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RANDOM ATTRACTORS AND THEIR STABILITY FOR NONCLASSICAL
DIFFUSION EQUATIONS DRIVEN BY ADDITIVE WHITE NOISE WITH
DELAY AND INTENSITY

WENHUI MA, QIAOZHEN MA

ABSTRACT. In this article, we study the asymptotic behavior of solutions of nonclassical diffu-
sion equation driven by an additive noise with delay and intensity € € (0,1] on R™. We first
establish the existence and uniqueness of tempered pullback random attractors for the equations
in C([—p,0], H'(R™)), and then the upper semicontinuity of random attractors is also obtained
when the intensity of noise approaches zero. It’s worth mentioning that the Arzela-Ascoli theo-
rem, spectral decomposition, and uniform tail-estimates have been utilized to demonstrate the
asymptotic compactness of the solutions.

1. INTRODUCTION

In the real world applications, differential equations are influenced by stochastic perturbations,
stochastic environments and stochastic boundary conditions. Since these factors cannot be ignored,
we incorporate them in the corresponding deterministic models, so that stochastic differential
equations are used. We consider the following initial value problem for nonclassical diffusion
equation driven by the additive noise with delay and intensity ¢ on R™:

uy — Aug + Mu— Au = N(t,z,u(t,z)) + f(t, 2z, ult — p,z)) + g(t, z) + eh(z)W,

ur(s,z) = u(t + s,z) = ¢(s,z), se€[—p,0, xR t>7. (1.1)

Here A > 0 is a constant, 7 € R, € € (0,1], p > 0 is the delay time of the system, h € H'(R™) N
LP(R™) with p > 2, g € L (R, L*(R™)) is a non-autonomous deterministic forcing term, the
nonlinear functions IV, f : R x R™ x R — R have polynomial growth of certain order, the initial
data ¢ € C([—p,0], H'(R™)) and W is a two-side real-valued Wiener process on a probability
space.

Throughout this article, we assume that the nonlinearity NV, f : R x R® x R — R satisfy the

following conditions: for all ¢, u,u;,us € R and x € R”,

N(t,z,u)u < —ag|ulP + B1(t,z), B € Llloc(]R,Ll(R”)), (1.2
IN(t,z,u)| < as|ulP~" + Ba(t,x), f2€ P (R, L (R™)), (1.3)
%N(t,m,u) < —aslulP7? 4 Bs(t,x), Bz € L (R, L®(R™)), (1.4)
|f(t,x,u1)—f(t,x,u2)| Swf(twr)'ul —U2|, (15)

f(ta 33,0) = 07 wf € L?(TC(R7LOO(RTL))’

where oy, a9, as, p are positive constants with 2 < p < oo, and p; = p’%l.
Problem (|1.1), as a nonclassical diffusion equation, is well known for its mathematical and

physical significance in viscoelasticity and pressure of the medium. It is usually utilized in the
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various fields, including non-Newtonian fluid mechanics, solid mechanics, and heat conduction
theory (see [1 2] [ [6] [TO] 25]).

As € tends to zero, it is easy to see that problem becomes deterministic nonclassical
diffusion equation with delay. Of course, in this case, the change of the current state for the
system depends not only on its present state but also on its state at a certain time in the past.

About the deterministic case, the dynamics of nonclassical diffusion equation on bounded do-
mains or unbounded domains have been extensively studied by several authors in [3, [5 [7, 8, ]
10l 011, 12l 13, [14] 22] 26] 27]. For instance, for problem u; — Au; — Au = f(t,u(t — p)) + g(t),
Hu and Wang [IT] proposed a new method to test the asymptotic compactness of the solutions
and investigated the existence of pullback attractors in C’HS(Q) and CHQ(Q)mHé(Q), where p is a
delay function and f contains some memory effects in a fixed time interval. Harraga and Yebdri
[12] analyzed the existence of solutions for a nonclassical reaction-diffusion equation with critical
nonlinearity, a time-dependent force with exponential growth and delayed force term, where the
delay term can be entrained by a function under assumptions of measurability. They proved the
existence of the pullback D-attractors in H{ ().

As far the stochastic case, Zhao and Song [27] verified the existence and the upper semi-
continuity of random attractors in H'(R") for u; — Auy — Au + u + f(z,u) = g(z) + ehW.
Later, Chen, Wang et al. [10] studied the long-time dynamics of fractional nonclassical diffusion
equations with nonlinear colored noise and delay on unbounded domains, and they proved the
existence and uniqueness of pullback random attractors in C([—p,0], H*(R™)) (a € (0,1)), the
asymptotic compactness of the solutions was derived by virtue of the arguments of Arzela-Ascoli
theorem, spectral decomposition as well as uniform tail-estimates.

We note that the existence of random attractors for stochastic PDEs driven by additive or
linear multiplicative noise have been extensively studied in the recent years (see [9, [10] 17, 20]
191 241 25] 28] 291 B0]). Moreover, random attractors of stochastic equations driven by nonlinear
white noise have been investigated in [I5] 19, 23]. However, as far as the author is aware, there
are still many problems to be be studied on random attractors of nonclassical diffusion equation;
SO we are going to continue investigating this problem.

The first purpose of this paper is to establish the existence and uniqueness of pullback random
attractor for the nonclassical diffusion equation with delay and intensity € in C'([—p, 0], H}(R")),
and then we are concerned with the upper semicontinuity of random attractors when the intensity
of noise approaches zero. Of course, we need to overcome the following two difficulties for solving
foregoing problem:

(1) Since equation contains the term —Aw,, it is different from the usual reaction-
diffusion equation essentially. That is, the weakly dissipativeness of the nonclassical dif-
fusion equation, which implies that if the initial datum belongs to H'(R™), the solution is
always in H'(R") and has no regularity at least higher than H*(R™) available, which is
similar to the hyperbolic case.

(2) It is known that the existence of attractor depends on some compactness. The acquisition
of compactness on bounded domains can use a prior estimate along with Sobolev embed-
ding, while on unbounded domains, Sobolev embedding is non-compact, which is overcome
by the “tail” estimate of solutions or the energy equation approach. In this paper, we will
use the Arzela-Ascoli theorem, the uniform tail-estimates and the spectral decomposition
to prove the pullback asymptotic compactness of the solutions in C([—p, 0], H*(R™)).

For convenience, we give some notation which will be used throughout this paper. Without loss
of generality, L?(R") is equipped with inner product (-,-) and the norm || - |. H'(R") is equipped
with the inner product (u,v)gi(rry = (u,v)r2@®n) + (Vu, V) 2®n) and the norm ||ul| g1 gny =
llull L2@ny + [[Vu| 2@ny. The norm of LP(R™) is denoted as || - ||, for p > 2. We denote by
C([—p,0], H*(R™)) with p > 0 the space of all continuous functions from [—p,0] to H*(R™) with
norm

||u||c([,p¢0]’H1(Rn)) = es[upo] ||u(s)|\H1(Rn), Yu € C([—p, O],Hl(R")).
s€[—p,
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We use the symbols ¢ and ¢; to represent positive constants, whose values may vary from line to
line.

This article is organized as follows: In Section [2] we review some basic concepts on the pull-
back random attractor. In Section [3] we obtain the existence of a continuous cocycle. In Section
we establish the uniform estimates of solutions for (L.1). In Section [5] we obtained the exis-
tence and uniqueness of the pullback random attractor in C([—p,0], H}(R™)). Finally, the upper
semicontinuity of random attractors is also obtained when the intensity of noise approaches zero.

2. PRELIMINARIES

In this section, we iterate some basic conclusions on pullback random attractor for nonau-
tonomous random dynamical system coming from [I6 I7]. Let (2, F,P,{6:}+cr) be a metric
dynamical system, where Q = {w € C(R,R) : w(0) = 0} with the open compact topology, F is
the Borel o-algebra of Q, P represents the Wiener measure, and {6; };cg is the measure-preserving
transformation group on 2 given by

w(-) =w(-+1t) —w(t), weQ, tek.

Suppose W be a two-sided real-valued Wiener process on (2, F,P), and define a random variable
y:Q — R by

0
y(fiw) = —/ e’ (Ow)(s)ds.
Then y is the unique stationary solution of the one-dimensional Ornstein-Uhlenbeck equation
dy + ydt = dW. Note that there exists a subset of full probability measure (still denoted by )
such that for all w € Q, y(6;w) is continuous in ¢t € R and lim;_, 4 M =0.

Let (X,d) be a complete separable metric space with Borel o-algebra B(X), the collection of
all subsets of X is denoted by 2%. Suppose D be a collection of some families of nonempty subsets

of X.

Definition 2.1. A mapping ® : Rt x R x @ x X — X is called a continuous non-autonomous
random dynamical system (continuous cocycle) on X over (Q, F, P, {0; }1er) if for all 7 € Ryw € Q
and t,s € RT,
(i) (7 ) RT xQx X = X is (B(RT) x F x B(X), B(X))-measurable;
(ii) ®(0,7,w,-) is the identity on X;
(i) ®(t+ s, 7w, ) = P(t, 7+ 8,05w,-) 0 B(s,T,w,-);
(iv) ®(t,7,w,-): X — X is continuous.

A function ® is said to be T-periodic if there exists a positive number T' such that for every
teRT,7cRand w € Q,
(I)(tv T+ vav ) = (I)(t7 T, W, )
Definition 2.2. Let K = {K(7,w) : 7 € R,w € Q} € D be a family of nonempty closed subsets of

X, then K is called a D-pullback absorbing set for @ if for all 7 € R,w € € and for every D € D,
there exists T = T'(D, T,w) > 0 such that

O(t,7—t,0_w,D(t —t,0_w)) C K(1,w), Vt>T.

If K is measurable with respect to F in 2, then K is called a closed measurable D-pullback
absorbing set of ®.

Definition 2.3. A non-autonomous random dynamical system ® is said to be D-pullback asymp-
totically compact in X if for all 7 € R,w € €, and any sequences t,, — +00, T, € D(T—tp,0_1 w),
the sequence {®(t,, 7 — tn,0_¢, w,z,)}52; has a convergent subsequence in X.

Definition 2.4. A family A= {A(7,w): 7 € R,w € Q} € D is called a D-pullback attractor of ®
if forallt € RT,7 € R and w € Q, the following conditions hold:

(i) A is measurable with respect to F in Q and A(7,w) is compact;
(ii) A is invariant: @ (¢, 7,w, A(T,w)) = A(t + 7, 6w);
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(iii) A attracts every member D of D:
t_l}gl d(O(t, 7 —t,0_tw,D(T — t,0_4w)), A(T,w)) =0,

where d(-, ) is the Hausdorff semi-distance in X.
A is called a periodic pullback attractor with period T if, in addition,
Al 4+ T,w) = A(T,w), for all T € R and w € Q.

We have the following abstract result for the continuous non-autonomous random dynamical sys-
tem which can be found in [16] [17].

Proposition 2.5. Let D be an inclusion-closed collection of families of nonempty subsets of X,
and ® be a continuous non-autonomous random dynamical system on X over (0, F,P,{0;}icr).
Then ® has a D-pullback attractor A in D if and only if

(i) @ is D-pullback asymptotically compact in X ;

(ii) @ has a closed measurable D-pullback absorbing set K in D.

The attractor A is unique and given by the w-limit of K,

A(T,w) = Np>oUsr (8, 7 — ¢, 0w, K (T — t,0_,w)).
If, in addition, both ® and K are T-periodic, then so is the attractor A.

3. EXISTENCE OF A CONTINUOUS COCYCLE

In this section, we establish the existence of a continuous cocycle for on the whole space
R™. We will convert the nonclassical diffusion equations driven by additive white noise with
intensity € and delay into a deterministic one, and then obtain the existence of random attractor
for such deterministic system parametrized by w € €. For this purpose, we introduce the notation

(I = A)z(0w) = h(x)y(6:w), (3.1)
it is easy to show that
(I — A)dz(0w) + (I — A)z(6yw)dt = h(z)dW. (3.2)
Given 7 € R,t > 7,w € Q and ¢ € C([—p,0], H'(R™)), if u = u(t, 7, w, d) is a solution of ,
then we introduce a new variable v = v(t, 7,w, ¥) by
v(t, T, w, ) = ult, T,w,P) — ez(fiw), teR, €€ (0,1]. (3.3)
In terms of and we see that for t > 7,
vy — Avg + A — Av = N(t, 2, v(t, ¢) + ez(6w)) + f(t, 2, v(t — p,z) + €2(6;— pw)) (3.4)
+g(t,z) +e(1 = N)z(bw)), x€R™ t>T,

with initial condition

vr(s,2) = 0(r + 8,2) = ¢(s,x) — ez(0,45w) :=P(s,2), z€R", s€[—p,0] (3.5)
We will first prove the existence and uniqueness of solutions for problem (3.4))-(3.5), and then
obtain the solutions of (1.1]) via the transform (3.3).

Definition 3.1. For 7 € R,w € Q,s € [—p,0],¢ € (0,1] and ¢ € C([—p,0], H(R")), a function
v(,Tw, ) ¢ [T — p,oo) — HY(R™) is called a solution of the nonclassical diffusion equations

(3-4)-(3.5) with intensity e and delay if v, (-, 7,w, %) = ¥ and
’U(-7 T, W, /¢) S C([T - P, OO)? Hl (Rn)) N LP(,T’ T+ T7 LP(Rn))v
dv(t, T, w, )

yT € L*(t,7+ T; H " (R™)) + LP (r,7 + T; L" (R")),
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and v satisfies, for every ¥ € H'(R") N LP(R") and £ € C§° (7,7 + T,

T+T T+T T+T
- / (0(t), 9) g1 € (£)dlt + / (Vo, VO)E(t)dt + A / (0(t), 9)E(1)dt

T

T+T T+T
= / (g(t),D)E(t)dt + / - N(t,z,v(t,x) + ez(Orw))IE(t)dxdt (3.6)

T+T

T+T
+ / Flts,0(t — p) + ex(Br )D€ )drdt + (1 — A) / (2(0), D)E(H) .
T Rn T

Under the assumptions ., by using the standard Galerkin method as in [21I] (see
also [20]), we can prove that for every 7 € R,w € Q and ¢ € C([—p,0], H'(R")), the nonclas-
sical diffusion equation . ) with intensity ¢ and delay has a unlque continuous solution

v(, Tyw, ) 1 [T — p,00) = Hl(R") in the sense of Deﬁmtlonm 1| such that v(-, 7,w, ) is continu-
ous in ¢ and is (F, B(C([—p,0], H*(R™)))-measurable in w. Moreover, the solution v satisfies the
energy equation: for almost allt > 1,

1d

2dt

— (W) + [ Nz u®)odz+ [ Ftmut— p)odz + (1 - N (2(0), v).

R" R~
Now by solution v of (3.4)-(3.5)) and the transform (3.3]), we obtain a solution u of the stochastic
equation (1.1]) which is given by
U(t, T, W, ¢) = U(tv T, W, 1/’) + 6Z(atW) with ¢ = 7/) + 62’(9,,._;,_5(,0).
Therefore, we find that u(¢,7,w,¢) is both continuous in ¢ and in ¢ € C([—p,0], H'(R")).
Moreover, u(t,,-,¢) : @ — C([—p,0], H*(R™)) is measurable. Then we can define a contin-
uous cocycle in C([—p, 0], H 1(R”)) assomated with the solutions of problem (1.1). Let &€ :
Rt xRxQxC([—p ] HY(R™)) — C([-p,0], H}(R")) be a mapping given as follows, for every
teR+TeRweQand¢eC’([ ]Hl(R”)),
OC(t, 7w, P) = Upsr (-, T, 0w, ) = vt + 7+ 8,7, 0w, ) + €2(Os 174 sw). (3.8)

Let D = {D(r,w) C C([-p,0], H'(R")) : 7 € R,w € Q} be a family of bounded nonempty
subsets of C([—p, 0], HY(R™)). A family D is called tempered if for every 7 € R, w € ,

[o(t, 7w, )7 @ny + All0l)? + (Vo2
(3.7)

lim _e™||D(7 +1,0:0)llc((—p.0111 ) =0, V7 >0, (3.9)

t——

where || D¢ ((—p,01, 5 (&7)) = SUPuep |Ullc((=p,01, H1 (®7))- From now on, we will use D to denote the
collection of all tempered families of bounded nonempty subsets of C([—p, 0], H}(R")):

D ={D = {D(r,w) C C([—p,0], H'(R")) : 7 € R,w € Q} : D satisfies (3.9)}.

Next, we show some uniform estimates to obtain the existence of a D-pullback absorbing set, and
then verify the asymptotic compactness of solutions. We suppose that

46
)\ > T||wf”L°°(R,L°°(R"))' (310)
Furthermore, we will assume that for every 7 € R,
0
| et P 4 181+ 72 ) sy + 1820+ 7. e < (3.11)

Sometimes, we also assume g, 51, B2 are tempered in the following sense: for every v > 0,

0
lim e " / e (llg(r — £, )12 + 181(r — £, |z ) + B2 — £, )2y ey )dr = 0. (3.12)

t——+oo o

Note that these conditions do not require g to be bounded in C([—p,0], H'(R™)) when t — +o0.
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4. UNIFORM ESTIMATES OF SOLUTIONS

In this section, some uniform estimates of solutions for (1.1) are achieved, which are crucial
for constructing the D-pullback absorbing sets and D-pullback asymptotic compactness for the
continuous cocycle ®¢ defined by (3.8]).

Lemma 4.1. Suppose ([1.2)-(LF), B.11), (3:12) are satisfied. Let o,7 € R,w € Q, s € [—p,0],€ €
(0,1] and D = {D(7,w): T € R,w € Q} € D Then there exists T = T(T w,D, o) such that for all

t > T, the solution of problem (3.4)-(3.5) satisfies

o

lo(o + 5,7 = £, 0w, Y) 1 p.07, 11 (mm) +a1/ T ()1} o gy dr

T—1
0
<Q / e (lg(r + 7, )2 + 1B1(r + 7, )| 1 em) (4.1)
- ellBa(r 7 )T gy + ey Ore)l” + Dr +_sup_ [y (s,
—p<s<

where @ > 0 is a constant independent of T,w,D and ¢ € D(1 — t,0_w).

Proof. We estimate all the terms on the right-hand side of energy equation (3.7)). First, thanks to

(11.2), (1.3), (3-1) and Young’s inequality, we obtain

N(t,z,u(t))vde = N(t,z,u(t))u(t)dx — e/ z2(6w) N (t, 2, u(t))dx
R~ R" n
< —an[[u(®) 7o gny + 181 L1 )
(4.2)
+ eag/ |hy(6,w)| - |[u(t)|P~ dx + e/ |hy(0:w)|Ba(t, z)dx
R R™
et
< =L Ol gy + 18O 2 ) + ll B2y + ey
Second, due to ([1.5)-(3.1) and Young’s inequality, we have
(9(t),v) + (1 = A)(2(0sw), v) < T6”UH2 29I + caely(B.) P, (4.3)
A 9 [l (¢ )”Loo(Rn) 2
Fltut = p)yo(e)de < o) + = EZED [ s ) 42(6, )P
" " (4.4)
A 2]l (O o
< ZIo@? + ——E2 (e = p)IP + esly(Br-p0)
It follows from (4.2))-(4.4) with = min{1, A} that
2 ot 7w, 0) 2 + pllo(®)II7 +onflu()|;
dt y Ty W, HY(Rn) T H H!(R") 1 Lr(R")
Iz (D117 gy (4.5)

3\ 4
< SO + =2 ot~ )]
+ (181 (Bl g + el B2(OFs gy + ey (@) + g + ly (B ) > + 1).
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Multiplying (4.5) by e*! and then integrating the inequality on (7 —¢,0 + s) with 0 > 7 —t + p,
we obtain
o+s
Mo jp(o + 5,w) |31 @y + 1 / t e u(r, w) |7 p gnydr
r_
3\

o+s
<INy =g [ I Pdr

Al 2oo o o+s
i || f”L )(\R,L (R ))/ eMTHU(T—p,OJ)“2dT (46)

—t

o+s
+c5 / e (181l ) + elBo(IFh gy + ely(Oro)]?

—t

+ g + ly(6r—pw)|* + 1)dr.

Replacing w by 6_,.w in the above leads to

o+s
T+ (0 + 5,0_r) |2 ey + 1 / e a0y )[} gy

T—1

u(r—t) 2 3A ot ur 2
<e 1N (= p0p, 1 () — s/, ¢ [v(r,6—rw)|"dr

+ sz )(\R’L ® ))/ e lo(r — p,0_rw)|*dr 4.7

—t

o+s
+ 05/ e#r(||ﬁ1(r)||L1(Rn) + el Ba(r) 15, 2y + €y (Or—rw) P

—t

+ g + |y (Or—r—pw)[* + 1)dr.

We now deal with the third term on the right-hand side of (4.7)),

o+s o+s—p
[ oot =gt lPar = [ ot~ 10wl
T—t T—l—p

T—t o+s—p
= / O o, 7 — 1,0 pw, )| 2dr + / O o(r 1,00, 0)|2dr  (4.8)

—t—p T—1

1 B o+s
= ﬁelm NN p0g. @y + ew/ e |v(r, T —t,0_rw, )| dr.
T—1

By (7). (&8) and (B-10) we obtain

o+s
“’U(O—"_Svg*‘rw)”%{l(R“) tay /—t eu(r_a_s)”u(rv0*7'("})”;2?(]1{”)(17.
< c4eH(T_t_U_S+p)||1/}H%‘([7p,0],H1(R"))
s 2 o g 100 e 3\, [T
( H f”L )(\]R,L (R ))eﬂp_ ?)/ e“(r_g_s)H’U(’l“,9_Tw)||2d7”
T—t

o+s
+cs5 /7—_t elt(r—o—s)(Hﬁl (T)HLI(]Rn) + 6||ﬂ2(7“)| Il),lm ®") + 6|y(grﬂw)|p
+ lg(m)I* + 1y (Or——pw)|* + 1)dr
o+s
< C4eu(77tfafs+l))||¢H%‘([_p,0]7H1(Rn)) + c5 / eu(rfafs) (||51(7")||L1(]Rn)
T—1

BB ey + €l (O )+ g + 1y(Or s ) 2 + 1),
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which combined with the fact that s € [—p, 0] yields

o+s
1o(0 + 5,7 — £,0_700,9) |31 gy + 1 / e ulr, T 1,000, D)L

T—1

T—1l—0O o r—o—+T 4'10
< e TNy T | @B+ Dl (4.10)
—t

+ el Bo(r + ) Tor gy + ely(@r) P + g (r + 7)1 + |y (Br— pw)[* + 1)dr

Note that g € L2 (R, L*(R")), using (3.11]) and the continuity of y(f;w), it is clear that for every
o,T€ERweQwitho >7—t+p,

| e g+ DI+ 1800+ Dl e

—t

+€l|Ba(r + 7)||7%, mny + €ly(Orw)|P + 1)dr
12+ )17 gy + el (6,07 + 1) )

S/ O (lg(r + )P A 1B+ 7)1 ny + €ll B2+ T gy

—0o0

+ €|ly(0,w)|P + 1)dr < oo.
Furthermore, ¢ € D(1 —t,0_w) with D € D, as t — o0,
TN (1o, ey < € TTTONDT = 4,00 11 p 01,111 (Y = O- (4.12)
According to (4.10)-(4.12)), we find that there exists T' = T'(7,w, D, o) such that for all t > T,

Vo (s, 7 = £ 0—ro, D& .00, 1 rmy) + 1 / t D ulr, 7 = t,0_rw, @)%, gy

<es [ 1B + 1) e

—t
+ el Ba(r + )17 gy + ely (@) P+ llg(r + 1) + |y (0r—pw)[* + D)dr (4.13)

0
<cs /_DQ O (181 + 1) emy + el B2+ 1)1y (2

+ely(O )P + [lg(r + )7 + 1)dr + Sgpoly(ﬁsw)IQ,
p<s<

which completes the proof. O
Lemma 4.2. Suppose (L.2))-(L.5) hold. Then for every T € R,w € Q,e € (0,1] and D = {D(7,w) :
TER,we N} €D, the solutzon of problem (3.4 . satisfies
d
lvt 7=t 0w, )51 @ny < Qullv(t, T —t,0_rw, )| Frgny + [9(DI* + ely(0r—rw)|?
+ ||’U,(t —pT =1, G—va (b)”%ﬂ(R") + 1)7
where Q1 > 0 is a constant independent of T,w,D and ¥ € D(17 —t,0_w).

Proof. Taking the inner product (3.4) with ‘Ci;t’, we find

(4.14)

d
Hav(t, T—1,0_,w, @[J)H%F(Rn) + A(v,v¢) + (Vo, Voy)

= (N, z,u(t, z)),v) + (f(E 2, u(t — p, ), 00) + €(1 = A)(2(0:w), ve) + (g(1), v¢).
Next, we estimate the terms of (4.15)). By (L.3)) and Young’s inequality we have

(4.15)

(N(t, 2, ult, 2)), ) < / IN(t, 2, u(t, 2) o de

n

< /n(ag\u|p*1 + Ba(t, x))|ve|dx (4.16)

1 2p—2
< Telloell® + ellu@)lIz = + ell B )11
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From wy € LYY (R, L*°(R™)) and Young’s inequality, we arrive at

(tzsult=pa))o) < [ Iftautt=pa)lulde < [ (e = p)lolde

1
< EHMF + ¢l (D) Loo (e [Jult — p)”%Q(R") (4.17)
1
< — vl + ellult — p)| 1 gy
16
Also from the Young’s inequality we have
= Au,vt) — (Vo, Vo) + (1 — X)(2(0:w), ve) + (g(¢),vt)
5 3 (4.18)
< *Ilvt||2 + IVl + ello @7 @y + clla@) 1 + cely(Bu)]*,
Therefore, from (4.16] - 4.18)) by substituting 7 and w with 7 — ¢ and 6_,w it follows that
1,d
31007 = 0 0y < et 7 = 107 0y + DO + O,
+ ||U(t —pPT = ta 9_7-0}, d))Hill(]R") + 1)7
Finally, it is easy to obtain the desired result (4.14). This proof is complete. O

Next, we derive the uniform tail-estimates of the solutions. For every x € R™ k € N, let
or(z) = (| ‘) where o € C*(R*,[0,1]) is an increasing smooth function satisfying

0, Vselo, %],
= 4.20
o(s) {1, Vs € [1, 00). (4.20)
We denote
Op={zeR":|z| <k}, O =R"-0. (4.21)

Lemma 4.3. Suppose (1.2))-(1.5) and (3.11) hold. Then for every 7 € Ryw € Q,s € [—p,0],
D ={D(r,w): 7 € Row € Q} € D and ¢ € D(1 — t,0_,w), the solution of problem ({3.4)-(3.5)
satisfies
lim lo(r + s, 7 —t,0_;w, w)||%11(Rn)dx =0. (4.22)
k,t—-+o0 os
Proof. With the help of smooth functions we prove this lemma. First of all, multiplying (3.4) by
(‘ |)v and integrating over R", we find that

3 [ oot reo )@ o+ [ oot e )@ oy
- / ol i' )g(t, w)vda + (1 — A) / g(%)z(@tw)vdx (4.23)

z| ]

+ /n g(?)N(t,x,v(t) + ez(6w))vdzx + / Q(?)f(t,x,v(t —p) + ez(0i— w))vde.

n

Next, we now estimate all the terms on the right-hand side of (4.23)). For the first term, we obtain
from Young’s inequality that

For the second term, by the continuity of z(@tw) and Young’s inequality we know that

e(l—X) /n g(%)z(@tw)vdx < c/

n

(| |)|v|2dx+ce / (| |)\y(0 w)|2dz. (4.25)

Rn
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For the third term, we conclude from (1.2)- (1.3) that

/n Q(L?)N(t, x,v + ez(yw))vdx

<o [ o+ esoerpant [ olipaar
" ] e 2] (4.26)
+aalesO)| | oG+ @) e+ (O] | o()IBa(6 ) |de
<=3 [ o '>|v+ez<otw>|pdx+64 o181t ) + 1800t ) ) -
For the last term, we deduce from that
/n g(%)f(t,x, v(t —p) + ez(—pw))v(t)da
A 27 (1) 13
<3 [ ehppar+ ZEEEE ol )+ oo o pas (1.27)

T 2/l (D)2 o (mn T
Moo ¢ RO [l oy o

Substituting (4.24))-(4.27)) into (4.23)), we arrive at

%(/n Q(%)Hv(t,r,w,w)||§11(Rn)dx) +2M(/n (| |)||v(t T, w w)HHl(Rn)dx)

S ()2 e .
<2 [ odhepar+ TR [y p)Pi+ Ayl wPris @25)
16 Jpn k A n k
X
ve [, B DN+ P + ot )P
z|> 2
Multiplying (4.28) by e2#* and integrating over (7 — ¢, 7 + s) for any fixed s € [—p, 0] with ¢t > p,

we replace w by 6_,w in the resulting inequality and by a similar calculations with (4.6)-(4.7)), we
achieve from (3.10) and the properties of g (z) that

]
/R oo+ 5,7~ 1,010, D)@y
<e 2 T+S)“¢||C( 0], H1(R"))

s X X 4.29
we [T AT )P et = DI + Ay )P 2

—t

—0o0

0
+ C/ eQu(r_T_S) / k (|ﬁl(r + 7, .’17)‘ + |62<7" + Tax)|p1 + |g<’l“ + T7$>|2) dx dr.
|| >3

Due to ¢ € D(7 —t,0_,w) with D € D, (3.10), the continuity of z(6;w) and Lemma there
exists T = T'(7,w, D) such that for all ¢ > T and s € [—p, 0],

/n (‘ |)||v(7 +s,7— t,(‘)_Tw,@/J)(x)||§{1(Rn)dx —0 ask — oo,

which means that

lz]

. . 2 _
k’tlgrioo - o( ’ Mol + 5,7 =1,0_r0,¢) ()| 51 (gnydz = 0. (4.30)
Finally, by (4.20), (4.21) and (4.30)) it is easy to obtain the desired result (4.22)). O

To obtain the pullback asymptotic compactness of solutions in H!(R™), we also need to de-
rive the uniform estimates of solutions on bounded domains. For every x € R™ k € N, de-

note @(t, T, w, d)(x) = Ex(x)u(t,7,w,d)(z), where & (z) = 1 — g(‘ ‘) then for k£ € N,x € Of,
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u(t,T,w, )(z) = 0; for some constant ¢ > 0 independent of k, [|&| g1 (gn) < c||ull i gn), Where
solution @ satisfies problem (|1.1)).
Consider the eigenvalue problem

—Au=puin O and u=0in Oj. (4.31)

Apparently, this eigenvalue problem has a family of eigenfunctions {e;}3%; such that {e;}32, form
an orthonormal basis of H = {u € L*(R") : u = 0 on Of}, the corresponding family of eigenvalues
{m;}52, satisfies
O<p Spp<---<pj—00 asj— oo.

Given n € N, let X,, = span{e; : j =1,...,n} and II,, : H — X,, be the canonical projection
operator. By[10, Lemma 4.4] or [20, Lemma 4.3], we have a certain estimate in H!(R"), that is,
for every T € Ryw € Q,s € [-p,0], D = {D(1,w) : T € R,w € Q} € D and ¢ € D(t —t,0_,w), the
solution of problem — satisfies

lim  |[(I —II,)&v(T + 8,7 —t,0_;w,9)|[g1wn) =0, for each k € N. (4.32)

n—00,t—00

5. EXISTENCE OF PULLBACK RANDOM ATTRACTORS

In this section, we first give some uniform estimates to obtain the existence of a D-pullback
absorbing set, and then establish the asymptotic compactness of solutions To that end, we prove
the existence of D-pullback random attractor of ®¢ generated by (3.8]).

Lemma 5.1. Suppose (1.2)-(1.5) and (3.11)-(3.12) hold. Then the continuous cocycle ®¢ associ-
ated with (1.1) has a closed D-pullback absorbing set B € D:

Bé(1,w) = {u € C([~p,0], H'(R™)) : ||u||%([7p’0]’H1(Rn)) < QR (r,w), T € R,w € O},

where Q > 0 is a positive constant independent of T,w and D, R(T,w) is given by

0
R(1,w) = c/ e’ ([1B1(r 4+ )| 1wy + €llB2(r +7)||5h, (rn) T €ly(Brw)”

—o0 (5.1)
+ gl +7)|2 + dr + sup |y(Bw)l*.
—p<s<0
Proof. From (3.3)), for all 7 € R,w € ,s € [-p,0],e € (0,1] and ¢ > 7 — t + p, we obtain that
u(o+s,7—t,0_rw,¢) =v(o+ 8,7 —t,0_rw, )+ ez(0pts—rw), (5.2)

where ¢(r) = ¥(r) + €z(0,_,w). Hence, combining with the conclusion of Lemma we know
that

HUU(S’ T—t0_rw, 1p)||20([7p,0],H1(IR")) to / eu(?“—o) ||u(r, T—1,0_;w, (b)Hl[),p(]Rﬂ)dT

T—1
< s / M=) (|| By (r + o1 @ny + €l B2(r + 7)|[5%, @®n + €|y (0,w)|? (5.3)
—o0
+llglr + 7P + Ddr + sup  |y(Oo4s—rw)[.
—p<s<0
From (5.1) and (5.3) it follows that
el &= p0, 11 (ny) < MR(T,w). (5.4)

Therefore, in line with (3.8) and (5.4)) we claim that for all ¢ > T
O (t, 7 —t,0_4w,D(T —t,0_w)) = ur(s,7 —t,0_w, D(1 — t,0_w)) C B(1,w),

which means that B€ is a pullback absorbing set. It remains to show B€ € D, i.e., B€ is tempered,
which satisfies for given v > 0,

lim " R (1 +t,0,w) = 0. (5.5)

t——o0



12 W. MA, Q. MA EJDE-2025/40

In terms of (5.1]) we have
0

R(r + 1, 6iw) = /m e (1B1(r + 7+ )y + €l Bo(r 4+ 7+ IS, g, .
ely@ra)l 4 gl + 7O+ Ddr - swp [yl
Let x = min{u, A}, by a simple calculation we have
/ U Xy )P 1) < 4o, (5.7

which along with (3.12)) implies that
lim e R(7 +t,0w)
t——o0

0
<7 t_lgr_n et /_OO eHT<||ﬁ1<r+t)||L1(Rn) (5 8)
+ el Bo(r + T, gy + ely(@rsew) P+ lg(r + 1)]|*)dr

—t

+ lim X (Jy(0,w)P + Ddr + lim " sup |y(Opw)|* =0,
t——o0 — 0 —p<s<0

As a result, we obtain from (5.8)) that for every v > 0,
lim ™| BT + ¢, 60)|lc(—polmr ey = lim_e?2VM lim (7'R(r +1,0,w))"/% =0,

t——o0 t——o0
which implies B¢ € D. As we explain before, note that R(,w) is measurable in w € £, and so is
Be(T,w). O

In what follows, we use the Arzela-Ascoli theorem to prove the asymptotic compactness of the
continuous cocycle ®€ in C’([—p, 0], HY(R")).

Lemma 5. 2 Suppose (1.2 and - - hold. Then the continuous cocycle ®¢ associ-
ated with is D- pullback asymptotzcally compact in C([—p,0], H (R™)).

Proof. Given 7 € R,w € ,s € [—p,0] and D € D, we need to prove that sequences
{(I)E(tna T —tn, 0, w, ¢n)}$zozl = {U(T +8,7—tn, 07w, ¢n)}3°:1

has a convergent subsequence in C'([—p, 0], H!(R")) whenever t,, — co and ¢,, € D(T —t,,,0_¢ w).

Firstly, we claim that {u, (-, 7—tn, 0_rw, ¢n)}5L L is uniformly equicontinuous. In fact, it follows
from (3.3), Lemma Lemma and that g € L2 (R, L?*(R™)) there exists 71 = T (1, w,€) > 1
and Q2 = Q2(7,w,€) > 0 such that for all n > 17,

T d
/ 5007 =, 00,0 sy < Q. (5.9)
T—p

By (5.9) and Holder inequality, we infer that for each n > Ty and s1, s2 € [—p, 0],
|u(T + 82,7 —tn, 07w, ) —u(T + 81,7 — tn, 07w, &) || 1 (mm)

T+582
= . Eu(r, T—1tn,0_rw, ¢n)d7‘||H1(Rn)
TT81
T+s2 g (5.10)
< |52 - 31|1/2(/ H%u(ra T = tna G—TW’ (bn)”?{l(]R")dr)l/z
T+51

T d
<lsa = st 2[5l = b0, ) ) < VQalsa =2
T—p

As sy — 51 tends to 0, (5.10) approaches 0, which means that {u,(-,7 — tpn,0_rw, Pn)}02, is
uniformly equicontinuous in C([—p, 0], H*(R™)).
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Next, we show that {u(r + 8,7 — t,,0_,w, d,)}>2, is precompact in H!(R") for every fixed
s € [—p,0]. Thanks to Lemma and (3.3), there exist n > 0,7y = Ta(7,w,D,n) > 1 and
ko = ko(7,n) such that for all n > Ty and s € [—p, 0],

2
/(9* lur(s, 7 — tn,O,Tw,qbn)ﬁp(Rn)da: < % (5.11)
ko
Therefore, from (5.11)) that for all n > Ty and s € [—p, 0], we have
llur (8,7 — tn,0_rw, ¢n)||%11(0§0)dx <e. (5.12)

Moreover, for every s € [—p,0], the sequence {u,(s,7 — tn,0_rw, dn)}32; has a finite e-net in
H'(O4,), which along with shows that for every s € [—p,0], the sequence {u(7 + s,7 —
tn,0_rw, 0,) 152 has a finite 2e-net in H*(R™).

According to Arzela-Ascoli theorem, we conclude that the continuous cocycle ®¢ associated
with is D-pullback asymptotically compact in C([—p, 0], H}(R™)). O

Theorem 5.3. Suppose (1.2)-(1.5) and (3.11)-(3.12)) hold. Then the continuous cocycle ®¢ as-

sociated with has a unique D-pullback random attractor A° = {A°(T,w) : 7 € Ryw €
Q} € D in C([—p,0], HX(R™)). If, in addition, for each fized x € R™ and u € R, all functions
N(t,z,u), f(t,x,u),g(t,x), B1(t,x) and Ba(t,x) are T-periodic in t € R, then so is the attractor
Ac,de, A(1+T,w) = A%(1,w) for all T € R and w € Q.

Proof. The existence and uniqueness of the D-pullback attractor A€ follows from proposition [2.5
immediately based on Lemmas and Note that N(t,z,u), f(t,z,u), g(t,z), B1(t,z) and
Ba2(t,x) are T-periodic in ¢ € R, in this case, the continuous cocycle ®¢ corresponding to the
solution operator of problem is also T-periodic, i.e., ®(¢t, 7 + T ,w,d) = P(¢, 7, w, d) for
all t € RT,7 € Row € Q and ¢ € C([—p,0], H(R")). Furthermore, by we obtain that
Re(r+T,w) = Ré(7,w) if g(t, ), B1(t,z) and By(¢, x) are T-periodic in ¢ € R, which together with
Lemma implies that the absorbing set B¢ is also T-periodic, i.e., B¢(T + T,w) = B(1 + T, w)
for all 7 € R and w € Q. Therefore, the T-periodicity of A€ follows from proposition [2.5]in terms
of the T-periodicity of ®¢ and B°. O

6. STABILITY OF ATTRACTORS WITH RESPECT TO PERTURBATION PARAMETERS

In this section, we consider the limiting behavior of the pullback random attractors A€ of
problem as the intensity of noise ¢ — 0. Throughout the paper, we assume € € (0,1], and
write the cocycle of problem as € to indicate its dependence on €. Then ®¢ has a tempered
pullback attractor A€ by Theorem and has a tempered pullback absorbing set B¢ by Lemma
b1l Given 7 € R,w € Q, let

0
Rraw) =c [ e 180+ D)llian) + 182+ 7)oy + ()P

— 00

+lg(r +7)|1? + Ddr + sup |y(fsw)|?
—p<s<0

and
B(r,w) = {u € C([=p, 0], H'(R™) : [ullZ(_p.01.11 rr)) < QR(T,w)}.
By Lemma [5.1] for all 7 € R,w € Q, we have
Up<ec1 A (T, w) C Upcec1 B (T,w) C B(T,w).

The limiting equation of with e =0 is

Uy — Ay + Aa — Au = N(t,z,a(t,x)) + f(t,z,a(t — p,z)) + g(t,x), t > 1,2 € R", (6.1)
with initial condition

ir(s,x) == (T + 5,2) = ¢(s,z), s€[—p,0], z€R™ (6.2)

Similar to problem (1.1]), we can prove that problem (6.1])-(6.2]) generates a continuous cocycle ®° in
C([-p,0], H*(R™)). Moreover, ®° has a unique tempered pullback attractor A° = {A%(7),7 € R}
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in C([—p,0], H'(R")) and has a tempered pullback absorbing set B® = {B%(7) : 7 € R}, where
BO(7) is given by

BY(1) = {u € C([=p, 0], H'(R™)) « [ullg—p.01. 17 2r)) < QR(T)} (6.3)
and

0
R(r) = C/ e (|BL(r + )l ny + 1B2(r + T[T gy + lg(r + 7)1 + 1)dr (6.4)

In terms of Lemma [5.1] and (6.3)-(6.4) we have that for all 7 € R,w € €,
tim sup || (7, w)l < 1B(7)]l- (6.5)
e—
To obtain the upper semicontinuity of A€, the convergence of solutions of (1.1)) as ¢ — 0 is

necessary. To that end, we further assume the nonlinearity N satisfies: there exists 84 €
Lo (R, L*°(R™)) such that for all t,u € R and z € R™,

loc
ON
|5 (2 w)| < Balt @) (14 [uf?~?), (6.6)
where 2 < p < 0.

Lemma 6.1. Suppose (1.2))-(1.5) and hold. Let uf(t,7,w,us) and u(t,7,4,) be the solu-
tions of (L.1) and (6.1)-(6.2) with initial data uS and t,, respectively. If lim. ,ous = G, in
C([—p,0], HX(R™)), then for any t > T,w € Q,

liH(l) ut(t, Tyw,ul) = alt, 7,4, ).

€E—r

Proof. Let v¢ be the solution of (3.4)-(3.5) and & = v¢ — 4. Then from (3.4]) and (6.1) we know
that

@t - A’Et + A0 — AD = 6(1 — )\)Z(QtW),
which means L d
5 g 10 ey + MBI + [IVE]7 = (e(1 = 1)z (00), 9). (6.7)
For the right-hand side of (6.7)), by ||z(0:w)|| < ¢ we have

/ (€(1 = N)z(0uw)idz < e(1 = N)[|2(w)| - |9]] < eol|o]]* + ez, (6.8)
where c7 is a positive constant dependent of € and \. Using — we obtain

d, . -
%HUH%P(R") + || o] gny < €7, (6.9)
where cg = min{2A — 1,2}. Integrating over (7,t) with t € [r,7 + T yields

t
1537 gy < €T 13() 72 gy +C7/ s ds. (6.10)
By (1.2), (3.7) and (4.10)), this leads to

t
1o 0 ey + 470 oy < a0y + 5

(6.11)
In the deterministic case, similar to the approach in proof (6.11f), after simple calculations, we
obtain that for all ¢ € [r, 7 + T,
t

l|a(t, 7, UT)H?{l(R") + 041/ @#(T_t)||a(7”)||ip(w)d7” < Cge‘u(T_t)||aT||QC'([7p,O],H1(]RW)) +ci0. (6.12)

This and (6.10)-(6.12)) imply that

[V (8, 7, w, vE) = @t 7, ur) |31 gy (6.13)
< en €TI0 = |3 o, () + Cr2€ + case(([vs ]| + 1 ]?). |
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From v¢ = us — ez(0,4sw), (6.13) and lim,_,o ut = @, it follows that for all ¢ € [r, 7 + T7,

1i_%v5(t,7,w,uj) =u(t, 7, ur),
which together with (3.3)), (3.5) means lim._,q u® (t7 T,w,ul) = u(t, 7, ur). O

Lemma 6.2. Suppose that . . - and . hold. suppose 7 € Riw € Q, € €

(0,1], ifen, = 0 and u,, € A, (T, w), then the sequence {un}n:1 is precompact in C([— ,0] ( ™).
Proof. For every bounded sequence {ug,}52;, we need to prove the sequence

{u(tv T, W, uo’n)};)zozl

has a convergent subsequence in C([—p, 0], H!(R™)). This is done with the aid of the argument in
Lemma O

Theorem 6.3. Suppose that (1.2])-(1.5)),(3.11)-(3.12)) and (6.6 . ) hold. Then for every T € R,w € €,

lim distcq(—p,0) 1 ) (A(7,w), A%(7)) = 0.

Proof. This is an immediate consequence of [I8, Theorem 3.2] based on (6.5), Lemma and
Lemma O

Conclusions. In this article, we prove the existence and uniqueness of pullback random attractor
for the nonclassical diffusion equation with delay and intensity e in C([—p,0], H}(R")),
and then we obtain the upper semicontinuity of random attractors when the 1nten51ty of noise
approaches zero. It’s worth mentioning that the Arzela-Ascoli theorem, spectral decomposition,
and uniform tail-estimates have been utilized to demonstrate the asymptotic compactness of the
solutions. Furthermore, we will consider the case where time delay is replaced by state dependent
time delay in the near future.
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