Electronic Journal of Differential Equations, Vol. 2020 (2020), No. 95, pp. 1-13.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu

ENERGY DECAY FOR VARIABLE COEFFICIENT
VISCOELASTIC WAVE EQUATION WITH ACOUSTIC
BOUNDARY CONDITIONS IN DOMAINS WITH NONLOCALLY
REACTING BOUNDARY

JIANGHAO HAO, MENGXIAN LV

ABSTRACT. In this article, we study a variable coefficients viscoelastic wave
equation with acoustic boundary conditions in domains with nonlocally re-
acting boundary. By constructing suitable Lyapunov functionals and using
the energy compensation method, we prove that under suitable conditions on
the initial data and the relaxation function, the energy of the system has an
explicit and general decay rate.

1. Introduction

Let Q C R™ (n > 2) be an open bounded domain with smooth boundary ' =
o UTy. Here, Ty and T’y are closed and disjoint with meas(T'g) > 0. In this paper
we consider the viscoelastic wave equation of variable coefficients with the acoustic
boundary conditions

t
v’ — Lu —|—/ g(t — ) Lu(t)dT + p(u') =0 in Q x (0, 00),
0
u=0 onTyx (0,00),

ou t ou ’
B /0 gt — T)aVL (r)dr =2 onTy x (0,00), (1.1)
f2" —p*Arz+q2' + hz=—u' on Ty x (0,00),
u(z,0) = up(z), u'(z,0)=wui(z) inQ,

2(x,0) = z0(x), 2'(2,0) =21(x) onTy,

where
. "9 ou ou . ou
Lu = div(A(z)Vu) = Z %(aij(m)ﬁ), o Z al-j(:v)%ui.
ig=1_"" J i,j=1 J
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The symbol ’ denotes the derivative with respect to time t, v, = Av, where v =
(v1,...,vy) represents the outward unit normal vector to I'; and Ar is the Laplace-
Beltrami operator. In addition, p is a positive constant, p: R — R, g : R™ — RT
and f, ¢, h: T'1 = R are functions.

When g = 0 and p = 0, the boundary conditions 3 and 4 are the classical
acoustic boundary conditions introduced by Morse and Ingard [23] and developed
by Beale and Rosencrans [2], [3] via the assumption that each point on the boundary
reacts to the excess pressure of the acoustic wave like a resistive harmonic oscillator
or spring and each point of the boundary does not affect each other. The models
usually are related to the problems of noise control and suppression in practical
applications and have been studied by many authors, see [6} [7, [8] and the references
therein. Limaco et al. [16] investigated a nonlinear wave equation of Carrier type
and established the existence of regular weak solution. Gao, Liang and Xiao [I1]
obtained the uniform stability of a nonlinear acoustic wave system with an internal
localized damping term w(x)u;. For the case f = 0, which means the material
of surface is much lighter than the fluid medium, Hao and He [14} [15] studied two
variable-coefficient wave equations with the acoustic boundary conditions, and they
obtained the exponential decay result and general decay result respectively.

On the other hand, when g = 0 and p > 0, the boundary conditions 3 and
(1.1)4 are called acoustic boundary conditions to non-locally reacting boundary
(see [9]), which models the surface I'; reacts to the excess pressure as an elastic
membrane. Later, Frota et al [I0] studied the following semilinear wave equation

u" — Au+au’ + p(u') = F.

They proved the existence, uniqueness of solution by Galerkin’s method and ob-
tained an exponential decay result. Moreover they also improved their previous
results since estimates they made can be adapted to the problem treated in [9].
Frota and Vicente [26] took into account the dissipative term ¢(z’) in stead of
gz’ and put a nonlinear internal localized damping term in the wave equation to
achieve uniform stability successfully. Recently, Ha [I3] considered the following
wave equation of variable coefficients

v — Lu+ p(u') =0,

where .
. 0 ou

Lu = div(A(z)Vu) = ”Z: oz, (a” (x) oz, )
Under suitable conditions on p, he improved his previous result [I2] in which he
focused on the case A = I, and obtained the general decay result. Liu [I§] studied a
variable coefficient wave equation with an acoustic undamped boundary condition
and deduced the polynomial energy decay estimates by the Riemannian geometry
method introduced by Yao [28].

In addition, the integral-differential term in gives the memory effect to the
problem, due to the mechanical response influenced by the history of the materials
themselves. The study involving the wave equation with viscoelastic term and the
acoustic boundary conditions can be found in [5 [19] 20]. For instance, Park and
Park [25] studied the viscoelastic wave system

t
u’ — Au —|—/ g(t —7)Au(r)dr =0 in Q x (0, 00),
0
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u=0 on Ty x (0,00),

t ou

— 7/ gt —7)=—(1)dT =2’ on Ty x (0,00),
0 81/

w +qz +hz=0 onT; x (0,00),

and deduced the energy decay rates under the assumption fooo g(s)ds < % Later,
without this assumption condition on the relaxation function g, Liu [I7] generalized
the work to an arbitrary decay rate which does not necessarily decay exponentially
or polynomially. In presence of variable-coefficient matrices A(x), which reflects
the inhomogeneous nature of the material in applications, Boukhatem and Benab-
derrahmane [4] considered the damped semilinear viscoelastic wave system

¢
u' — Lu Jr/ g(t — 7)Lu(r)dr = [uP"2u in Q x (0,00),
0

u=0 onTyx (0,00),

¢
;TUL — /0 g(t — T)%(T)dT = h(x)z" onT; x (0,00),

u 4qz'+hz=0 onT; x (0,00).

Instead of using the Riemannian geometry method, they obtained the local exis-
tence of solution by combining the Faedo-Galerkin approximations and the con-
traction mapping theorem. Furthermore, they proved the solution exists globally
in time and established a uniform decay result. From the previous works with
memory effect and the acoustic boundary conditions, we can see that most authors
considered the porous case (f = 0).

Motivated by the previous works, our goal of this paper is to prove the general
decay estimates for problem . We consider the case f > 0, i.e., non-porous
case and I'; is non-locally reacting. To the best of our knowledge, it is hardly seen
in current literature on the study of variable-coefficient viscoelastic wave equation
with acoustic boundary conditions to nonlocally reacting boundary. Therefore, the
model is novel and the study on the asymptotic behavior of solutions for is
interesting and significant. Also, problem in this paper is a improvement of
[13], because we consider the viscoelastic damping effect and the assumptions on p
allows a wider class of functions. Different from the method in [I3], our strategy
was to use the techniques of [21] 22] 27] with some necessary modifications due to
the nature of problem . The main idea is to construct appropriate Lyapunov
functionals and deduce the energy inequality which leads us to a general decay
result.

The paper is organized as follows. In Section 2, we present some assumptions
and materials needed in our work and give the main results of this paper. Then,
some estimates are given and the general decay of energy for is derived in
Section 3.

2. PRELIMINARIES

In this section, we present some assumptions and materials needed for our work.
Throughout the paper C; (i = 1,2,...) denote various positive constants which
depend on the known constants. We consider the standard Sobolev spaces L9(£2)
and L?(T';) endowed with the usual inner products and norms. For simplicity, we
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denote || - |2y, | - llzacey, I+ lz2eyy and || - [[gaceyy By I Il - Mg [+ llr, and
Il - llq,ry > respectively.
Set H(L,Q) = {u € H'(Q); Lu € L*(2)} equipped with the norm
1/2
lullercz,o) = (el o) + 1 Zull?)

Denoting o : H'(Q) — HY?(T') and ~; : H(L,Q) — H~/%(T) the trace map of
order 0 and the Neumann trace map on H(L, (), respectively, we have

Yo(u) =ulr and v1(u) = (;i)

Define W = {u € VNH3(Q); (v1(u))|r, € Hi(T1)}, where V = {u € HY(Q);70(u) =
0 on I'p} endowed with the norm

ully = 2/ |z

By Poincaré’s inequality and the continuity of the trace map, there exist positive
constants ky and kq such that

Jull < kollVull and  [ro(u)lr, < kl[Vull, weV. (2.1)

We consider the Sobolev space H™ ('), m = 1,2 with respect to the norm

m ) 1/2
el = (3 IVEIR) T m=1.2,
=0

where V? is the covariant derivative operator of order i. Let H{(I';) be the closure
of C§°(T1) in H'(T'y). The Poincaré’s inequality holds in H{(T'1), thus there exists
a constant ks such that

I2llr, < kol Vr2lr,, 2z € Hg(Th), (2.2)

where V. is the tangential gradient on I';. Therefore on H{(I';) we have the inner
product and norm

(z,v)r, 2/ (Vrz(z), Vev())dly,  |zlle, = [[V-2lry,
I

which is equivalent to the usual norm endowed by H'(I';). Next, we consider
H}(Ty) N H?(I'1) endowed with the norm

||Z||H5(F1)mH2(F1) = ||Arz|lr,,
here Arz = div V., z, which is equivalent to the usual norm endowed by H?(T;).

We will use the following assumptions:

(A1) The matrix A(x) = (a;;(x)), with entires a;;(z) € C'(Q), is symmetric
and there exists a positive constant ag such that for all z € Q and { =
(¢1,Ca, ..., Cn) € R™, we have

n

D ai (@) > aol¢.

4,j=1
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(A2) The relaxation function g : R¥ — R¥ is a bounded C! function satisfying

g(0) > 0, 1—/ g(s)ds =1>0,
0

g'(t) < =€&)g(t), t>0,

in which ¢ : [0,00) — [0,00) is a positive nonincreasing C! function satis-

fying
/ &(s)ds = 0.
0

(A3) p: R — Risanondecreasing C'! function and there exist positive constants
€, c1, co > 0 and an increasing function H; : Ry — R, of class C1(Ry) N
C?(R") satisfying Hy(0) = 0, and H; is linear or H/(0) = 0 and H{'(t) > 0
on (0, €] such that

cils| < [p(s)| < cals| if [s] > €,
s+ p%(s) < Hi '(spls)) if s| <e.

(A4) The positive functions f, g, h are essentially bounded and there exist pos-
itive constants f;, q;, h; (i = 0,1) such that

Jo<f<fi, ©0<q<q, ho<h<h;, xzeli.
To simplify calculation in our analysis, we introduce the following notation
t
(gou)(t) = /0 g(t — 7)a(u(t) — u(r),u(t) — u(r))dr,

where

a(u(t),v(t) = Y /Q aij(z)agg) agz)dx: /Q AVu(t)Vo(t)de.

i,j=1

Lemma 2.1. For g € C*(0,T) and u € C*(0,T;V), we have
t
| st~ Datu(r). v (©)ir
0

1 1

= 5(g" e u)(®) = 9(t)alu(t), u(t)) (2:3)
1d ‘

- 33 (w0 = [ atr)irauo). ).

Similar to [10], a well posedness theorem can be derived by using Faedo-Galerkin

method and we omit the proof.

Theorem 2.2. Suppose that assumptions (A1)—(A4) hold and the initial data sat-
isfies

(ug,u1,20) €W x V x (H}(T'y) N H*(T'y)) (2.4)
and the compatibility condition
ou )
870 =z in L*(I). (2.5)

Then, there exists a unique solution (u,z) to (L.1) satisfying
u € L2.(0,00; V), o/ € L2(0,00; V), u” € L2 (0,00; L*(Q)),
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S Lﬁ;}c((l 03 H(%(Fl) N HZ(Fl))a 2 e Li)(?c(oa 003 H(%(Fl))a
2" € Lis.(0,00; L*(T'y)).
We denote the modified energy functional E(t) associated with problem (1.1]) by
L, e 1 ! 1
()= 'l + 5 (1~ [ g(r)dr)atu(e),u(e) + (g o))
2 2 0 2 (2.6)
1 1/2 112 P’ 2 1 1/2,112
I e, + 5 Va2l + Sl 2E,
2 2 2 !
Multiplying the first equation in ([L.1) by w; and the fourth equation by z,

integrating over €2 and I'; respectively, using integration by parts and (2.3), we
obtain the following lemma.

Lemma 2.3. Suppose that assumptions (Al)—(A4), (2.4) and (2.5) hold. Then
E(t) is nonincreasing and satisfies

B(0) = 021}, = go(ta(ult)u(t) + 5 ou)t) = [ wp)dr.  (@7)

Now we can state the main result of this paper.

Theorem 2.4. Suppose that assumptions (Al)—(A4), (2.4) and (2.5) hold. Then
there exist positive constants €g,tg, jt1, o and nonnegative constant us such that
the solution of system (1.1)) satisfies

¢
B0 < mH ([ €s)ds 4 ). ¢, (2.8)
0
where
!
H(?"):/ mds and Ho(r) = rHj(eor).

Here, H is strictly decreasing and convez on (0,1], with lim,_,o H(r) = +oo.

3. DECAY ESTIMATE

In this section we give the proof of our main result. To do this, we define the
functional

L(t) == E(t) + e(t) + no(t), (3.1)
where € and n are positive constants to be chosen later and
P(t) == / u'dw + fzz'df+/ uzdl, (3.2)
Q Ty I
t
o(t) = — u'/ g(t — 7)(u(t) — u(r)) dr dz. (3.3)
Q 0

It is easy to obtain the following result, i.e. the functional L is equivalent to the
energy functional F.

Lemma 3.1. Suppose that assumptions (A1)—(A4), (2.4) and (2.5)) hold. Then for
g,n > 0 small enough, there exist two positive constants A1 and Ay such that

ME(t) < L(t) < ME(L).
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Lemma 3.2. Let assumptions (Al)—(A4), (2.4) and (2.5) hold. Then there exists
some constant Cy such that the functional ¥ (t) satz’sﬁes

W' (1) < lI1P + Cull IR, — B2z, — (U(t),U( )

2
D 1-1 1 2(
— ||V, -
5 IV-2[E, + 57 (gou)(t al/ﬂp

Proof. By differentiating ¢ and using ([1.1]), we obtain

() =[P+ 2R, = PP IV2lIR, = IR 22l1R, = alu(t), u(t)
+/ uz'dl — / up(u’)dx —/ zu'dl —/ qzz'dl
Iy Q Iy T, (35)
d t
d— uzdF+/ g(t—r)/ AVu(t)Vu(r) dz dr.
t 0 0

Now we estimate the last term on the right-hand side of (3.5). By (A2), Young’s
inequality and Holder’s inequality, we obtain

/Otg(tT)/QAVu(t)vu(T) de dr

(3.4)

< ga(u(t),u(®) + 5 QA(/O o(t — 7)(|Vu(r)  Vu(t)| + Vu()dr) dx (30
< %(1 + 1T+ N1 =D)?)a(u®),ud) + %(1 + %)(1 —1)(gou)(t).

Using (2.1] ., . (A1), (A4) and Cauchy’s inequality, we arrive at

a1k? 1
| uz dF| L a(u(t),u(t)) + er'H%l, (3.7)
ag o
/ aikg 1 20,1
up(u')do < “Bau(t) u(t) + = [ o) (3.8)
Q ag day
—/ zu'dl < _d uzdl + a1kt a(u(t),u(t)) + L||z’||2 (3.9)
Fl - dt Fl 0 ’ 4051 F17 '
1
/ 022dl < 03 V2R, + 1R, (3.10)
T, Q2
Substituting . into and taking
N l o — apl N p?
T T AR T 22
we obtain (3.4) with C; = f1 + 2a1 + 4a2 This completes the proof. O

Lemma 3.3. Suppose that assumptions (A1)—(A4), (2.4) and (2.5) hold, then there
exist two positive constants Ca,C3 such that the functional ¢(t) satisfies

&(t) < (- / g(r)dr ) ' [2 + (1 + 2(1 = )?)a(u(t), u(t) + |12'I,
0 (3.11)

+HCa(1= g0+ [ pu)dz — Calg’ 0 w)(0).

Q
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Proof. Differentiating ¢ and using (|1.1)), we obtain

'(t) = /QAVU /Ot g(t — 7)(Vu(t) — Vu(r)) dr dz
~ /Q ( /Of g(t = 7) AVu(r)dr ) ( /0 ol — ) (Vult) - Vu(r))dr ) da
—/Fl 2 /Otg(t—f)(u(t) — u(7))drdl

+ /Q () /O ot — ) (ult) — u(r)) dr dz

—/Qu//otg/(t—T)(u(t)—U(T))deuT—/Otg(T)dT|ul||2

t
=L+ I+ I+ I+ Is — / g(r)dr|u'|?.
0

(3.12)

Now, we estimate the terms on the right-hand side of (3.12)). By (2.1), (2.2)), (A2)
and Cauchy’s inequality, we obtain for any pu > 0

] < palu(t), u(t)) + ﬁa “D(gou)t),

L] < 2u(1 = 1)%a(u(t), u(t)) + (2u + i) (L=0D)(gou)(®),

k‘2

15| < 112117, + 1oL~ Do),

2

Ll <p [ Fde+ 71 =Digou))

k59(0)
I-| < m2 _ o / t).
5] < pllw])” = =7 (g7 o u)(t)

Taking into account these estimates, (3.12)) yields (3.11)) with

1 kR k24(0)
Cy=2 — o Loy =
2 ot 20 + dpag  4dag’ 3 4pag

This completes the proof. (I

Next we prove our main result.

Proof of Theorem[2]]. For a fixed positive number ¢y, we define go := foto (r)dr.
Since g is nonincreasing and g 0) > 0 We have f g(T)dT > go,t > to. Then

combining (A4), (2.7), (3.1), (3.4) and , we deduce that

L'(t) < —(n(go — p) — &) [lu'|]* — (lz —np(l+2(1 = 1)) a(u(t), u(t))

a0~ Crz =R, — ZEIV-21R, + (5 - Can) (6 o0 .
(4 Con) (1= D)(g o w)(t) — B2, ~ Sota(u(t), u(e)

- /Q o' p(u')de + (4%1 + 1) /Q (' + p*(u)) da.
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At this point, we choose p > 0 such that
go — p > %O 41/1
Then, yields
20 < (20— )l = L (= = B0 atute) u(e) - IV, 7,
(a0 = Cre =)l|Z' |}, + (5 + Can) (1 = D(g ow) (1)
+(5 — Con) (g ow)(t) — el 22, — Sg(t)atu(t),u()
—/ o' p(u)dx + <4i + nu) / (u? + p*(u'))dz.
Q aq Q

Taking ¢ and n small enough such that Lemma remains valid, we pick

(1+2(1-1)%) < gi).

(3.14)

1
—<e< —/—, QQ—01€—’I7>0, 5—0317>0.

Hence, we have
o
2
Whence, it follows from (A2), , that

! gon
—e>0 and Z(E_T)>0
L'(t) < —C4E(t) + Cs(g o u)(t) + 06/ (u”? + p*(u'))dx (3.15)
Q
where Cy is a positive constant and
Cs := (21 + Czn)(l —1), C¢:=———+np.
Multiplying (3.15)) by £(¢) and applying (A2), (2 , we have

EL(t) < —Ca€(t)B(t) + C5€(1) (g o u)(t) + Coé (1) /Q (u? + p?(u')) da
< _CLEWE(t) — Cs(g ou)(t) + Cet(t) /Q W2+ P2 ())dzr  (3.16)

< _CLE)B(t) — 205 E'(£) + Cot () / (4 pP(u)) da.
Q
Exploiting the fact that £ is a nonincreasing continuous function and defining

F(t) :=§()L(t) + 2C5 E(t),
we see from Lemma and (3.16) that F(t) ~ E(t), and

F'(t) < —Ca(t)E(t) + Ce(t) /Q (u? + p?(u')) de. (3.17)

To obtain our desired result, we shall estimate the last term on the right-hand side
of (3.17)). For this purpose, we adapt the arguments in [24].

Case 1. H; is linear on [0,¢€]. Then, by (A2), (A3) and ([2.7)), we deduce that there
exists some positive constant C'; such that

F'(t) < —Cy&)E(t) + 07/ u'p(u)de < —Cy&(t)E(t) — C7E'(t),

Q
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which together with (3.17)) give, as J(¢t) := F(t) + C7E(t) and
J'(t) < —Ca&(t)E(t).
Hence, using that J(t) ~ E(t), we easily obtain for ¢ > ¢,

t
B(1) < Gye~ I3 0% — oy~ (0, / E(s)ds). (3.18)
0

Case 2. H{(0) =0 and H{ > 0 on (0,¢]. In this case, we choose 0 < ¢; < € such
that
sp(s) < min{e, H1(s)}, s <eq,
Then, it is easy to show that
cils| < p(s) < cofs| if [s] = e,
s+ p2(s) < H7 (sp(s) i |s] < er.
Next we consider a partition of €2,
Y ={zeQ:|u|<e} and Q={ze€Q:|u|>e}.
To estimate the last term on the right side of , we set
1
S(t) = m o,
By Jensen’s inequality, we obtain

o' p(u)dz.

HE'(S(0) 2 Co [ HT (o' pfal))d

From this and , we have
(1) /Q (' + p*(u))dir = £(1) /2 (W + p2(u))dr + £(1) / (' + p(u))da

Qo

<€) [ H7Wplu))de = CB ()

< Oig(t)H;I(S(t)) — CioE'(1).
9

Therefore, yields
F'(t) < —C4E()E(t) + C11€(t)Hy M (S(t)) — CoCroE' (1), (3.19)
which gives
Ry () < —Cag(E(t) + Crag(t) Hy ' (S(1)), (3.20)
where Ry(t) := F(t) + CsC1oE(t), and Ry(t) ~ E(t) because of Lemma
Now, for €y < € and ¢g > 0, we define

E(t)
E(0)
Then, it is easy to show that for a, as > 0,

a1 Ry (t) < E(t) < agRy(t).

Recalling that E’(t) < 0, Hi(r) > 0, H{(r) > 0 on (0,€], and using (3.20), we
obtain

Ri(t) = H| (60 )Ro(t) +coE(t).

E'(t)
E(0)

E(t)
E(0)

Ri(t) = €0 HY (60 g((é)) ) Ro(t) + H; (60 )Rg(t) + coE'(t)
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< —Cyé(t)E(t)H] (60 g((é))) + Cuié(t) Hy (eo EE;(((?)

On the other hand, thanks to the argument given in [I], we have
Hi(s) = s(H}) "\ (s) — Hy(H}) "' (s)), it s € (0, H} (€],
where H7 is the Legendre transform of the convex function H; defined by
H;(s) := sup (st — Hy(t)).

)H;l(S(t)) +coE'(t).

teRy
Then, the fact that H{(0) = 0 and H, (H})~! are increasing functions yields
Hi(s) < s(Hp)"(s), if s € (0,H(e)]. (3.21)
Using Young’s inequality, we obtain
AB < H{(A)+ H1(B) if A€ (0,Hi(e)], B € (0,¢€l. (3.22)

Taking A = Hi(eoge}) and B = Hy '(S(#)), from 27), (B:20), (3:21) and (.22)

it follows that

Ri(t) < =i B (o gir) + Cué O (H: (o))
+ C11&()S(t) + coE' (1)
< —CutOBOH; (o) + Cneotlt) g3 Hi ()
— C12E'(t) + coE' (1),
where Oy := CTHIO) Choosing €y small enough such that
Chs = C4E(0) — Chyep > 0
and taking ¢y > C12, we arrive at
Ri(t) < —013§(t>§((3))H; (c g((é))) = —Cuae(tyHo 5((3))) (3.23)

where Hy(r) = rHy(eor). By the strict convexity of Hy on (0, €], we can see that
H{(t) and Hp(t) > 0 on (0, 1]. Thus, setting

a1 Ry (1)
R(t) :=
() = 20,
which satisfies R(t) ~ E(t), and using (3.23), we have
. aq 013 E(t)

R(1) < G g(t)Ho(m) = —12€(t)Ho(R(1)).

A simple integration over (¢o,t) yields
t
R(t) < H Ypg [ &(s)ds +p3), > to. (3.24)
to

Combining (3.18)) and (3.24)), we obtain the desired result. The proof is complet. [J
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