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ASYMPTOTICALLY LINEAR AND SUPERLINEAR ELLIPTIC
EQUATIONS WITH GRADIENT TERMS

YUANHONG WEI, JIAN TIAN

ABSTRACT. In this article we establish the existence of solutions for elliptic
problem involving a gradient term. To handle the so-called non-variational
problem, we use a variational methods. We assume that the nonlinear term
satisfies an asymptotically linear growth condition or a superlinear growth
condition. We show the existence of at least one positive solution and one
negative solution.

1. INTRODUCTION

This article concerns the existence of solutions for nonlinear elliptic equations

with a gradient term,
—Au = f(z,u,Vu) in Q,
u=0 on 09,
where Q@ C R™, n > 1, is bounded, smooth and open with the boundary 0f2,
f:R" xR x R"™ — R is continuous.

There is considerable attention on the existence of solution for nonlinear elliptic
problems without the gradient term by using various variational methods. If f de-
pends on the gradient of the solution, the problem is non-variational where the well
developed critical point theory does not work. There have been quite a few works
focusing on this kind of problems by using the topological degree theory; see for ex-
ample, Amann-Crandall [I], Brezis-Turner [4], Pohozaev [9], Xavier [14], Yan [15].
Some innovative ideas were proposed by De Figueiredo-Girardi-Matzeu [5], based
on the application of variational methods for the problem with the fixed gradient
term, as well as the iterative method. The existence of solution was established
while f satisfies the classical condition by Ambrosetti-Rabinowitz [2]:

(AR) there exist v > 2 and o > 0 such that
0<vF(x,s8) <sf(x,s,6), z€Q t>ty £E€R",
where F(z,s,€) = [ f(x,t,€)dt.
The main purpose of this article is to establish the existence of solution for
under the asymptotically linear growth condition or the superlinear growth con-

dition. To handle the so-called non-variational problem, we follow the framework
developed by De Figueiredo-Girardi-Matzeu [5].

(1.1)
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It is well-known that the role of (AR) is to ensure the boundedness of the Palais-
Smale sequence of the Euler-Lagrange functional. However, the asymptotically
linear growth condition eliminates (AR) condition, thereby bringing some new ob-
stacles to the argument. Besides, the nonlinearity of asymptotically linear type
will compete with the spectra of the linear operator, which requests us to develop
a new and different argument from the one for the superlinear case. There are
some works related to asymptotically linear problems, such as Jeanjean-Tanaka [§],
Stuart-Zhou [10] for second order elliptic equation, Wei-Su [13] for non-local elliptic
equation, and Wei [12] for fourth-order elliptic equation etc. For more applications
of this problem, we refer to Girardi-Matzeu [7] for periodic solutions of Hamiltonian
system and Dong-Wei [6] for radial solutions of elliptic equation etc.

For the asymptotically linear case, we assume that the nonlinearity f satisfies
the following assumptions.

(H1) f(z,0,6§)=0forallz € Q, £ € R™.
(H2) The following holds uniformly for z € 2, £ € R™:

0 < liminf 2558 < pipgup L5

50 s 50 s

< liminf M < limsupM < o0,
[s]—+o0 S |s|—+o0 S

where \; is the first eigenvalue of —A with the Dirichlet boundary condi-
tion.
(H3) There exists M > 0 such that for any z € Q, s € R, £ € R”, it holds

(H4) f satisfies the local Lipschitz conditions: there exist constants L and K
such that
|f(l’,$1,£) - f($,82,5)| < L|81 - 52|
for any x € (2, |51| < p1, |52| < p1, ‘€| < p2, and

|f(x,8,61) — f(z,5,6)] < K[& — &

for any x € Q, |s| < p1, [&1] < p2 and |&2] < p2, where p1, pa are positive
constants to be determined. Moreover, the Lipschitz constants L and K
satisfy

L+ V MK < Aq.
The following theorem concerns the asymptotically linear case.

Theorem 1.1. Under hypotheses (H1)—(H4), equation (1.1)) possesses at least one
positive solution and one negative solution.

Remark 1.2. Consider

fx,s,8) = h(s)(1+79(¢)),
where 7 is a constant satisfying |7| < 1/2, g € C1(R"), |9(¢)| < 1, and
AM(2s+ 20), s < —A;
hs) = { Ars, sl < A
A(2s — 2A), s> A,
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It is apparent that h is continuous. Then (H1)—(H4) are satisfied for 7 small enough
and A large enough.

In addition, we study the superlinear problem under the following hypotheses
which are weaker than (AR).

(H5) lims_o f(x,s,€)/s =0 uniformly for z € Q, £ € R™.
(H6) For every [ > 0 there exists C; > 0 such that

F(z,5,¢) >1s"—C1, z€Q, seR, (R,

where F(z,s,&) = [; f(z,t,&)dt.
(H7) There exist constants ¢ > 0 and ¢ € (1,2* — 1) such that for any = € Q,
s € R, £ € R", it holds

[f(z,8,8)] < col+s]7),

2
2*:{"—%’ n>2;

where

+o0, n<2.

(Hg) L8 g increasing with respect to s in (—o0,0) and (0, +00).

[s]

Theorem 1.3. Under hypotheses (H4)—(HS8), equation (L.1) possesses at least one
positive solution and one negative solution.

Remark 1.4. Consider the superlinear case

f(mv 575) = Eh($)|s|a59(£)7

where € > 0, a € (0,2* —2), h € C(Q2), and g € C*(R™) N L>°(R"). Suppose that
there exists a constant b such that 0 < b < h(z) and 0 < b < g(§). Then, for ¢
small enough, all assumptions of Theorem are satisfied. There exists €9 > 0,
such that for all 0 < € < gg, problem has at least one positive solution and
one negative solution.

This article is mainly motivated by De Figueiredo-Girardi-Matzeu [5], while both
main results and approaches are different from the existing ones. On the one
hand, unlike the assumptions in the above reference, the condition (AR) is not
imposed. This means even in the superlinear case, the assumptions of this paper
are slightly weaker. The asymptotically linear problem is also studied, which can
be seen as an asymptotically linear version of [5]. On the other hand, we try to
consider the superlinear problem in a different variational framework, including
the Nehari manifold technique. Our arguments are based on some methods of
nonlinear analysis. Mountain pass theorem, iterative technique and contraction
mapping theorem are essential to the proofs of main results.

This article is organized as follows. In Section 2, we introduce some preliminaries
and an auxiliary problem. The existence of solution for the auxiliary problem of
the asymptotically linear case is established in Section 3 by means of Mountain
pass theorem. Some uniform estimates are obtained to describe the property of
the solution. In Section 4, we study the superlinear auxiliary problem. The Nehari
manifold is defined, which transfers the nontrivial solution to the extreme point of
Euler-Lagrange functional on the constraint manifold. The proofs of main results
are given in Section 5, by the fixed point theorem and the iterative method.
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2. PRELIMINARIES AND AUXILIARY PROBLEM

For any v € C}(£2), consider the auxiliary problem
—Au = f(z,u,Vv) in £,
u=20 on JN.
The Euler-Lagrange functional of is

1
Jp(u) = §/Q|Vu|2d:c—/QF(a:,u,Vv)dx, u € HY(Q).

(2.1)

It is well known that the norm

Jull = ([ 1vupas) ™

is an equivalent norm in H}(2). Denote

D, (u) = /QF(x,u,Vv)d:c,

then )

o(w) = S lull* = @y (w).
Since (H3) of Theorem or (H7) of Theorem holds, we know that J, is C!,
and @/ is completely continuous. The weak solution of (2.1) is equivalent to the
critical point of J,,.

Let A1 be the first eigenvalue of —A with the Dirichlet boundary condition and
the corresponding eigenfunctions of A; is denoted by (1. It is well known that
A1 > 0 is simple and ¢y is positive.

Set u™ = max{u,0}, v~ = min{u,0}. For any v € C3(Q), consider the problem

—Au= f¥(z,u,Vv) inQ,

2.2
=0 on 0, (2:2)

where

0, s <0,

f+($,$,f) — {f(IC,S,f), s> 07

0, s> 0,
f(:L.?S?g)? SSO'
We define the corresponding functional JF : H} () — R, by

f‘(az,s,ﬁ) :{

1
F() = glhal? = [ PG Vo)da,

where
FE(z,u,v) = /“ fE(z, s,v)ds.
Denote '
dE(u) = / F*(x,u, Vo)dz
and thus X

1
i (u) = 3 llull® = @7 (u).
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Obviously, J* € C*(H}(Q),R). If u is a critical point of J} (J; ), then u is a weak
solution of . By the weak maximum principle it follows that « > 0 (< 0) a.e.
in Q. Thus u is also a solution of problem . Hence, the nontrivial critical point
of JF(J; ) is actually a positive (negative) solution of (2.)).

Throughout this paper, denote by || - ||, the LP norm in €.

3. ASYMPTOTICALLY LINEAR CASE

In this section, we study (2.1) under asymptotically linear conditions. We first
show that the functional J; has the mountain pass geometry.

Lemma 3.1. Under the assumptions (H1)—-(H3), J* is unbounded from below.

Proof. Since (H1) holds, from (H3) it is apparent that
’ F(I, S, 6) S %
52 2
for x € Q, s € R, £ € R*. Then (H2) implies that there exist ¢ > 0 and C; > 0
such that

1
FE(z,s,6) > §(>\1 +e)stP—C., ze€Q, seR, £ R (3.1)
From (3.1)) it follows that

1 1
JE (1) < Zltor])® = = (1 —i—e)/ t2¢§dx+/ C.dz
2 2 o o

t2 t?
< 5”‘%’1”2— % +)lealls + Cel9 (32)
1 A te
< 50— )Eller ]l + Cel€,
2 A1
where |(2| denotes the Lebesgue measure of 2. Then
. + _
t—lgknoo Jv (it@l) = —09,
which completes the proof. (]

Remark 3.2. Obviously, there exists v > 0, independent of v, such that
JE(£sp1) <0, for all s > 1.
Lemma 3.3. Assume that (H1)—(H3) hold. Then there exist r, R > 0 such that
Ty (w) = R, if ul =r.
Proof. From (H1)-(H3), we can find g9 > 0 and Cy > 0, such that
(o, 5,6) < %()\1 — eo)[s|2 + Cols[2". (3.3)

Combining (3.3]) with Poincaré inequality as well as Sobolev embedding, we have

Tew) 2 gl = 252 [ fude - G [ ufda
2 2 Ja @ (3.4)
> (5= L)l - Colull
2 2N
where C; is the Sobolev constant. Choosing |[u|| = 7 > 0 small enough, it follows

that JF(u) > R > 0. O
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Lemma 3.4. Suppose that (H2) and (H3) hold. Then every Palais-Smale sequence
of JE has a convergent subsequence in HE(Q).

Proof. Since Q is bounded and (H2) and (H3) hold, it suffices to show that every
(PS) sequence {u,} is bounded in H{(Q2). We only need to prove the case of J.F,
because the case of J, is similar. Assume that {u,} C H(Q) is a (PS) sequence
of Jf, ie

I (un) = ¢, (J) (un) =0 asn — +oo. (3.5)
From (H2) and (H3) we know that

[fF(,5,8)s] < C(1+]s).

Then (3.5)) implies that for all ¢ € HJ (),

/ (Vun Vo — fH(x, un, Vv)gp)dm —0. (3.6)
Q
Setting ¢ = u,, and using Holder inequality we have

w2 = /Q Sty Ve 1 (T (1tn), 1)

< / FH (@t VO )nda + o(1) |t (3.7)
Q

< C‘Q| + OHunH% + 0(1)”un“

We claim that ||u,l||2 is bounded. Assume, by contradiction, that passing to a
subsequence, it holds
lun||2 = 400, asmn — +oo.

Set wn = [ and thus llwnll2 = 1. From (3.7) we know that

ol < o(1) 4 € 2 - 2 < o1y 4 o ot

which implies that ||w,| is bounded. Hence, there exists w € H}(Q), |w|2 = 1,
such that

Wy —w in Hy(Q),
Wwn —w in L*(Q),

wp(z) = w(z) ae. in .

From (3.6) it follows that

/ Vi - Vip — / I J\Tu%ﬂ FH@ s V) a0 o1, € HA(Q). (3.8)

n (|2
Taking ¢ = w,,;, we have |lw,, || = o(1), which implies w™(z) = 0 a.e. in Q and thus
w(z) > 0.

If w(z) =0, from (H3) it follows that
+ +
|f (x,un,V’U)| — ‘f ('T?unavv) |Cdn ngnHO

[[n |2 Un,

Then we have .
lim L@V g

notoo lunlly
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If w(z) > 0, it follows u, = wyl||unll2 = +o0. Then (H2) implies that there exists
6 > 0, such that

f"'(x,uva) f+(w7u’ﬂ7vv)

lim inf = liminf n > (A1 + 0)w.
n—-+oo ||unH2 n—-+oo Up,
Hence, from the above two cases we derive that
+
liminf LU VO Sy (3.9)
notoo lunll
for all z € Q. Taking ¢ = ¢; in (3.8]), we obtain that
)\1/ weprde = / Vw - Vpida
Q Q
:ngrfoo Vwy, - Vpide (3.10)
= lim S @, un, V) prdez.
n—-+oo |un||2
Since 1 > 0, it is known from Fatou’s Lemma that
+
/liminfMgolde lim f o un’vv)galdx. (3.11)
gnrotoe lun n—-+oo [[n]]2
Then, from (3.9)), (3.10) and (3.11) we obtain
)\1/ weidz = lim f T, Un, V) ——pdz
Q n—+o0 [[tn|2
> / lim inf Mcpldx
anrotoe lun2
> (M + 5)/ wprde,
Q
which implies that w = 0. However, this fact contradicts with ||w,| = 1 and
hence ||uy||2 is bounded. Therefore, from (3.7) we know that {u,} is bounded in
H (). O

Lemma 3.5. Let (H1)—(H3) hold. Then, for any v € C&(Q), problem (2.1) has
at least one positive weak solution u € HJ(2) and one negative weak solution
u, € Hj ().

Proof. We define
*= {d} € C([07 1]7H(:)l(Q)) : 7721(0) =0, w(l) = :|:’Y(,01}7
where v is given by Remark Let

+ : +
— inf J . 3.12
v = nf, max J, (¥(s)) (3.12)

Since Lemma Lemma 3.3 and Lemma[3.4 hold, Mountain pass theorem implies
that ¢ (c, ) is a critical value of J,} (J, ). Namely,

(J3) (ug) =0, Jy(uy)= inf max JF(¥(s)),

YeETE s€[0,1]

which completes the proof. ([l

Now, we establish some uniform estimates for solutions u* of (2.1 obtained by
Lemma
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Lemma 3.6. Let v € C3(2), and (H2) and (H3) hold. Then there exists a positive
constant cg, independent of v, such that

lu | = o
for all solutions uf of (2.1) obtained by Lemma ,
Proof. Since u is a solution of (2.1)), we know

/Q |Vut|Pde = /in(x,uf, Vo)uLde.
From (H2) and (H3), we know there exist positive constants € and ¢, such that
|f5 (5T, 6)] < (A — )]s +ccsT|> 71, foranyzeQ, seR, £ €R"™.
Hence,
/ \Vut2de < (A — 6)/ |uf\2dx—|—c€/ luE|? da.
Q Q Q

By Poincaré inequality and Sobolev inequality, we obtain

)\1 — € * * *
(1- N Mg 12 < celluy 13+ < cecq Jlug |1*
which implies the conclusion. (Il

Lemma 3.7. Let (H1)-(H3) hold. Then there exists a positive constant p, inde-
pendent of v, such that

lug |l <7
for all solutions u obtained by Lemma .

Proof. We only give the proof for the case of JF, the case of J is similar. We
suppose, by contradiction, there exist subsequences {v;} and {u,,}, such that
{v;} C C§(Q), {uy,} C H}(Q) and

(Jlt)'(uuj) =0, ||uy,| = +oo asj— +oo.

Then for all p € H}(Q), it holds

/Q (Vuvj -V — f+(x,uvj,ij)ap)dx =0. (3.13)
We set w; = HZ:;H and thus ||wj|| = 1. Hence, there exists w € H3(Q), |jw| = 1
such that
wj —w in H}(Q),
wj = w in L*(Q),
wj(xz) - w(z) ae. in Q.
From it follows
/ (ij V- Mgp)dx ~0. (3.14)
) [,
Taking ¢ = w;” we know |lw; || = 0, which implies w(z) > 0.

If w(z) =0, from (H3) it follows that
‘f+(xvu”j’vvj)‘ _ } f+(x7u”j’ Vo,

[0, U,

)’wj < Mw; — 0.
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Then we have
Tz, uy., Vv,
L £, )
Jj—+oo ”uv] |
If w(xz) > 0, it follows that u,; = w;|u,,| — +o0o. Then (H2) implies that there
exists § > 0, such that

lim inf M = liminf M

Jj—+oo Huvj || Jj—+oo Uvj

=0.

wj > (A +0)w.

Hence, from the above two cases,
lim inf —f+(as, s V5)

g0 [,

for all z € Q. Taking ¢ = ¢ in (3.14)), since 1 > 0, w > 0, from ([3.15)) and Fatou’s
Lemma we derive

Al/wgoldx:/Vw-Vapldx
Q Q

> (A1 + 0w (3.15)

= lim ij - Viprdx

j—+o0
(z,uy,, Vv
= lim f ek J)golda:
j—Foo [[wo, |l
T, Uy, , VU
z/hmlnff(wgpldac
Q Jotoo e, |l

> (A + 5)/ wprda.
Q

Hence, w = 0, which contradicts with ||w|| = 1. The proof is complete. O

Lemma 3.8. Assume that (H1)—(H3) hold. Then there exist positive constants p;
and p2, independent of v, such that

+ +
max |uy (2)] < p1,  max|Vu, ()] < pa.
Proof. Since f is continuous in all variables and v € C}(Q2), using the regularity
theory we know that u is C2, see Brezis [3]. Hence, Sobolev embedding theorem
and Lemma [3.7] imply the conclusion. O
4. NEHARI MANIFOLD FOR SUPERLINEAR CASE

This section is devoted to the existence of critical point of .J, for superlinear
case. The critical points will be obtained by means of constrained minimization.
For fixed v € C}(£2), define Nehari manifold

Ny = {uec Hy(Q)\ {0} : J! (u)u = 0}.

Lemma 4.1. Under assumptions (H5), (H7), (H8), there exists a positive constant
co, independent of v, such that ||u|| > co for all solutions u € N,,.

Proof. Since u € N,,, we know

/|Vu|2dx:/f(x,u,Vv)udx.
Q Q
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From (H5) and (H7), for any € > 0, there exists ¢ > 0 such that
|f(z,8,8)] <e€|ls|+cs]?, z€Q, seR, £€R".
Then
|Vul*dz < e/ |u|2dx+c€/ lu|? da.
Q Q Q
Hence, by Poincaré inequality and Sobolev inequality we obtain

€ 1 1
(1= el < ecllullffy < cocf™ ™™,

which implies the conclusion. (]
Lemma 4.2. Assume that (H5) and (H7) hold. Then

@7, (u) = ol[ull),  ®u(u) = of]|ul*)
asu — 0 in H(Q).

Proof. (H5) and (H7) imply that for any given e > 0, there exists a positive ¢, such
that

F(x,5,8) <els]* +cs|™, z€Q, scR, £€R". (4.1)
Then, by Holder inequality and Sobolev inequality, it is standard to prove the
lemma. ]

To prove the main result, we will apply the following lemma, which can be found
in Szulkin and Weth [IT, Theorem 12].
Lemma 4.3. Let E be a Hilbert space and J(u) = %|u|| — ®(u), where
(i) ®'(u) = o(||u|) as u— O;
(il) s — ®'(su)u/s is strictly increasing for all u # 0 and s > 0;
(iii) ®(su)/s? — +oo uniformly for u on weakly compact subset of E \ {0} as
s — +00;
(iv) @ is completely continuous.

Then equation J'(u) = 0 has a ground state solution.

Lemma 4.4. Let (H5)-(H8) hold. Then, for any v € C3(), problem (2.1) has a
ground state solution u, € H}(Q).

Proof. Tt suffices to check (i)—(iv) of Lemma Actually, Lemma and (HS)
imply (i) and (ii), respectively. For (iii), let W be a weakly compact subset of
HY(Q)\ {0} and {u,} C W. Passing to a subsequence, it holds
u, —u € Hy(Q)\ {0}.
Then
up(z) = u(z) a.e. in Q.
Hence, the set Q* := {z € Q : u(x) # 0} is a subset of Q with positive measure.
Taking s,, — 400, we know that for z € Q*,
[$ntn(2)] = +00, asn — +oo.

Then Fatou’s Lemma yields

D, (spup) _/ F(x,snun(x)7Vv(x))

sy, ~Ja (Sntn)?

Finally, since € is bounded and (H7) holds, from the compact embedding we know
(iv) holds. O

u2dx — 4o00.
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Remark 4.5. In the above lemma, a ground state solution is found, which is a
critical point of functional J,. From the proof of the above lemma, it can be seen
that if .J, is replaced by J, then a ground state solution u; can also be obtained.

Remark 4.6. It is easy to check the following minimax characterization (see
Szulkin and Weth [11]):

¢y = inf J,(u) = inf max Jy, (su) = inf max Jy, (su).
u€Ny u€Hg(2)\{0} s>0 uEHG(Q), [|ul|=1 s>0

Lemma 4.7. Assume that (H5)—(H8) hold. Then, there exists a positive constant
d, such that ¢, < d uniformly for v € CL(Q).

Proof. Because of the minimax characterization in Remark it suffices to show
that there exists ¢ € HJ(Q2) \ {0}, such that

max Jo(s¢) < d, uniformly for v € C3(9).
From (H6), for every [ > 0 there exists C; > 0 such that
F(z,s,6) >1s*—=C1, 2€9Q, scR, (cR™
Fix ¢ € H}(Q) with ||¢|| = 1. From the above we obtain

Jo(s¢) =% [ |Ve]’dz — [, F(t,s¢, Vo)da (4.2)
< Z6)1? = fy ls*62da + [, Crda (4.3)
< 52(% —1J, ¢2dx> + Q). (4.4)

Setting | = %, it follows that
Q

1
Tuo(s0) < —5s* + C1lQ] < 11
uniformly for v € CL(Q). O

Lemma 4.8. There exists a positive constant p, independent of v, such that for
every ground state solution u, given in Lemma[].4}

[us | <.

Proof. By contradiction, suppose that there exist subsequences {v;} C C3(Q) and
{u,,} € Hg(2), such that u,, € N,

J(uy,;) = ué% J(u),
v

|, || = 400 as j — +oo0.
Set w; = uy, /|uy, || and thus [|w;|| = 1. Then, there exists w € H} () such that
wj —w in Hj(Q),
wj —w in L*(Q),
wj(z) = w(z) ae. in Q.

We claim that w(z) = 0 a.e. in Q. Denote Q* = {z € Q,w(x) # 0}. If Q* #£ 0, then
for x € Q*, |uy, (x)| — +oo as j — +o0. By (H6) we have

F(x, Uy, (2), VU, (a:))

j—+oo (Uvj (x))Q

(wj(2))? = +o0. (4.5)
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Then Fatou’s Lemma implies

/Q lim (2, (@), V0;()) (wj(x))de

j—r+oo (thy, () 2
o 1
< ljlg_&g W /Q F (2, uy, (x), Voj(z))dz (4.6)
11,
=1 o (Gl P = oy (ws,)

J

From the property of Nehari manifold we know that

S, (u;) = max S, (st00,)-

Then Lemma implies J,; (uy;) > 0. Hence, from (4.6 we obtain

F(x,u,, (x), Vo,;(x 1
/ lim ( , (@) 2]( ) (wj(x))Qda: < -,
Qi+ (o, () 2
which contradicts with (4.5). Therefore, Q* has zero measure and w(t) =0 a.e. in
Q.
Since @, is weakly continuous, from Lemma [1.7] we obtain

1 1
d>Jy, (uy;) > Jy, (sw;) > 532 — &, (swj) — 552,
which is a contradiction, for s large enough. O

Lemma 4.9. Assume that (H5)—(H8) hold. Then there exist positive constants p1
and p2, independent of v, such that

< <
maxfuy (2)] < pr1, - max|Vuy ()] < po
for all solutions u,, obtained in Lemma[].4)

The proof of the above lemma is as same as the proof of Lemma [3.8

Remark 4.10. Actually, a similar result can also be established for problem ([2.2)).
We can find a critical point uf for functional JF and positive constants p; and pa,
independent of v, such that

+ +
< < po.
ugr @) < 1 Ve @) < o2

5. PROOFS OF MAIN RESULTS

In this section, we prove our main results by the iterative argument, which was
established by De Figueiredo, Girardi and Matzeu [5]. Define the map

T HY Q) = HY(Q), THvw uf

with domain D(T*) = C}(Q) ¢ H}(Q). Here ul is the solution of given
by Lemma for the asymptotically linear case and Remark for the superlin-
ear case, respectively. For any v € C}(f2), the map is well-defined, and actually,
TH(CE(Q)) € CL(2) because of the regularity theory. Moreover, denote

By o= {u e HY(Q), [u]l <7},

where p > 0 is the uniform bound in Lemma [3.7] for the asymptotically linear case
and Lemma for the superlinear case, respectively. Then, T%(C}(Q)) C Bs.
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Hence, T*(C3(2)) € B; N CZ(Q). Recall that a point z is a fixed point of map 7T,
if and only if

x € T(x).

Choosing ui € B;NCJ(Q), we construct a sequence {u; } C B;NCG () as solutions
of
—Au;t:fi( T, n?vu ) in Q?

5.1
uf =0 on 0Q, (5:1)

obtained in Lemma [3.5] for asymptotically linear case and in Lemma [d.4] for super-
linear case, respectively.

Proof of Theorems[1-1] and[1.3 By (5.1) for n and for n + 1, we have
[ (V- Ve = [P Ve - s,
Q

/QVuriH_l-( Vu dx—/f x, n+1= )(ufﬂ—uf)dx.

According to Lemma [3.8] for the asymptotically linear case and Remark for
the superlinear case, we know that

max [uy(@)] < p1, max |V (2)] < po.

Combining (H4) with Poincaré inequality as well as Cauchy-Schwarz inequality, it
follows that

||’u’7:‘1:+1 - ’u"riL”2 = / (fi(x7u'rﬂ;+17vuf) - fi(x7unavu 1)) (u'r:‘L:Jrl - ’U,ril)dil'
Q
:/ (fi(.%yui:_i_pvuf)—fi(x7un,Vu ))(uii-l_uriz)dx
Q
+/ (fi( z,ut, Vul) — [z, ul, Vut ))(ufﬂ—uf)dx
Q

<L /Q|uf_H —uf|2dx—|—K /Q|Vu,jf—Vuf_1Huf+l —ufﬂdx

L. . + K . 4 + +
< YlHun—i-l —u ||2 + \/TTHU% - un—l” ' Hun—i-l — Uy ||
Hence,
K\
o2 = ) < 5 =

From L + MK < A\ we know {ul} c H}(Q) is a Cauchy sequence, and thus
there exists uf € H(Q) such that uf € T*(uF). Finally, from Lemma [3.6] for the
asymptotically linear case and Lemma for the superlinear case we know that
|luf|| > co, which means that uZ is a nontrivial solution. O

Acknowledgements. This work was supported by the National Natural Science
Foundation of China No. 11871242, and by the Natural Science Foundation of Jilin
Province No. 20200201248JC.



14

Y. WEI, J. TIAN EJDE-2020/99

REFERENCES

[1] H. Amann, M. Crandall; On some existence theorems for semi-linear elliptic equations, Indi-

ana Univ. Math. J., 27 No. 5 (1978), 779-790.

[2] A. Ambrosetti, P. Rabinowitz; Dual variational methods in critical point theory and appli-

cations, J. Funct. Anal., 14 (1973), 349-381.

[3] H. Brezis; Functional analysis, Sobolev spaces and partial differential equations, Universitext,

Springer, New York, 2011.

[4] H. Brezis, R. Turner; On a class of superlinear elliptic problems, Comm. Partial Differential

Equations, 2 No. 6 (1977), 601-614.

[5] D. De Figueiredo, M. Girardi, M. Matzeu; Semilinear elliptic equations with dependence on

the gradient via mountain-pass techniques, Differential Integral Equations, 17 No. 1-2 (2004),
119-126.

[6] X. Dong, Y. Wei; Existence of radial solutions for nonlinear elliptic equations with gradient

terms in annular domains, Nonlinear Anal., 187 (2019), 93-109.

[7] M. Girardi, M. Matzeu; Existence of periodic solutions for some second order quasi-linear

Hamiltonian systems, Atti Accad. Naz. Lincei Rend. Lincei Mat. Appl., 18 No. 1 (2007), 1-9.

| L. Jeanjean, K. Tanaka; Singularly perturbed elliptic problems with superlinear or asymp-

totically linear nonlinearities, Calc. Var. Partial Differential Equations, 21 No. 3 (2004),
287-318.

[9] S. Pohozaev; Equations of the type Au = f(z, u, Du), (Russian), Mat. Sb. (N.S.), 113

No.155 (1980), 324-338.

[10] C. Stuart, H. Zhou; Applying the mountain pass theorem to an asymptotically linear elliptic

equation on RY, Comm. Partial Differential Equations, 24 No. 9-10 (1999), 1731-1758.

[11] A. Szulkin, T. Weth; Ground state solutions for some indefinite variational problems, J.

Funct. Anal., 257 No. 12 (2009), 3802-3822.

[12] Y. Wei; Multiplicity results for some fourth-order elliptic equations, J. Math. Anal. Appl.,

385 No. 2 (2012), 797-807, .

[13] Y. Wei, X. Su; On a class of non-local elliptic equations with asymptotically linear term,

Discrete Contin. Dyn. Syst., 38 No. 12 (2018), 6287-6304.

[14] J. Xavier; Some existence theorems for equations of the form —Au = f(z,u, Du), Nonlinear

Anal., 15 No. 1 (1990), 59-67.

[15] Z. Yan; A note on the solvability in W2:P(Q) for the equation —Au = f(z,u, Du), Nonlinear

Anal., 24 No. 9 (1995), 1413-1416.

YUANHONG WEI (CORRESPONDING AUTHOR)

SCHOOL OF MATHEMATICS, JILIN UNIVERSITY, 130012, CHANGCHUN, CHINA

Email address: weiyuanhong@jlu.edu.cn

JIAN TIAN

SCHOOL OF MATHEMATICS, JILIN UNIVERSITY, 130012, CHANGCHUN, CHINA

Email address: tianjian@jlu.edu.cn



	1. Introduction
	2. Preliminaries and auxiliary problem
	3. Asymptotically linear case
	4. Nehari manifold for superlinear case
	5. Proofs of main results
	Acknowledgements

	References

