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LOCALIZED NODAL SOLUTIONS FOR SEMICLASSICAL
CHOQUARD EQUATIONS WITH CRITICAL GROWTH

BO ZHANG, WEI ZHANG

ABSTRACT. In this article, we study the existence of localized nodal solutions
for semiclassical Choquard equation with critical growth

9=
—&2Av + V(z)v = ea_N(/ f@)Fe dy) |v\2;_2v + 9|90, z € RY,
RN |z —yl®

where ¥ > 0, N > 3, 0 < a < min{4, N — 1}, max{2,2* — 1} < ¢ < 2%,
2% = 2]]\\,'__20‘, V' is a bounded function. By the perturbation method and
the method of invariant sets of descending flow, we establish for small ¢ the
existence of a sequence of localized nodal solutions concentrating near a given
local minimum point of the potential function V.

1. INTRODUCTION

In this article, we study localized nodal solutions of the nonlinear Choquard
equation with critical exponent

2% .
—e?Av+V(z) = 50‘*N(/ lo@) dy) [v|?a =20 + I|v|9 %0, z € RV,
Ry |7 —y|*
v(z) =0 as |z| = oo,

(1.1)

where ¥ > 0, N > 3,0 < o < min{4, N—1}, max{2,2* -1} < ¢ < 2*, 2 = 20=2 is
the upper critical exponent in the sense of the Hardy-Littlewood-Sobolev inequality,

€ > 0 is small parameter. The potential function V satisfies following assumptions:
(A1) V € CHRY, R) and there exist b > a > 0 such that

a<V(x)<b, Vo e RN .

(A2) There exists a bounded domain M C R¥ with the smooth boundary M
such that

(7 (x), VV()) >0, VoedM,

where 7/ (z) is the outer normal of M at .
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Over the previous decades, the Choquard type equation has been widely studied.
The Choquard equation
2
fAu+u:</ Mdy)u, r € R (1.2)
s |7 — Y

is the Choquard-Pekar equation which originated from the description of the quan-
tum theory of a polaron at rest by Pekar in 1954 [35]. Choquard also used to
describe the Hartree-Fock [23] theory of one component plasma in 1976. If u is a
solution of (L.2), then v (t,x) = eu(z) is a solitary wave solution of the Hartree
equation

2
ity = — A — (/RS é’(f’)y" dy)w, z € RS (1.3)

In 1996, Penrose [29] proposed equation (1.2)) as a model of self gravitation. Lieb
[21] proved the existence and uniqueness of the ground state solution for (1.2) by
using the symmetric rearrangement inequality. Lions [24] showed that the equation

— Au+du= (/RSV(xfy)|u(y)|2dy)u, zeR? (1.4)

has a positive radial symmetric solution and infinitely many radial symmetric so-
lutions, where A > 0, V' > 0 and V is radially symmetric. For semilinear Choquard

equation
F
—Au—i—V(m)u:(/ Mdy)f(m,u), reRY, (1.5)
ry |z =yl
where f(z,u) = W, a large number of research results have been obtained. We

refer the reader to [2] [T}, 12} 13} 14} 5], B0, 311 33, [39, [40], and references therein.
For the semiclassical Choquard equation with subcritical growth

—?Au+V(z)u = 5“_N</ Flu) dy)f(u), reRY, (1.6)
R

~ |z =yl
Wei and Winter [41] proved the existence of solution by using the Lyapunov-Schmidt
reduction method [19] in 2009, where N = 3, o = 1, F(u) = |u|?, V satisfies

inf V(x) >0, V(z) € C*(R?).
z€R3

In 2015, Moroz and Van Schaftingen [32] constructed the single spike solution which
concentrating around the local minimum of potential V' by using the nonlocal pe-
nalization method, where N > 1, 0 < a < N, F(u) = [ul?, p € [2,2]=2),
V € C(RM,[0,00)). More results for the semiclassical Choquard equation with
subcritical growth we refer 8, 17, 18], 27, 37, 44] 45] 48] and references therein.

For the semiclassical Choquard equation with critical growth

—?Au+V(z)u= EQ’N(/ Fly, ul) dy)f(x, u), x€RN, (1.7)
RN T —yl®
Cassani and Zhang [5] proved the existence and decays exponentially of positive
solution for the semiclassical critical Choquard , where N =3,0<a <3,V F
satisfies some suitable assumptions. In 2017, Alves and Gao [I] investigated the
existence of ground state solutions, multiplicity and concentration of semiclassical
solutions for the semiclassical Choquard by using variational methods [3],
where N = 3, 0 < a < 3, V, F satisfy some suitable assumptions. In 2020, Gao,
Yang and Zhou [10] obtained existence and multiplicity of solutions for , where
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N > 3,0 < a <min{4, N}, V and F satisfy some suitable assumptions. Qi and
Zou [36] investigated semiclassical critical Choquard equation

Ju(y) [

dy)|u|23_2u+/\g(u), reRY,(1.8)
Nz =yl

—?Au+V(z)u =N (/
R

where N > 3,0 < o < min{4, N}, 2 = 2¥=2 X > 0, g € C'(RV,R) satisfies

N=2 >

(A3) limg o+ @ =0, and there exists p € (1, X£2), such that lim;_, gt(;f) =0;

(A4) There exists p € (2’%)’ such that 0 < pG(t) < g(t)t for all t €
(0, +00);

(A5) %t) is monotonic increasing on (0, 00).

and V satisfies:
There exists a bounded smooth domain M C RY such that

m = min V(z) < min V().
zeEM rEOM

They obtained a local solution concentrating around the local minimum of potential

V by using Byeon-Wang [4] type penalization method. More results for the equation

, one can see [9] [34] [42], 43|, 6], 47] and references therein.

In recent years, there are have been many results of localized nodal solution
for the Choquard equation. In 2021, He and Liu [I7] proved existence and con-
centration of infinitely many sign-changing solutions for the following Choquard
equation

—?Au+V(z)u = 5"‘_N</ Ju@)l” dy) lulP~2u, xcRY, (1.9)
Ry |z —yl®
where N > 3, 0 < o < min{4, N — 1}, the potential function V satisfies (A1)
and (A2). Zhang and Liu [45] investigated the semiclassical quasi-linear Choquard
equation with subcritical growth, and obtained a conclusion similar to that of [17]
in 2022.
For the semiclassical Choquard equation with critical growth

—2Av+V(a)o = ( / lv(y)

x|z =yl
where ¥ > 0, N >3, 0 < a < min{4, N — 1}, max{2,2* — 1} < ¢ < 2%, 2}, = 20=2,
there is no results on nodal solutions yet. Combining perturbation method, trun-
cation method and the method of invariant sets of descending flow, we prove ([1.10))
possesses a sequence of localized nodal solutions. As for the method mentioned, we
refer [49, [45], [16] and the references therein.

Under the assumption (A2), the critical set safisfies
A={z e M|VV(z) =0} # 2,

and without loss of generality we assume 0 € A. For any set B C RY and any
0 >0, we set

dy) |2~ 20 4+ 9|v]7 %0, = eRY, (1.10)

Bs={z € RN|5IC € B},
B° = {z € RN |dist(x, B) := inf |z —y| < d}.
yeB

The main result of this paper is as follows.
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Theorem 1.1. Assume that (A1) and (A2) hold. Then for each positive integer
k there exists € > 0 such that if 0 < € < €, equation has at least k pairs
of sign-changing solutions £v;.,j =1,..., k. Moreover, for each § > 0 there exist
w>0,C=Cy>0 and () > 0 such that if 0 < & < ex(d); then

vj.0(2)] < Cexp{—gdist(x,A‘S)}, VzeRY, j=1,... k. (1.11)

Denoting u(z) = v(ex), equation (1.1) is equivalent to

2% .
—Au+V(ex)u = (/ [u(w)] dy) Ju?e"2u + Iu|T2u, xRN,

RN |z — Yyl (1.12)
u(z) = 0 as|z] = oo,
and the corresponding energy functional is
1 %o Ju(@)[*
I — 2 dxd
W)= [ (VP Vet o - g [ U g0,
)
- f/ lul?dx, uwec H'(RY).
q JrN

To obtain multiple localized nodal solutions for I., we use the penalization
method due to Byeon and Wang [4]. Let ¢ € C* be a cut-off function, {(t) = 0 for
t<0;¢(t)=1fort >1; 0<¢'(t) <2and 0 < (t) < 1. We define

(z) = 0, if x € M,
X = ems¢(dist (2, ML), if @ ¢ M.
We truncate the critical term to a subcritical term by truncation method. Now we
define some auxiliary functions. Let {(¢) € C*°(R, [0, 1]) be a smooth, even function
such that £(t) = 1if [t| < 1; (1) = 01if [t] > 2; 0 < &(¢) < 1 and & is decreasing in
[1,2]. For € € (0,1], z € RY, ¢t € R, we define

b,(t) = &(vt), my,(t) :/0 b, (1) dr,

t
2 v g2y, F,,(t):/ Fo(7)dr
0

where 2 < r < 2% and r < ¢. We now consider the equation

—Au+ V(ex)u = 2;(/ M

RN T —y|*
u(z) =0 as|z] = oo,

fl/(t) = ‘mll(t)

)fu( (2)) + 9u|"*u, = eRY, (1.13)

and its corresponding energy functional

IE,V(U):%/RN(WUF—FV(W dx——/RN /RN |x_y|ff‘( ) 4z dy

9
_E/ lul?dz, uec H'(RY).
RN

Since the imbedding from H(RYM) to LP(RV)(2 < p < 2*) is continuous but
not compact, we need to choose a suitable function space as working space such
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that the functional I.,(u) recovers compactness. For this purpose, we denote
X, = HY(RN) N L™(RY), where L™(RY) is a weighted space defined as

LT™(RY) = {ue L™R"): /RN exp{(m — 2) dist(ez, M) }u|™ dz < +oo}

endowed with the norm

. m 1/m
Lm@®N) = (/]RN exp{(m — 2) dist(ex, M)} |u d:z:)

[[ul

We define

9 9 1/2
ey = ([ (90 + By o)

lullx. = llull g @~y + llul

Lm(RN);

where E(r) = V(z) — 0, o is small enough such that E satisfies the assumptions
(A1) and (A2) (with a different constant o’ = a — o > 0).

Meanwhile, we introduce an additional coercive term such that I, , has necessary
compactness property on X.. For this purpose, we need some auxiliary functions.
Fore € (0,1], 2 € RN, ¢t € R, we define

bo(w,t) = £(c exp{dist(cz, M)}), me(a,t) = /O bo(w,7) dr,

t
ms(xa t)

ko(z,t) = ( )2, Kg(amt):/o ke(z,T)dT,

where 2 < m < r. We define the perturbed functional

I.(u) = 1/ (|Vul? + BE(ex)u?®) dz + o K. (z,u)dx
2 RN RN
1 2 o2 Fy(u(y)) Fy (u(x))
+@</RNXE(JJ)U dx—1)+—7/RN/RN P dx dy
Y

—7/ lul?dx, wue X,
q JrN

where 2 < 2 < r. Note that the method of invariant sets of descending flow [28]
can not fit well for the functional I'; ., so we also use the perturbation method [I7]
to overcome this difficulty. For t € RT, we define

ba(t) = &(At), m)\(t):/o by (1) dr,

ga(t) = o ha(t) = ga(t) +ba(2).
Now we define

Ty (1) = = /}RN(|W|2 +B(erpit)dr o | Ko do

N i(/ e (@)u? do — 1)i - %A(@W(u))w(u)
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where

F, F,
RN JRN |z —yl*
By Hardy-Littlewood-Sobolev inequality and Sobolev inequality, we have
o
@1/2(@ < C0||U||;1(RN)~
Note that if
1
lu(x)| < = exp{— dist(ex, M)} for z € RV,
€

<t ([ xe@ar-1) =0 Julmen < (g5)

S ]RNX& ke HY(RN) = Co\
for sufficiently small €, v, A, then I'. , x(u) = I (u), and DT , x(u) = DI.(u). Hence
we can obtain solutions of the equation by researching T ,, .

In the following ¢ denotes various constants, c. denotes constants depending on
¢ and ¢, ¢ may be used from line to line for different constants but independent of
the arguments.

This article organized as follows. In section 2 we prove preliminary results and
verify the Palais-Smale condition for the function I'; ,, ». In section 3 we construct
a sequence of nodal critical points of I'. ,, » by using the invariant sets method. In
Section 4, we prove uniform bound on the critical points obtained in Section 3.
Section 5 is devoted to the proof of Theorem

2. PRELIMINARIES AND PALAIS-SMALE CONDITION FOR I,

In this section, we first collect some elementary results about the auxiliary func-
tions involved in the perturbed functional I'c ,, ». Then, we prove that I'; , » satisfies
the (PS) condition.

Lemma 2.1 (Hardy-littlewood-Sobolev inequality [22]). Suppose o € (0, N), and
s,r > 1 with 2 41 = 2Nz Tep g e L5(RN),h € L"(RY), there exists a sharp
constant C'(s,a,r, N), independent of g, h, such that

g(x)h(y
[ [ 2 gy < s N gl vy
ry Jry |2 — Y|
By the above lemma we have the following result.

Lemma 2.2. Ifv € L*(RY) and s € (1, 5~ ), then [pn % dy € L¥R:7as (RV),

and
v(y) NN iras Ao
(/RN ‘/RN e =yl dy‘ dm) < (s, N, ) [[v] sy

We denote
/ )d dy.
RN JRN \35 - y\a

Lemma 2.3 ([22, Theorem 9.8]). Let N >3, 0 < a < N, and D(f, f), D(g,9) <
0o. Then

ID(f,9)I> < D(f,f)D(g,9)
with equality for g # 0 if and only if f = cg for some constant c.

Lemma 2.4. For x € RY andt € R the following holds;
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(1) 0 < be(a,t) < 2= <1,
(2) me(z,t) =t ,if [t| < e Lexp{—dist(ex, M)};
(3) e texp{—dist(ex, M)} < m.(z,t) < Ce~exp{— dist(ex, M)}, if
e~ Lexp{—dist(ex, M)} <t < 2e~texp{—dist(cz, M)};
(4) me(x,t) = Cetexp{—dist(cz, M)}, ift > 2~ L exp{— dist(ez, M)}, where
C = fooo &(r)dr;
(5) C1(1+ ™ Zexp{(m — 2)dist(ex, M) }t|" ")t < ke(x,t)
< Oy(1 4+ em 2 exp{(m — 2) dist(sz, M) }t|"2)t;
(6) Ltk(z,t) < K.(2,t) < $the(z,t);
(7) (ke(x,Qtl) - kg(:g, t2))(t1 —t2) > C(1 + ™2 exp{(m — 2) dist(ex, M) }|t; —
to| ")t — to|%;
(8) |ke(x,t1) — ke, t2)| < C(1 + €™ 2exp{(m — 2)dist(ex, M) }(|t1|™ 2 +
[t2| ™ 72))[t1 — tal;
9) [F@)] < Clt]";
(10) |f(®)] < Cult"1;
(11) 5etfu(t) < Fu(t) < ptfu(t);

Proof. The proof is straightforward. We only prove (6). Let f(x,t) = K (z,t) —
%tke(ﬂc,t) and g(z,t) = Kg(x,t)—%tks(x,t). Since f(z,0) = 0, we have % <0,
if ¢ >0; and 2280 > 0 if ¢ < 0. g(x,0) = 0; 242D > o if ¢ > 0; 28D < jf
t < 0. So (6) holds. O
Lemma 2.5. Fort € RT it holds

(1) g2(t) =1,65(t) =0 if 0 < t < +;

(2) ba(t)t < ga(t)t < cx, where ¢\ = w;

(3) g\(D)t + ga(t) = ba(t).

The proof of the above lemma is obviously, we omit it.

Lemma 2.6. The imbedding X. = H'(RN) N L™(RY) — LP(RYN) is compact for
1<p< 2t

Proof. Let {u,} is bounded in X, and assume w, — v in X, and u, — v in
L? (RN),1 < p<2*. We first prove u,, — u in L'(R"). For R > 0, we have

loc
/ |u| dzx
RN\ B(0,R)

< (/ exp{(m — 2) dist(ez, M) }|u|™ dx
RN\B(0,R)

m — 2
X exp{— dist(ex, M)} dz
(/]RN\B(O,R) { m—1 ( )} )

m—1
-2 ™

m .
< |u||L;n(RN)(/RN\B(O . exp{—m — dist(ex, M)} d:c)

1/m

N———

m—1
m

= OR(l).

Hence [pn [un—uldz = [ gy [un—ul dz+ [ (o gy [un—uldz = 0n(1)+0r(1) —
0asn — oco. For 1 < p < 2%, we have

/ |tn, — u|P dx
RN
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= |, — u|PPTA=0P gy
RN

1 po *
< (/ |Un—u|p9'79dx) (/ ‘un_u|(170)p‘7(139)p da:)
RN RN
po
Sc(/ |un—u|dx> ,
]RN

where 0 < 0 < 1, 1%:0+1220,soun—>uian(RN)(1 <p<2%). O

(1-0)p
¥

Lemma 2.7. Let {u,} be a (PS) sequence of the functional T'. , x, then {u,} is
bounded in X..

Proof. A direct computation shows that

(DT'e pa(w),v) :/ VuVv + E(ex)uv dx + J/ ke(x,u)vdx
RN RN

+ (/RN Xe(x)u? dxl)ﬂ_l/n« e () uv dz

ah 1/2 /RN /RN |x v ;ﬁ(j))”(l") da dy

- 19/ lu|?2uv dz, forve X..
RN

(2.1)

By Lemma we have
1
FEW;)\(uTL) - ;<DF5,V,)\(Un)7Un>

=G [ vl s Bey et [ Koo
RN RY

,g/RNk (, un)under%(/ xs(z)uidﬂfl)i

_%(/RNXE( yu? dx—l)ﬁ 1/}RNxe( Jup, do

2T RN JRN

|.1: -yl

_ %gk(wlﬂ(un))gp(un) +z9(; - é) /RN |t |9 da
> =7 [ (V0P + By do+ o= Do [ o, do

2 r r

JrC(/}RN Xe(z)u2 do — 1>i —c

2 m 2 A
(s vy + lunl P ovy) + ¢ | xe(@pdda—1) —e.
€ RN +

Combining [Ty A(un)| < C and DI'. , x(u,) — 0, it follows that {u,} is bounded
in X.. O

Lemma 2.8. For every e, v, A >0, I'. , x satisfies the (PS) condition.
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Proof. Let {u,} be a (PS) sequence of the functional I'. , ». By Lemma {u,}
is bounded in X.. Up to a subsequence, we may assume u, — w in X, and u,, = u
in L"(RY)(2 <r < 2%). By Lemma we have

o(1) = (DTc pA(un) — DTe p A (w), wp — u)

= /RN (IV(up — u)* + E(ex)(un — u)?) da

+ U/RN(kE(x’ Up) — ke(z,u))(up — u) de

+ </]RN Xa(x)ui dx — 1)?_71 /]RN Xe (@)t (uy — u)dz

—(/RNm Ju? dx—l)“/R (@)t — w)da

2 (o2 () fo (1 (2)) (n () = (@)
h /]RN /RN dz dy

|z —yl|*
25 172(y, Fy (u(y) fo (u(@) (un(z) — u(z))
s [ -y drdy
—19/RN(|un|q_ Up — |7 %u) (uy — u) do

> / (IV(up — u)|* + E(ex)(un, — u)?) da
RN
+ (1 + ™ 2 exp{(m — 2)dist(ex, M)}y —u|™ ?)|u, — ul?
- C/ (Jn] 7=+ [ ™) |, — ul da + 0(1)
RN

z C(”un - u”?{l(RN) + Hun - u”’an;n(RN)) + 0(1)7 as n — o0,

which implies ||u, — ul|x. — 0. Therefore, I'; , » satisfies the (PS) condition. O

3. EXISTENCE OF SOLUTIONS FOR PERTURBED FUNCTIONS I, ,, 5

In this section, we construct a sequence of critical points of the functional I'. ,, x
by using the method of invariant sets with respect to a descending flow. Firstly we
define an operator A : X — X. The vector field u — Au will be used as pseudo-
gradient vector field of the functional I'. , 5. To obtain multiple sign-changing
critical points of I'; , x, we introduce the abstract critical point theorem [26], The-
orem 2.5], see also [7}, Theorem 3.2].

Let X be a Banach space, f be an even C'-functional on X. Let P,Q be two
family of open convex sets of X,Q = —P. We set

W=PUQ, Y=0PNJQ.
Then we assume that
(A6) f satisfies the (PS) condition.
(AT) ¢* =infgex f(z) >0,
and that there exists an odd continuous map A : X — X satisfying
(A8) For each cp, by > 0, there exists b = b(co, bg) > 0 such that if | Df(z)| >
bo, | f(2)| < ¢o, then

(Df(z), x — Az) > b||z — Ax||x > 0.
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(A9) A(OP) C P and A(0Q) C Q.
We define
={F C X : FEis compact, —E = E, y(ENn~Y(X)) > j for n € A},
A={neC(X, X):nisodd, n(P) C P,n(Q) C Q,n(x) =z if f(x) <0}
where v is the genus of symmetric sets, defined as
v(E) = inf {n : there exists an odd map 7 : E — R™\{0}}.

Now we assume
(A10) T'; is nonempty.
We define

— inf i=1,2,...
cj Elgrmceb;{)wf( x), j=12,...,

K.={z:Df(x) =0, f(z) =}, K=K \W.

Theorem 3.1 ([26, Theorem [3.1]). Assume (A6)—(A10) hold. Then
(1) ¢g =", K2 #0.
(2) ¢j = 00 as j — oo.
(3) If¢j =cjp1 ="+ = Cjtr—1 = ¢, then v(K}) > k.

We prove the existence of critical points of I'; ,, by using the method of invari-
ant sets of descending flow. First, we need to define the operator A.

Definition 3.2. Given u € X, define v = Au by the equation

/ (VvVnJrE(ex)w])d:cha/ ke(x,v)ndz
RN RN
+(/RN><E< oy da:—l)ﬁ_l/R Xe(a)on da

_ 2 1/2 fo(u(@))n(z) -
2 Ml /]RN /]RN Ix -yl oy

+ 19/ lu|?2undz, forne X..
RN

Lemma 3.3 (Brezis-Libe type lemma [6]). Assume 0 < o < min{4, N — 1} and
that f satisfies

(1) there exists a constant C'> 0 such that
If ()] < C(
A —1.

=0, lim; 00 Niz-—a

t N—2
Let {u,} ¢ HY(RYN) be such that u, — u in H'(RY) and u,(z) — u(z) a.e.
x € RN, then up to a subsequence if necessary, it holds

[ [ FeDPEa) o,
R

|z —yla

N JrN
/ / (un(@) = u(@) Flun(y) = uw) ;o o0 (3.2)
RN JRN |

|z —yl|~

/]RN /RN |x_y|a( D dy + 04(1),

+2—«

-2 ), VteR

( ) limy o+ f()
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/ / (un(2)) f(un(y)v(y) . dy

RN JRN |33 -yl
/ / (un(z) — u(@)) f(un(y) —u(y))v(y) dr dy (3.3)
RN JRN

|z —y[*

/RN /RN |$—y|z)) U gy 4 o),

where 0, (1) — 0 uniformly as n — oo for any v € C§°(RY).

Lemma 3.4. Function A is well defined, odd and continuous on X..

Proof. For simplicity, we denote
B—1

e (u) = (/RN Xe(z)u? do — 1)+ ,

and define
1 1

B(v) = 7/ (|Vv|? + E(cx)v?) dx + o K (z,v)dz + fzﬂs(u)/ Xe(x)v? da.
2 Jrn RN 2 RN

Since

(DB(v1) = DB(va),v1 — v) > ¢([[vr = va|[Fpa @y + o1 — 2l
(RN

Pagn):  (34)

for all v1,v9 € X¢, it follows that DB is strongly monotone. Then problem (3.1
has a unique solution v = Au, which can be obtained by solving the minimization
problem

inf{B(v) — F(v)|v € X.},

where

( )_ ah 1/2 / / U(l'))v(x) dxdy+19/ \u|q_2uvda:.
RN JRN \x —yl* RN

So A is well defined. Moreover, it is easy to check the operator A is odd. Finally,
let w,, — u in X, and denote v,, = Au,, v = Au. By choosing n = v, — v in (3.1),
we have

/ (|V (v —0)|* + E(ex)|vn, — v|?) dz + 0/ (ke(z,vp) — ke(z,v)) (v, — v) dx
RN

RN

+ e (u) /RN Xe () (v, — v)* dx

= (Ve(un) — ¥c(a) / Xe@)on (v = 0a) dz + 2y (02
[ [ o)Al - B )~ )
]RN RN lz -yl

+ 2l 1/?( >> a2 ()
[ [ PR =) g,

|z —yl®

RN JRN
+ 19/ (Jtn |9 %1y, — |u)u) (v, — v) da.
RN
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By Lemma can estimate the two side of (3.5):
LHS > ¢(||vs, — UH%U(RN) + lvn — UHT;YL(JRN))a
RHS = 0,,(1)[|vn = 0|l g1 (m)-

So we obtain ||Au, — Aul|x. — 0. This means A is continuous. O
Lemma 3.5. Let u € X, v = Au. Then it holds:

(1) (DTepa(u),u—v) > c(llu = vll3p @y + 1w = 0l T @)

(2) HDFa v < (1 +Tepn(u)] + [lu — vl x)lu —vlx.(v > 1).
Proof. (1) By (3.1 . for n € X¢, we have

(D¢ y 2 (u),m)

=/ (VuVn + E(ex)un)dz + a/ ke(z,u)ndx
RN RN

- (/RN Xe (2)u® do — 1)i71 /RN Xe(z)un dx

% F, (u(y)) f, (u(z))n(z)
—7m<w<u>>/ﬂw N dxdy—ﬂAN|u| ) i

|z —yl|*

= / (V(u—v)Vn+ E(ez)(u — v)n)dz + o*/ (ke(z,u) — ke(z,v))nda
RN

RN

+ </]RN Xe (2)u? dw — I)fj1 /]RN Xe(2)(u —v)nde.

Hence
(DTe pa(u),u —v)
= / (IV(u —v)|* + E(ez)(u — v)?) dz + a/ (ke(z,u) — ke(x,v)) (u — v) d
RN

RN

([ et =1) 7 [ o2 s

> e(lu =l ey + o= ol )
(2) We define
1
Je(u) = —/ (|Vul? + B(ex)u?) dx + o K (z,u)dx.
2 RN RN
On the one hand,

T (1) — %(DJE(u) — DJ.(v), u)

~G -7 [ (VP + Bty dnto [ K@wd=2 [ ke uuds
2ﬁ(/ xepdr 1) {(/RN wodr-1) [ s
st [ FLDEEEIRED r iy - %, (o2 ) ol)

—&—19(; - é)/]RN |u|? de.
(3.6)
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By Holder’s inequality and the Young’s inequality, we have

%(/RN Xe(x)Ude_l)i_i(/RN Xa(a:)u2dx—1)i1/RN Xe(x)uv dx
_ %(/}RN e (@) dz — 1):3_ — %(/RN Xe(2)u? do — 1)?_71 /]RN Xe(z)u? dx
_~_1(/RN Xe(x)u? dm—l)ﬁil/ Xe(x)u(u — v) dx

T +

> c(/RN Xg(x)qux—l)i —c(/RN Xg(x)|u—v||u|dx)ﬁ —c

> c(/RN Xs(a:)Ude—l)i —c(/RN Xg(x)|u—v|2d3:)ﬁ—c.

Consequently,

1
Fs,u,)\(u) - ;<DJ€(U) - DJs('U),U>
m B
> C(Julrs e, + ol ) +C( [ xelwpide 1)

— c(/ Xe(z)(u — v)de)B —c.
RN
On the other hand,
1
Tepn(u) — ;<DJE(U) — DJ.(v),u)
< Pepa(w)] + cllull g @y llu — vl g1 @ey (3.7)
ol v, + 017 2t = e el -
By (3.6, (3.7) and Young’s inequality, we have
s oy + el oy + ([ el do=1)
< (14T (@)] + o= vl 7 vy + o = 0l Fm@ny + o= vl 7 @r))-

By (3.1), we have
(DT ua(u), )|

B
+

B-1
< el = ol Il sy + ([ xe@ do =) u= ol vy
R
+ c/ g™ 2 exp{(m — 2) dist(ez, M)} (|u|™ % + [u|™"?)|u — v||n| dz
RN
< (Il 2w, + 0175 2 Mt = vl eyl e

-1
+ C(l + (/N Xg(l‘)UQ dx — 1)i )||u - ’UHH1(RN)||77HH1(RN).
R
This implies
IPTe oz (w)ll

(SN 1 v VR

+ c(l + (/RN Xe(z)u? da — l)f__l) | — o] g vy
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m m B
S C(l + Hu| L?L(RN) + Hu - U‘ L;YL(RN) + (AN XE(ZIJ)U2 dx — 1) )”U - U”Xg

< e(1+ Tepa(@) + lu = ol @) + lu = 0l F gy + llu = 0l 37 gy llu = vllx.
< eI+ Tepn(@)] + flu— vl x) v —vlx.,
where v > 1. (]

Corollary 3.6. Given by, co, there exist b = b(bo, co) such that if |Tepa(u)] < co
and |DT¢ , A (u)|| > bo, then u — Au # 0 and

(DT pa(u),u — Au) > bllu — Aul| > 0.
For § > 0, we define the convex open sets
P = {ulu € XcR"), [lu_]| @) < 8},
Q = {ulu € Xe(RY), [luy || g1 mry < 0}
Lemma 3.7. There exists 6y > 0 such that for 0 < § < dy,
A(OP) C P, A(0Q) C Q.

Proof. We only prove A(0Q) C Q. Similarly, A(OP) C P. For u € 0Q, let v = Au.
By Lemma 2.3] and Lemma we have

HU+||%11(1RN)
< c/ (VoVug —|—E(€:c)vv+)d:c—|—c/ ke(x,v)vy do
RN
< chalp 1/2 / / fo(u(z))v4 (2) da dy
RN JRW \x—y|"‘
—|—c/ lu|T%uv, da
< Ch)\ 1/2 / / .fl/ U+( )) (J?) dxdy-i—C/ ‘u_‘r‘q—lv_‘r dx
RN JRN |z —y|* RN
1/2
< ch,\(<p1/2(u))<p1/2(u)(/ fo(uyg (z))vg (@) fo (us (y))v4 (y) d:z:dy)
RN JRN |z —yl|*

-1
el 1% e o i ey

SCA(/RN /RN s ()P oy (@) |us (y) P2 Moy (y) dxdy)“"’

|z — yl|*

-1
el 9t o s e
< CA(||U+||H1(RN) + HU+HH1 RN))”er”Hl(RN)o
1 1
Taking 6y = min{ic, ">, 1c, 77}, it is easy to get that |vi| pi@y) < & for
0 < < d). Consequently, the conclusion follows.

Lemma 3.8. There exist 6o > 0 and 0 < ¢* = ¢*(6), such that for 0 < 6 < dy and
u € P NIQ, we have T'. , A (u) > c*.

Proof. For u € 9PNOQ, we have |[u| g1~y > 6, [[ull 2wy < €6, and [[ul| paeyy <
cd. Hence

1 2* s
Toya(u) > 2 / (IVuf? + Blex)u?) dz — 22 gy (02 (w)) plu) — / ju] dz
2 RN 2 q RN
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2.2
> calfullfa ey — 2 (22 g, + % ns)

> calfull gy — €2(67% 72 + 172 )2 gy
Taking dg = min{(ﬁz)ﬁ, (4%)4%2}, then for 0 < § < dp, we have
Pewa(u) 2 5 ullfp ey = 507 =", O
Assume B(0, R) C M. Let {e,}>2 ; be a family of linearly independent functions
in C§°(B(0, R)). There exists an increasing sequence R,, such that

Jo(u) <0, Yu € Hy, |lu|| > R,.

where H,, := span{ey,...,e,} and
1 0
Jo(u) = 7/ (|Vu|* + bu?) dx + 0/ etm=2lel |y ™ dy — f/ |u|? de.
2 Jr~ RN q JrN

We define ¢,, € C(B,,C§°(B(0, R))),
n
on(t) = antieia t=(t1,...,tn) € By, ={teR" : |t| < 1}.
i=1

Let
I, ={F C X.: Eis compact, E = E, y(ENnn (X)) > j for n € A},
A={ne (X X:) :mis odd, n(P) C P, n(Q) C Q, n(u) =uif I'-(u) <0}
Similarly from [25, Lemma 5.6], we obtain the following Lemma.
Lemma 3.9. I'; is nonempty, for j =1,2,....

Theorem 3.10. Assume that conditions (A1) and (A2) hold, then there exist 0 <
E<1,0<i <1 and0 < X<1, such that if 0 < e < &, 0 < v < i, and
0 <A< 5\, then the functional Iz, » has infinitely many sign-changing critical
points; the corresponding critical values are

cj(e,v,\)= inf sup T, a(u), j=1,2,.... (3.8)
Eelj uep\w
Moreover
(1) there exist mj;, j =1,..., independent of ,v, X such that
cile,v,\) <mj, j=1,2,.... (3.9)
(2) If cj(e,v,N) =+ = cjpi(e, v, A) = ¢, then y(K}) > k+ 1, where

K=K \W, K.,={x:DI';,x(u)=0,T.,(u)=c}

Proof. For the functional I'c , », it is easy to check that I'c, ) satisfies the as-
sumptions of Theorem Therefore, we only need to prove (3.9). Note that
E; = ¢j11(Bj41) € T'j. It is easy to know that there exist 0 < £ < 1,0 < 7 < 1,

and 0 < A < 1, such that if 0 < e < &, 0 < v < 7, and 0 < A < X, then
Lepa(u) < Jo(u) for u € pji1(Bjr1) and ([on xe(@)|u[Pdz — 1)_ﬁ|r = 0. Hence

ci(e, v, A) <mj = sup Jo(u). O
UEEJ‘
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4. UNIFORM BOUNDS

In this section, we the following theorem that gives uniform bounds needed for
proving Theorem

Theorem 4.1. (1) Assume I'c , x(u) < L and DI'. , x(u) = 0. Then there exists a
constant H = H(L) such that

lull g1 mvy < H.

(2) Assume T'c ,(u) < L and DT ,(u) = 0. Then there exist constants p > 0,
C = C(L) such that, for any § > 0, there exists ¢ = €(0) > 0, for 0 < e < &(6),

lu(z)| < Cexp{—pdist(z, (A%).)} forz e RV,

(8) Assume I, (u) < L and DI, ,(u) = 0. Then there exists a positive constant
M = M(L) such that |u(x)] < M for z € RN.

Similar to Lemma it is easy to obtain Theorem [4.1|1). Before proving parts
(2) and (3), we need establish some preliminary lemmas.

Lemma 4.2. Assume DI'; ,(u) =0 and I'c ,(u) < L. Then

(1) there exist ¢y 1, such that |u(zx )| < e, forz e RN;

(2) there exist by, 1, such that fRN % (“(TQ) dy < b, forx € RY;

(3) for any & > 0 there exist ¢ = c(6,v, L) such that |u(z)| < cg3 for x € RN\ (M.)°.

Proof. (1) Assume DT'. ,(u) = 0 and T';,(u) < L, it is easy to show that u is
bounded in H'(RY) and ( [pn x=(x)u? dz — 1)? is bounded. Choose ¢ = |ur |2~ 2u
as test function in (DT, (u),¢) = 0, where & > 1,7 > 0 and up(zx) = £7T if
tu(x) > T, ur(z) = u(z) if |u(z)| < T. By (DT, (u), ) = 0, it is easy to obtain
the inequality

Y)|"u(x)|" L p(x)
/RN(VquSJrE(Ex)Uéf’ )dx < Cv/ /RN |z — yl|* ey (4.1)

+T/ u¢dx+cT/ |u|2NN:'a*2u¢dac,
RN RN

where 7 < inf,cp~v E(x). Hence

VuVe¢dx

RN

SC”/ </ O gy 4 )25 ) a2 da
gy Jry [z —yle

< Cu / (/ |u(y)| dy-|— |u|%)2N/a dm)W
ry JrN |2 —y|*

i (4.2)
2N
x (/ (Il fur [#~2)7%5% dz)
RN
2N—a - (r—2)(2N—a)
Nr 2Nr
Cu(/ |u||uT\k 1 PRy dx) (/ |u|2N7Ta d$>
RN RN

2N —«

cy(/ (fullur [P~ 5 ) ™
RN
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The left-hand side of (4.1)) satisfies

LHSz/ (V|2 |ur|?* =2 dx
RN

&
— k2 RN

c k—1y2* 2/2
> — .
> ([ (ol =) o)

Combining (4.2)) and (4.3]), we have

IV (Jullur|*~ 1) do (4.3)

*
2N—a

X 2/2 r
([ Gultur2de)™ < ([ Qullur 35 dopig . (1)
RN RN
Letting 7' — oo in (4.4]) we obtain

(L

We denote y = TQ(%:‘;) > 1, k1 = x, by iterations, we obtain

2N—«

* 2/2* T T
'k dx) < cl,k2</ [ul e dw) e (4.5)
RN

% n %n _1 *_ n— #
([ i)™ < ey ([ ) e
RN RN
Hence

HUHL‘X’(RN) < cullull g2r (RN) < ¢yL- (4.7)

(2) In view of 1 < a < N — 1, for z € RY we have

F r r
/ V(U(yi) dy < bu(/ IU(y)Ia dm+/ IU(y)Ia dx)
RN |:17 - y| |z—y|>1 |I‘ - y| lz—yl<1 |1‘ - y|

T 1 T
<t(lullirny + [ o deluleg) @)

z—y|<1 |IE - y|a
by (lull 7 rvy + Jull 0 rv))
bo..

VARV

(3) Fory € RN, 0 < p < R < 1. We choose n € C§°(R¥,[0,1]) such that
n(x) = 0 for & ¢ B(y,R); n(z) = 1 for x € B(y,p) and |Vn| < z=. Setting
© = ulu[**72n™ k > 1 as test function in (DT, (u), ) = 0, we have

/ VuVedzx
RN

F, (u(y))u(z) 2~ (2)
= / o o — g

(4.9)

dwdy—i—c/ |u|9 "% up di.
RN
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The left-hand side of (4.9) satisfies

LHSZ/ |Vu|2|u|2k_2n2dx—c/ V||V |u*~ 1y d
RN RN

1
>5[ VPP e [ e ds
2 RN RN (4 10)
> [ Vel de—c [ Pt vaPds
RN RN
> o[ R - [
k2" By.0) (R=9)* Jpw.m)
By (4.7) and (4.8) we obtain
RHS < cML/ |22 |u|?*n? da + c/ u| 772 |u|?*n? dz
R R (4.11)
< c%L/ |u|2]c dx.
B(y,R)
With the above estimations, we have
. 2/2* 2
(/ |u2kdx) g%/ u|? de, for k> 1.
B(y,p) (R—p) B(y,R)
By iteration again, we obtain
HUHLW(B(y,g)) < cvlull2 By, ry)-
Since
/ wdr < 05567
RN\(Me)®
it follows that |u(z)| < ¢5,,. e for all x € RV\(M,)°. O

For v fixed, let &, — 0, and assume u,, € H'(R") is such that DT, (u,) =0
and T¢, ,(u,) < L. It is easy to show that {u,} is bounded in H*(RY), hence we
have the following profile decomposition [38],

Un = Uk(- = Ynk) + T, (4.12)
keA

where A is an index set, y, . € RY. Moreover,

(1) un(- + Yni) = Up in HY(RY) as n — .

(2) |Yn.k — Yna| — 00 as n — oo for k # 1.

(3) HuﬂH%{l(RN) = ZkeA ||Uk||%11(RN) + H7'n||§{1(RN) + 0(1) as n — o0.
(4) lrnllps@yy = 0asn— o0, 2 <s < 2%,

lwnll5e vy = Y Ukl vy + (1)
keA
as N — oQ.

By Lemma (3) we have
lim dist(yp,k, M., ) < +00.
n—o0

We denote y; = limy, o0 €nYn k. Since dist(y, x, Mc,) = e, dist(enyn x, M), we
have

dist(y;, M) =0, ie. y; € M. (4.13)
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Moreover, we obtain the following properties of {u,,}.

Lemma 4.3. If i, = u,(-+yn) = U in Hl(RN) foryn € RN, and limy, o0 entn =
y*, then Z = |U| satisfies

VZch dx + / Zpdx

Z(y)|"Z(x
RN JRN |33 —y\o‘ RN

for p € HY(RN) and p > 0.

(4.14)

Proof. Let ¢ € C*(RY), R > 0, such that ¢(x) = 1 for |z| < R; ¢(z) = 0
for |z] > 2R and |V¢| < £. Choosing ¢, = ¢(- — y,) as the test function in
(DT, v (up), pn) =0, we deduce

/ (Viin Voo dz + E(en(z + yn))iing) dz + o / b (2 + Yo, i) p o
RN RN
B—1
+ (/ Xen (x)Ui da — 1) / Xen (T + Yn)Unep da (4.15)
RN + RN
RN JRN |$ -yl RN

By Relhch s imbedding theorem, we have @, — U in L{ (RV)(1 < s < 2*). By
Lemma [2.1] we have

[ (09— w)Peds
RN
[ (V). Vo) ) da
RN
— [ (B Cre + )ik = Blere +))  — )oda
_ O’/RN(ksk (sc + yk,ﬂk) - ksz (SU + yz,ftz))(ftk — ﬂl)(pdlﬂ

- / (W ()X (& + )ik — ooy (1) X (& + 901 ) (i — 1)
. k() (0 (2)) (3 () — () ()
+ 27 /RN /RN dx dy

|z —yl®

2y [ [ PAOAGEN i) - ool o,
RN ]RN

|z —y|*

+l9/N(‘uk|q 2uk - \ul\q ul)(ﬂk —’ELk)gOdﬂj
R

< cllax — |2 (Bo,2r)) + clltx — |

Lm(B(0:2R)) + cll@e — WllLa(B(0,2R))

+ ||ty — UlHLQ%VN_ra (B02R)) —0, ask,l— oo.

Since ¢ = 1in B(0, R) and ¢ > 0, @i, — U in H} (RN). Let 2, = ||, wns = (42 +
62)1/2 — 5. Then from Lebesgue’s controlled convergence theorem it follows that

wps € HYRY), and wy, 5 — 2, in HY(RY) as § — 0. Now for any ¢ € C5°(RY),
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@ >0, we have @5 = @i, (42 +0%)71/2 € HL (RN), and
(an sV + E(en(r + yn))wn sp) do
/ (0 Vin V(T2 + 622 4 Bz (w + ya)) (@2 + 09)1/2 = 8)p) da
/ (VY5 — [VinlPp(i2 + 82) 26 + E(en(e +yn) (82 + 62)/2 — 8)p) da

g/ (Vi Vs + E(en( + yn))tngs) dz

r—1
/ / |20 ()]" |20 ()| s ()] dxdy+6/ |Zn|q71|<p5|dx.
RN JRN |z — y|* RN

Letting § — 0 in the above inequality we obtain

/ (Vz,Vo + zp0) dx

q q—1
RN JRN |l” - y|°‘ RN

for o € C*(RY), ¢ > 0. By 4, — U in H} (RY) as n — oo, we have z, — Z in
wlh Q(RN ) as n — oo. Finally, by a density argument we complete the proof. [

loc

(4.16)

Corollary 4.4. A is a finite set.
Proof. Zj, = |Uy| satisfies and taking » = Zy in (4.14), we have

Z A r
122l < Co | / EIZDL gy gy [ pgea
RN JRN RN

Ifc—yl"‘
< CVHZkHHl(]RN) + CHZk”Lq(RN)'

(4.17)

So there exists m > 0 such that ||Ug|/y1.»@~) > m. By property (3) of the profile
decomposition (4.12), we know that A is a finite set. O

Assume that the sequence {u, } has the profile decomposition (4.12)). By Corol-
lary we can assume that A = {1,...,k}. Meanwhile, we denote

O = RY\{UkeaBlyns, B) U B0, B)},
for the above {u,}, we have the following statements.

Lemma 4.5. Assume I, ,(u,) < L, DT, ,(u,) =0, then there exist ¢, u, inde-
pendent of n, such that

o Ge, (¢, upn, Vuy,) dr < cexp{—pR},
Q'

where

G, (z,upn, Vuy,)

B—1

= |Vun|? + E(epz)u? + oke, (2, un)u, + (/ Xe(z)u? d — 1) Xe(z)u?.
+

]RN
Moreover,

(n)

fun(@)] < cexp{—pR}, =€ Q.
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Proof. By the decomposition (4.12)) we have

Hun| LS(QE?")) = OR(I), 2 <5< 2"

where og(1) — 0 as R — 4o00. By Moser’s iteration we have
||un||L<x>(Q§;)) = OR(l)- (418)

Let n € C(RY) such that n(x) = 0 for = ¢ Qg), and n(z) =1 for z € leu
|Vn| < 2. Take ¢, = u,n? as a test function in (DT, (uy,), p) = 0, we have

s

+ (/]RN Xg(az)ui dx — 1>i_1 /QW) Xg(a;)uiyf dx
_ %/ F(un(y)) f (un(@))un (2)n” (z)
2 oM Jry

|z —y|*

)(|Vun\2 + E(epx)|un)®)n? dx—|—cr/( )keny(x,un)uan dx
Q'

(4.19)

dxdy—|—19/ |, |T? da
Qi

— 2/ Vu,Vnup,ndz.
Qg")\ﬂ(")

R+1

By Lemma [£.2|2) and (4.18), for n large enough, we have

@/ F(un(y)) f (un(2))un (2)n*(2)
2 Jaw Jry |z —yl*

da:dy+19/( ) |, |9? da

. n (4.20)

<3 E(en)|unlPn” dx.
2 Jatm

Also

2| . Vi, Vijunn dz| < c/ o (|Vun|* + |un|?) dz. (4.21)
i\, o\,

By (4.19)-(4.21), we have

/( ) Ge, (z,un, Vu,) dz < c/ G, (,un, Vuy,) dz.
o

(n)\ p(n)
R+1 Qp "\,

Consequently,

/( ) G., (z,up, Vu,) dx < 9/ )Gsn(x,un,Vun)dx,
ol Q

(n
R+1 R

where 6 = cj_l < 1. Finally

o Ge, (z,upn, Vuy,) dx < cexp{—pR},
Q'

where 4t = —In6 > 0 . And by Moser’s iteration, we have
lun(z)] < cexp{—pR}, x € Qg). O

Lemma 4.6. For every k € A it holds k* = lim,, oo snyﬁ c A
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Proof. If the lemma does not hold, we assume that there exist k € A and ¢, > 0
such that lim, o €, = 0 and dist(y;, A) > 0. Let ¢, = VV (y}) # 0, by (A2) we
deduce that there exists d; > 0 such that

1
(ty, VV (z)) > 5|t,€|2 >0, (ty,Vdist(z,M))>0 forxze Bs,(y;). (4.22)
Let

LIPRY

1
: L ki1=1,2,...k 1) in{=dy, —
yk#yla ) ) 4y 9 }? 0< <H11n{2 17100 2

02 = min{[y; — /|

From (DI'., ,(un), ) = 0, we have
/ (VupVo + E(epz)unp) do + O’/ ke, (x,up)pdr
RN RN
2 A-1
+ (/ Xe, (z)u; dr — 1) / Xe,, (T)unp dz (4.23)
RN + RN

FIJ n v n —

- DO D) g [ =S,
RN JRN |z —y|* RN

for all ¢ € HY(RY). Let n € C5°(RY) be such that n(z) = 0 if |2 — y, x| > 20, %;

n(z) = 1if |z — ypu| < de, ! and |Vn| < 26,(< 1). Choosing ¢ = (ty, Vuy)n as

test function in (4.23: , we obtain the local Pohozaev identity

En (tk,VE(snm))ufm dx + 0'/ (ty, Vo K¢, (2, u,))ndx
2 RN ]RN

1 2 p-1 2
+ = ( Xe, (z)u;, dz — 1) (Vxe, (), tr)unndx
2 RN -+ RN

:/ (Vun, Vn)(ts, Vn) de — %/ (|Vun|* + E(enz))u?) (t, Vn) dx
RN RN

1 2 p-1 2
S (/ Xe, (T)u;, dr — 1) Xe, ()u; (tr, V) dx (4.24)
2 RN + RN

" F,(un, F,(up(x T
caty [ [ (nm ) PO

* F,(un(y))Fo (un(x))
R e e e

9
+U/ K., (x,un)(tk, Vn) dw—l—f/ [tn | (tr, V) da.
RN q JrN
We denote
B, = B(ynx,20e,Y), Ty = B(yn.k» 206, I\B(Yn.1, 0, "),
z:n = B(yn,ky 356;1)\B(yn,ka 58;1)-
Next, we estimate equation (4.24). By (4.22)), we have

- / (b, VE(ena))uy da > cop,
B

n

(ty, VoK. (x,u,)) = c(ty, Vdist(epz, M)) >0, Vo € By,

B—1
( / Xe, (@)us, dz — 1) / (VXe, (2), tr)unndz > 0.
RN + B

n
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Hence the left-hand side of (4.24) satisfies

LHS > ce,. (4.25)
We estimate the right-hand side of (4.24)). Since
[ / gy Pt ) P @n@n(s) o
RN JRN |z — y|ot?
and
RN |z — ylot?
F,(u, 1-—
/ o gy P ) Pl @)= 00)
RN JRN |z — y|oT2
/ / a0 i@,
®RM\B)UT, 1T —Y|®
|un ()" [un(z)|" / / un (y)|" |un ()]
da dy + ¢ WWndYN U )T g dy
/ / o Ja—ylett B, Jev\(T,uB,) |T—yl*t
=1+ H
Then

II<c/ / )l ) =™ ddy < e
RN\(T,UB, 5

By Lemma [£.5] we have
lun(y)| < cexp{—pde; '}, Wy e T

Consequently, for n large enough, we have
I< cexp{—rﬂ&;l}/n /_n m dx dy
1
< cexp{—rude;'} / un()" s [ S
|

o—yl<soert [T —yl*Tt

N+a+1 +1

< cexp{—rude, e,
By Lemma [4.5 for n large enough, the right hand side of (4.24) satisfies

< cel

)
RHS < c/ Ge,, (z, upn, Vuy,) dz + cexp{—%sgl} + cexp{—qude, Y, N 4 ceotl

1
< cexp{—pude,; '} + cexp{—%sgl} + cexp{—qude,  ye, N 4 g2t < e

Hence

en < ce2Th

Since 0 < a < min{N — 1,4}, we arrive at a contradiction as n — oo and complete
the proof. O

Proof of Theorem [[-1] part 2. By Lemma [£.5]
|un(x)] < cexp{—pR} forz e Qg%”).
Let Ry, (z) = min{|z — ynk\‘k‘ € A}, then

|un(x)] < cexp{—pR,(x)} forx € Qg;)
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Since epynkx — Yj € A, for any 6 > 0, there exists () such that for e, < £(4),
Enyn.k € A°, hence

|un(2)] < cexp{—pRn} < cexp{—pdist(z, (A°).,)}, «eR". m

In the following , we assume u,, € H*(RY), L >0, I, ,, (u,) < L, DI, ., (u,) =
0, v, — 0,and &, — ¢* € (0,1). The case v, — v* € (0,1) is easier, since in that
case we need only to deal with subcritical problems. It is easy to show that {u,}
is bounded in H'(R"), we have the following profile decomposition [3].

N—2
Un =3 Us(=tni)+ Y 0,7 Un(0nk(- = Ynk)) + T, (4.26)
keAq k€A

where y,, , € RN, 0, € RT, A is an index set, U, € HY(RY) for k € Ay, Uy, €
DL2(RYN) for k € Au, 7, € DL2(RY) satisfying
(1) For k € A1, un(- + ynx) — Ux in HY(RY) as n — oo. For k € Ay,

nk2 Uw( L+ Ynk)) = Ug in DV2(RYN) as n — 0.
(2) Fork:EAl,k:;él [Ynk — Yni] — 00 as m — oco. For k € A, k # 1,
m‘f'g"l-ﬁ-ankandynk—ynll — 00 as N — 00.

Tnl
(3) llunllZi. (RN) = =D kea HUk”Dlz(RN + ||7'n||pl,2(RN) +o(l) asn — oo, A =
AjUAco. Hun||%2*(RN) = keA ||Uk\|%2*(RN)+0(1) asn — 00, A = AjUAoo.

N_2
(4) rn = up — ZkeAl Uk(- = Ynk) — Z:%ceAOo an,i Uk(0nk(- = Ynk)) — 0 in
L¥ (RN) as n — oo.

Similar to Lemma [£.3] and Corollary [£:4] we have the following lemma.

Lemma 4.7. (1) Assume y, € RN and set i, = un(- +y,) — U in HY(RV).
Then Z = |U| satisfies

VZchd:v +/ Zpdx

)[25| Z (2)| 201
< c/ / Y12 (@) e (@) dxdy—l—c/ Z97 Yo dx,
RN JRN |z —y|* RN

for p € HYRYN), » > 0.
(2) The index sets A1, A in the profile decomposition (4.26) are infinite.

(4.27)

N-—2
2

Lemma 4.8. Assume y, € RN, 0, — co. Set i, =0y > up(o;t +yn) = U in

DLERN). Then Z = |U| satisfies

2*—1
VZVydz < c / / 2@ @) 41 gy, (4.28)
RN RN |’I -yl

for p € HYRY), ¢ > 0.

Proof. Let p € C*(RY), R > 0, such that o(x) =1 for |z|] < R; p(z) = 0 for
|z] > 2R, and |[Vy| < 5. Select ¢, = an go( n(- — Yn)) as the test function in
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<DIE (un)7 QOn> =0, we have

nsVn

/(VunV<pdw+U 2V (en(® + yn))ling) dx

/ / F,, (n(y fun (Un())p(x) dz dy (4.29)
RN JRN

|z —yl*
+190%T N/ | |92y p d,
RN

- g- N-2 - a=N _ N-2
where F, () = 08 “F, (0o~ t), fu.(t) = 0n® ' fu.(on™ t). By Rellich’s

n

1mbedd1ng theorem, we have @, — U in L; (RV)(1 < s < 2*). By (4.29) and
Lemma [2.1] we have

/ (1 (it — )20 da
RN
= [ (Vlan — 0). Vo) — ) de
RN
—/ (Ver(z +yr))un — Vie(z +y1))t) (G, — ) do
. v (Ux(Y)) fo,, (Ur(2)) (g (1) — () p() .
+ 27, /RN /]RN dx dy

|z —yl|*

Loy [ Dalsl Gl ine) - ool

|z —yl®

+ 0/N(|ak|q—2ak T2 (i — ) da
R

< clltx — @l z2(B(o,2r)) + clltn — WllLa(B0,2r)) + clltir — ]

L2N"& (B(0,2R))
— 0, ask,l— occ.

Since ¢ = 1 in B(0,R) and ¢ > 0, @, — U in D *(RY). Let 0, — oo in ([£.29),

loc
we have

Vi, Veds = 2, / / Foy () o (i@ EAD) 4 o, (4.30)
RN RN JRN

Iw -yl

Let 2, = |iin|, wns = (42 + 62)1/2 — §, then it follows from Lebesgue’s controlled
convergence theorem that w,, s € Dlloi (RY), and w,, 5 — 2, in D C(]RN) as 0 — 0.
Now for any ¢ € C°(RY), ¢ > 0, we have ps = i, (42 + (52) 1/2 ¢ DI2(RN),
and

Vw, sV dr = / Ui Vi, V(2 4 02) Y2 dx
RN

= / (Vi Vs — | Vi |[Po(@2 + 02)~26%) da
RN

RN

(4.31)
< Vuanog dx

)2 25 -1
<// @) ) @)
RN JRN |$—y|a
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Letting § — 0 in the above inequality, we obtain

)|2= 2
Ve Vpdr < c/ / on (@) Pon (@) e Tl )dx dy. (4.32)
RN RN JRN

\x -yl

for p € C°(RN), ¢ > 0. By @y, — U in D2(RN) as n — oo, we have z, — Z in

loc

Dzloi (RY) as n — oo. Hence by a density argument we complete the proof. ([

Lemma 4.9 ([49]). Let w >0, w € DY2(RY) be a solution of —Aw < av, where
a€ LN2RN), v >0,ve L¥ (RN)N LY RY), s > -, Then

wllzsmny < ellall prrz@ny vl Ls vy

Lemma 4.10. Let w > 0, w € DY2(RN) be a solution of —Aw < aw?>~1, where

z) = [on r‘;“;f; dy +w? ~%a(x), a € L*N/*(RN), and lall pon/e@ay < di. As-

sume foZp) w? de < dy = (Q*Sd )23*:5&, Ly € RY and 0 < p < 1, where

k= S is optimal constant of the embedding D*?(RN) < L?" (RN).

2N a’

Vul?d
S = inf fRN ‘ u‘ ‘;5/2*’
ueD2(RN) (IRN |u|2*dz)

then there exist constants c, c*, depending on ||w|| 2=~y and p such that

||w||L°°(B(y7§)) < C||w||L2*(B(y,p)) <c

[wllLoe(By,2)) < clwllir (e, Y7 € (0,27].

Proof. For every ¢ € H'(RY) with ¢ > 0, we have

. 1/k
/ VoV ds < ||a||L2N/a(RN)(/ W gt o)
RN RN

N 1/k
< d1(/ w? TFp" d:c) )
RN

Let p > 1, ¢ € C*(RY), ¢(x) = 1 if € B(y, p); ¥(z) = 0 if = ¢ B(y,2p), and
V| < %. By choosing the test function ¢ = w?~1¢? in [#.33)), we deduce that

(4.33)

X 1/k
/ |V(wp1/1)|2dx§pd1< / w? ’2’“”(w2p1/)2)"“dx) + / W | VY| dz. (4.34)
RN RN RN

Taking p =14 4, and § > 0 small, we obtain
[ V@ )P s
RN

* 1/k
< pdl(/N w? —2/{(w1+5¢)2/< dx) n /N w2(1+5)|v¢\2 de.
R R

The left-hand side of (4.35) satisfies

(4.35)

LHS > S( /R iy da:) v (4.36)
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where S is the Sobolev constant. The first term of right-hand side of (4.35)),

* 1/k
pdl(/N w? 72,«u(u1+5¢)2n da:)
R

2*;% 2/2* (437)
§pd1(/ w? d:c) o (/ (wHoh)? d:v) :
B(y,2p) RN
From (4.35))-(4.37)), we have
. 2/2"
S(/ (w94)2 dx)
RN
B} 2*:37‘ ; 2/2*
Spdl(/ w? da:) ? (/ (w't9e)? d:v) +/ w207y 2 da.
B(y,2p) RN RN (4.38)

Taking 1+ 0 = 2*/2, ¢ = (1 4+ §)2* > 2*, and denoting fB(y 90) w? dx < dy, we
have

2/2* . .
§</ w? dx) < / w? |V1/)|2 dr < % w? dr < —
2\ By, RN P~ JB(y,2p) p

hence
8ds

wlde <ds = (—= %
/B(yvp) ’ (SpQ)

Let 0 <7 < R<p<l1, € CPMRY), o) =1ifz € B(y,r); ¥(z) = 0 if
z ¢ B(y, R), and |V¢| < 2. Then the left-hand side of (4.34) satisfies

LHS > S(/ (wPp)? dz)™* > S(/ (w? 7 da)” (4.39)
RN B(y,r)
The right-hand side of (4.34) satisfies
2* 2k an g—2% 42k
RHS < (/ w? dx) " (/ (w?Pep?) =27 52= d:c) "
B(y,p) RN
c 2 p 2d/2*
+ / w @ dx (4.40)
(R - T)2 ( B(y,R) )

c 2 2d/2*
<(c+ ——= / w 4 dx
( (R - T)Q)( B(y,R) )

where d = Z{ 2420 By (134), [1:39) and (£40), we have

_1 * %
(/ wQ*'pdac)z T < (Ri )%(/ wa dm)2 ’ (4.41)
B(y,r) r B(y,R)

Takingp:pk:dk,R:rk:§—|—ﬁ,r:rk+1,k:1,2,.... By (4.41)), we have

(/ 2 dw)ﬁ < (02k+1 )1/d’“ (/ L2 dx)mﬁ7
B(y,rk+1) P B(y,rk)

Letting kK — co, we obtain

)

[wllLe=(By,2)) < cllwllLzs (By,p) < ¢
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Taking p = p, = d*, r, =7 + &=%, k=1,2,.... By ({£41), we obtain

o* gk Srgk c2k 1/d* o*gk—1 mﬁ
( w dz) < ( ) ( w dx) ,
B(y,"k+1) R—r B(y,rx)

Letting £ — oo, we have

1 1
lollzoe By < (=) vl (Bw.my)-

hence

1
1wl By < (=) Wl 2 (B, m))
1 1 27

< Az ) Il s,y 10l 2 (5.0 (4.42)
1 1 2*
< glwlle=se,ry + ()7 wlerse,r)-
By iteration, we have
[wll(B(y,2)) < clwllzr(By.p)- -
from the above lemma, we have the following Lemma.
Lemma 4.11. Let w >0, w € DY2(RYN) be a solution of
—Aw < aw2;—17
where a(z) = [on i’;ay‘ya dy + w? ~2a(z), and a € L*N/*(RN). Then there exist

R>0 and a constant ¢ depending on ||wl| 2+ gny, such that

*

. 1/2
lw(z)] < C(/ w? d:c) ., zeRY |z| >R.
|z|> &

Lemma 4.12. There exist positive constants ¢, u such that

Up(2)] < (1 +|z[2)* T fork € Aw,
Un(@)| < coxp{—ulel} for k€ Ay

Proof. Let w >0, w € DM2(R™M) be a solution of
—Aw < aw%_l,

where a € L*N/*(RY). Using the Kelvin transformation v(z) = |x|2’Nw(xL‘2), we
know that v satisfies
—Av <@l vz <1,

where a(z) = |x|a’Na(ﬁ). We also have fBP(O) |v|>" dx = 0,(1), and
Har||L2N/C¥(RN) = ||(I/HL2N/(¥(RN) < b.

Choose p small enough, By Lemma we obtain |v(z)| < ¢ in Bg o). This shows

that
c

|I|N 27

w(a)| < 2] > 2.

Similarly, we obtain that |w(z)| < ¢, |z] < 2p. So we have

w(z) < o1+ [2?) 7
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We use the hole-filling technique. For
“Aw+w < awzzfl,
we also have .
w(x) <e(l+|z)*) 72 .
So there exists Ry > 0 such that
« 1

w(x)* 72 < 2 for z € RN, |z| > Ro.
Without loss of generality, we assume that

—Aw+w <0, for z e RV, |z| > Ry.
For R > Ry, we choose ¢ € C®°(R") such that ¢(z) =1, |z| > R+ 1; ¢(z) = 0,
lz| < R, |Vy| < 2. Taking ¢ = w)? as test function we have

/ |Vw|?y? dz +/ w? da < 2/ YwpwV de
RN RN RN

1

(4.43)
< 7/ |Vw|21/12d:c+c/ w?|Vep|? dx.
2 ]RN RN

Therefore,

/ w? dz S/ wp? dx < c/ w2|Vw\2da: §/ w? dz,
lz|>R+1 RN RN R<|z|<R+1

/ w?dr < € / w? dzx.
|| >R+1 c+1 |z|>R

It follows that there exist ¢, p such that
/ w?dr < cexp{—uR}.
x>

By Lemma there exist ¢/, i

[Ny

<

such that

*

1/2
w(z) < c(/ w? d:ﬂ) < cdexp{—p/'R}, € RN, |z| >R.
|z|> &

O

Suppose 1 < py < 2* < p1, 0 > 1and m > 0. Consider the system of inequalities

1wl os vy < M,y (4.44)
luz | oz ey < mo "2, '

We define the norm
|ull py ps.o = inf{m : there exists uq,us satisfying |u| < uy + ug and (4.44) holds}.
Lemma 4.13. Assume the profile decomposition (4.26)) holds. Without loss of
generality assume koo € Ao, 0y, = O, = min{o, x|k € Ao }. % <pp <2<
p1, then there exists a constant ¢, depending on py,pe such that ||[ulp, p,.c < c.
Proof. We divide u,, into three parts

Up = Zn + Wy + Ty,

where

N-2
Zn = Z Uk( - yn,k)v Wn = Z Un}c Uk(gmk(' - yn,k))-
ke, k€A
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By Lemma for k € Ay, Uy decays exponentially. Hence |z,|,, < c for all
p1 > 1. For k € Ay, Uy decays polynomially. Hence for % < pg < 2%,
a2 rprox
o, i Uk(onn(c = yng))llre@yy =0, " [1Usllr2 o)
N N

N_N - 1
<col, " (/ (1+ |x|2)¥p2 dz)?2  (4.45)
: .

N
P2

<co, k P2 < co

N_ N
2%

Sy

NN

and [|wy || pre@yy < con 2. We define Z,,, W,,, R, € D?(RV) as follows:
~AZp = an(z)|20)>*7Y,  inRY,
— AW, = ap (@) |wp|**7,  in RV,
—ARn = an(z)r,?7t,  in RV,

U ()] Nz, By Lemma we have

”LN/?(]RN ”Zn”LPl (RN)

|un (y

Here a,(z) = [pn et yl“

S CHanlleN/a(RN)lllzn P a 2wyl anllzen @y (4.46)
< cllznllze @y <c
Similar to (4.46)), we have
N N
IWallzos @y < cllwn Lo @yy < con ™,

”RTLHI)l,IJzﬂn S O( )Hr'rlnplmzﬁn'

Let u,, satisfy the equation

— B+ V() = 24 / W dy) fun () + Dlua 2, (447)
RN -

where 2 € RV,
By Lemma and the inequality [t| < e[t| + c.|t|*", the function v, = |u,]
satisfies
—Avy, < cap(z)|un|? ™t < —eA(Zy + W, + Ry).
By the maximum principle, we obtain
[un| = vn < e(Z, + Wi + Ry).

Now we have the estimate

[tnllps pa.on < €U Znllps paon + 1Wallpypa.on + [ Ballpy.pe.on)
< c+o)[Irnllps pz.om (4.48)
< c+o(L)([[unllpr pa.on + 2nllps po.on + wnllpype,on)
< c+o()|lunllp, pa,on
and ||un|lpy p.on < C O

Assume the profile decomposition (4.26) holds. Let ko € Ao be such that
On = Op ko, = min{an’k}k € Ao }. We denote y, = yn . Since the index set Ao
is finite, we can find a constant ¢ > 0 such that the region

’Aiz = B(yna 760;1/2)\B(yna 6051/2)
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does not contain any concentration points, corresponding to the index set Ao,
A O {yn,k]k € A} = 0.
Lemma 4.14 ([20]). Let u >0, u € HY(RY) and satisfy
—Au<f, RN,
where f >0, f € L} _(RN). Then for~ € (1, %), there exists a positive constant

loc

c¢=c(N,7) such that for zo € RN, r € (0,1)

1/ 1
<r_N/ |u\7dx) §c(1+/ (tl_N/ fdm)dt).
B(zo,r) r B(xzo,t)

Lemma 4.15. Assume the profile decomposition (4.26) holds. Then there exists a
constant ¢ > 0, independent of n, such that |u,(z)| < ¢ for z € A%, and

2-N
/ |V, | de < con”
A3

where
A3, = Blyn, 620, )\Byn. 280, /%), A, = Blyn, 520, "/*)\B(yn. 370, /).

Proof. Tt is easy to show that

Av. < 25 -1
—Av, < cwpvn® T,

where

|vn(y)|2: 2% 2%
wy(x) = ———dy + |v,(z o,
@)= [ O dy + o)

By Lemma for all y € RN and r € (0,1), we have

1/~ 1/
(r*N/ |tn|” dx) = (T*N/ Y d:c)
Bl(y,r) B(y,r)

1
Sc(l—i—/ (tl_N/ wnvfﬁflda:)dt)
r B(y,t)

By Lemma [Vnllpr pa,on < € for 325 < p2 < 2* < p1. There exist functions

vﬁbl), v,@ such that v, < 117(3) + v,(f), ||v7(11)||Lp1 @~y < ¢, and

(4.49)

N_N
0P| o2 gy < con 2.
N(N+2)

We choose p1 = ==~ and p,

_ 2N(N+2—-«)
— (N-2)2N—-a)"

1/~ ! .
(T—N/ ‘un"yd:c) < C+c/ (tl—N/ w[pD) 251 da:)dt
B(y,r) T B(y,t)
1
+c/ (tlfN/ w® |pP |21 dx)dt,
r B(y,t)

23—1dx)dt

We have the estimate

where

1
/ (tl—N/ wD [
r B(y,t)
1 . 1/N
< (/ tl_th)(/ oD [V (DN 22 -1) dx) (/
r B(y,t) B(

N—-1

¢h) v

y,t)
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([ e ar)
B(y,1)
N(N+2) N3 )IN(25—1 e
([, R )T )
B(y,1) B(y,1)

NA2—a

([ e ) 2.
B(y,1)
and

1
/ (tlfN/ wgz)\v%2)|2271dx)dt
r B(y,t)
1 o 2N —«
(/ tl—th)(/ (@) 2N/ dm) QN(/ |U7(12)|(2271)% dx) o
r B(y,t) B(y,t)

*
2a—1

1 Lo T
Sc(/ tl—th)(/ o (@) |P2 dx) v2
r B(y,t)
1 2—N
< c(/ tl_th)anT

c
< e(ro/?)2=N < ¢, provided r > 1051/2.

IN

IN

IN

IN

Therefore

1/
(o2 [ ulde) <o ye A
B(y.5ou ")

In (4.26), with u,, = z, + wy + 1, 2, € L®RY), |rn 2 = = o(1), by (4) of the
profile decomposition (4.26) becomes w,, = ZkeA anz U (o, k( Znk)). For

y € A% x € B(y, 20n1/2) by our choice AL, |y — yn.k| > Con , |:z: — Ynk| >
[Ynk — Yyl — |z —y| > Son 1/2 > o 1/2 Hence for n is large enough,
. N-z .
/ s [t | dm:/ o 10,7 Uk(0nk(- = yn, ) dx 4 o(1)
B(y,§on"'7) B(y,50n '7)

1/2
n,k

L *
S/ |03 Uk(on k(- — ynp))* da + o(1)
|z— znk|725

:/ U (@)% da+ o(1) = o(1), Vy € A2.
2> 5o,/
By Lemma we have
1/
|un<:c>|ﬁc(0£”2/ junl?dz) " < e, Va e Bly, o, M?), y e A2,
B(y.30n"/?) 87

Hence |u, (z)| < ¢ for z € A2.
Let ¢ € C§°(RY) be such that ¢(x) =1 for z € A3; ¢(z) = 0 for = ¢ A2 and

V| < 2¢1oy/?. Taking ¢ = unp? as test function in (DI, ,, (u,),d) = 0, we
obtain

/ (|Vun|?@? + V(enz)up?) do
RN
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= —2/ unVunsOchdm-i-?Z/ / V" (un(y dyfl,n(un)ungo dx
RN ey Jey T -yl y|a
+9 / |t |70 d
RN

1
< 5/ |Vun|2<p2dx+c/ [un|?|Vep|? da

+c/ / un(y) " dy|un|2a<p dm+c/ |, |92 da.
v Jry o=yl y|a N

Since |u,(x)| < ¢ for z € A2, we have

/ |V, |? da
A},
< / |V, |?p? da

<can/ \un\Qdaz—&—c/ / Jun(y)I* - dy|un|2 7 dac—&—c/ lun|? dz
A2 Jrwy |$—y| A2

. 2N—-o N
<c / / Jun(y)* = dy|2N/adx) N(/ |y, | dm) N tcoy ?
A2 RN |JJ—Z/| A2

Scan ,

for n large enough. O

Similar to [16l Lemma 4.3], we can prove that the index set Ao, in the profile

decomposition (4.26) is empty.
The proof part 3 of Theorem [[.1l Note that A is empty, the profile decomposition

in (4.26) reduces to

Un =Y Ukl = Ynk) + T, (4.50)
keA;
where r, — 0 in L? (RN) as n — oco. By Lemma there exist ¢, u, such
that |Ug(z)| < cexp{—plz|} for k € Ay. Hence, >,y Uk(- — ynx) are uniformly
bounded. It follows that {u, } are uniformly bounded, that is there exists a constant
M depending on L, but not on n, such that

lun(z)] < M, forz e RN n=12,....

5. PROOF OF THEOREM [L1]
From Theorem we deduce the following corollary.

Corollary 5.1. (1) Assume I'c , x(u) < L and DT'¢, x(u) = 0. Then there exists
A = ML) such that T, x(u) =T, (u) and DT, (u) =0 if 0 < A < .

(2) AssumeT'. ,(u) < L and DT ,(u) = 0. Then there exists € = €(L) such that
I..(u)=1I.,(u) and DI, ,(u) =0 if0 <e <E.

(8) Assume I, ,(u) < L and DI, ,(u) = 0. Then there exists U = (L) such that
I, (u) = I.(u) and DI.(u) =0 if 0 <v < T.
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Proof. (1) By Theorem H(l)7 if0< A< A(L) = ﬁ, then
1

¥
Q¥

1 N <
el v < (55)

It follows that I'. , x(u) =T'¢ ,(u) and DT¢ ,(u) = 0.
(2) By Theorem [4.1](2), there exist constants p, ¢ = ¢(L) such that, for every
§ > 0, there exists € = () > 0, for 0 < ¢ < £() and z € RY

lu(z)| < cexp{—pdist(z, (A°).)}.
Let (L) < min{p, 1}, then for 0 < e <& and « € R, it holds
u(z)| < cexp{—pdist(z, (A°))}

% exp{—EdiSt(.’I;, (Aé)E)}

IN

IN

% exp{— dist(ex, M)}.

Hence me(z,u) = u, for x € RY. Moreover we denote D = max{|y|ly € M},
d = dist(A%, dM). We choose an integer [ > 1 such that id > D. Then for = ¢ M.,
Ldist(x, (A°).) > Idist((A°)e, OM.) + dist(z, OM.)

l D
z —d+ x| = — =z,
€ 5

and hence
lu(z)| < cexp{—cdist(z, (A‘S)E)} < cexp{—%ad}7 Vo ¢ M..

As a consequence, for 0 < e < £(0) sufficiently small, one has

/ Xe(2)u® d < 06_6/ exp{—E|x|}dm <ee NP exp{—f} <1
RN |z|>ce—1 l £

(/RN Xe (@) [ulP dx — 1)+ —o.

It follows that I'c(u) = I.(u) and DI.(u) = 0.

and

(3) By Theorem 3),if 0 < v < D(L) = 47, then
1
lu(z)| < " Ve € RY.
Hence, I, ,(u) = I.(v) and DI.(u) = 0. O

Proof of Theorem[I.1. Given a positive integer k, by Theorem there exist
0<§<1,0<D<1,and0<5\<1,suchthatif0<s<é,0<u<ﬂ,
0 < A < A, then the functional I’z » has k pairs of sign-changing critical points
+uj, 7 =1,...,k, and the corresponding critical values satisfy

0< C1(€,V7A) << Ck(c?,V,A) < my.
By Corollary [5.1)(3), there exists vy, = vj(my), such that if
0 <v<p=min{vg, v}, I, (u) <my, DI, (u)=0,

then
I, (u) =I.(u), DI.(u)=0.
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Fixed 7 € (0,3). By Corollary [5.1§(2), there exists e, = ej(my), such that if
0 <e<ép=min{eg, &}, Tewp(u) <my, DL.zp(u)=0,
then
Fg’g(u) = Ie’g(’u), DIE’E('U/) =0.
We fix 7 € (0,v4) and € € (0,e;). By Corollary [5.1](1), there exists A, = A (my),
such that if

0 <A< A\ =min{\, A}, Tepa(u) <my, DIzpa(u) =0,
then
Fg’y’)\(’u/) = Fg’g(u), Drg’g(u) = 0

Now for 0 < v < i, 0 < & < &, 0 < A\ < A, we have that Uje = (e, v, A),
j = 1,...,k are critical points of the functional I.. Moreover, by Theorem
there exist constants y > 0, ¢ = ¢(my,), such that for any § > 0, there exists £x(0)
such that for 0 < & < £,(d) it holds

lujc| < cexp{—pdist(z, (A%).)}, forz e RV,

hence
[vj.e| < cexp{—ﬁ dist(z, A%)}, for z € RY. O
€
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