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DYNAMICS OF TRAVELING WAVES FOR PREDATOR-PREY
SYSTEMS WITH ALLEE EFFECT AND TIME DELAY

YANG HUA, XIAOJIE LIN, JIANG LIU, HAIXIA LU

ABSTRACT. This article aims to establish the existence of traveling waves for a
predator-prey system with Beddington-DeAngelis functional response, repro-
ductive Allee effect, and time delay. We investigate the existence of solutions
for a system with two special delay kernels by geometric singular perturbation
theory, invariant manifold theory, and Fredholm orthogonality theory. In ad-
dition, we discuss the asymptotic behaviors of traveling waves with the aid of
the asymptotic theory.

1. INTRODUCTION

The Allee effect was originally proposed by Warder Clyde Allee [2] to characterize
the correlation between the population density and per capita growth rate of the
population at low densities [27]. In recent decades, it has received considerable
attention and numerous related studies have been conducted [11, 19} 23] 29] [3T] [34].
To investigate the impact of the reproductive Allee effect in prey growth, Dey et
al. [7] considered the predator-prey system with Beddington-DeAngelis functional
response and reproductive Allee effect,

NP
Ny =dxN, N2(b— N)—dN — — >0
T NNyy +a ( ) P+ N +qP’
esN P (1.1)
Pr=dpP, —— — mP
T P yy+p+N+qP mir,

where N(T,y) and P(T,y) denote the prey and predator densities at moment T
and location y, respectively, dy and dp denote the diffusion coefficients of the
prey and predator populations, the positive constants a, b, and d stand for the
intrinsic growth rate, threshold for positive growth, and intrinsic mortality rate,
the parameters s, p, and g represent the maximum predation rate, self-saturation
constant and predator mutual interference, e and m are the conversation coefficient
and the per capita natural death rate of the predator population.
Making the change of variables

N sP ; T m
u=—-—, v=-— =m T=,/—
b ) bm ) 9 dN y7
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system (|1.1)) becomes dimensionless system

9 uv
= Ugy 1- - - T 5
Up = Uy + ou (1 —u) —nu P
N (1.2)
V= gy + —————— — 0,
a+u—+ pu

where a =2, 8 =90 = 5= amﬁ, n= %, 6= g—‘“ are dimensionless param-
eters. Combining the shooting method discussed in Huang [15] and the invariant
manifold theory, Dey et al. [7] obtained the existence of traveling waves for system
connecting from the predator free homogeneous steady-state to the coexisting
homogeneous steady-state.

The time delay is a kind of common nonlinearity, and numerous biological pro-
cesses involve delays [27], 24, 28] B2], [33]. In ecology, the prey cannot immediately
convert food into their own energy [3 26]. Furthermore, the predator requires time
for digesting prey before further activities [I3], and the reproduction of predator is
not instantaneous but mediated by some time delay required for gestation. Conse-
quently, it is meaningful and essential to consider the time delay in predator-prey
interaction.However, Dey et al. [7] did not consider the asymptotic behavior of
traveling waves for the system .

There are two frequently used time delays known as local delay and nonlocal
delay (1.6). Britton [4] introduced a model for a single biological population in the
form of

Up = Uz +u(l4+au— (14 a)(f xu)), (1.3)

where f is a given function and f * u denotes a local convolution in the spatial
variable that can be written as

(Fruet)= [ ft = Syuta,s)is, (1.4)

which is a spatial average weighted according to distance from the original position.
The time delay ([1.4)) is called the local delay. The kernel f(¢) is any integrable non-
negative function that satisfies

/+oof(t)dt:1 and t£(t) € L ((0,00), ).
0

It is notable that the normalization assumption on f ensures that the uniform non-
negative steady-state solutions are unaffected by the delay. The two classical and
special kernels are defined by

f(t):%e’t/T and f(t):%e’t”, (1.5)

where 7 > 0 is a small parameter. The former is called the local weak delay kernel
and the latter the local strong delay kernel.

To recognize the effect of moving time, a spatio-temporal average weighted to-
ward the current time and position had been studied. Subsequently, Britton [5]
provided a mathematical derivation of a modified model, which incorporates a non-
local convolution in space and time, taking the form

t —+oo
(f xu)(z,t) :[ [ fle—y,t —s)uly, s) dyds. (1.6)
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The time delay (|1.6)) is called the nonlocal delay. The kernel f(x,t) is any integrable
non-negative function satisfying the normalization assumption

I

which ensures that the uniform non-negative steady-state solutions are unaffected
by the delay. The two classical and special kernels are defined by

‘,EZ 12
flz,t) = &G*U%e*tﬁ and f(z,t) = \/A%efﬁ %e*t/T, (1.7)
where the small parameter 7 > 0 measures the time delay. The former is called the
nonlocal weak delay kernel and the latter the nonlocal strong delay kernel.

Traveling waves are useful in understanding the interaction of multiple species,
and many powerful study methods have been established. Among them, the geo-
metric singular perturbation theory developed by Fenichel [12] is an effective method
to prove the existence of traveling waves in evolution equations with small param-
eters. This theory has been applied to various equations, including Keller-Segel
systems [I0, 25], FitzHugh-Nagumo equations [14} 20, [30], nonlinear Belousov-
Zhabotinskii system[I1], Liénard equations [I§], Camassa-Holm equations [9], [§],
etc.

Motivated by the aforementioned analysis, we incorporate time delay into the
system . To avoid excessive technicalities, we shall only consider the case of
time delay on prey in this paper. The predator-prey system with Beddington-
DeAngelis functional response, reproductive Allee effect, and time delay which we
study here is given as

uv
= Ugy 1_ - T - A
o (1.8)
V= OVgq + —————— — v,
a+u+ Bu

where the parameters are the same as those in system , and the term ( fx*u)(z,t)
denotes time delay. When we ignore the time delay, system is reduced to
system .

The goal of this article is to establish the existence of traveling waves for sys-
tem with two cases of (f * u)(z,t) as: local delay (1.4) and nonlocal delay
, where the delay kernels are chosen as and (|1.7]), respectively. Further-
more, the asymptotic behavior of traveling waves for system has also been
considered. It should be pointed out that the profile system of system is four-
dimensional, while the profile system of system with local delay kernels
is six-dimensional, or eight-dimensional with nonlocal delay kernels . Conse-
quently, the shooting method employed by Dey et al. [7] does not apply to system
(1.8). Here we use the geometric singular perturbation theory and Fredholm or-
thogonality theory to solve this difficulty.

The article is organized as follows. Section 2 gives some preliminaries and intro-
duces the geometric singular perturbation theory. Section 3 and Section 4 respec-
tively focus on studying the existence of traveling waves for the system with
local delay kernels and nonlocal delay kernels by the geometric singular
perturbation theory and the Fredholm orthogonality theory. Section 5 is to explore
the asymptotic behaviors of traveling waves with the method of the asymptotic
theory.
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2. PRELIMINARIES

In this section, we provide some preliminaries and introduce the geometric sin-
gular perturbation theory [16] [I7]. By taking the traveling wave transformation

(u,0)(@,t) = (U, V)(E), {=az+ct, (2.1)
where the constant ¢ > 0 is the wave speed, system ([1.2) is transformed into
uv
U'=U"+0oU*1-U)—qU - —————
¢ +oU( )—=n e
~UV (2.2)
VI — 5‘/// I e
¢ + a+U+ BV ’
where ' = d%. System (2.2)) is equivalent to the system
U =X,
V' =Y,
uv
X' =eX —oU*1~U) + U + ————— (2.3)
cX —oU"( )+n P
1 UV
Y = 7[ Y - —— + V.
Sl eyt

According to the analysis presented in [7], for o > 4n, it follows that the system
(2.3) has three equilibria

Po(0,0,0,0), Pl(u1,070,0), and P2(u2,07070),

where

_o+/o?—4don 0 — /0% —doy
Ul——2 >07 UQ——2 > 0.
o o

Furthermore, under certain conditions, see [7] for more details, the system (2.3)
admits the fourth equilibrium

P, (uy,v4,0,0),
where u, is a positive root of the cubic equation

ovBu — oyfu? + (vBn+v —1)u —a =0, (2.4)
and
Vg — Uy — Q1
B
Note that the equilibrium P; (u1,0,0,0) and P (us, v«, 0,0) correspond to the preda-

tor free homogeneous steady-state F1 (u1,0) and the coexisting homogeneous steady-
state Ey(uy,v,) of the system .

For system , Dey et al. [7] obtained the existence of the heteroclinic orbit
that connects the equilibrium P; and P, in the case F, is a stable homogeneous
steady-state, which can be characterized by the following lemma.

Vs = > 0.

Lemma 2.1 ([7]). If ¢ > 2,/6(-X* — 1), then system (2.3 admits a heteroclinic

a+uy
orbit ®¢(P) = (U(£),V(£),X(£),Y (&) with ®¢(P) — P1(u1,0,0,0) as & - —oc0
and ®¢(P) = Py(u4,v4,0,0) as & = 4o0.
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We now introduce the geometric singular perturbation theory, which ensures
the existence of invariant manifolds under certain conditions. With the use of
this approach, the higher-dimensional systems can be reduced to lower-dimensional
regular perturbation systems on these manifolds. This reduction greatly simplifies
the analysis of traveling waves in high-dimensional systems.

Lemma 2.2 ([16, [17]). Consider the system

y'(t) =eg(x,y,¢), '
where (z,y) € R™ x R™ (m,n > 1), and the parameter € satisfies 0 < ¢ < 1.
The functions f and g are C™ on the set V x I, where V.€ R™™ qand I is an
open interval that includes 0. If the critical manifold My = {(z,y) € R™ x R™ :
f(z,y,0) = 0} is normally hyperbolic, i.e., the m x m matriz (D, f)(p,0) of first
partial derivatives with respect to the fast variables x has no eigenvalues with zero
real part for all p € My, then for 0 < e <1 and any 0 < 1 < +00,

(i) there exists a slow manifold M. that is diffeomorphic to My, and M. is
locally invariant under the flow of (2.5);
(il) M. is C" in z,y,e and can be given as a graph

M. = {(xay) L= hs(y)}’

for some C" function h®(y);

(ili) there exists locally stable and unstable invariable manifolds W7 _(M.) and
W (M) lying within O(g) and being C” diffeomorphic to W (M) and
Wll(l;c(MO)'

3. TRAVELING WAVES FOR THE SYSTEM WITH LOCAL DELAY

This section focuses on studying the existence of traveling waves for the system
(1.8) with local delay by the geometric singular perturbation theory and the
Fredholm orthogonality theory. We investigate the case of local strong delay kernel,
i.e., taking f(t) = Tt—Qe—t/T, the case of the local weak delay kernel can be discussed
by the same way.

3.1. Perturbation analysis with local delay. Substituting the traveling wave

transformation (2.1]) into system (|1.8), we have

__uv
a+ U+ BV’

V,

U =U"+ oUW (1 -W)—nU

YUV

sV gy
v v Jr(Jz—&-U-FﬁV
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where ’ = d%, and

t
W(¢) = / t_QSe_FTSU(x—I—cs)dS

—o0 T

0 2 .
:—/ —e "U(z+ct —cz)dz
too 7 (3.2)
zZ _=

+o00
:/0 ﬁe_? (& —cz)dz

+oo t 7t/
= /0 —e TU(§ — ct)dt.

T

Differentiating the equation (3.2)) with respect to &, we obtain

+oo
W _ / L et U (€ — ety
0

g 72
— 7% /;oo %e*t/TUt(g — ct)dt
_ ! /+<>O ie_t/TalU
¢ty T2
= —(Geu- )| T+ : /;OO U~ etyd( ety (33)
1

e tft/‘r
|-zt

c

1 <1, >t
- - —t/T _ _ v —t/T _
( /0 e U(§ — ct)dt /0 € U(¢ ct)dt)

CT

Lc—w),

CT

where
+oo 1
€ = / —e7UTU(€ — ct)dt. (3.4)
0 T
Differentiating equation (3.4)) with respect to &, we obtain

d el
& _ —e U (€ — ct)dt
pu

¢ Jo
+oo
_ ! / 1e*t/TUt(g — ct)dt
c Jo T
“+o00
= —1/ le_t/TclU
€Jo T ) (3.5)
1 S B R |
=——e U (E - ct)‘ + f/ Ud(=e t7)
cT 0 c Jo T
1 1 [t>1
= —U(¢) - — —eVTU(E — ct)dt
CT CT Jo T
1
=—U-¢)
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By combining equations (3.3)) and (3.5)), system (3.1)) can be reformulated as

uv
U =0" Uw(la-w)—-nU - ———
¢ +oUW( )—n P e
uv
I:6 1" 77_
V' =46V +a+U+ﬁV v, (3.6)
cTW' =¢—W,
CTCIZU_Cy
which can be further rewritten as a system of first order ODEs in R
U =X,
V' =Y,
X/:cX—oUW(l—W)—f—nU-N—L,
a+U+ VvV
1 UV (3.7)
Vi=<|ey - — L2
5[0 a+U+BV+V}’
W' =(—-W,
er¢' =U ¢,

where the small parameter 7 denotes the time delay in the system (1.8). For small
7 > 0, system is a slow system in which (W,() are the fast variables and
(U,V,X,Y) are the slow variables.

Let 7 = 0, then the flow of the system is constrained to the critical manifold

Co={UV,X,Y,W,) eRC : W = =U}. (3.8)

Now we study the normal hyperbolicity of the critical manifold Cy. For a point
P € Cy, the matrix of the first partial derivatives with respect to the fast variables

(W.¢) is
Ji = <_}J/C _11//00) . (3.9)

Thus according to Lemma it follows that the critical manifold Cj is normally
hyperbolic. It indicates that there exists a slow manifold C,, O(7) close and dif-
feomorphic to Cy for 0 < 7 < 1, which can be expressed as

Cr ={(UV,X,Y,W,Q) €R®: W = U + = (U, V, X, Y)7 + O(7%),
(=U+m(U,V,X,Y)r+0(r)},

where w;(U,V,X,Y) (i = 1,2) are two smooth functions defined on a compact
domain.
Substituting

W =U+wm(UV,X,Y)r+0(?),
(=U+w(UV,X,Y)r+0(r%),
into the system , we have
(U + wy7) = et X + O(1?) = (wy — w11 + O(1?),
er(U' 4+ whyt) = er X + O(1?) = —war + O(72).
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Comparing the coefficients of 7, it follows that

(U, V, X, Y) = —-2¢X, and ws(U,V,X,Y)=—cX.
Then system (3.7) restricted to C can be reformulated as

U =X,
V' =Y,
X' ZCX—O'U(U—QCXT)(l—U+20XT)+77U+L+O(T2) (3.10)
a+U+ BV ’
1 AUV
Y =ZleV - — 2~
5[0 a+U+/5V+V}’

which is a regular perturbation of the system (2.3)). It is evident that the system
(3.10]) is simplified to the system (2.3) when 7 = 0.

3.2. Analysis by the Fredholm orthogonality theory. In this section, we shall
prove that the system admits a heteroclinic orbit connecting the equilibrium
P1(u1,0,0,0) to Py(ux,v4,0,0) for 0 <7 < 1.

Let (Uy, Vo, X0, Yo)(€) be the heteroclinic orbit of system obtained in Lemma

connecting the equilibrium Pj (uq,0,0,0) to Py (., v, 0,0). To solve the system
(3.10) for 0 < 7 < 1, we set

U="U+Urt+0(r?),
V =Vo+ Vit + O(7?),
X = Xo+ X174+ 0(7?),
Y =Y, + YT+ O(r%).

(3.11)

Substituting the transformation ([3.11)) into the first and second equations of system
(3.10), and comparing the coefficient of 7, we have

U =X;, and V/ =Y. (3.12)
Substituting the transformation (3.11)) into the third equation of system (3.10f), we

obtain
X' =X\ + X7+ 0(1%)

UV
a+U+ BV
= cXo — Uo(oUy — oUF — 1) + [(30U§ — 20Uy + n)Uy + cXy

UoVo + (UoVi + VoUy)T + O(72)
a+ U+ BVo + (Ur + BV1)T + O(72)

:CX()—U()(O'U()—O'U(?—H)'F +X17—+O(T2)

+ QCO'U()X()(I — QUQ)]T + + O(T2),

ie.,

UoVo
a+Uy+ BV
= [a+ U + BVo + (U1 + BVA)7] [(BU§ — 20Ug + n)Us + X4

+ 2c0UpXo(1 — 2Up) |7 + Uo Vo + (Ug Vi + VoUr )T + O(72).

[+ Uo + BVo + (Un —l—ﬁvl)T]( +X1T> +0O(7%)
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Comparing the coefficient of 7, one has
2
aVy + BV }U1 n
(a+Uo + BVp)?
+ X1 4 2coUp Xo (1 — 2Uy).

Substituting the transformation (3.11]) into the fourth equation of system (3.10)
and comparing the coefficient of 7, we have

Vo + BV 1 v alUy+U? c
Y’:_Zao—o -t 20T Yo Sy, 14
i 6(a+U0+ﬁVO)2U1+<6 6(a+UO+BVO)2)V1+6 o (319

Combining equations (3.12)), (3.13]) and (3.14)), we obtain the following differential
equation system determining U, Vi, X3 and Y7,

OzU() + Ug
(a+Uo+BVZ)?E " (3.13)

X| = [3JU02 — 20Uy + 1+

dy(§
) Poue - Q) (3.15)
where
U1(§)
_ | i(©
¥(§) = X6 |
Yi(§)
0 0 1 0
0 0 0 1
— @ 2 o 5
PO =1 3008 — 2000 + 0+ 3250 mities e 0
_q_oVotBVy 1_7y_alotUs o ¢
% (a+Uo+BVo)2 5 8 (atUo+BVo)? 0

Q(€) = (0,0,2coUpXo(1 — 2U4),0)T.
Next we proof that the system ([3.15)) admits a solution satisfying
(U1, V1, X1,Y1)(£c0) = 0.

Let J
= dif — P(&). (3.16)

Denote L? as the space of square integral functions, with inner production

“+oo
/ (M(€), N(€))de,

— 00

where

M(f) - (U1(£>’Vl(£)le(€)vm(f))TaN(f) - (Ul(f), Vl(g)le(g)ayl(g))T,

and (-,-) being the Euclidean inner product on R*. According to Fredholm or-
thogonality theory, we have that the system (3.15)) will have a solution if and only
if
i .
| ane.aene o,
for all functions M () € R?* in the kernel of the adjoint of the operator [. It can be
readily verified that the adjoint operator [* is
d
l* - PT
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where
aVo+BVE aVo+BVE
00 SUUOQ —20Uo + 1+ (a+(})0+5‘80)2 _% (a+[})0+5‘3022
T 0 0 __alUo+Ug 1_q__aletlUs
P& = (a+Uo+BVZ)? 5§ 7 5 (atUo+Bv0) | . (3.17)
1 0 c 0
0 1 0 e
To compute ker I*, we need to find that all M (&) satisfying (*M(£) =0, i.e.,
AM (&
8 P (3.18)

Then the persistence question reduces to the solvability of equation . It is
evident that the zero solution is a solution of the equation . Since the matrix
PT () is nonconstant, it is difficult to find the general solution of equation .
Nevertheless, we are only focusing on solutions that satisfy M (+oo) = 0, and in fact,
the sole such solution is the zero solution. Recall that (Up(€), Vo(§), Xo(€), Yo(§)) is
the solution of system obtained in Lemma Although we have no explicit
expression for it, we know that (Uy(&), Vo(€), Xo(£),Yo(€)) tends to Pi(u1,0,0,0)
as £ = —oo. Letting £ — —o0, the matrix —P7 finally becomes a constant matrix

0 0 3ou?—20u;+n 0
0 0 t 11— )
at+u 5 at+u
10 . 1 0 1 (3.19)
0 1 0 5
The characteristic equation of the above matrix is
(A2 — e — 3002 + 20u; — 7)(GA2 — A+ —L 1) =0. (3.20)
o+ Uy

By direct computation, it can be found that the equation has three posi-
tive real eigenvalues and one negative eigenvalue. Consequently, the sole solution
that satisfies M(—o0) = 0 is the zero solution. This implies that the Fredholm
orthogonality condition holds trivially

+oo +oo
/ (M(E), Q(€))de = /_ (0,Q(€))dE = 0,

and the solutions of the system (3.15]) exist, which satisfies
(U1, V1, X1, Y1) (£00) = 0.

Therefore, for 0 < 7 <« 1, the system exists one heteroclinic orbit
connecting the equilibrium P (u1,0,0,0) to Pi(us,v«,0,0). This means that the
system with local strong delay kernel admits a traveling wave, and we obtain
the following theorem.

a+tuy
the system (1.8]) with local strong delay kernel admits a traveling wave (u,v)(z,t)=
(U, V) (&) connecting from the steady-state E1(u1,0) to Ey(uy,vy), where £ = x+ct.

Theorem 3.1. If ¢ > 2,/0(X — 1), then for any sufficiently small 7 > 0,

Remark 3.2. The result for 7 = 0 is presented in [7]. Theorem |3.1]indicates that
the traveling wave connecting from the steady-state Ej(u1,0) to Ey (., vs) still
exists for any sufficiently small 7 > 0.
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4. TRAVELING WAVES FOR THE SYSTEM WITH NONLOCAL DELAY

This section focuses on studying the existence of traveling waves for the system
(1.8) with nonlocal delay (1.6) by the geometric singular perturbation theory and
the Fredholm orthogonality theory. We mainly consider the case of nonlocal strong

m2
delay kernel, i.e., taking f(x,t) = ﬁe‘ﬂ Tt—Ze_t/T7 the case of the nonlocal weak

delay kernel can be studied similarly.

4.1. Perturbation analysis with nonlocal delay. We define

_e-9?t—8  i-s
e =9 e” 7 u(y,s)dyds.

#at) ‘/; /jm =

By a direct calculation, we have

o6 *¢ 1

where

=2 1

e~ A=) 76_§u(y7 s)dyds.
T

t +oo 1
o= [T
—o0 J —oo 47T(t — S)
Similarly, it follows that

ok 0’k 1

Combining equations (4.1) and (4.2)), we obtain
2 1
¢tt = 2¢th - (bwwwa: + ;(¢wx - (bt) + ﬁ(u - ¢) (43)

Then system (|1.8)) can be reformulated as

uv

= Uxy 1-— - S
Up = Ugy + oud( @) — nu P

~yuw
b
a+u—+ pu

¢tt = 2¢tzm - ¢xzzm + %((ybz:v - (bt) + %(u - ¢)

Vy = OVpy

Introducing the traveling wave coordinate

(w,0,9)(z,t) = (U, V,9)(€), &=z +ct,

where the constant ¢ > 0 is the wave speed, the system (4.4)) is transformed into

L Uv
U =U" +oU(1— ) — U — —————
c +oUs(1—¢) —n T UT AV
r_ " VUV . 4.5
cV' =0V Jria—&—U—i—ﬁV , (4.5)

o 1 i 2 1 i ]' n
B~ 28" + 9"~ 2(¢" — i) = 5 (U =) =0,
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which can be rewritten as the eight-dimensional system

U =X,
V' =Y,
' X —oUS(1— v
X'=cX —oUg(1 ¢)+nU+o¢+U—|—BV’
1 UV
V=l ——T— v
50 axU+gv TP (4.6)
¢/:¢1a
&32&27
&52(537

¢y = 2chs — P + %(@2 —chr) + 7_*12(U - ).
Set € = /7 and define the new variables
Z=¢, Zi=¢ed1, Zy=c¢y, Zz=c¢s,
then system becomes

U =X,
V' =Y,
v
X' =X — Z(1—-27 _
c oUZ( )+nU+a+U—|—ﬂV’
1 AUV
y/:,[y_i Vi,
s Tatxurav T (4.7)
EZ/ZZh
€Z1:Z2,
€Z£:Z;3,

5Zé = 2ced3 + (2 — 6252)Z2 —2ceZ1+U — Z.

For small € > 0, system (4.7)) is a slow system in which (Z, Z1, Zs, Z3) are the fast
variables and (U, V, X,Y) are the slow variables.
Let € = 0, then system (4.7)) is constrained to the critical manifold

So={(UV,X,Y, 2,21, 25,25) ERS : Z = U, Zy = Zo = Z5 = 0} (4.8)

For a point P € Sy, the matrix of the first partial derivatives with respect to the
fast variables (Z, Z1, Zo, Z3) is

o O O

Jy = (4.9)

S O o
DO = O
o = O o

-1

A computation shows that the eigenvalues of the matrix Jo are —1,—1,1,1, hence
the critical manifold Sy is normally hyperbolic. According to Lemma[2:2] we obtain
that there exists a slow manifold S., O(e) close and diffeomorphic to Sp for 0 <
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€ < 1, which can be expressed as
. ={(UV. XY, 2,21, 2, Z3) € R®
Z=U+ fi(UV,X,Y)e+ fo(UV,X,Y)e* + O(e?),
Zy = gi(U,V,X,Y)e + g2(U, V, X,Y)e? + O(€%), (4.10)
Zy =hi(U,V,X,Y)e + ho(U,V, X,Y)e* + O(%),
Zs = (U V, X,V)e +12(U,V, X, V)22 + O() },
where f;, gi, hi,7; (1 = 1,2) are smooth functions defined on a compact domain.
Substituting equation into system , we have
eX + fie? + f3% + O(e*) = gie + g2 + O(e?),
g2 + ghe® + O(e*) = hie + hae® + O(£%),
Rie? 4+ hhe® + O(eh) = rie + roe? + O(e%),
rie? +rhe® + O(e*) = (2hy — fi)e + (2cr1 + 2ha — 2¢g1 — f2)e? + O(€?).

Comparing the coefficients of € and £2, one has

20V
= - 9 — 2 _
fl 07 f2 o+ U+BV (GU oU n)U7
uv
hy = hy = cX — —oU? - —
1 =0, 2 =2c (UU oU ?7)U+Q+U+BV,
91:X, 92:0, 7”1:0, 7“220.
Thus system (4.7)) restricted to S. can be reformulated as
U =X,
V' =Y,
XewX—dﬂU+hﬂa—U—ﬁ§wa+——EK——+0@L (4.11)
a+U+ BV
1 AUV
Y=Z[¢V - ————
s s TV

which is a regular perturbation of the system (2.3)). It is evident that the system
(4.11)) is simplified to system (2.3]) when € = 0.

4.2. Analysis by the Fredholm orthogonality theory. This section we prove
that system admits a heteroclinic orbit connecting equilibrium P; (u1, 0,0, 0)
t0 Py (s, v4,0,0) for 0 < e <« 1.

Let (Uo, Vo, Xo, Y0)(§) be the heteroclinic orbit of system obtained in Lemma

connecting the equilibrium P (u1,0,0,0) to Pi(u«,vs,0,0). To solve system
(4.11) for 0 < 7 < 1, we set

U =Uy+Ue* 4+ O0(?),
V =V + Vie? + 0(e?),
X = Xo + X162+ 0(e?),
Y =Yy + Yie? + 0(e?),

(4.12)
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Substituting the transformation (4.12)) into system (4.11)) and comparing the coef-
ficient of €2, the differential equation system determining Uy, Vi, X1, Y] is

dip(€ ST =
) poie - ae (413)
where
J1(8)
s | Va(©)
P(€) = () |
1(6)
0 0 1 0
) 0 0 0 1
. a 2 a 2
P& = | 3003 — 2000 +n + 5t it ¢ 0
_q_aVotpVg 1 _ 7 alotUg 0 ¢
B (Oz+U0+ﬁVo)2 B B (a+Ug+ﬁVo)2 5

Q(€) = (0,0,0(2U3 — Uo) f2(Us, Vo, Xo, ¥0),0)"
By an analysis similar to the one in Section 3.2, it follows that system (4.11]) admits
a heteroclinic orbit (4.12]) connecting the equilibrium P (u1, 0,0, 0) to Py (us, v, 0,0)
for 0 < e <« 1. Therefore, the system (1.8]) with nonlocal strong delay kernel admits
a traveling wave, and we obtain the following theorem.

Theorem 4.1. If ¢ > 2, /6(-X% — 1), then for any sufficiently small 7 > 0, the

a+uq
system (1.8]) with nonlocal strong delay kernel admits a traveling wave (u,v)(x,t)=
(U, V)(&) connecting from the steady-state Ey(uy,0) to Ey(uy,vy), where & = x+ct.

5. ASYMPTOTIC BEHAVIOR

This section focus on analyzing the asymptotic behaviors of traveling waves
for the system (1.2) with the method of the asymptotic theory [6]. Let ¢(§) =
(u,v)(z,t) = (U, V)(&) be the traveling wave of system (|1.2)) satisfying the boundary
conditions

(U, V)(—o0) = E1(u1,0), (U, V)(+00) = Ey(ths, vy). (5.1)
Differentiating the system with respect to ¢ and denoting
@' (&) = (U, V')(&) = (1, 2) (&),

we have

V + V2 U+U?
el = G+ (20U — 3002 — )y — 2V FBV )1 & (aU + UT)gs

(a+U+pV)? ’ (5.2)
col = ol + (aV+ﬁV2)501 + (aU+U2)<P2 _ .
@2 902 Y (a+U+ﬂV)2 P2-

Note that the traveling wave ¢(&) satisfies the boundary conditions , hence the
limiting system of system as & - —o0 is

U1
o+ up

- 1)90277

e =@ — (our —2n)p1- —

Yu1
o+ up

P2,
(5.3)

cpy =00y 4 (
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which is equivalent to the system

P = e3-,
Py = Pa,
L= — M1 + — oy _ (5.4)
w3 = (our = 2n)p1— + —— o e T epsn
1 Yuq
/
=—|(1— _ _.
Pio =5 [( ot P2 e
The system (5.4)) can be rewritten as
T =AT-, (5.5)
where
o1 (€) 0 0 10
p2-(§) 0 0 01
T (¢) = A= b 5.6
©=1 @ P o —2n atur c 0 (5:6)
P4 (§) 0 s(1—he) 0
The eigenvalues of the matrix A; are
c++/c2+4ou; — 8y c+ e+ Aluq)
A1 = 5 A2 = )
2 26
c—/c+ Aluq) c—/c?+4ou; —8n
A3 = 5 A4 = )
26 2
where A(u1) = 46(1 — 7). It is evident that A; >0 (i = 1,2,3), and Ay <0 for

w = VI Ao w, o >4n, and ¢ > 2, /6(5- — 1) > 0. The general solutions of
the system ([5.5)) can be expressed as

4
(P1-y 2, o3, p1-) 1 (&) = Zaipie/\lﬁ?
=1

where p; are the corresponding eigenvectors to the eigenvalues A; (i = 1,2,--- ,4),
and a; (i =1,2,---,4) are arbitrary constants. Since
(@l—a Yo, P3—, 304—)T(_OO) = (07 07 07 O)a

we have a4 = 0 and

3
(p1-, pa_,3—, <,04—)T(§) = Z aipieAlf.
i=1

Therefore, we obtain the asymptotic behavior

(gi) B (g’__lli((:i Z((ll)))):AAif > 7 (5.7)

where m;, n; (i = 1,2,3) are constants, and u; (¢ = 1,2,3) can not be zero simul-
taneously, see [6].
On the other hand, the limiting system of system (5.2]) as £ — 400 is

2y +1 1
Tk *277)901++B

! 1!
CP14+ = P14+ — (ous — P2+

(5.8)
cpyy =09y, + (VK" = k" )p1y — BE pay,
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where
o e b =Du—a
Y VB ux
Then system (5.8]) is equivalent to
Phy = P34,
Por = Pats
2y +1 ., 1— Bk*
psy = (ous — k" —2n)e14 + P24 + P34,
1 * * *
Ohy = 5 [(k* = vk")p14 + Bk* oy + cpuy],

which can be reformulated as

T*/‘r == A2T+,
where
o TR
_ | 2+ (€ _ .
T+(€) B w3+ (6) |’ A2 = Oty — QVWHI“* —2n 175 c 0
Pat (§) ke Bk 0 ¢

The general solutions of system ([5.11)) has the form

4
(P14, P2+s D345 Pat) T (€) = Z aipies,
=1

where p; are the corresponding eigenvectors to the eigenvalues A; (i=1,2,---

and a@; (i =1,2,---,4) are arbitrary constants.
The characteristic equation of the matrix As is

A —(c+ g)]\3+K2]\2+K1]\+K0 =0,

where

*

Ko = [0Bu, — (38 + %)k* —26n+1] i

?7
K, = [(ju*—|—(ﬂ—1—2),&:*—277]E
gl J’

1 B, c?

EJDE-2024/33

(5.9)

(5.10)

(5.11)

(5.12)

4),

According to the Viete theorem, the equality (5.9) and wu, is a positive root of the

cubic equation (2.4), we have

AMthotAstAi=ctS>o,

1)
]\1]\2]\3[\4 =Ky = Ufk Aluy),
U
where
202 8° +49*B =3B+ - 1 (378 + e
A x) — * 2 *
(us) = (us) 07232 u o232
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It is evident that A;AyAsAy and A(u,) have the same symbol. For simplicity, we
shall only consider the situation of A(u,) < 0 here. The situation of A(u.) > 0 can
be discussed similarly.

When A(u,) < 0, the distribution of eigenvalues involves four cases:

Case 1: Re([\l) = Re(f\g) >0, A < 0, Ay > 0, or Ay > Ay > Ay > 0, As < 0.
Since
(P14, P24, P31, pay) " (+00) = (0,0,0,0), (5.13)

we have a1 = @y = a4 = 0 and (@14, Y21, P31, 1)L (£) = &3ﬁ36A35. Therefore, we
deduce the asymptotic behavior

(sour) _ <ﬂ3(ﬁ%s + 0(1))65\35> R (5.14)

P2+ fis (Mg + o(1))es¢
where mg3, ng are two constants, and ji3 can not be zero simultaneously.

Case 2: Re(A;) = Re(Ay) <0, A3 <0, Ay >0, 0r Aj < Ay < Az <0, Ay > 0.
From condition (5.13]), we obtain a4 = 0 and

(901+7 P2+, P34+, 504+ Z a;pie Zg

Thus, we achieve the asymptotic behavior

3~ A
)\ i fuliia + o(1))ehs ) ’

where m;, 7; (i = 1,2,3) are constants, and fi; (¢ = 1,2,3) can not be zero simul-
taneously.

Case 3: Al = ]\2 < 0, Ad <0, A4 > 0. From condition , it follows that
as = 0 and
2 ~ ~
(14 P21, P34y Pas) Z {1+ (A2 — AiD)EYe™ + g pges.

Thus, we achieve the asymptotic behav1or

<¢1+> _ (sl 0o(1))esS 4 3304 e (i + 0(1)) + (1 + (1)) e
P2+ fis (73 + 0(1)ers + 327 fi{ (R + 0(1)) + (7 + o(1)E}eli¢ |
as £ = +oo, where m;, n;, My, Ny (¢ = 1,2,3) are constants, and fi; (i = 1,2,3)
can not be zero simultaneously.

Case 4: A; = Ay = A3 <0, Ay > 0. By condition ([5.13)), one has a4 = 0 and

(901-&-7 P2+, P34+, @4-&- Z azpl{I + (A2 - A I)S}eA i

=1
Consequently, we obtain the asymptotic behavior

3~ (. 5 Aig
(Sler) _ 2151 :uj{(”:% +o(1)) + (fﬂn + 0(1))5}@/& . € doo, (5.16)
P2+ Yzt Ba{ (i + o(1)) + (7ii + o(1)) e

where my, 1;, mi;, 7y (1 = 1,2,3) are constants, and ji; (¢ = 1,2,3) can not be zero
simultaneously.

From equalities (5.7 and ([5.14)-(5.16)), we have the following result.
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Theorem 5.1. If ¢ > 2,/5(;14- — 1) and A(u.) < 0, then there exist constants

R, R, Ly, Ly, Ly, Ly such that system (1.2) admits a traveling wave o(§) =
(u,v)(z,t) = (U, V) (&) with the following asymptotic properties:

Uy 0 el
(&) —( (J;:E(f;l)()le)&g 5), £ — —oo, (5.17)

where A; can be A, A, As.
For cases 1 and case 2, we have

s — (L1 + o(1))eMs€

o(6) = vy — (Lo + O(l»eAjg

, &= Foo, (5.18)

where for case 1, Aj is A3, and for case 2, A; can be one of Ay, Aa, As.
For cases 8 and case 4, we have

_ (ue = (L1 + 0(1)) X5 + (Ly + o(1))gef) -
90(5) - vy — ((L2 + O(]_))eAJf + (EQ + 0(1))56‘/\15) ’ f — +00, (519)

where for case 3, 1~Xj can be one of A1, As, and for case 4, 1~Xj is Aq.

The asymptotic behaviors of traveling waves for the system (|1.8]) with local delay
kernels ([1.5) or nonlocal delay kernels (1.7)) can be investigated similarly.
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