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EXPONENTIAL STABILITY FOR POROUS THERMOELASTIC
SYSTEMS WITH GURTIN-PIPKIN FLUX

JIANGHAO HAO, JING YANG

ABSTRACT. In this article, we study the stability of a porous thermoelastic
system with Gurtin-Pipkin flux. Under suitable assumptions for the derivative
of the heat flux relaxation kernel, we establish the existence and uniqueness of
solution by applying the semigroup theory, and prove the exponential stability
of system without considering the wave velocity by the means of estimates of
the resolvent operator norm.

1. INTRODUCTION
In this work, we consider the porous thermoelastic transmission system with
Gurtin-Pipkin flux,
PUst — gy — Dy — YUzee =0 in (0,1) x RT,
J o1t = 6@ue +bug +E0+ B0, =0 in (0,1) x RY, (1.1)
i + qw + B =0 in (0,1) x RT,

where RT = [0, 00) and

q= —/ g(t — s)0(x, s)ds. (1.2)

This system of equations was firstly derived by Gurtin and Pipkin [I]. The initial
and boundary conditions for system (|L.1)) are as follows,
u(z,0) = uo(x), wp(x,0)=wus(z) in (0,1),
90(1‘70) = 900(‘:6)3 (pt(xvo) = <)Ol(x) in (Oa 1)7
O(x,t) = 0p(x,—t) in (0,1) x (—o0,0], (1.3)
uw(0,t) = u(1,t) = 0.(0,t) = p.(1,t) =0 in R,
0(0,t) =60(1,t)=0 inR.
Here, u is transversal displacement, ¢ is the volume fraction, 6 temperature, and ¢

is the heat flux. We assume the coeflicients p, J, ¢, i1, b, §, v, £ are positive constants
such that p& > b%. The heat conductivity relaxation kernel g > 0 and the parameter
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[ denotes a non-zero coupling coefficient. Note that the coupling coefficient does
not play an important role in the analysis.

The system we are studying highlights the heat flux ¢, which can be used in some
materials to describe how memory effects can dominate. As far as we know, g comes
in many forms and is used in a variety of systems, such as thermoelastic systems,
Timoshenko systems, Bresse systems and so on. When heat flux ¢ is expressed
by Fourier’s law or Cattaneo’s law, a large number of scholars have studied the
existence and asymptotic behavior of solutions for related systems.

When the heat flux ¢ is in terms of Fourier’s law, we have

qg= —kb,. (1.4)
Casas and Quintanilla [2] studied the thermoelastic system

PUsy — gy — by + B0, =0 in (0,7) x R,
JQtt — Qpre + by +Ep —mb + 79 =0 in (0,7) x R, (1.5)
i — kOpp + By +mpy =0 in (0,7) x R,

Using the semigroup method, they demonstrated that the system was exponen-
tially stable under a combination of porous dissipation and thermal effect. Apalara
[3] considered the porous thermoelastic system with memory terms, mainly, the
memory term was used to replace the porous dissipation term in . He used the
energy method to obtain stable results of various forms of solution through different
memory effects. Al-Mahdi et al. [4] considered the new kernel ¢'(¢) < —y(t)G(g(t))
and established new general decay results in the case of infinite memory. Magana
and Quintanilla [5] introduced a strong damping mechanism,

PU — Plge — by + B0y — YUzer = 0 in (07 7T) X R+7
J@it — 6Ppy +buy +Eo—mh =0 in (0,7) x RT, (1.6)
el — kOyp + By +mey =0 in (0,7) x RT.

They used the same method as in [2] to prove that the system decays slowly in the
presence thermal effect. In addition, they introduced microtemperature and found
out the exponential decay of this system. Also, we can see [6]. Pamplona et al. [7]
obtained the conclusion of using higher-order energy methods. Djebabla et
al. [§] studied porous thermoelastic system with time delay, they used the energy
method combined with multiplicative technique and showed the polynomial decay
estimate. We can also refer to [9] [I0] to study more thermoelastic systems.
In Timoshenko systems, Rivera and Racke [I1] considered the system

i — k(pz +1¥)e =0 in (0,L) x RT,
pathis — oy + k(pr + ) + 90, =0 in (0,L) x RT, (1.7)
p30; — Kbzw + bz =0 in (0,L) x R,
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They demonstrated exponential stability through the damping effect of heat con-
duction. For the angle of rotation system with memory term

p1oe — k(pz + )z + B0, =0 in (0, L) x RJF,
t
p2bit — Qg + k(pr +1p) — SO + / gt — 8)Yre(s)ds =0 in (0,L) x R,
0

pgﬂt — HQM + ﬂ((pajt + wt) =0 in (0, L) X R+.

(1.8)

When 8 = 1, Messaoudi and Fareh [12] established the general decay result by
constructing energy functional for equal wave velocities, that is,

ok _a_, (1.9)
pL P2

Later, they used the same method to consider the case of X # 0 in [I3] and also
obtained the general decay result. When 5 > 0 and § # 1, Almeida Junior et
al. [14] studied at ¢ = 0. Considering the case of X # 0, they found that
related semigroups had different polynomial decay rates under different boundary
conditions. The semigroup decays optimally at the rate of 1/+/¢ for fully Dirich-
let boundary conditions and at the rate of 1/+v/t for Dirichlet-Neumann-Dirichlet
boundary conditions. In the presence of memory term, Apalara [15] extended the
above system for any # > 0, and obtained a general stability result independent
of wave velocity by using the energy method under Neumann-Dirichlet-Dirichlet
boundary conditions. General forms of Bresse system can also be coupled to ther-
mal effect,

P11t = k(pe + 9 + lw)y + lko(we —lp) =0 in (0,7) x RY,
Pt = Wibay — k(pz + 1 +1w) — 46, in (0,7) x RT,
prwi = ko(we —19)s — Ik(pr + 9 +1w) in (0,7) x R,
P30y = gz — Vb in (0,7) x RY.

(1.10)

Fatori and Rivera [16] showed the Bresse-Fourier system was exponentially stable

if and only if k = kg and holds. For a discussion of the type III thermoelastic

Bresse system readers may refer to [I7] which considered the effect of memory item.
When the heat flux ¢ is in terms of Cattaneo’s law, g satisfies

Toqt +q + K0y = 0. (1.11)

Fareh and Messaoudi [I8] investigated the porous thermoelastic system with un-
necessary positive definite energy

PUst — Htlgy — bpy, =0 in (0,1) x RT,
Jott — e + bue + &+ B0, =0 in (0,1) x R,
ey + g + B + 60 =0 in (0,1) x RT,
T0qt + ¢+ K0, =0 in (0,1) x R,

(1.12)

Under Dirichlet-Neumann-Dirichlet boundary conditions, they assumed that ué =
b2 and introduced the stability number

oo (2 2) - (2-2), i
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When X = 0, they got exponential stability of this system, and when X # 0, this
system was polynomially stable. Fernandez-Sare and Racke [I9] considered the
Timoshenko system

proe — k(ps + 1), =0 in (0,L) x RY,
pathu — athyy + k(0 + ) + 76, =0 in (0,L) x RT,
p3b; + Gz + Yz =0 in (0,L) x RT,
T0qt + ¢+ K0, =0 in (0,L) x RT.

(1.14)

They showed that the solution of the above system was not exponentially stable,
even if the condition (1.9) be satisfied. Santos et al. [20] considered (1.14)), they
introduced a new stability number

() o) ()
p3 K Kp3
and established an exponential stability for X = 0. Also, they discussed the case
of X # 0, obtained the optimal polynomial decay. For the related Timoshenko
system with frictional damping, we can also refer to [2I]. The new Bresse system
established by coupling with through was studied by Keddi et al. [22],
they used the same method as [I8] to get the exponential decay result of system.

For heat flux ¢ of Gurtin-Pipkin type, we refer the readers to [23]. Here, we
briefly describe a few systems. Pata and Vuk [24] considered the linear thermoelastic
system

utt—um—FGx =0 in (0,1) XRJr,

¢ (1.16)
0, — / gt — 8)0px(z,8)ds +ug =0 in (0,1) x RT.

—00
They used the semigroup method to achieve that the solution of system had an
exponential decay result. And in the latest literature, Fareh [25] studied the porous
thermoelastic system with porous damping

putt - uuzz + bg@x - 501; in (07 7T) X R+,

J@tt = OPgx — bua: - §<,0 + 06 — TPt in (Oa 7T> X R+7 (117)

t

cly = / g(t — 8)0,0(x,8) ds — Bugs — Sy in (0,7) x RT,
— 00

and showed that the exponential decay of solution in the presence of the more

general convolution integral form and the porous dissipation coefficient 7. Dell’Oro

and Pata [26] considered the coupled Timoshenko system

prow — k(ps + )z =0 in (0,1) x RT,
paber — bbuy + k(pe + 1) + 0, =0 in (0,1) x RT,
1 o0
p30; — = [ g(s)0ua(t — s)ds + 6ty =0 in (0,1) x R,
0

When (1.2)) was applied in (1.10)), Dell’Oro [27] studied the asymptotic stability of
the system. They defined the stability number

o 1 P P2 1 piy?
X = _ =) - . 1.19

(1.18)
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and showed that this system was exponentially stable if and only if X; = 0 and
k = ko.

In this article, we study the asymptotic behavior of a porous thermoelastic sys-
tem with Gurtin-Pipkin flux under strong damping which improves the conclusions
of [7,28]. Thus, we know that in some materials, memory items can dominate. The
rest of this article is structured as follows: In section 2, we give some preliminaries
and reset the system — to an abstract Cauchy problem. In section 3, we
give the well-posedness of the system. In in section 4, we give the main conclusion
that the solution of the system is exponentially stable.

2. PRELIMINARIES

In this section, we give the definitions and assumptions for proving the conclusion
of this article. Here (-,-) and || - || denote the usual scalar product and the norm
in L2(0,1), respectively. || - ||_1 denotes the norm of the space H~1(0,1) which is
the conjugate space of H}(0,1) and (-,-) denotes the conjugate pairs. We set the
spaces

1
L20.1) = {w € L20,1): [ wl)da =0},
0
H(0,1) = H'(0,1) N L2(0, 1),
M = L3((0, 00); HL(0,1))
o) 1
= {¢(z,s) € L* ((0,00); H}(0,1)) : / k:(s)/ (x,s)drds < +o0}.
0 0
The space M is endowed with the inner product and norm:
COm= [ MG E@) ds G = [ IR b
Meanwhile, we define the space
K = {¢lGs € M : lim [IGo(s)]] = 0).
Now, we define the state space
H = H(0,1) x L*(0,1) x H}(0,1) x L%(0,1) x L*(0,1) x M

endowed with the inner product
1 1 1 1
(Z,Z" )y = u/ umu;dx—kf/ ww*dx+b/ wu;daj—i—b/ w uy dr
0

1 1
—|—p/ VU d:v—l—J/ 2z dx—i—c 99*dx (2.1)

+5/ waw dach/ / (s) dx ds,

for any Z = (u,v,w,2,0,)T € H, Z* = (u*,v*,w*, 2*,0%,(*)T € H.
As in [24] 25], we introduce some new variables

0'(z,s) = O(x,t —s), s>0,

#@Q:/9%Wﬂﬂ82&
0
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which denote the past history and the summed past history of 8 up to ¢, respectively.
We denote N
no(x,s) = / Oo(z,7)dr, s>0.
0

We can easily show that

ni(z,s) = 0(x,t) —nt(z,s). (2.2)
Further, we assume that g(co) = 0 and n*(z,0) = lims_,q n*(z, s) = 0, then
t e8]
— / gt — 8)0p0 (2, 8)ds = / g (s)nt . (z,s)ds. (2.3)
—oo 0
Setting k(s) = —g'(s), combining (2.2)) and (2.3)), system (1.1))-(1.3)) can be written

as
PlUss — gy — by — YUzer =0 in (0,1) x RT,

JQ1 — 6pze + bug +Ep+ B0, =0 in (0,1) x R,
Oy —/ k(s)n.,(z,8)ds + By =0 in (0,1) x RT,
0
W(@,5) = 0z, 1) — 1 (x,5) i (0,1) x RY x RY,
supplemented with the initial and boundary conditions
u(xv 0) = UO(l‘)vut(x7O) = ul(m)7 (,0(33, 0) = 300(3:) in (07 1)7
ﬁPt(x, O) = gol(x),ﬁ(z,O) - 00($) in (03 1)7
n°(x,8) = no(x,s) in (0,1) x RT, (2.5)
uw(0,t) = u(1,t) = ©.(0,t) = 0. (1,t) =0 in R,
0(0,t) = 0(1,t) =n"(0,s) =7n'(1,s) =0 in Rt x RT.
Remark 2.1 ([29]). From (2.4)), and the boundary conditions, we easily verify that
d2 1 § 1
@/0 oz, t)de + j/o o(x,t)de = 0.

By solving this ordinary differential equation and using the initial data of ¢, we
obtain

/01 p(x,t) de = (/01 @O(x)dx) COS( %t) + \/g(/olwl(x)dw) sin( %t)

We introduce

o(z,t) = p(z,t) — (/01 wo() dx) cos( %t) — g(/ol v1(x) da:) sin (\/gt),

then

(2.4)

@Po(x,t) = @u(x,t) in (0,1) x RT,
Gux(T,t) = Que(z,t) in (0,1) x R,
and
5.(0,t) = 0.(0,t) =0 in R,
¢:(1,t) = p.(1,t) =0 in RT.

S
8
—~
“w
Il
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Furthermore, we find that (u,®,6,n) satisfies the same boundary conditions as

(2.5)4, (2.5)5 and
1
0

Hence, the Poincaré inequality is applicable for ¢ provided that ¢ € H'(0,1). For
the rest of the paper, we will use @ instead of . For convenience, we still denote
¢ in the followings.

The relevant Poincaré inequality is

1 1
W2de < C, | yidr, Ve HY0,1).
0 p o x

To prove our results more easily, we make some hypotheses:

(H1) The relaxation function k : RT™ — R is non-increasing of class C*(R*) N
L'(RT) such that

k(s) >0, K(s)<0, s>0,

(H2) k is summable on RT, we have

/ k(s)ds = ko > 0, / sk(s)ds = ki >0,
0 0

(H3) There exists a positive constant v such that
K'(s) < —vk(s), s>0.

Let U = (u,v,0,w,0,n")T, where v = u; and w = ¢, then system (2.4)-(2.5) is
equivalent to the abstract Cauchy problem

d

—U(t) = AU(t),
SU(t) = AU() 0
U(O) = (U(), Ui, Yo, L1, 907 nO)T7
where the operator A is defined as
u v
v %Uacx + %‘Pm + %'Uncx
%) w
A = , (2.7)
w lg(pgoz - %u:p - %SD - §Ga:
et 2 Jo k(s)nk,(s)ds — Zw,
n 0—nt

with domain

D(A)={U € H:ue H*(0,1) N Hg(0,1),v € Hj(0,1),p € H*(0,1) N HL(0,1)
we HX0,1),0 € H (0, 1),/ k(s)n'(s)ds € H*(0,1),n" € K,n"(0) = 0}.
0
We introduce the related energy functional

1 /1
BO =5 [ (sl + ol + 2ouso + plol + Tl + 6 + 31, ) do .
0 2.8

1 t)12
+ Sl e
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Note that from the assumption pé > b2,

1 b b
/ﬁ(MUM2+H¢F+2wu@)¢E=fmux+4ﬁﬂz+§ﬂ¢+guﬂﬁ
0 2 I 2 £
1 b2 1 b2 (2:9)
2 2
_ — (- — > (.
+ 5= el + 56 = Dllel* 2 0

3. WELL-POSEDNESS

In this section, we give the existence and the uniqueness of solution for sys-
tem . We use the semigroup method to prove this conclusion, which involves
the Lax-Milgram theorem, the Lumer-Phillips theorem and Hille-Yosida theorem.
Among them, the content of the Lumer-Phillips theorem is as follows.

Lemma 3.1 ([30]). A densely defined linear operator A : D(A) C H — H generates
a Co-semigroup of contractions on H if and only if A is m-dissipative, i.e., it
satisfies

(i) Re((AU,U)y) <0, U € D(A);
(ii) 3IA >0, AI — A is surjective.

In the reflexive Banach space H, we know that operator A is densely defined

from (ii) of Lemma [3.1]

Theorem 3.2. Assume (H1)—(H3) and that for each U(0) = (uq, u1, ®o, 1,00, m0) "
in H, system (2.6) has a unique solution U € C(RT;H). Moreover, if U(0) =
(uo,u1, 90, 01,00,1m0)T € D(A) then the solution U satisfies

UeCR";DA))NCH(RT;H).

Proof. We first prove that the operator A generates a Cp-semigroup of contractions
on H. Firstly, for all U = (u,v, o, w,0,n")T € D(A), we have

§R€<AU, U>7.[

1 1 1 1
:,u/ fuzuxd:v+§/ wcpdz+b/ wuzda:er/ YU, dx
0 0 0 0

1 1
+ / (Mg + bps + YUz )V dx + / (602a — bug — & — BYy)w da
0 0

* /1 (/OOO k(). (s) ds — ﬁwz)ﬁdx

0
1 1 oo
WP dT +/ / k(s) (9;5 — 77;3) nk(s)dsdz
0 o Jo

(3.1)

+0

1 [ d
_ 2 _ - 7 laat 2
=l =5 [ ) Gl (o)1 s

Integrating by parts the second term on the right-hand side, we have

1 [~ d 1 oo 1 [
3| HO LI ds = S @) - 5 [T Rl (2)
From the definition of n*(z, s), we have 1. (s)|s=0 = 0. Hence, (3.2) can be rewritten

1 (o9}

700 it 2_1- ¢ 2_1// t 2
5 OGN @R ds = 5 lim KR =5 [ F @R i
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From (H1) and the boundedness on the left, we know that the second term on the
right is equal to zero. Therefore, we obtain

1 e 9]
Re(AU, U < <llesl? + 5 [ K (s)lnk(s)|ds <. (3.3)
0

Thus A is dissipative.
Secondly, we show that I—.A is surjective. For any F' = (f1, f2, f3, f4, f5, f6) € H
we seek U = (u, v, o, w,0,n)T € D(A) satisfying

(I- AU =F, (3.4)
equivalently, we obtain
u—v=f, (3.5)
PV = fzy — by — YUzz = pfa, (3.6)
o—w=fs, (3.7)
Jw = 00y + buy + Ep + 02 = J fu, (3.8)
o~ [ kb s)ds + pus = cfa (39)
0

N —0+n(z,5) = fe. (3.10)

From ([3.10)), we can find an exact solution
nt(s) = (1 —e*)0 +/ e" % fo(7) dT. (3.11)

0

Substituting (3.5), (3.7), (3.11)) into (3.6)), (3.8]), (3.9)), we have the system
pu = (pt+ Vuaw — bpw = p(f1 + f2) = Vfrze € H1(0,1),
(J 4+ &)@ — 0ae + bug + B0, = J(fs + f1) € L*(0,1),

ch — / (1 — e °)dsblps + Bon (3.12)

_ /0 k(s)(/o €™ fona(T) dT) ds + Bfse + cfs € HH0,1),
where -
/ kE(s)(1 —e*)ds > 0.
0

Indeed, let ¢ € H{(0,1) such that [j1,|| < 1, and by applying some formulas, we
have

[V frzw, V) = [V fra, Ya)| < VI frall < o0,

[ R ([ e funatryar) ds,v)
([ RO ([ e (e ar) ds)
< [Troe ([ Cuaolar)as

< [Tl [ s dsar

and
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g/ k(T)eTHfGI(T)H/ ¢ dsdr
OOO T
— [ HO)farlr) dr < .
0
The first, second, and third equations of (3.12)) are multiplied by u; € HE(0,1),

1 € HY(0,1), and 0; € H}(0,1) respectively, integrate over (0,1) and add them,
we have the variational formulation

B((u,np,@),(ul,gal,ﬁl)) = L(u1,<p1,01), (313)

where B : [H}(0,1) x H!(0,1) x Hg(0, 1)]2 — R is a bounded bilinear form defined
by

B ((u7 2 9), (ulu @1791))

1 1 1
:p/ uuldx+(u+7)/ UgUiy dx — b @Iuldﬂc+(J+§)/ pp1 dx
0 0 0 0
1 1 1 1
+5/ apmapudx—i—b/ umapldx—i—ﬁ/ Gxgoldx—i—c/ 00, dx
0 0 0 0

e 1 1
+ / kE(s)(1 —e™?) ds/ 0,01, dx + ﬂ/ w01 dx,
0 0 0

and L : H}(0,1) x H}(0,1) x H}(0,1) — R is the linear functional
1 1 1
Llunpnd)=p [ (i furde+ [ fuwede s [ (s foprds
0 0 0

1 1
+/3/ Faub dx+c/ F01 da
0 0

w0 [TRo( [ ey ar) as

Utilizing Poincaré inequality, we obtain

B ((u,¢,0), (u,¢,0))

1 1 1 1
—p/ udx—i—(u—i-'y)/ u dx+2b/ Ux¢d$+(«]+€)/ ¢’ dx

0

1
+(5/ npwdm—i—c/ deac—&—/ k(s)(l—e_s)ds/ 02 dx
0

> o[ (u, 0, 0)]1%,

for some constant o > 0. Thus, B(-,-) is coercive. According to the Lax-Milgram
theorem, (3.13)) has a unique solution

WHQE%@DXEQDX%@H
If we take (u,¢1,61) = (u1,0,0) in (3.13)), we have
1
(n+ 7)/ UpUyy AT = b/ — u)uy dx + p/ (f1 + fo)ur dx + flwulgj dx,

which means that « € H2(0,1) N Hg (0, 1).
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Similarly, if we take (u1,¢1,61) = (0,¢1,0) in (3.13), we have
3 [ eaora= [ G simororde—e [ porde=s [Cuorde-s [ oupras
which means that ¢ € H?(0,1) N H(0,1).
Moveover, from 7 and , we observe that

v e HY0,1), we HN0,1), / k(s)n'(s)ds € H*(0,1).
0
Inserting (??) in (3.10), we obtain
i406) = 0+ fulo)— [ st

0

thus, we have n* € K and n*(0) = 0. Hence, there exists a unique solution U €
D(A). Consequently, A is a maximal monotone operator, i.e., the operator A
generates a Cy-semigroup of contractions on H. Finally, the conclusion of Theorem
can be obtained by applying the Hille-Yosida theorem. O

4. STABILITY

In this section, we give the stability result of system (2.6]) by means of estimates
of the resolvent operator norm.

Lemma 4.1 ([27]). Let A be the infinitesimal generator of a contraction semigroup
S(t) acting on space H. Then, the following statements are equivalent:

(i) S(t) is exponentially stable;
(ii) There exists € > 0, such that

inf @A~ AUl 2 el|lUll, VU € D(A);
(iii) The imaginary axis iR is contained in the resolvent set p(A) of the operator

A and
sup ||(iX — .A)_1||L(H) < o0.
AER

Theorem 4.2. Assume that (H1)—-(H3) are satisfied and U(0) € D(A). Then the
energy of system (2.6]) is exponentially stable.

Proof. We prove (ii) by a contradiction argument. Suppose that the claim is false,
then there exist two sequences {\,} C R and {U,} C D(A), with

1Unll# =1, (4.1)

such that
|iXaUp, — AU || — 0. (4.2)

Equivalently, we have
Mty — v — 0 in H(0,1),
ipAnvn — pD*u, — bDp, —yD*v, — 0 in L*(0, 1),
i —w, — 0 in HL(0,1),
iJ\pwy, — 6D*@,, + bDu, + Ep, + BD0,, — 0 in L2(0,1),

icAp O — / k(s)D?*nt (s)ds + BDw, — 0 in L*(0,1), (4.7)
0
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idaml, — 0, + Dgnl () — 0 in M, (4.8)
in which we denote D = % and D, = %. We just have to show that each

component of U, goes to 0 in the norm of H. We will prove it in two cases.

Case 1. Assuming A, # 0, that is sequence A,, satisfies
inf |A,| > 0.
neN

Now, taking the inner product of both sides of (4.2)) with U,, and then taking the
real part, we obtain

Rel(idy ~ AU, Unu =21 Doal = 5 [ K () IDa )P ds 50, (09)
0

from (H1), (H3) and Poincaré inequality, we obtain

[[vnll =0, (4.10)
1 o0
7,13 < —5/ k' (s)|| Dy, (5)|* ds — 0. (4.11)
0
Moreover, from (4.3), we find that u,, — 0 in L?(0,1). The injection L? < H~!is
continuous, hence (4.7)) holds in H~! instead of L?. Regarding the second item of

,Wehave
~ S 2pt S S - S t S S
| [ k@0t as < | [ ko)D) s

([ ([ VEGVeIDi ) as) ) "

< ([ ks [ roIorEPds)
= Violinkllac 0.

this means |icA,0, + SDw,||—1 — 0. Since

[Dwn -1 = sup [(Dwn, )| < [[wn]| < o0,
[ Dyl<1

it follows that \,,0,, is bounded in H~1 and
licAnbnl -1 < C1,

for a positive constant C; independent of n € N.
Introducing 6,, such that

and rewriting (4.8)), we have
iAnnl, — 0n + Denl (s) = o, (4.12)

with ¢, — 0 in M, we can find an exact solution

nt(s) = L(1 —e g, —|—/ e_i’\"(s_r)g“n(r)dr.
Z)\n 0
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Setting
ap = / E(s)(1 — e %) ds,
0

by = i\, / k(s) / == (Do (1), D) aq dr ds,
0

0
we obtain

an|0n]l® + b = iXa (1l 00 - (4.13)
By calculations, we find that
A {11y On) a < C|>‘H|H9n||71/0 k(s)[|1Dn;, ()] ds < Cllgllag = 0.

On the one hand, integrating both sides of (H3) over (s, s + ), we have
k(s+7)<e " k(s), Vr>0ands>0;

therefore,

bu<MNMA1AW¢M@AZJ@”¢Mmm@vHW@
gc?ﬁw\ﬂd@e””?AS“”2¢k0>Dgxwwhds
< C'/Ooo ew/zx/k(r)HDCn(r)H /OO eﬂ’r/2\/k(s) dsdr

<c / 2| DG (1) / e/ ds dr
0 r

<C [ kDG ()]dr
0

< Cll¢nllm = 0.
On the other hand,

an, —>/ k(s)ds > 0.
0

Back to (4.13), we obtain
[[6n]] — 0. (4.14)

Next, we will prove that ||w,| — 0. Setting

Wn:/ wy, (y)dy EH&(O,I).
0

Integrating both sides of (4.6]) over (0, z), we have
sup [ Ay [|Wh|| < oc.
neN

Now, taking the inner product of both sides of (4.7)) with W,,, namely
icAn (0, W) f/ k(s)(D*nl (s), W,,) ds + B(Dw,, W,,) — 0. (4.15)
0

Using the Cauchy-Schwartz inequality and (4.14)), we obtain an estimate of the first

term of (4.15)),
|i€An (On, W)l < c|Anl[|[Wal[[[0n] — 0.



14 J. HAO, J. YANG EJDE-2023/44
By calculations, the second term of (4.15)) satisfies

|/Ooo k(s)(D?np,(5), Wa) ds| < [Jwy| /OOO k(s)|| Dy, ()] ds — 0.

Therefore, |3(Dw,,, W,,)| = B||wy||* — 0; this means that

lwn] — 0. (4.16)
From , we can easily check that

[lenll — 0. (4.17)
Moreover, using Cauchy-Schwartz inequality, we obtain

21)/01 Duypp dx — 0. (4.18)

Taking the inner product of both sides of and with u,, and ¢,, respec-
tively, we find that

| Dual| 0, (4.19)

IDen|| — 0. (4.20)

According to (4.10])-(4.11), (4.14), (4.16])-(4.20), we obtain that ||U,||% — 0 which
contradicts (4.1).

Case 2. Assuming A\, — 0, from (4.2)), we have

[vnll =0, [lwall =0, (4.21)
and
uD?*u, +bDy, +~vD*v, — 0 in L?(0,1), (4.22)
§D*¢,, — bDu,, — &p, — BDO,, — 0 in HL(0,1), (4.23)
0, — Denl(s) = 0 in M. (4.24)

Taking the inner product of both sides of (4.24) with sén, we have

(0, 500) A — (Dol (5), 50,) pq — 0.
Since

o0 1
|<Dsnfl(s)7sén>M| = ‘/ sk(s)i/ anlDéndxds|

0 ds Jo
[e%s) d 1 .

= |/0 Sk(S)%/o 40 dz ds|
[e%s} 1 [e%s) 1

= | k:(s)/ nfﬂndscds—l—/ sk:'(s)/ 0 da ds| (4.25)
0 0 0 0

<t [ Kl @ds+ [ skl o))

S/O k(8)||ﬂ2(8)||d8+/0 sk’ (s) |y, (s)|| ds,

and

—/ s%k'(s) ds = 2/ sk(s)ds = Cy < 0.
0 0
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Applying Holder and Poincaré inequalities, we obtain

| sl ds = [ VESVE kol ds

¢ k(s \// )t ()12 ds
0

<cf\// I (s) 2 ds

and

| skl ds = [ =TGR ds
< (- [ v [ rEmeras) "

(2 [T wemoras)” o

Cp
Therefore, |(Dynt (s), s6,) p| — 0. In addition,

<

(O, 56,) pp = / sk(s) (D, D,,) ds = ky |0, ]> — 0,
0
this means

[0n] — 0. (4.26)

Taking the inner product of both sides of (4.22)) and (4.23) with w, and ¢,, we
have

|| Dn|? + b(@n, Duy) — 0, (4.27)
8| Dpnll? + b(Dun, on) + Ellonll* = 0. (4.28)
Summing (4.27) and -, we have
MHDunll2 + 2bRe(Dn, n) + €ll@nll? + 8[| Den|* — 0.
From (2.9, we infer that

[Den| — 0. (4.29)
Using Poincaré inequality, we have

lnl — 0. (4.30)
Back to , we obtain

|| Dwy || — 0. (4.31)
Also, we obtain that

[Unll# — 0,
which contradicts (4.1]). The proof of Theorem is complete. ([
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