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TIME DISCRETIZATION OF AN ABSTRACT PROBLEM FROM
LINEARIZED EQUATIONS OF A COUPLED SOUND AND
HEAT FLOW

SHUNSUKE KURIMA

ABSTRACT. Recently, a time discretization of simultaneous abstract evolution
equations applied to parabolic-hyperbolic phase-field systems has been stud-
ied. This article focuses on a time discretization of an abstract problem that
has application to linearized equations of coupled sound and heat flow. As
examples, we also study some parabolic-hyperbolic phase-field systems.

1. INTRODUCTION

Matsubara-Yokota [I0] established the existence, uniqueness, and regularity of
solutions to the initial-boundary value problem for the linearized equations of cou-
pled sound and heat flow

O:+(y—1)pr —cA =0 in Q x (0,00),
o1 — CAp —mPp=—c2Af in Q x (0,00),
0=¢p=0 ondQx(0,00),

9(0) = 907 SO(O) = ¥0, (,Dt(()) = Yo in Q7

by applying the Hille-Yosida theorem, where ¢ > 0, 0 > 0, m € R and v > 1 are
constants, 2 C R? (d € N) is a domain with smooth bounded boundary 9, and
0o, ¢o, vo are given functions.

Reference [9] presents the existence of solutions to the initial valued problem for
the simultaneous abstract evolution equation

df dy .
E—FE‘i‘Ale—f Hl(O,T),
d?¢ dyp .
d
0(0) = b0, #(0) =0, “L(0) = o

where T' > 0, L : H — H is a bounded linear positive selfadjoint operator, B :
D(B)C H— H, A;j: D(A;) C H— H (j = 1,2) are linear maximal monotone
selfadjoint operators, H and V are real Hilbert spaces satisfying V- C H, V; (j =
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1,2) are linear subspaces of V satisfying D(A4;) C V; (=1,2),®: D(®) C H - H
is a maximal monotone operator, £ : H — H is a Lipschitz continuous operator, f :
(0,T) — H and 6y € V1, v, v9 € Vo are given. By employing a time discretization
scheme in [3, 4], an error estimate for the difference between continuous and discrete
solutions was presented.

Moreover in [9], assuming conditions from [3| Section 2] and [, 5l [, [7, 12
13], some parabolic-hyperbolic phase-field systems are contained as examples un-
der homogeneous Dirichlet—Dirichlet boundary conditions, homogeneous Dirichlet-
Neumann boundary conditions, homogeneous Neumann-Dirichlet boundary condi-
tions, or homogeneous Neumann-Neumann boundary conditions.

In this article we consider the existence and uniqueness of solutions of the ab-
stract problem

a9  dy

E+UE+A19:O in (0,7,
d?¢ dy : 1.1
LW—FBl%—‘_AQSD—F@(p—FE@:BQQ in (0,7), (1.1)
d
6(0) = o, #(0) = o, Z-(0) = o,

where T'> 0,7 > 0, L : H — H is a bounded linear positive selfadjoint operator,
B; : D(B;) C H— H, A; : D(A;) C H — H (j = 1,2) are linear maximal
monotone selfadjoint operators, D(A4;) C V (j = 1,2), ® : D(®) C H — H is
a maximal monotone operator, £L : H — H is a Lipschitz continuous operator,
0o, po,vg € V are given. Moreover, we study the problem
5h9n + ndh@n + A10n+1 = 0;
Lzpi1 + Bivng1 + A2pnt1 + Poni1 + Lont1 = Babpia,

20 = 21, Zn+1 = OpUn, (1.2)
Un41 = (;h(Pn
forn=0,...,N —1, Wherehz%, N e N,
0n+1 -0, Pn+1 — Pn Un+1 — Un
= — = — = 1
5h9n h 5 5h§0n h 5 5h’Un h ( 3)
Putting
~ do), _ i)
0,,(0) := 6o, d—th(t) = h0n,  Bn(0) := o, %(t) = hom, (1.4)
~ dv,
D1 (0) := g, d—th(t) i= 8 Un, (1.5)
gh(t) = Ont1, Zn(t) = 2nt1,  Pp(t) = @ni1, Ualt) = vnpa (1.6)
for a.a. t € (nh,(n+1)h),n=0,...,N — 1, we can rewrite as
o, dpn = .
E‘i‘nﬁ +A19h—0 n (O,T),
LZy, + B10p + APy, + Py, + L3}, = B2y, in (0,7), (1.7)
dv, dp, ’
Zp = %, Vp = % in (O,T),

0n(0) = 6o,  2n(0) = o, Tr(0) = vo.
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We will use the following assumptions:

(A1)

(A2)

(A3)

V and H are real Hilbert spaces satisfying V' C H with dense, continuous
and compact embedding. Moreover, the inclusions V' C H C V* hold by
identifying H with its dual space H*, where V* is the dual space of V.
L: H — H is a bounded linear operator fulfilling

(Lw,2)g = (w, Lz)y for all w,z € H, (Lw,w)g > cr|w||}
for all w € H, where ¢y, > 0 is a constant.
A; : D(A;) C H— H (j =1,2) are linear maximal monotone selfadjoint
operators, where D(A;) (j = 1,2) are linear subspaces of H and D(A;) C
V (j = 1,2). Moreover, there exist bounded linear monotone operators
A 1V — V* (j =1,2) such that
(Ajw, z)v v = (Ajz,w)y~y forallw,z €V,
Ajw = Ajw for all w € D(A;).
Moreover, for all @ > 0 and for j = 1,2 there exists w; o > 0 such that
(Ajw,w)y+ v + allw||F > wjalw|}  for all w € V.
B; : D(Bj) C H— H (j = 1,2) are linear maximal monotone selfadjoint

operators, where D(B;) (j = 1,2) are linear subspaces of H, satisfying
D(Al) - D(BQ) and

D(B1) N D(4z) # 0,
(Byw, Agw)g >0 for all w € D(By) N D(Az),
(Bow, Ayw)g >0 for all w € D(Ay),
(Biw, Agz) g = (B1z, Asw)g  for all w, z € D(By) N D(As).
There exists a constant C'4,,p, > 0 such that
|1B20|lg < Ca, B, (||A10]| + ||0]|) for all @ € D(Ay).
® : D(®) C H — H is a maximal monotone operator satisfying ®(0) = 0
and V C D(®). Moreover, there exist constants p, g, Ce > 0 such that
|[Pw — @z||g < Co(l+ |w|i + ||2I¥)|lw — 2|y for all w,z € V.

There exists a lower semicontinuous convex function i : V — {z € R | z >
0} such that (dw,w — 2)g > i(w) — i(z) for all w,z € V.

D,(0) =0, (Prw, Biw)yg > 0 for all w € D(By), (Prw, Asw)gy > 0 for all
w € D(As), where A > 0 and @) : H — H is the Yosida approximation of
.

BV =V (j = 1,2) are bounded linear monotone operators fulfilling

(Bjw, z)v+ v = (Bjz,w)y~y forallw,zeV,
Bjw = Bjw for allwe D(B;)NV.
For all g € H, a,b,c,d,d > 0, A > 0, if there exists ¢y € V such that
Lox + aBiox + bAspx + c®rpx + dLpy + d' Bo(I+hAi) 'or =g
in V*, then it follows that ¢y € D(B1) N D(Asz) and
Lox + aBipy + bAsox + c®rox +dLoy +d Bo(I +hA) toy =g
in H.
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(A11) £ : H — H is a Lipschitz continuous operator with Lipschitz constant
Cr > 0.
(A12) 90 S D(Al), A190 € V, Yo € D(Bl) n D(A2)7 Vo € D(Bl) nv.

We set conditions (A2) and (A3) as in [3, Section 2]. Condition (A10) is equiv-
alent to the elliptic regularity in some cases (see Section . We set conditions
(A6)—(A8) and (All) keeping mind typical examples of not only linearized equa-
tions of coupled sound and heat flow, but also of parabolic-hyperbolic phase-field
systems; see Section [2] and and assumptions in [4, [5, [6] 7} 12} [13].

Remark 1.1. Owing to ., the reader can check directly the following
identities:

8nll Lo (0,m;v) = max{{|eollv, @l Lo (0,m3v) }5 (1.8)
198l Lo (0,73v) = max{{|vollv, [[Un ]l Lo 0,731} (1.9)
16 2= (0.7 = max{[18ollv-, Bl 2 0.7} (1.10)
. dn _
Hgoh *‘Ph”L‘”(O,T;V) h’H ||L°°(OTV) h”Uh”L"O(O,T;V)? (111)
— ~ d’l}h
[Tn — Uh||L°O(0,T;H) = h” ||Loo(0 T.H) = = h||zn HL‘”(O T;H)» (1.12)
K2 dby 2
||0h_0hHL2(OTV) || ||L2(0TV) (113)
Definition 1.2. A pair (6, ) with
6 € H(0,T;V)NL®(0,T;V)NL>®(0,T; D(Ay)),
p € W(0,T; H)nWh>(0,T;V) N L*(0,T; D(A»)),
d
e L(0.T;D(By), ®p e L¥(0,T; H)
is called a solution of n if (0, ) satisfies
de dy
— — + A0 = in H a.e. T 1.14
dt+ndt+ 10=0 in a.e. on (0,7, (1.14)
d?¢ de A .
Lﬁ—i-Bl 7 + Ao+ Pp+ Lo =B in H a.e. on (0,7), (1.15)
d .
0(0) =6, ©(0) = o, d—f(o) =, in H. (1.16)

Our main results read as follows.

Theorem 1.3. Assume that (A1)—(A12) hold. Then there exists hy € (0,1) such
that for all h € (0, hg) there exists a unique solution (011, on+1) of (1.2)) satisfying

9n+1 ED(Al), ©On+1 GD(Bl)ﬂD(Ag) forn:O,...,Nfl.
Theorem 1.4. Assume that (A1)—(A12) hold. Then there exists a unique solution

(97 QO) Of '

Theorem 1.5. Let hy be as in Theorem [1.3, and assume that (A1)—~(A12) hold.
Then there exist constants hog € (0, ho) and M = M(T) > 0 such that

LY@ — 0)|| oo o) + 1By 2@ — 0)| 22081y + 1B — @l Low 0,70
+ 1161 = Ol e oy + 18n — Ol 20.7v)
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+ 1By (6 — 0 )I\Loo(o,T;H)Jr/O (Ba(0n(t) = 0(2)), A1 (01 (t) — 0(t)) 1 dt
S Mh1/2

for all h € (0, hoo), where v = ‘Z—f,

This article is organized as follows. In Section [2] we give the linearized equations
of coupled sound and heat flow and some parabolic-hyperbolic phase-field systems
as examples. In Section [3| we derive existence of solutions to . In Section
we prove that there exists a solution of . In Section |[5| we establish uniqueness
for . In Section @ we obtain error estimates between solutions of and

solutions of (1.7)).

2. EXAMPLES
Example 2.1. We have the problem
O+ (y—1)pr —cAO=0 inQx (0,7),
o1 — FAp —mPp = —c2A0 in Qx (0,T),
0=¢p=0 onodQx(0,T),
0(0) = 6o, ¢(0) =0, ©:(0)=vo in L,

where ¢ > 0,0 >0, m € R, v > 1, T > 0 are constants and Q C R3 is a bounded
domain with smooth boundary 0f2, under the assumption that

0o € H*(Q) N H(Q), —Aby € H}(Q), 00 € H*(Q) N HF (Q),v0 € Hy ().
Indeed, putting

(2.1)

V:=H}(Q), H:=L*Q), L:=1:H— H,

Ay = —0A:D(A) = H*(Q)NH}Q) C H— H,
By:=0:D(B;y):=H — H,

Ay = —c?A: D(As) := H*(Q)NH)(Q) Cc H— H,

By := —c*A: D(By) := H*(Q)N HL(Q) c H — H,

and defining the operators A} : V — V* Bf : V - V* A5V - V* &: D(®) C
H-H L:H—H By:V—V*as

(AJw, 2)y«y = 0'/ Vw-Vz forw,z €V,
(Biw, z)v= v ?: 0 forw,z eV,
(ASw, 2)y+ v = 02/ Vw-Vz forw,z€V,
Oz :=0 foer € D(®) :=H,

Lz :=—m?2 for z € H,

(Bsw, 2)y+y :=c | Vw-Vz forw,z€V,

Q

we can check that (A1)-(A12) hold. Similarly, we can confirm that the homogeneous
Neumann-Neumann problem is an example.
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Example 2.2. Now we have the problem
O+ (vy—1pr—cAO =0 inQx (0,7),
0 Fepr — Ao+ B(p) + (@) = —c*Af in Qx (0,T),
0=¢=0 ondQx(0,1),
0(0) = by, ©(0) = wo, ©:(0) =v9 in Q,

where ¢ > 0, 0 >0, >0, v > 1, T > 0 are constants and Q C R? is a bounded
domain with smooth boundary 92, under the following conditions:

(2.2)

(A13) 5 : R — R is a single-valued maximal monotone function and there exists

a proper differentiable (lower semicontinuous) convex function B:R —
[0 +00) such that /3( )=0and 3(r) = 8'(r) = 98(r) for all r € R, where
ﬂ " and 8,6, respectively, are the differential and subdifferential of B

(A14) B € C?(R). Moreover, there exists a constant Cs > 0 such that |8"(r)| <
Cs(1 +|r|) for all r € R.

(A15) 7 :R — R is a Lipschitz continuous function.
(A16) 6y € H?(Q) N HL(Q), —Aby € HE(Q), wo € H*(2) N HY(Q), vo € HE(Q).
Indeed, putting
V:=H3(Q), H:=L*Q), L:=1:H—H,
Ay = —0A, D(A):=H*Q)NH}Q) CH— H,
By:=¢l, D(B;):=H — H,
Ay :=—c’A, D(Az):=H*(Q)NH)(Q) C H— H,
By = —c®*A, D(By):=H*(QNH}(Q) CH-—H
and defining the operators A7 : V = V* B : V > V* A5V - V* &: D(P) C
H—-H,L:H—H, B5:V —=>V*as

(Ajw, 2)y«y =0 [ Vw-Vz forw,z€V,
Q

(Biw, z)y=yv :=¢(w,z)yg forw,z eV,
(ASw, 2)y+ v = 02/ Vw-Vz forw,z eV,
Q
Oz :=p(z) forze D(®):={z€ H|p(z) € H},
Lz:=mx(z) forze€ H,
(Byw, z)y= v = 02/ Vw-Vz forw,z €V,
Q
we can confirm that (A1l)—(A12) hold, see [9]. Similarly, we can verify that the
homogeneous Neumann—Neumann problem is an example.

Example 2.3. We have the problem
O+ (y—1pr—cAO=0 in Qx (0,7),
o1 — eApr — A0+ B(p) +(p) = A in Q x (0,T),
0=¢p=0 ondQdx(0,T),
0(0) = 6o, ©(0) = o, ©:(0) = voin £,

(2.3)
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where ¢ > 0, 0 >0, >0, v > 1, T > 0 are constants and Q C R? is a bounded

domain with smooth boundary 9, under the three conditions (A13)-(A15) and
the condition

(A17) 0o € H2(Q) N HL(Q), —Aby € HY(Q), o € H2(Q) N HL(R), vo € HA(Q) N
HY(Q).

Indeed, putting

V:=Hy(Q), H:=L*Q), L:=1:H—H,
Ay = —0A, D(A):=H*Q)NH}Q) CH— H,
By :=—eA, D(By):=H*Q)NH}(Q)CH— H,

Ay = —c?A, D(Ay):= H*(Q)NHNQ) CH— H,
By := —c®*A, D(By):=H*QNHY}Q)CH—H
and defining the operators A} : V — V* Bf : V - V* A5V - V* & : D(®) C
H=H L:H—H B :V—V*as
(AJw, 2)y+y = a/ Vw-Vz forw,z €V,
Q

(Biw, z)y= v = s/ Vw-Vz forw,z eV,
Q

(ASw, 2)y+ v = 02/ Vw-Vz forw,z eV,
Q
$z:=p(2) forze D(®):={z€ H| f(z) € H},
Lz:=7(z) forze H,

(Byw, z)y= v = cz/Vw-Vz for w,z €'V,
Q

we can verify that (A1)—-(A12) hold, see [9]. Similarly, we can check that the
homogeneous Neumann-Neumann problem is an example.

Example 2.4. We have the problem

O+ ¢ —A0=0 in Q x (0,7),
o+ e — Ao+ () +7(p) =0 in Qx(0,T),
0=¢p=0 onddx(0,T),
0(0) =00, ¢(0) =¢o, ©:(0)=vy inQ,

(2.4)

where Q C R? is a bounded domain with smooth boundary 92, T > 0, under the
four conditions (A13)—(A16). Indeed, putting
V:=Hi(Q), H:=L*Q), L:=1:H—H,
Ay :=—A, D(A):=H*(Q)NH}(Q) CH-—H,
By:=1, D(B):=H—H,
Ay :=—A, D(Ay):=H*(Q)NH}(Q) CH— H,
By :=1, D(Bg):=H—H
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and defining the operators A7 : V = V* B : V = V* A5V > V* &: D(P) C
H—H L. H—H B;:V—V*as
(Ajw, 2)y+y = / Vw-Vz forw,z €V,
Q
(Biw, z)y=yv = (w,z)g forw,z €V,
(ASw, z2)y=y = / Vw-Vz forw,ze€V,
Q
Oz :=p(z) forze D(®):={z€ H| p(z) € H},
Lz:=m7(z) forze€ H,

(Bow, z)y=yv = (w,z)g forw,z eV,

we can confirm that (A1)-(A12) hold, see [9]. Similarly, we can show that the
homogeneous Neumann—Neumann problem is an example.

Example 2.5. We have the problem
O+ —A=0 inQx(0,T),
e — Aoy — Ap + B(p) + () =0 in Q2 x(0,T),
0=¢p=0 onddx(0,T),
6(0) = by, ©(0) = o, ¥:(0) =1y in Q

(2.5)

where Q C R? is a bounded domain with smooth boundary 02, T > 0, under the
four conditions (A13)-(A15), (A17). Indeed, putting

V:=Hi(Q), H:=L*Q), L:=1:H—H,

Ay :=—A, D(A):=H*Q)NH}(Q) CH-—H,
By :=—-A, D(B)):=H*(Q)NHQ) CH— H,
Ag:=—A, D(Ap):=H*(Q)NH;(Q) CH—H,

and defining the operators A} : V — V* Bf : V - V* A5V - V* &: D(®) C
H-H L:H—H B :V—=V*as

(Ajw, 2)y=y = / Vw-Vz forw,zeV,
Q

(Biw, z)y=y = / Vw-Vz forw,zeV,
Q

(ASw, z)y=y = / Vw-Vz forw,zeV,
Q
Oz :=p(z) forze D(®):={z€ H| p(z) € H},
Lz:=m7(z) forze€ H,
(Bow, z)y=yv = (w,z)g forw,z €V,

we can check that (A1)-(A12) hold, see [9]. Similarly, we can show that the homo-
geneous Neumann-Neumann problem is an example.
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3. EXISTENCE OF DISCRETE SOLUTIONS

In this section we prove Theorem

Lemma 3.1. There exists hy € (0,1) such that 0 < hy < ﬁ, where

E — ( L + 7]26'1241732 )1/2 _ nCALBz
1+Cc+nCa, B, 4(1+Cc+nCa, B,) 2(1+Cr +nCa, B,)

and for all g € H and all h € (0,hy) there exists a unique solution ¢ € D(B1) N
D(As) of the equation

Lo+ hBip + h? Ay + h2®p + B2 Lo + nh?Bao(I + hA) o =g in H.
Proof. We define the operator ¥ : V' — V* as
<\IJ(p7 w>V*,V IZ(L(P, w)H + h<BikLPa w>V*,V + h2 <A§¢a w>V*,V + h2(q)>\(p7 w)H
+ h2(Lo,w) g +nh?(Bo(I + hA) Yo, w)y  for p,w € V.

Then the operator ¥ : V. — V* is monotone, continuous and coercive for all
h € (0,h). Indeed, since the condition (A5) yields that

1B2(I +hA) " el < Cayso (I + hA) ™ ol + AL + hAD) ™ olln)
< Caym(1+h7)ellm

for all ¢ € H, we derive, from (A2), (A3), (A11), the monotonicity of B and ®,,
and (3.1)) that

(T -V, 0 —P)v+v

= (Lle—9),¢ —P)u + h(Bi (¢ —2), 0 —D)v+v + h*(A5(0 —B), 0 —P)v-v
+hA(Drp — ©xB, 0 — P)u + W2 (Lo — LB, — P)u
+0h?(Ba(I + hA) " e = 8), (0 = D)n

> crlle — PllE +w21h?lle — Bl — Rl —BlEH — Cch®lle —2lE
—nCa,.,B,(h+h?)|e —Bl%

> w1l — 23

(3.1)

for all p,p € V and all h € (0, ?L) It follows from the boundedness of the operators
L:H—H,B}:V—=>V* A5:V — V* the Lipschitz continuity of ®, : H — H,
the condition (A11), (3.1) and the continuity of the embedding V < H that there
exists a constant C7; = C1(A) > 0 such that
(To — P, w)v-v|
< |(Llp = @), w)u| + hl{Bi (¢ = B),w)v-v| + h*[(A5(p — B), w)v- v |
+ B?|(@rp — PP, w) | + B*|(Ly — LB, w)H]|
+0h?|(Bo(I + hA) (o = B),w) |
<G+ h+02) e = Bllvwlly
for all ¢, € V and all h > 0. Moreover, the inequality (Typ — L0, )y~ vy >

wa,1h%||¢||# holds for all p € V and all h € (0, h). Therefore the operator ¥ : V —
V* is surjective for all h € (0, h) (see e.g., [2], p. 37]) and then we see from (A10) that
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for all g € H and all h € (0, h) there exists a unique solution @y € D(By) N D(Ay)
of the equation

Loy + hBipy + hQAQQO,\ + h2¢),\g0,\ + h2[:<p>\ + nhQBQ(I + hAl)_lgo,\ =g (32)

in H. Here, multiplying (3.2) by ¢, and using the Young inequality, (A11), (3.1)),
we infer that

(Lox, ox)m + h(Biox, ox)m + W2 (Asox, ox)ve v + W2 (®rpon, oa) 1
= (g, o2 ) — B*(Lor — L0, 0\) g — h*(L0, 05w — nh*(B2(I + hA1) " ox, 021

|0
2

cr ! o, 1
< Flloallh + 5 lally + Ceh?lleally + 52 + 5h2oa s

+ 770141732 (h + hZ)H@)\“QHa

whence the conditions (A2) and (A3), the monotonicity of By and ®, imply that
there exists h; € (0, min{1,h}) such that for all h € (0, h1) there exists a constant
Cy = Cy(h) > 0 satisfying

leally < Co (3.3)
for all A > 0. We have from (3.2]), (A8), (3.1) and the Young inequality that

R | ®@reallz
= (g, Par) i — (Lox, @rox) g — h(Bigx, @rox)m — h2 (A2, @rox)m
— h?(Lox, @rpr)u — nh*(Ba(I + hA1) Lo, @rpn)m

2 2
< 75ll9l% + 75 1LeallZ + 2071 LoallTr + 20°CR, 5, (1 + W) loall

v
Thus, owing to the boundedness of the operator L : H — H, (All) and , it
holds that for all h € (0, h;) there exists a constant C3 = C3(h) > 0 such that
[@xeallFr < Cs (3.4)
for all A > 0. Then equation yields
hl|BigallH
= (9, Bioa)m — (Lox, Bipa)m — B*(Aspx, Bioa)u — B2 (®apx, Bioa)u
— h2(Lox, Bipx)m — nh? (Ba(I +hAD) " o, Biga)

and hence we deduce from the boundedness of the operator L : H — H, (A4), (A8),
(A11), (3.1), the Young inequality and (3.3) that for all h € (0, hy) there exists a
constant Cy = Cy(h) > 0 satisfying

| Bioallzr < Ca(h) (3.5)

for all A > 0. We derive from (3.1))-(3.5) that for all h € (0,h1) there exists a
constant Cs = C5(h) > 0 such that

[ A2@all7r < Cs(h) (3.6)

for all A > 0. Hence the inequalities (3.3)-(3.6)) mean that there exist ¢ € D(B;) N
D(As3) and ¢ € H such that

©x — ¢  weakly in V, (3.7)
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Loy — Ly weakly in H, (3.8)
Dy (pr) — & weakly in H, (3.9)
Bipy — Bip weakly in H, (3.10)
Aspy — Asp  weakly in H (3.11)

as A = A\; — +0. Here it follows from (3.3), (3.7), the compact of the embedding
V — H that

px — ¢ strongly in H (3.12)
as A = A; — +0. Also, we see from and that (Papa, ox)m — (&, 9)m
as A = A\; — +0. Thus the inclusion and the identity
peDP), £=p (3.13)
hold (see e.g., [I, Lemma 1.3, p. 42]).

Thanks to (3.2)), (3.8)-(3.13)) and (A11), we can verify that there exists a solution
» € D(B1) N D(As) of the equation

Lo+ hBip + h? Ay + h2®p + h2Lp + nh*Bo(I + hA)) o =g in H.

Moreover, the solution ¢ of this problem is unique by (A2), (A3), the monotonicity
of By and @, (Al1l) and (3.1). O

Proof of Theorem[I1.3. Let hy be as in Lemma and let h € (0,h1). Then we
infer from (|1.3)), the linearity of the operators Ay, L, By, By and Ay that problem
(1.2) can be written as

On1+hA10, 1 = 0, +1(Pon — Pni1),
Loni1+hBigni1 + h*Aspnin + B2 ®oni1 + h*Lonia
+0h*By(I + hA) o
= Ly, + hLv, + hBip, + h?By(I +hA) " (e, + 6,)

and then proving Theorem [I.3] is equivalent to show existence and uniqueness of
solutions to (3.14) for n =0,..., N — 1. It suffices to consider the case that n = 0.
Owing to Lemma there exists a unique solution ¢ € D(B1) N D(Az) of the
equation

L1 + hByoy + B2 Aspr + W2y + h2 Loy + nh?By(I + hA1) 'y
= Lo + hLvg + hBygo + h*Ba(I + hA1) " (npo + 6o)-

Therefore, putting 0y := (I +hA;)~ (0o +n(po — ¢1)), we can conclude that there
exists a unique solution (61, 1) of (3.14) in the case that n = 0. O

(3.14)

4. UNIFORM ESTIMATES FOR (1.7) AND PASSAGE TO THE LIMIT

In this section we will derive a priori estimates for ([1.7)) and will show Theorem
by passing to the limit in (1.7) as A — +0.

Lemma 4.1. Let hy be as in Theorem|1.5. Then there exist constants hy € (0, hp)
and C' = C(T) > 0 such that

_ _ 1/2_ _

||Uh||2Lo<>(0,T;H) + h||2h||2L2(0,T;H) + ||B1/ Uh”%?(O,T;H) + H‘Ph”QLw(o,T;v)

1/2 1/2@

_ = 2
+ h||Uh||i2(o,T;V) + 1B, ehH%W(O,T;H) + hHB2 dt HL2(0,T;H) <C
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for all h € (0, ha).

Proof. We test the second equation in (1.2)) by hvp41 (= ¢@nt1 — ¢n) and recall
(1.3) to obtain that

1/2 .

(L(vng1 — V), Vng1)m + h||B1/ Vs 1 + (A5@ni1s Pt — On)ve v

+ (Pnt15Ont1 = u)E + (PPnt1, Pnt1 — On)H (4.1)
= W(B2bp11,Vnt1)m — R(Lpnt1,Vnt1) H + MPnt1, Vnt1) |-

Here it holds
(L(vn+1 — vn), Vng1) 1
_ (L1/2(vn+1 _ Un),L1/2vn+1)H (4.2)
= S 20l = ST 20l 4 S22 (0ner — )
and
(A5Pn+1, Pnt1 — Pn)v=v + (Pnt1, Pnt1 — Pn)H

1, . 1, .
= §<A2§0n+1a ¢n+1>V*,V - §<A2§0n7 ¢n>V*,V

1, . (4.3)
+ §<A2(<Pn+1 — Pn), Prnil — Pn)VeV
1 1 1
+ §||<Pn+1|\%{ - 5”%%”?{ + §||90n+1 — enllr-
The first equation in (1.2)) yields
h(B20n+1, vn+1) 1
h 9n+1 - 97’1
= Y Bybyyr, — 2" A, )
7}< 20n 41 5 Wntt )
(4.4)

1 1/2 1/2 1/2
= 5, (132 005y = 18260l + 1By O — 6011
h
- E(B29n+1; A10n+1)H'
From (4.1)—(4.4), (A4), (A7), (A11), the continuity of the embedding V — H, and
Young’s inequality, we have that there exist constants C,Co > 0 such that

1 1 1 1/2
S 20y = SIE 20l + I (0 — v + BB 20 [y

* 1 *
+ 5 (A50nt1, Ont1) vy — §<A2<Pm<ﬂn>v*,v

+

N =N =

* 1 1
(A5(Pnt1 — Pn), Prt1 — Sﬁn>V*,V + §||80n+1||§{ - §H<Pn||%{

1 . .
+ 5 lpnsr = PnllH +i(Pnt1) —i(pn)
1 1/2 1 1/2 1 1/2
+ %IIBJ Oty — %IIBJ 0% + ;nIIBz/ (Onsr — )%

< h||vng1ll3 + Cih|lonia |3 + Coh
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for all h € (0, hy). Moreover, summing (4.5) over n =0,...,m—1with1<m < N
leads to the inequality

m—1
1/2
||Ll/2 mll7r + 5 Z L2 (0n 1 = vn) I3 + Z ||B Unt1 || E
n=0 n=0
1 1 1=
* 2 *
+ §<A2‘va Pm)vev + iHSDmHH + 5 HZO<A2(SDTL+1 = Pn), Pnt1 — Pn)V=V
1 — 1/2
+5 Z lons1 = enllfs + i(eom) + —HB P05
=0 (4.6)
1 nl/ 2(
o S 1B 00 — 01
n=0
1 1 1/2
< S 2ull} + 3 {A500, g0)v- v + ligolly + o) + —||B P20
m—1 m—1
+h Y Nonsald + Cih > llenally + CoT
n=0 n=0
for all h € (0, hg). We see from (A3) that
1, . 1 w2 1
LT N N P (47)
and
1 m—1 1 m—1
5 (A2(Pn+1 = @n)s Pns1 — @n)vev + 5 Z [ ns1 — el
n=0 n=0 (48)

w m—1
2,1
—enl¥ = =502 Y onsally-

Thus from (4.6)-(4.8) and (A2) we obtain
c c m—1 m—1
L L 1/2
(5 =) ol + 02 37 Nzwsalf + 0> 1B vnna
n=0 n=0
m—1
w1 w21 1 1/2
+ (55 an) el + 50 3 el + 5 1820l
n=0

m—1
Lo 1/2 2
+%h 7;) 1By 6n0nll 5
1 1/2
A3, golv- v + gligolly +ilgo) + —||B P60l

m—1 m—1

+h Y il +Cih > sl + CaT

=0 =0

1
< §||L1/2UO||%{ +
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whence there exist constants hy € (0, hg) and C3 = C5(T") > 0 such that
m—1 m—1
lomll + 82 3 Nensallz + 0 3 1By vnall
n=0 n=0
m—1 m—1
llemlly + 17 3 oweallf + 1850l + 17 3 1B, *5ballly  (4.9)
n=0 n=0
m—1 m—1
< Csh Y lvillF + Csh Y lleslly + Cs
3=0 §=0
for all h € (0, ha). Therefore from inequality (4.9) and the discrete Gronwall lemma
(see e.g., [8) Prop. 2.2.1]) there exists a constant Cy = C4(T) > 0 such that

m—1 m—1
1/2
omll3r + 82 3" Nzl + 1> 1B 2vnialy
n=0 n=0

m—1 m—1
1/2 1/2
+lemlE + 723" Nonall + 1By 2 0mll 3 + 02 D 1By 20160013 < Ca
n=0 n=0

for all h € (0,hg) and m=1,...,N.
Lemma 4.2. Let ho be as in Lemma . Then there exists a constant C = C(T) >
0 such that
2137 + BIBY 220 |3 + o3 + B2zl + (B (o1 + Axy), mor + Asbr )y v < C
for all h € (0, hs).
Proof. The second equation in , the identities v1 = vg+hz; and 1 = @o+ hvy
yield that
Lz + Byvg + hB1z1 + Aapg + hAsvy + 1 + L = Bob. (4.10)
Then we test by 21 to infer that
ILY221||3; + (Bivo, z1) 1 + h(Bi21, 21) i + (Aao, 21) 1 + h(Azv1, 21) 1
+ (@p1,21)m + (Lp1,21)m (4.11)
= (Bg01,21)H.-
From (A3) we obtain
h(Agv1, 21)m
= (A2U1,111 - UO)H
= (ASv1,v1 — vo)vev
1

* 1 * 1 *
= §<A2U1,Ul>v*,v - 5(142“07”0)\/*,\/ + §<A2(Ul =), v1 —vo)v+ v (4.12)

w21
-2

1 1 w21
ve |13 — §||U1qu - §<A§U0aU0>v*,v + THM —wolly

1
- §||U1 —voll%-

We see from (A6) and Lemma that there exists a constant Cq = C1(T) > 0
such that

[(@p1,21) 1| < Ca(1+ lealV)llerllv Izl < Cllzalla- (4.13)
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Also, the first equation in (1.2 and the identity v; — vo = hzy imply that

1
%<B’£(nv1 + A101),mv1 + A101)v- v
1 *
- %<Bz (nvo + A16),nvo + A1bo) v+ v

+ %<B; (7](1}1 — U()) + A1(01 — 00)), 7](’01 — Uo) + A1(01 — 00)>V*,V (414)

1
= 5<B§(77’01 + A161),n(v1 —vo) + A1(01 — 00))v- v
1
= —(Bgb1, 1) + (B200,21) a1 — %(32(91 —00), A1(01 —60)) -

It follows from (4.11)-(4.14), (A2), (A4) and the monotonicity of By : V' — V* that

w
collzll? + hI By 2z ||y + 222

2

1
+ %<B§(UU1 + A161),mv1 + A v v

w21
[onl[f + =Rl

1 1, .
< —(Bivg, z1)u — (A2¢0, 21)m + §||U1||?1 + §<A2UO7UO>V*,V (4.15)

1
+5llon — vllf + Cillzilla — (L1, 21)m + (Babo, 21)m
1 *
+ %<BQ (nvo + A16o),nvo + A100) v+ v
Thus we deduce from (4.15), (A1l), the Young inequality and Lemma that
Lemma holds. O

Lemma 4.3. Let ho be as in Lemma . Then there exist constants hs € (0, ha)
and C = C(T) > 0 such that

_ 1/2— _ _
||Zh||2L°°(0,T;H) + ”Bl/ Zh||2L2(0,T;H) + ”vh”%N(O,T;V) + h”ZhH%Z(o,T;V) <cC
for all h € (0, hs).

Proof. Let n € {1,...,N —1}. Then we have from the second equation in (|1.2)
that

L(zpt1 — 2n) + hB12pt1 + hAsvpy1 + Pony1 — Ppp + Lonyr — Loy,
= B2(9n+1 - 0n)
Since
(L<Zn+1 - Zn)a Zn+1)H = (Ll/z(ZnJrl - Zn)7 L1/2zn+1)H
1 1 1
= I By = SILY 25+ S I s — 2,
it follows that
1 1 1 1/2
SIE 2By = SIE 22l + I (e = )3+ B 22y

+ <A§Un+1a Un41 — Un>v*,v + (Un+17vn+1 - Un)H

o (I)QOnJrl - (b(Pn E‘pn+1 - ‘CSDn
— h( h 7Z’n+1> h( h 7Z7L+1>H
+ (B2(On41 — 0n), 2nt1) 0 + h(Vnt1, Zns1)H-

(4.16)
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On the other hand,

<A;vn+17 Un+1 — vn>V*,V + (Un+17 Un+1 — Un)H

1 * 1 *
= §<A2Un+17vn+1>vnv - §<A2Un,vn>v*,v
1, . 1 1 (4.17)
+ 5 (A3 (Wnr1 = o), vs1 = va)ve v+ 3 lonsallly = Slloall

1 2
+ §an+1 — Unl|3r -

Condition (A6) and Lemma [£.]|mean that there exists a constant C; = C1(T) > 0
such that

N h(©@n+l - (I)(Pn P )

h ) b

< Coh(1+ llontalli + lonlli ) lonsrllv lznsll

< Cihfvntallvllzngalla
for all h € (0, he). Also, the first equation in and the identity vy, — v, =
hzp41 yield

(4.18)

1 *
— (B3 (nun41 + A1bn41), n0ns1 + Aibnir)ve v

2n
1
- %<BS(77% + A10n),mon + A1) ve v
1
+ —(B5(n(Vns1 — vp) + A1(0ns1 — 02)), n(Vpse1 — Un
277< 2(77( +1 ) 1(Ont1 )) 77( +1 ) (4.19)

+ Al (0n+1 - 9n)>V*,V

1 *
= 5<Bz (MUns1 + A1bpi1), 0(Vng1 — vn) + A1(Ong1 — 0n))ve v

1
= —(B2(Ons1 — On), 2nt1) 1 — %(BQ(HVHJ —0,),A1(0p41 — 00))H.

It follows from (4.16)-(4.19), (A4) and (All) that there exists a constant Cy =
C3(T) > 0 such that

1 1 1 s

SN2zl = SIE 22l I (s — 2l + ABY 2
* 1 *

+ = (ASVp41, Vpg1)ve v — §<Agvmvn>v*,v

+ 5 (A3(Vnt1 = Un), Ung1 — Un)ve v

N =N

1 1
+ 3ol = Sloallzr + 5llonss —vall

1 * 4.2
+ %<Bz (MUng1 + A10ni1),N0ng1 + Arbni1)ve v (4.20)
1 *
- %<Bz (nun + A10,), 00, + A10n)v- v
1 *
+ %<Bz (M(vnt+1 = vn) + A1(0n+1 — 0n)), n(Vn41 — vn)

Ayt = 0))y

< Cohllvniallvlznst |l o
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for all h € (0,hs). Then we sum (4.20) over n = 1,...,¢ —1 with 2 < ¢ < N to
obtain

-1
1/2
Izl + 5 D IE (s = za)lly + 0 Y 1By 2zl
n=1 =

1
+ 5 (Ave, ve)ve v + B Z(A

N | —

;('Un-',-l - Un)y Un+1 — Un>V*,V

5 llvellf + Z lvns1 = vall + <B2 (nve + A16r), nve + Arbr)vev

1 *
< §HL1/221H%{ + §<A2v17v1>w,v + §||v1H12q

-1
* a5 <B2 (o1 + A161), o1 + Ar0r)v- v + Coh Y [onpallvl|znia o

n=0
Thus from (A2) and (A3) we have

cr, 1/2 wz 1 w21
Szl + Y 1B Pzl + oS+ 0 Z [Et

n=1
1 *
+ %<Bz (nve + A16e),mve + A16e)v= v
1

(4.21)

()

1, ., 1
HL1/2 1|13 + 2<A2v1,v1>v*,v + 5”111”?1

-1
1 *
+ %<Bz (o1 + A161), 101 + A101)ve v + Coh > [vnsallv | znsallm
n=0

forall h € (0,hy) and £ = 2,..., N. Therefore we infer from (4.21)), the boundedness
of L and A}, and Lemma that there exists a constant C3 = C3(T) > 0 such
that

m—1
cr 1/2 w2 1 w21
2 | Zl[3r + P Z 1By 2 21 I3 + 22 um |} + 5 —=h? Z 413
n=0 =
. (4.22)
< Cy+Coh Y Nonrallvlznsa
n=0
for all h € (0,hs) and m = 1,..., N. Moreover, we see from (4.22) and the Young
inequality that
s — oy + b S 1B 0l + Lot — Camlomlt
2 n=0 2 7
w m—1
2,1
+ Th2 Z [y (4.23)

Co
<C’3+7hZHJHV+ hZHJ”H
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for all h € (0,hg) and m = 1,..., N. Hence there exist constants hz € (0, he) and
Cy = C4(T) > 0 such that

m—1 m—1
1/2
leml3 + B > B 2eniallr + lomld + 52 Y il
n=0 n=0
m—1 m—1
< Cu+Cah Y ol + Cah Y Nzl
j=0 j=0

for all h € (0,h3) and m = 1,..., N. Therefore, owing to the discrete Gronwall
lemma (see e.g., [8, Prop. 2.2.1]), there exists a constant C5 = C5(7T") > 0 satisfying

m—1 m—1
lemll + 2> 1B 2l + Jomld + 523 2l < Cs
n=0 n=0
for all h € (0,h3) and m=1,...,N. O

Lemma 4.4. Let hy be as in Lemma. Then there exists a constant C = C(T') >
0 such that

9% || o< 0,751y < C
for all h € (0, hg).
The above lemma follows from (A6) and Lemma [£.1]

Lemma 4.5. Let hs be as in Lemma . Then there exist constants hy € (0, h3)
and C = C(T) > 0 such that

oy,

db, -
- ) G oz + BllEe oy < €

2
||WHL2(O,T;H)
for all h € (0, hy).

Proof. We multiply the first equation in (1.2)) by 6,41 — 6,, and by hf,, 11, respec-
tively, and use the Young inequality to obtain that

on - en *
h\l%ll% + (A10ni1,0n41 — On)ve v + (Ong1 — 00, 01l

+ h(A16p41,0n41)H

Ont1 — On (4.24)
= _nh(vn+17 %)H —nh(vni1, O0ng1)E
1. 6,41—0, 1
< 0Ph[vn1 |7 + §h||%”fq + §h||9n+1||%1~
Here it holds that
(AT0n 11,0041 — On)ve v + (Ongr — O, Oni1)m
1 1
= §<AT9n+1,9n+1>v*,v - §<A"{9n,9n>v*,v
(4.25)

1 *
+ §<A1(0n+1 - on)aen—&-l - 9n>V*,V
1 1 1
101y = 510l + 5001 — 0l
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From (4.24)), (4.25) and the continuity of the embedding V' < H, there exists a
constant C7 > 0 such that

1. 0,01 —6, 1, . 1, .

ST 4 5 (A Bua) vy — (A1, Oy v

1, ., 1 2 1 2
+§<A1(9n+1 0n), Ons1 0n>V*,V+2H9n+1||H 2||9n||H (4.26)

1
+ §||9n+1 - 971”%1
< 0Phl|vn1 |z + Crhl|na I3

for all h € (0,h3). Therefore we can prove Lemma by summing (4.26) over
n=0,...,m—1with 1 <m < N, the condition (A3), Lemma and the discrete
Gronwall lemma (see e.g., [8, Prop. 2.2.1]). O

Lemma 4.6. Let hy be as in Lemma. Then there exists a constant C = C(T') >
0 such that
dé\h 2 3 12
1= 2o 0.my + 14108 720y < ©
for all h € (0, hy).
Proof. Tt follows from the first equation in (|1.2)) that

01— 0 0,010, Ops1 — On
h<AT T >v*,v+hH — I

1 1 1
+ 5140l = 5 1ALl + 511 416ns1 — 6

Oni1 — 0O, Opi1 — O 12
= (AT )BT

h
and then we can prove this lemma by (A3), the boundedness of the operator A% :
V — V*, the Young inequality, Lemma [{.3] summing over n = 0,...,m — 1 with
1 <m < N and Lemma [£.5 O

Lemma 4.7. Let hy be as in Lemma . Then there ezists a constant C = C(T') >
0 such that

||B2§h||%oo(o,T;H) + ||Bl@h||%2(o,T;H) + HA2¢h”%2(O,T;H) <C
for all h € (0, hy).
Proof. By (A5) and Lemmas and there exists a constant C; = C1(T) > 0
such that
1 B2On |7 (0.1.21) < Ch (4.27)
for all h € (0, hy). The second equation in yields
hl[Brons1lf = M(Bivng1, Bivni1)n
= —h(Lznt1, Bivnt1)m — h(A20n+1, Bivns) g — M @pny1, Bivag1)m
— h(Loni1, Bivny1)a + M B2bni1, Bivng1)n

and then by Young’s inequality, the boundedness of the operator L : H — H, (A11)
and Lemma [4.1] there exists a constant Cy = Co(T") > 0 satisfying

W Bivnia ||z < Cohllznia |3 — R(A2@ni1, Bivng1) g + Cohl| @i |3

, (4.28)
+ Cah||BabOn i1y + C2h
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for all h € (0, hy). From (A4) we have
—h(A2¢nt1, Bivn1) g = —(A2¢ny1, Bipny1 — Bipn)m

1 1
= —§(A2<pn+1,Bl§0n+1)H + 5(142‘%’3150”)5’ (4.29)

1
- §(A2((pn+1 - SDn)vBl((pn+1 - Spn))H

Thus summing (4.28)) over n = 0,...,m — 1 with 1 < m < N and using (4.27),
(4.29), Lemmas [4.3| and [4.4] imply the existence of a constant C3 = C5(T") > 0 such
that

||Blﬁh||%2(O,T;H) < Cs (4-30)

for all h € (0,hy). Moreover, from the second equation in (L.7), (4.27), (4.30)),
Lemmas[{.3]and [4.4] (A11) and Lemma [£.1] there exists a constant Cy = C4(T') > 0

satisfying
|‘A2¢hH%2(O,T;H) <Cy
for all h € (0, hy).

Lemma 4.8. Let hy be as in Lemma . Then there exists a constant C = C(T) >
0 such that

1@ l[wr.e 0,75v) + [0nllw.ee 0,7:8) + 108l o< 0,7
+ 10l 0,73v) + 108l e 0,71y < €
for all h € (0, hy).
The above lemma follows from - and Lemmas and
Proof of Theroem (existence part). By Lemmas and —,

there exist functions
6 € H(0,T;V)NL®(0,T;V)NL>®(0,T; D(Ay)),
© € L*®(0,T;V)N L*0,T; D(Ay)),

§£€L>(0,T; H)
such that
d(p e 2 d2<p 00
= ELO.TV)NLP(0.T:D(By), oy € L¥(0,T: H)
and
Pn — ¢ weakly* in WH(0,T;V), (4.31)
d
Ty — ch weakly* in L*(0,T;V), (4.32)
d
B — ch weakly* in W1*°(0,T; H) N L>(0,T; V), (4.33)
_ AP £ roo
) weakly™ in L>°(0,T; H), (4.34)
_ % . oo
Lz, %Lﬁ weakly™ in L>(0,T; H), (4.35)
0, — 6 weakly* in H'(0,T;V) N L®(0,T;V), (4.36)

©, = ¢ weakly™ in L*(0,T;V), (4.37)
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0n — 0 weakly® in L>°(0,T;V), (4.38)
A0, — A0 weakly™ in L*°(0,T; H), (4.39)
B1vj, — Bli—f weakly in L%(0,T; H), (4.40)
Aoy, — Asp  weakly in L*(0,T; H), (4.41)
Op;, — & weakly® in L>°(0,T; H), (4.42)
Bafj, — Baf)  weakly™ in L>°(0,T; H) (4.43)

as h = h; — +0. From Lemma the compactness of the embedding V' — H
and the convergence (4.31]) we infer that

on — ¢ strongly in C([0,T]; H) (4.44)

as h = h; — 40 (see e.g., [I1l Section 8, Corollary 4]). From (1.11)) and Lemma
43 we have

P, — ¢ strongly in L*°(0,7T; H) (4.45)

as h = h; — +0. Hence the convergences and ([4.45) - yield

T T
| @m0.p0ma / (€. o(0) 1
0 0
as h = h; — 40 and then
E=®p in H a.e. on (0,7) (4.46)

(see e.g., [I Lemma 1.3, p. 42]). On the other hand, from Lemma the com-
pactness of the embedding V' — H and (4.36)) it follows that

B, — 6 strongly in C(]0,T); H) (4.47)

as h = h; — +0. Similarly, we derive from (4.33) that

Up — (fi—f strongly in C([0,T]; H) (4.48)

as h = h; — +0. Therefore, combining (4.31)), (4.35), (4.36), (4.39)-(4.48) and
(A11), we can verify that there exists a solution of (1.1).

5. UNIQUENESS FOR (1.1))

Proof of Theorem- (uniqueness part). We let (9 ) (0,%) be two solutions of

([L.1) and put 6 := 6 — 6, $ := ¢ — . Then by (L.15), Young’s inequality, (A6),
(A11), Lemma[4.1] the continuity of the embedding V — H and (A2), there exists
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a constant C7; = C1(T) > 0 satisfying

d 1248 dz, . dp
3l Ol o+ (B 0. G 0),, + gAY 50,
= (B0, %2 0)) — (wp(t) ~ @), P 10))
(Lo - 20, %) -
(B, %2 0)) + %(1 + eI + 1B 1F
+ Lo+ 1%
< (Babto), jf(t))H GBI + 122 1,

for a.a. t € (0,T). From Young’s inequality, (A2) and the continuity of the embed-
ding V — H, there exists a constant Cs > 0 such that

S HIB0IE = (F0.50) < s IPZ @+ Clp0R 62

for a.a. t € (0,7). We see from (A3) that

SIAYZ0% + S0 = S(ASB0), B0hv-v + 5 8I%
w21 . )

> = llett Y-
Moreover, the identity (1.14) yields that

(mait). 2 0), = %(Bza(t), D - aite),

B 1/2 0 0
. ,?%HB @I - f(Bze(t),Au‘)(tDH

(5.4)

From (5.1)-(5.4) and (A4), there exists a constant C3 = C3(T") > 0 such that

1 dp w
SIE L2 OI + L IEO + 5183001

dp ~
<o [ \|L1/2d—f<s>||zds+cg [ 12z as
0 0

for a.a. t € (0,T), whence we obtain that 'Zf = @ = 0 by the Gronwall lemma and
(A2). Then (|1.14]) leads to

S SIBOIF + (4,80, 30 = 0. (5.5)

Thus 6 = 0. O
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6. ERROR ESTIMATES

Proof of Theorem[1.5. Let hy be as in Lemma Then putting z = ‘f;t’, we
derive from the identity < d”h = Zp, the second equatlon in and - ) that

2dtnLW@() vl
= (L(zn(t) — 2(1)),50(t) — 50 ()1 + (L(Zn(t) — 2(t)), Tn(t) — v() 1

= (L(zn(t) — 2(£)), 00 (t) = 00 ()1 — (Br(0n(t) — ())@() v)g (61
— (A2(@y () — (1)), Tu(t) — v(6)) it — (D (1) — Bp(t), Tu(t) — v(£)) i

— (LB () — L), Tu(t) — v() 1 + (BB (1) — 0(1)), Tn(t) — v()) 1.

The boundedness of the operator L : H — H implies the existence of a constant
C41 > 0 such that

(Lzn(t) = 2(1), 0n(t) = Vn(t)) g < [|L(Zn(t) — 2(O)]|ml[on(t) — On ()|
< Cullzn(t) = 2() e l[on(t) — o (@)

for a.a. t € (0,7) and all h € (0,hy4). From the identities 7}, = dfi’b, v = C(li—f and
the boundedness of the operator A3 : V' — V*, there exists a constant Cy > 0 such
that

— (A2(2,(t) — (1)), Un(t) — v(t)) 1
= —(A5(@n(t) — Bn(t)), Va(t) — v(t)v-v — 3 dt” A2 (@n() — o) 3 (6.3)

< Callpn(t) ~ Bub)lv I (t) — o(0)lv — 5 1 AE2(B(e) — o(6)) 3

for a.a. t € (0,7) and all h € (0, hs). From (A6), Lemma [4.1] Young’s inequality
and (A2), there exists a constant C3 = C5(T") > 0 such that

— (92,(t) — Pop(t), v (t) — v(t))
< Co(L+ [l T + leMIT)25 1) — @ llv 19a(E) = (@)l 1
< Gs[@n () = e@Ollv [[on(t) — v(®)][x

< D putt) — Pl + L lone) — vl 3 (6.4)
< G0~ B0 + CHlEn) — s
+ Cal[on(t) = DOl + SN2 @(0) - vle) I

(6.2)

for a.a. t € (0,T) and all h € (0,hy4). By (A11), the continuity of the embedding
V — H, Young’s inequality and (AZ) there exists a constant C4 > 0 such that

— (LPu(t) — Lo(t), vn(t) — v(t) m
< Cullpn () = o@)llvIoa(t) — o)l
C4 04 2
< 5 [1@n(t) — ot )T+ 5 17a(8) = v(®)ll& (6.5)

< Cal@n(t) = Bu()II5 + Cull@n(t) — eI
+ Cul[wn(t) = on (D)% + %HLI/z(ﬁh(t) — vl
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for a.a. t € (0,T) and all h € (0, hy). From the first equation in (1.7) and (1.14) it
follows that

(Ba2(0n(t) = 0(1)), Un(t) — v(t))

1 _ db), do
= —5(32(9h(t) —0(0), O - Z0)
_ %(32@@) —0(t)), A1 (O (t) — 6(t))
o _ (6.6)
- _%<B;(9h(t) = 0u (1)), ddi;‘(t) - %f(t)%w
_ %%HB;/Q@(@ —0))|%

- %(Bz(gh(t) —0(t)), A0 (t) = 0(t))) -

From (6.1)-(6.6), the integration over (0,t), where ¢ € [0,7], the boundedness of

the operator B} : V — V*, (1.11)-(1.13), Lemmas and the inequalities
0 < hg < 1, there exists a constant Cs = C5(T") > 0 such that

[ 1B @n(s) oDl ds + o |BY2Bulr) — 00D
0 n

+1 / (Ba(@n(s) — 6(5)), As (Bn(s) — 6(s)))n dis
nJo

t t
< Csh 4 / 18n(s) — @(s)]I3 ds + Cs / L2 (@n(s) — v(s))|13 ds
0 0

for all t € [0,7] and all h € (0, hy). From di" = Tp, ‘Z—f = v, Young’s inequality,
(A2) and the continuity of the embedding V' < H, there exists a constant Cg > 0

such that

< S I3(0) v + 3 180() — (DI

< |on(t) = on ()17 + éIILW(ﬁh(t) —v(E)E + Csll@n(t) — o)}

for a.a. t € (0,7) and all h € (0, hy). Thus, integrating over (0,t), where t €
[0,T], we deduce from (6.7) and (A3) that there exists a constant C7 = C7(T) > 0
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such that

1 =N w21

§IIL1/2(vh(t) v()IH + 5 @n(?) - o)l

! /2 /— 2 /27 2
+ / 1By"?(@n(s) — v(s))||3 ds + %\\Bé 2(On(t) — 0t)) 1%
+1 / (Ba(0n(s) — 0(s)), A1 (On(s) — 0(s))) ds

nJo
t t
< Coh+Cy / 1Bh(s) — p()II3 ds + Cr / 1L2(@n(s) — v(s)) | ds
0 0

for all t € [0,7] and all h € (0, h4)
Next the first equation in and (1.14)) lead to

: dtneh( )= 0%
— (@A (t) — v(t),04(t) — () it — (AL (Bn(t) — 0(1)),On (1) — On(t) e (6-10)
— (A7 @n(t) — 0(t)), B (1) — O() v+ v
Here we use the Young inequality and (A2) to infer that
— (@n(t) = (1), 0n(t) — 0()
S (e) = w(@) 3 + 318u(6) ~ 6(0) s
o (1) — T (1)1 + ||m<t> — ()% + %néh(t) — ()%
< ot = Bu O3 + — ||L1/2<vh< t) —v(t) |3 + %Hffh(t) — ()%
We have from (A3) that

— (A7 (On(t) — O(t)), On(t) — (1)) v v
< —wi1[[0n(t) — 01} + 1184 () — 0(1) 3 (6.12)
< —w uwh — 0t >||v +20[0n(t) — Bh(D) 13 + 2004 () — 0(1) 13-
Hence, owing to , the integration over (0,t), where ¢ € [0,7], (1.12),
3 an t

-, Lemmas 4 here exists a constant Cs = Cs(T") > 0 such that

1 ~
2 18(6) = 603 + . / [B(s) ~ 6} ds

IN

(6.11)

IN

t (6.13)
< Cuh+ Cy / ILY2(@(s) — ()% ds + C / 181(s) — ()13 ds

for all t € [0, 7] and all h € (0, hy).
Therefore we can obtain Theorem by combining , (6.13)) and by applying
the Gronwall lemma. O
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