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LOWER BOUNDS AT INFINITY FOR SOLUTIONS TO SECOND
ORDER ELLIPTIC EQUATIONS

TU NGUYEN

ABSTRACT. We study lower bounds at infinity for solutions to
|Pul < Ma|~°4|Vu| + M|z| =% |u]

where P is a second order elliptic operator. Our results are of quantitative
nature and generalize those obtained in [3] [6].

1. INTRODUCTION

Let Pu = div(AVu) be a second order elliptic operator in divergence form, where
A is symmetric, Lipschitz and uniformly elliptic, i.e.

MNEP < (A(x)€,€) < ATHEP Y, & € R,

for some A € (0, 1]. In this paper we study lower bounds at infinity for (non-trivial)
solutions of

|Pu| < M|z|~% |Vu| + M|z|~%|u| in R"

where M > 0 and §p, 01 € R.
The first result in this direction was obtained by Meshkov [7] for solutions of

|Au| < Mu| in R™. (1.1)

He showed that if u(x)exp(C|z|*/3) € L>°(R™) for all C' > 0 then u must vanish
identically. The exponent 4/3 is optimal as Meshkov also constructed a function
u: R? — C satisfying (1.1)) such that

lu(z)] < Cexp(—|z[*?) vz e R2
This result was later extended in [2] to solutions of
|Au+ Bu| < M|z|™%|u| VzeR" (1.2)

where F is a real constant. It was proved that if u(z) exp(C|z|*) € L (R™) for all
C > 0 where o = max{1, 4*3250} then u = 0. The optimality of the exponent o was
shown by a variant of Meshkov’s example.
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The first quantitative version of these results was obtained by Bourgain and
Kenig [I]. They proved that if u satisfies ((1.1)) then there exists C' > 0 such that

/ u® > exp(—Clz[*log |z|) V|z| > 10.
B(z,1)
Their method can be easily adapted to give the bound
/ u® > exp(=Clz|*?) V]a| > 10,
B(x,|z]/2)

from which Meshkov’s qualitative result can be recovered.

Subsequently, [3],[6] extended these estimates to solutions of operators with lower
order terms, and operators with variable second order coefficients. The main results
of this paper are improvements of their results.

Theorem 1.1. Let P be as above and u be a nontrivial solution of
|Pu| < M|z|~% |Vu| + M|z|~%u| in R"\ B (1.3)

where M > 0 and d1, 2 € R. Suppose that o > max{%,?—%l} and a > 1—)\2.
Then there exists € = e(n,a, \) > 0 such that if

VA@)| < o and Ju(e)] < M

when |z| > 1, then there exists C > 0 so that if |x| > 10,

/ u? > exp(—C|x|¥) (1.4)
B(z,|x]/2)

and
/ u? > exp(—C|z|* log |x|). (1.5)
B(z,1)

We also have the following similar result for operators with differentiable poten-
tials.
Theorem 1.2. Let P be as above and V' be a Lipschitz function satisfying
V| + |Az - VV| < M|z|~%.
Let u be a nontrivial solution of
|Pu+ Vu| < M|z| ™% |Vu| + M|z|~%|u| in R"™\ By.

Suppose that o > max{%ﬁ — 201, 2_252} and o > 1 — X2. Then there exists
e =¢e(n,a,\) >0 such that if
VA@)| < o and fuga)] < M
x

when |x| > 1 then there exists C > 0 so that if |x| > 10,
[z exp(-Clal?)
B(z,|z|/2)

/ u? > exp(—C|z|* log|z]).
B(z,1)

and

When V is a constant, we can take do = 0 to obtain the following generalization

of .
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Corollary 1.3. Let E be a real number and u is a nontrivial solution of
|Pu + Fu| < M|z|~°"|Vu| + M|z|~%u| in R™\ By.

Let o = max{1, 4_??50 ,2 — 201}, then there exists € = e(n,a, \) > 0 such that if

3

||

[u(@)] < M

when |x| > 1 then there exists C > 0 so that if |z| > 10,
[z ep(-Clal?)
B(z|z|/2)

/ u? > exp(—C|x|*log |z]).
B(z,1)

[VA(z)] <

and

and

In [6], similar estimates were obtained under the slightly stronger condition

[VA(x) for |x| > 1.

| < |x|1+a

This was proved by using a chain of balls argument with balls of different radii
which lead to slightly weaker lower bounds of the form

exp(—C|z|*(log |x|)"™),
where () is a function of log |x|. Besides giving stronger, and perhaps optimal,
results, our approach also works in the case o < 1, which is not possible with the
method of [6]. We are not sure if the condition a > 1 — A? is necessary though.

Our proof, detailed in Section 3, starts by proving the following lower bound for
u on annuli

/ u? > exp(—CR*) VR > 10.
{R-1<|z|<R}

Using this bound and a chain of balls argument with balls of the same size we

obtain (1.4). The key ingredient in this step is a three-ball inequality (see (3.6))
and (3.7)). Finally, we deduce (L.5) from (1.4)) using another application of the

three-ball inequality.

2. CARLEMAN ESTIMATES

In this section, we collect some Carleman estimates that play the key role in the
proofs of Theorems [I.1] and [I.2] Throughout this section, C' denotes a constant
that only depends on «,n, A and A, whose value may change from line to line.

The first Carleman estimate is a generalization of an estimate in [7, Lemma 1]
where it is proved for P = A and « € (2/3,2]. For convenience, we will use the
notations r = |z| and ||€]|? = (A(z), €).

Proposition 2.1. Let P be as in Theorem and o > 1 — N2, Then there exist
positive constants By, Cy and € depending on a,n, \ and A such that if

\VA(z)| < e/lz|  for|z| > 1,
then
8 [ty g [ wup <y [ i@t ipap, )
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foru e CX(R"™\ By) and 5 > fy.

Proof. Let v = %" u then " Pu = /7" P(e=#""v) =: Pgv. Since /7" |Vu| <
|Vou| + aBro=tv], it follows that (2.1)) is equivalent to (with possibly a diffenrent
value of Cp)

ﬂ?’/rzo"zvz +5/\V’u|2 < C’o/r2’°‘|ng\2. (2.2)
We have
Pgv = [div(AVv) + o?B2r?*~4||z||?0]
— aB[2r* % (Az, Vo) + div(r* 2 Az)v].
- ol |, AP
F=trA+ (a—2) FE + Tl
and

Pgv = [div(AVv) + a? 22| z||2y]
— af[2r*" 2 (Az, Vo) + r® "2 Fy)
=: Mv — Nv.
Since | div(r*~2Az) — r*=2F| < Cafro=2,if B > 4C%a?, then
p 1
/|ng — Pgu[2r2 < C2a2B? /ra—Q,UQ < Zﬁ3/r2a_2v2'

Thus, it suffices to prove (2.2 with Psv replaced by ]551). We have

/|ﬁgv|2r27o‘ > —2/7‘27&M’UN’U
= 20743 /T2a74||$“2[2<A$, Vou)v + Fv?] (2.3)
—2af / 2div(AVv)(Az, Vv) + F div(AVo)v
=:T+1I.
Writing vVov = %V(’uz) then integrating by parts, we obtain
I=2ap" /[div(rQo‘_4||ac|\2Ax) — 24P || 2]0?
2 A 2
= 2a%p° /[2(a B e N
EFT o

+ 20333 /[81-0,”'1']'”%”27»204*4 + aikxkaiajlxzxjr2“*4]v2

. z||? Axl|? o
> 2043[33/[(04—2) I95||2 x|||2 + X\ = C¢||z|*r2 %2

+

To estimate the term IT in (2.3)), we first use the Rellich-Necas identity to write
2 le(AVU) <Al‘7 VU> = 2alkxk8i (aij(f?jvaw) - alkxkaijal((?iv@jv).
Then integrating by parts, we obtain

II =2ap8 / 20;(aipr)a;j0;v0v — O(akerai; ) 0;v0;v + AV - V(Fv)
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= 2aﬂ/2|AV1}\2 + (F —tr A)||Vv|* + vAVv - VF

+ 2a8 / 20;a15210,;0;001v — O (akai;) K 0;v0;v.

As |[VF| < C/|z|, we have
VAV - VF| < Ce||Vo|? + e tr 202
Together with |[AVv|?2 > \||Vv||?, this implies

z||?  |Ax|?
7> 2045/ <(a2):x”2 + |x|||2 +>\fCe)||VvH2 72a[3€*1/r*2f02. (2.5)

‘We have

lzl* |, |Azf®

+

el
(@—=2)
2l

jz?

> min{a), (a — DA™+ A} = > 0.
Thus, if e = #& and 8 > g, then from (2.4) and (2.5) we obtain
/|ﬁ3v|2r2_°‘ > ua363/720‘_2v2 +ua6/||Vv||2 —QaBe_l/r_zvz
1
> §ua363/r2“*2v2+uaﬁ/|\WH2-
This completes the proof. [

+A

+A> (a—1)

Proposition 2.2. Let P be as in Theorem V' be a Lipschitz function and
a > 1 — A2, Then there exist positive constants By, Co and € depending on a,n, A
and A such that if A satisfies

VA@) < e/la] for |zl > 1,
then
53/7,,204726267"“,“2+6/62ﬁr”‘vu‘2
< CO/T2_%2BTQ|PU|2+Coﬁ/eQﬁra(|V| +|Az - VV])u?.

foru e CX(R™\ By) and 5 > fy.

Proof. The proof is very similar to that of the previous proposition, so we will
only indicate the modifications needed. Now Pgv has one more term Vv which we
incorporate into Mw, i.e.

Egv = [div(AVv) + a?B%r?*~4||z||?v + V]
— af2r* 3 (Ax, Vv) + r* 2 Fo
=: Mv — Nv.
We then have —2 [ 72~ *MvNv = I + I + III where I and II are as in (2.3) and

117 = —4a6/<Ax,VU>Vv - QQB/FVUQ

=2ap3 / [div(V Az) — FV]v?
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As |div(VAz) — FV| < C(|V| + |Az - VV)),

1T < C,B/(|V| Az - TV )02
and the proposition follows. (I

The next Carleman estimate is rather standard and can be found in [4] [5].

Proposition 2.3. Let Pu = div(AVu) where A is elliptic, symmetric with A(0) =
I and |VA| < 1/V/X. There exist positive constants o, Co, and p < V' \/4 depending

only on n and an increasing function w satisfying C%) < wla(vzl) < Cy such that

ﬁg/w_1_25u2+ﬁ/wl_25|VU|2 < C’0/11)2_25|Pu|2 (2.6)

for uw e C2(B,\ {0}) and B > By.

We also have a similar estimate for operators with differentiable potentials.

Proposition 2.4. Let Pu = div(AVu) + Vu where V is Lipschitz, A is elliptic,
symmetric with A(0) = I and |VA| < 1/vV/X. There exist positive constants By, Co
and p < ﬁ/él depending only on n and an increasing function w satisfying Cio <

wlflc) < Cy such that
53/w_1_2ﬂu2+/3/w1_25|Vu|2

< co/w2—25|Pu|2+coﬁ/w1—25(|V|+ Az - YV )2

Jor u € C2(B,\ {0}) and 8 > fo.

3. PROOF OF MAIN THEOREM

The proofs of Theorems[1.1] and [I.2] follow the same lines, using Propositions 2.2
and [2.4] for the first theorem and Propositions [2.1] and [2.3] for the second theorem.
Throughout this section, C' denotes a constant that only depends on «, §1, d2, A, M
and n, whose value may change from line to line. For 7o > r; > 0, we let A, ,, =
{zx € R" : ry < |z| <r2}. The ball of radius r centered at a is denoted by B(a,r)
and B, = B(0,7).

As indicated in the Introduction, we first prove a lower bound for the L?-norm
of u on annuli.

Lemma 3.1. Let P, u and « be as in the statement of Theorem [I.1, Then there
exists positive constant Cy such that

/ u? > exp(—C1R™) VR > 10. (3.1)
ARr-1,R

Proof. Let ¢ be a smooth cut-off function satisfying
1 if2<|z|<R-3%

p(z) = g .

0 if3>|z|orfz[ >R~ 3

and
V()| + |Vp(x)| < Cp Va.
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Let v = pu and
E = sppt(Vy) C Ay/z5/3 U Ar_2/3,r-1/3-
We have
|Pv| = |oPu+ 2AVu - Vo + div(AVe)u|
< M(|z]= fu] + ||~ [Vul) + C[[Vul + [ul]1p
<M (|x|_5°|v| + |x\_51|Vv|) + C[|Vu| + (1 + M|x|_61)|u\]1E.
Applying the Carleman estimate (2.1)), we obtain for 8 > Sy,
53/62BT°T20¢72U2 + B/e2ﬁ’"a|Vv|2
< CO/62ﬁr“r2fa|P,U|2
< 4COM2/62,6’T“ (T2_a_2601}2 -|—7‘2_a_261|V’U|2)

+4CoC*(M? + 1)/ 2|Vl + (L+772) w2
E

Choose 8 = fy + 8CyM?2, then the first term of the right-hand side is absorbed by
the left-hand side since r2=¢=2%0 < p20=2 gnd p2-2=201 < ] forr > 1. As v = u on
As 7, we deduce that

@ [ g [t <o [ @ v e (e G
As,7 E

Applying the standard Cacciopolli’s inequality, we obtain
/ €2Br‘1[|vu|2 + (1 + 7,7261) 'LL2] § C@Qﬁ.za / ’LL2 + CR§€2BR“ / ’Z,L2,
E

Ao Ar-1,R
where 6 = max{—dy, —2d1,0}. Combining the above inequality and (3.2)), we obtain
283" / u? < Ce?h?” / u? 4+ CROe?PR” / u?. (3.3)
As7 Ai2 ARrR-1,R
If ) )
log(2C fALQ u /f,4317 u®)
= 2(3> — 20) ’

then the first term of the right-hand side of (3.3)) can be absorbed by the left-hand
side, and we obtain

R_‘Se_z’BRa/ w<C w?dz.
As,7 ARr—1,R
This completes the proof. [l

Next, we show that (3.1) and the upper bound on u give the desired lower
bounds.

Lemma 3.2. Let P, u be as in the statement of Theorem and T = @ where p
is the constant appears in the statement of Proposition|2.5 Assume that for some
positive constants Cy and M,

/ u? > e C1B" yR > 10,
ARr-1.R
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and
lu(z)| < eMlI™ viz| > 1.
Then there exists Cy > 0 such that if |z| = R > 10, then

/ u? > e O (3.4)
B(x,7R)

/ w2 > e~ C2R*log R (3.5)
B(z,1)

Proof. We first prove a version of the standard three-ball inequality: there exists
C > 0 such that for a« € Ap_rg ry-r and 1/R < 79 < 1/ < 12/2 < 27/, we

have either
/ u2 < <UJ(\/XT2/2))CRQ/ U2 (36)
Blanr)  “w(vA1/2) B(a,moR)

/B(a,‘rlR) v = CR(S ( /B(G,T()R) UQ>0 ( /13(a,72R) u2) 1_9' (3.7)

Here 6 = max{1,2 — dp,2 — 24, } and
_ log(w(VA72/2)) — log(w(r1/V/A))
log(w(vA12/2)) — log(w(VA70/2))
To show this, we first make a change of variables. Let S = A(a)~'/2, Ap(z) =

SA(a+ ST Rz)S! and Prv = div(AgVv). Then for ug(z) = u(a + S™1Rx), we
have

and

or

Prup(z) = R*Pu(a+ S™'Rx).
Thus,
|PR’LLR‘ < CR1_51|VUR| + CR2_60|UR| in Bp.

Let 70 = V10, 71 = 7'1/\5, re = VAr and ¢ be a smooth cut-off function
satisfying

(2) 1 if %ro <l|z| < %7‘2
xTr) =
4 0 if 3ro > |z| or |z| > Zry

and
|Vip(z)| < Clz|™!, 1=1,2.
Let v = pur and
E = sppt(Vp) C Ary/2,2r0/3 U Ary /2,20, /3

We have
|Prv| = |¢Prugr + 2ArVug - Vo + div(ArVe)ug|

< Cp (R |ug| + R~ [Vug|) + Cllz| "' Vug| + 2| *|ur[]1s

< C(R*™%v| + R |Vv|) + Cllz| M Vug| + (Jz| 72 + 2| 'R ™) |ug|]1E.
Note that Az (0) = Id and [VAg| < VA in B,. Thus, we can apply Proposition
to Pgr and v to obtain for 8 > [

Bg/w—l—zﬁv2+ﬁ/w1—2ﬂ|vv|2
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< C’/inQﬁ\PRU\Q
S C’/w2725 (R47250,02 + R27251|vv|2)

+C/Ew2’2ﬂ[\x|’2|VuR|2+ (lz]=* + |2 R*7") u].

If B > C'R* then the first term of the right-hand side is absorbed by the left-hand
side, hence we obtain

53/,11)—1—2,37}2 < C/EwQ—QBHx'—Q‘VuRlQ_i_ (‘$|—4+ |(E|_2R2_261)U%¢].

Since v = u on A, », the left-hand side is greater than

w_l_m(rl)/ u%.
A

0,71

By the standard Cacciopolli’s inequality, the right-hand side is smaller than

CROw™1728(ry/2) / u% + CR w172 (ry/2) / u%,

Arg Arg
B To 3

where § = max{1,2 — dg,2 — 241 }. Thus, we obtain
w172 (ry) / u¥h
A

0571

< CRw'"%8(ry/2) /

T2

u% + CROw 1728 (ry/2) / u%,.
o A%?

3570 T2

Adding w'7%%(ry) [, u% to both sides gives
o

wilfzﬂ(rl)/B u% §C’R5w*1*2’8(r0/2)/3 u% (3.8)
r1 0
+ CROw"28 (ry/2) /B w2, (3.9)

If
BTZ R BTU R < CH

2log(w(ra/2)/w(ro/2)) —
then holds. Otherwise, choosing
_ IOg(fB,,,2 u%%/ me u%)
-~ 2log(w(re/2)/w(r/2))

in (3.8)) gives
w*1*2’8(r1)/ uf{gC’R‘Sw*kz’B(roﬂ)/ u%,
B

- By

/B K cri( / )’ ( / )

Undoing the change of variables, noting that a + S_IRBTJ. C B(a,7jR) for j = 0,2
while a + ST'RB,, D B(a, 7 R), we obtain (3.7).

which implies



10 T. NGUYEN EJDE-2023/69

Choose 79 = 7, 71 = 27, and 7o = 47 /. Tt is easy to see that with this choice of
parameters, both (3.6) and (3.7]) implies that for some C3 > 0,

o 6
/ u2 S GC3R (/ 'LL2) ifae ARer,R+TR~ (310)
B(a,27R) B(a,7R)

Here we have used the upper bound |u(z)| < M=,

We next deduce from (3.10). Let |z| = R and Q = {a1 = z,as,a3,...,an}
be a %—net on the sphere of radius R. By scaling and symmetry, it easy to check
that this can be done with NV independent of R and . Note that any a; € @ can be
connected to a; = = by a sequence of points in @ such that the distances between

consecutive points smaller than 7R. Thus, applying (3.10]) repeatedly gives

/ u? < ng,R"‘/(l—G)(/ u2)
B(aj,TR) B(z,TR)

Since U;-V:lB(aj,TR) D Ag_1,g, summing over j gives

9N

N

—CiR" S/ w2 < Z/ W2 < NeCaR“/(1—9)(/ u2)
Ar_1.R B(a;,7R) B(z,7R)

j=1
from which (3.4)) follows.
Finally, we prove the lower bound (3.5). Choose 7o = 1/R, 71 = 27 and 7 =
47 /. If (3.6) holds then (3.5) follows because

w(VAr/2) w(p/2)

GN

<
w(vA0/2)  w(vA/(2R)) ~
On the other hand, if (3.7) holds, then it follows that

o (4
/ u? < CROeME (/ u2) .
B(xz,7R) B(x,1)

_ _ log(w(p/2)) —log(w(p/4)) _ C
log(w(p/2)) — log(w(vVA/(2R))) ~ log R’
inequality follows from . O
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