12)
Therefore, we obtain the desired asymptotic behaviour by the Taylor series expansion formula at
the origin. 0

8.1. Monotonicity of v for small values of 7. In this section we study the behaviour of v, v’
and v”. The main idea here is that one can absorb the non-monotone part of each function into
the monotone part for 7 > 0 sufficiently small. From [Il Lemma 13 (iii)], we know that the three
functions are uniformly bounded on [0, 00), the first one by a constant independent of 7 and the
other two by a constant dependent of 7 which gets unbounded as 7 — 0.

Lemma 8.2. Fora > 0 and 7 > 0, let v(n) be the function defined by (8.9)-(8.10) for n > 0.
Then for T > 0 sufficiently small, 0 < v(n) < 1, v'(n) < 0 for all n > 0. Moreover, there exists
some Ninfiex ~ 7/ 2= as 7 — 0%, such that

v"(n) <0 for 0<n<Ngex ond v'(n) >0 forn > Ninfiex- (8.13)

Also, there exists some 1y ~ 775 as 7 — 0% such that

K(r) K'(7)
v(n) ~ peat ' (n) ~ — e for all n > mno (8.14)
with K(7), K'(t) ~ 775 as T — 0%, and
li "(n) = 0. 1
v (n) (8.15)

Finally, for 7 < 1 and n — 0%, valid in a layer of n of order Tﬁ, we have

a 1 a
~1— —7? — it 0F 8.16
v(n) Gy v v gy g as m— 0", (8.16)

/ a 1 @ 3-a +
~—— et — 0 8.17
v'(n) e TG p p asn— 0", (8.17)
a 1 a ,_

v”(n)w_; 27045772 “ asn—0". (8.18)

Proof. Considering the expression of v(n), one can obtain the following upper and lower
bounds for the integral term:

Ta—l

oo
/ e — 5 dr
o (72 4+ a)? + 2(77r2 + a)re cos(am) + r2@

e} ra—l
< - d 8.19
- /0 ¢ (772 + a)? sin? (o) " (8.19)
1 1

~ a2sin’(am) )
To obtain the first inequality, we rewrite the denominator as
(772 + a)? 4 2(7r? + a)r® cos(am) + r2®
= ((rr* + a) cos(am) + ra)2 + (172 4 a)?sin®(an),

while the last one is obtained computing the minimum of the denominator which is attained at
zero and applying the change of variable nr = /. On the other hand, taking into account that
the integrand is non-negative and proceeding in the same way, one gets this lower bound, for any
0<A<B

e dr > .
A c (tr2 4+ a+7re)? "= a(TB? +a+ B%)?

/B ra—1 e—nB(Ba _ Aa)

/ e~ K (rYdr > (8.20)
0
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We rewrite the second term in as follows
a—1

TS1+ S .
LAY = e (O cos(an) + Cosin(an)) (s.21)
1

Re (631777
2ts1 + as

thus p = Re(s1) < 0 and ¢ = Im(sy), and

1 1

Ts1+ sy 781+ 577

7%1) Cz=—Im (7&71)
2751 + as] 2781 + as]

With this notation, we apply the upper bound (8.19) in (8.9), to obtain (observe that sin am > 0)

ClzRe(

1
v(n) < Cr(a)— +2eP"C (1),

rrI(X

with constants
(@)

mwasin(am)’
Observe that the maximum of the function C,(a) + 2n*eP"C(7) is attained at Nmax = —a/p > 0,
thus

Cr(a) = C(r) = [C1| +|Co] .

v(n) < nia (CT(oz) + 2( — %)ae*O‘C(T)) . (8.22)

We observe that for 7 < 1 the constant C/(7) is of order 72-a . We deduce this fact by applying
(7.3)) of the Appendix 7| Indeed, taking into account that 7s? + s§ = —a, then, as 7 — 0T,

—a a 2a® + a(2 — a) Re(s}) o
C = R ( ) = R ( ) = 1 — O 2—a ),
! N2 (2 — a)s¢ ¢ 2a+ (2 — a)s§ |2a + (2 — a)s§|? (T2
To leading order, the sign of Re(s§') ~ cos(ar/(a—2))7~*/(2=®) as 7 — 0F depends on a: positive

when o < 2/3, negative when o > 2/3, zero when o = 2/3. We also have, as 7 — 07,
—a a a(2 — o) Im(s) _a
2 M\ T = (2 — a)s¢ o 2a+ (2 — a)s§ |2a + (2 — a)s§|? (T2°)

which is negative to leading order as 7 — 0%, since sin(ar/(a—2)) < 0 (see the expansion of s; with
b=11in (7.3) and that Re(575¢" ) = Re(s15¢™ 1) ~ 77/ =) (cos(m/(a — 2)) cos((av — 1)7/ (v —
2)) +sin(r/(a — 2))sin((a — D /(= 2))) + - - - = 77/ = cos(n/(a — 2) — ( — D)7 /(v — 2)) =
_ —a/(2—a))

T .

This is a good estimate for sufficiently large 7. For small and large values of 1 we have a
uniform, in 7 € [0, 1], upper bound. Indeed, for o € (0,1/2), cos(ar) > 0 and we obtain

oo B 1 1 po—l o pa—l
/ e " K (r) dr < —5 / 5 dr —|—/ —— g dr
0 sin®(ar) Jo (7% +a) 1 a?+re

1 1

= aa?sin’(ar)
For a € [1/2,1), cos(am) < 0 and we obtain

9] , L 1 R ,’,a—l ) 7,04—1
e Tr* " K(r)dr < dr—l—/ ——dr
/0 (r)dr < sin?(aur) /0 (17 + a)? r (Tr2+a—ro)?
- Ra N { ,r2a }R—a
- su
~ aa? sinz(omr) TE(RI;)OO) (tr2+a—r9)2) «

where R is larger that the positive root of 772 +a — 7%, Then, for all a € (0,1) and 1 > 0 with
T,

v(n) < C+C(r)+0(r), (8.23)
for an order one constant C, and C(7) = O(7*/(?~®). The same bounds, clearly hold replacing
v(n) by |v(n)|. Let us see that, indeed v(n) > 0 for all  if 7 is sufficiently small.

We also observe that although p < 0, in the limit 7 — 0% we have the following behaviours:

nRe(s1) = 0, ifn< e,
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nRe(s1) = —C, ifn~ Tﬁ,
nRe(s1) = —oo0 ifn > T,

This follows from Lemma [7.1]in Appendix
In the third case we then have as a lower bound for v, using (8.20) with A =0 and B =1/n

1 sasin(am) nt
1 () <o),
n ( ear (T +an? + n?-«)2 eC(r) ) < vin)
Since the function W is increasing and the minimum of the second term is attained
at Nmax = —/p = O(Tl/@_“)) we have that there exists 79 > Mmax With lim,_,o+ 70/Mmax = 00,
such that
1 sasin(am) s
0<—( = 25 C(r)) < () for all § = .
P\ ear (r R + B 5 C(7) () n > 1o
We can improve this for g = Knpax with K > 1 sufficiently large, with the estimate
1 sasin(am) o
0<—( — 2ers  C(7)) < v(n) for all § >
ne eam (T+a770 +770 a) Mmax ( ) (77) n Mo

since both terms are of order 72¢/(2=) in that case, but the first has the freedom for K which
can be made large, but independent of 7. This is because

0 K4
0 ~ 7_204/(2704)
(7 + ang + a)z (1+ aa?2C?K27e/(2—a) 4 K2-ag2-a(2-a)2’

This, (8 and (8.23)) imply the first behaviour given in (8.14).
More generally7 from (8.20) with A = 0, taking 0 < B < |p|, we have

70",

e7Bn<asin(om) B~

m  a(rB*+a+ Be)? 2€n(7‘p‘+3)0(7)> < vln),

so, for all n € (0,79),

e_Bn<asin(a7r) B~

s a(TB? + a+ B*)? - 20(7—)) < v(n);

then we can choose B = O(1) as 7 — 071 to guarantee that the right-hand side is positive. This
shows that v(n) > 0 for all » > 0 if 7 is small enough.
Let us now get the behaviour and bounds on v'(n). Using and (8.21) we derive

v'(n) = _%(om) /000 e " K (r)dr
+ 2e”" ((pcos(qn) — gsin(qn))Cr + (psin(gn) + g cos(gn)Cs)

a—1

_ asm(a )/ efmraf(( )dr+Re( iqng, L‘Sll) DN
- ; 2781 + ast

__asin(am) / e~ R (r)dr — Re (ei %)em.
pn o 2781 + as

Then, we have the lower bounds for v/ (that are obtained in a similar way as the upper bounds

on v (E23) and (52)):

100> =i (g + () 0) (520
B P ! — 20 (1), (8.25)

2(1 — a)sin(ar) (o + 1)7wasin(an)

where C'(7) = 2(|C1| + [Ca|)([p| + lgl) = O(r5=) as 7 — 0%
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Then, we use that for any 0 < A < B,

B e NP e—nB(Ba+1 _ Aa+1)
/ dr > .
A (T2 +a+re)? (a+1)(7B? +a+ B*)?

/ e~ K (r)dr > (8.26)
0

Taking A = 0 and B = 1/7, we obtain that there exists i, > 7., = —(a + 1)/p such that, for all
7=,

/ 1 asin(om) (?7/)4 pné /Noe+-1 v
Y0 <~ (s e G et e 2 TIO0) <0

for some K’ >1

Which can again be improved, as before, for 7 sufficiently small, for nj = K'n/ .

sufficiently large, but independent of 7, so that for all n > 7],
1

/ asin(om) (776)4 ! / +1 v
< — — 9ePMmax o .
v (77) = ’I’]a-"_l (6(0[ + 1)71_ (T + a(’l](l))2 i (176)2_0‘)2 2e (nmax) c (T)) <0

In this case the term in brackets is also of the order 72—« as 7 — 0F. This implies the second

estimate in .

The behaviour of v’ (n) for n > 79 can be deduced similarly, but it is enough for our purposes
to just get (8.15). This can be done by using similar estimates as in and (8.21)).

Let us now show that v'(n) < 0 for n < ng. For very small values of 1, we can take B = K]|p|
and choose K > 1 large enough, but independent of 7, so that for 7 sufficiently small, we obtain
that

( asin(am) Botl

eclat D (rB>+a+ B2 20'()) >0

observe that both terms are of the same order as 7 — 0T, but making K large makes the first
larger. Thus, there exists K > 1 large enough so that for all 0 < n < (K|p|)~! and for 7 small
enough, we have v’(n) < 0, which together with the previous estimate implies that v decreases for
all n > 0.

A next order correction of the behaviours given in Lemma and of that implied by ,
can be obtained from a similar computation, as in the proof of this lemma, of the third derivative.
Putting all together we obtain the expansion for v/, Thus there is a value Nipgex < 1 if 7
is sufficiently small such that v” (ninfiex) = 0 and has

Ninflex ~ (2 — @) 72775 as T — 0T, (8.27)

Then, from this and (8.18) we deduce (8.17), and then (8.16]). These limits are valid as long as
7 < Minflex Tor 7 small enough but positive.

From the linear equation satisfied by v, which is 7v” 4+ D§[v] + av = 0 with v(n) > 0 and
v'(n) < 0 for all n > 0 if 7 is sufficiently small, we deduce that 70" + av > 0 for all n > 0 if 7 is
sufficiently small. If initially v/ < 0 and on the other hand v > 0 decreases for all 7, then v” must
change sign. The regularity of v and the fact that ny.x and 7)., are of order 7w as T — 0t,
imply that for 7 small enough this change of sign of v"/ occurs only once, and that might be given
by .

We observe that there is a boundary layer of size O(Tl/@’o‘)) as 7 — 0%. In particular the
behaviours obtained above are consistent for 1 ~ mMingex with the behaviour of the corresponding
solution vy of the linear problem when 7 =0 as n — 0, since (see [15])

1

limvo(n) =1 and wvj(n) ~—an®t asn—0F. O

n—0
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