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EXISTENCE AND STABILITY OF TRAVELING WAVES FOR A
COMPETITIVE-COOPERATIVE RECURSION SYSTEM

XIONGXIONG BAO, TING LI

ABSTRACT. This article concerns the existence and global stability of bistable
traveling waves for a competitive-cooperative recursion system. We first show
that the spatially homogeneous system associated with the competitive-cooperative
recursion system admits a bistable structure. Then using the theory of bistable
waves for monotone semiflows and a dynamical system approach, we prove that
there exists an unique and global stable traveling wave solution connecting two
stable equilibria for such recursion system under appropriate conditions.

1. INTRODUCTION

In this article, we consider the existence and global stability of bistable traveling
waves of the three-species competitive-cooperative recursion model

(14 71)un(z —y)
tn+1(2) = /R 14+ 71 (a1un(x —y) + bivy(z — y) + crw, (z — y)) Fay) dy
_ (1 + T2)Un(x - y)

onea(o) = |

r 1+ 72(a20n(z — y) — bawn (v — y) + coun(x — y))

_ (1 + 7'3)wn(r[j - y)

wniale) = [

r 1+ r3(aswn(z —y) — bsvn(z — y) + csun(z — y))
for n > 0 and = € R. Here uy(z), vy(x) and w,(x) are the population densities
of three species u, v and w, respectively, at time n and position x € R; r;, a;, b;, ¢;
(1 =1,2,3) are positive constants; k;(y) (i = 1,2, 3) represents the dispersal kernel
of three species. In , the variables v and w denote the densities of two species
that work together in a mutualistic way, at the same time, the species v and w
compete with u.

Traveling wave solutions of recursion systems u,+; = Q[u,] have been widely
studied, see for example [2} 6], [7, 12}, (T3], 14}, [T5], 16}, 17, 191 20, 211, 24 25 26, 27 [30, B31]
and references therein. Weinberger [24] studied the existence of asymptotic speeds
for a scalar discrete-time recursion with that Q is a translation invariant order-
preserving operator. Lui[l9] extended the results in [24] to a multi-species verison
of recursion system. Weinberger [25] also developed the theory in [19] [24] to the
order-preserving operator with a periodic habitat. Weinberger et al. [26] further
extended the results in [19] [24] so that they can be applied to invasion processes of

ka(y) dy, (1.1)

k3(y) dy,
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cooperative or competitive models among multiple species. In fact, when specie v
or w vanishes in , model reduces to the classical two species competitive
system. Lewis et al. [II] studied the linear determinacy of spreading speed for
monotone discrete-time recursion system and applied their results to discrete-time
two species competitive recursion model in the monostable case. Lin et al. [14]
studied the spreading speed and traveling wave solutions of general discrete time
recursion systems in the monostable case. Zhang and Zhao [29] also established
the existence and global stability of bistable waves for discrete-time two species
competition recursion systems with bistable structure. Recently, Wu and Zhao[28]
studied the existence of spatially periodic traveling wave, single spreading speed
and the linear determinacy for a class of intergrodifference competition models in
a periodic habitat. For the competitive-cooperative reaction-diffusion system with
nonlocal delays,

0

8—1; = D1 Au+ riu(l —aju — bigy x v — ¢1g2 * w),

v

5 = DoAv + 190(1 — agv 4 bags x w — cagq * u), (1.2)
ow
a5 = D3Aw + r3w(l — azw + b3gs * v — c3gs * u),

where the general kernel function g;(¢,z) (i = 1,...,6) satisfy

+oo +oo
gixz(t,x) = / / gi(s,y)z(t —s,x —y)dsdy, Vt>0, zeR.
0 —00

Tian and Zhao [23] have established the existence and global stability of bistable
traveling wave for with the infinite delay case by the finite-delay approximation
approach and global convergence results for monotone semiflows. We refer the
readers to [T], 4, (5L [8, 9] and references therein for the traveling waves and spreading
speed of three-species competition system.

To consider the internal interaction and propagation phenomenon of three-com-
petitive and cooperative species in discrete-time case, we are interested in the study
of traveling waves for competitive-cooperative system . Assume that the kernel
function k;(y) (¢ = 1,2, 3) is a continuous and nonnegative function satisfying

(H1) ki(=y) = ki(y), [pki(y)dy = 1, [;e®k;i(y)dy < oo for all @ € R and

i=1,2,3.
The symmetric property of the kernel functions k;(y) in (H1) implies that the
dispersal of three species is isotropic and that the growth and dispersal properties
are the same at each point.

The spatially homogeneous system associated with is

N (14+7r)uy,
ntl T r1(a1ty, + b, + crwy)’
(1+7r2)v,
_ 1.3
Un+l =7 + ra(aguy, — bawy, + cauy)’ (1.3)
1+ r3)w,
Wn+1 = ( 3)

1+ r3(aswy, — bgv, + cauy)’

for n > 0. It is easy to see that (0,0,0), (1/a1,0,0), (0,1/az,0) and (0,0,1/a3)
are four boundary equilibria of (1.3). If asas — babs > 0, there is a nonnegative
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equilibrium

(0,0, w*)

(O as + by as + bs )
’ asa3 — b2b3’ asa3 — b2b3 '

asz—cCci a;—cC3 3 3
If e 0, e es > 0 and ajas # cyics, then there is a nonnegative

equilibrium
~ —~ asz —C a1 —C3
+ +\
(u™,0,w )—( ,0, )
aijaz — C1C3 aijasz — CiC3

_as—=by _aj—cy : .
If tom o garsg >0 and ajas # bico, then there is a nonnegative

equilibrium
(u+ o 0) = az — by a; — C2 0
u v, - ) ) .
ajaz —bicy ajaz —bicy

If sign(1—b; —%atbe ¢ _d24bs ) — gion(|A|) and |A| # 0, then there is a positive

a2a37b2b3 azagszbg
equilibrium (u*, v*, w*), where

ay b1 C1
A= C2 as 71)2
cg —bz as

In this article, we study of the existence and stability of bistable traveling waves
for system in the case where the corresponding spatially homogeneous system
admits a bistable structure. Though bistable waves in two species competition
recursion system have been studied before (see Zhang and Zhao [29]), here we would
like to emphasize that there is no result about the bistable waves of three species
competitive-cooperative recursion model. We use the theory of monotone semiflows
and squeezing technique to prove the existence and stability of bistable traveling
waves. However, comparison to two species competition system, there exists eight
equilibria for three species competitive-cooperative system, it is difficult to show the
stability of these eight equilibria and the counter-propagation phenomenon between
two different equilibria (see (A6) in Section 2). In this paper, we will show that the

equilibria (Z-,0,0) and (O v, wt) are stable and the other equilibria are unstable.
We first transfer system (|1 mto a cooperative system. By the changes of variables
_ 1 ~ ~
Up = — — Up, Up =0, and W, = w,. (1.4)
ay

Dropping the tilde, we have
Un41()
_/ wr1(bvn(z — y) + crwn(z — ) +un(z —y)
r 14+ 7r(1—aiu,(x—y) + b (z —y) + crwn(z — y))
Vpt1()

ki(y) dy

/ (I +7r2)vp(z —y) (1.5)
R 1+ r2(a2v,(z = y) — bawn(z — y) + & — coup(z — y))

wn+1($)

ka(y) dy,

/ (1 + TS)wn(x - y)
r 1+ r3(aswn(z —y) —bavp(z —y) + & — csup(z — y))

By , the equilibria (0,0,0), (1/a1,0,0), (0,1/az,0), (0,0,1/as), (0,07, w™),
(u*,0,@w"), (&, v",0) and (u ,v*, w*) become (1/a1,0,0), (0,0,0), (1/a1,1/as,0),

k3(y) dy.
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(1/&1,0,1/(13), (1/&1,U+7w+),(i—ﬂ+,0,ﬁ)\+) (ai_ifr + )and( —u*, vt w )
respectively.

Let
N 1 ~
=(0,0,0), vy :=(v],0,05) = (671 —at,0,wh),
y LV
Va2 = (’vavgao) = (7 - u+ +,0),
a1
vih= (Uf_?U;—vU;_) = (7 U+7w+)7
ai
v* ('017’02’”2’:) = (7 U*vv*vw*)

and define the set

1 11 11
B={(=00),0, (==, —0),(=,0,— ), vi,va, vt v},
a1 ap az a;’ " ag

Note that 1.} is a cooperative system. To study the traveling wave solution
of system connecting (-,0,0) and (0,v",w™), it is equivalent to study the
traveling wave solution of (I.5] . connecting 0 and V+ = (&, vt wh).
We assume (H1) and that the parameters in (1.1)) satisfy ca/a1 > 1, cz/a; > 1,
arag < cic3, ar1as < bico and
1 b, asz + by g as + b3 <.
asa3 — bgbg asa3 — bgbg

Then we have the following results on traveling wave solution for system :

o (Existence) There is ¢ € R such that system admits a nondecreasing
traveling wave solution ®(x — cn) = (®1(z — cn), P2(x — ¢cn), P5(z — cn))
with speed ¢ satisfies ®(—c0) = (0,0,0) and ®(+00) = (v}, vy, v5) (see
Theorem [3.5)).

e (Stability) If the initial value 9 (-) € &g +] satisfies one of the following
two cases: Case (i) ¥ (-) is nondecreasing and satisfies

lim inf 1, (&) > v} > limsup 1;(&)
£—+o00 E——o0

for i = 1,2,3; Case (ii) the kernel k; (i = 1,2, 3) has a compact support and
P () satisfies liminfe, 4 oo 1i(§) > v} > limsupe_,_, ¥:(§) for i = 1,2,3,
then there exists s such that lim,,_, o [|[Up(x,9%) — ®(x — cn+ sq4)|| =0
uniformly for z € R (see Theorem [3.7)).

e (Uniqueness) Any monotone travehng wave solutions of ([1.5)) connecting 0
and v* is a translation of ®(-) (see Corollary |3.8} .

We end the introduction with the following remarks. By (1.4 , for (L.2)), there is
an unique traveling wave solution ®(z —cn) = (<I>1(;U —cn), <I>2( cn), <I>3( —cn))
connecting two stable points (2=, 0,0) and (0,v*,w™). Thus b(x fcn) (é, 0,0)
as n — oo for ¢ > 0, which 1mphes that specie u will persistent and species v, w will
extinct. If ¢ < 0, ‘i'(x —cn) — (0,07, w") as n — oo, which implies that species
v and w are persistent and specie u will go to extinct. Hence, the traveling wave
solution @(z — cn) can be used to determine the winner of such a competition-
cooperative system in the presence of spatial diffusion and discrete time and the
the sign of the wave speed c¢ plays an important role, which will be considered in
future.
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The rest of this paper is organized as follows. In Section 2, we will present some
preliminaries for system . In Section 3, we will establish the existence and
global stability of bistable traveling waves for system by appealing the theory
of bistable waves for monotone semiflows in [3] and a dynamical system approach.

2. PRELIMINARY

In this section, we introduce notation and show that system admits a
bistable structure. Let C := C(R,R?) be the set of all bounded and continuous
functions from R to R® equipped with the compact open topology. Let C, =
{($1, P2, 03) €C : ¢i(x) > 0,Vx € R,i =1,2,3}. Define C, :={p€C:0< ¢ <r}
and Cpap) :={¢ € C: a < ¢ < b} for any a,b,r € R? with a < b and r > 0.

Define an operator Q = (Q1,Q2,Q3) on C by

1
Lry(biv + crw) +u
u, v, wl(z) = :
Q1 1(z) /R]_+r1(]_—a1u+b17)+01U))

kl (y) dya

_ (I+7r9)v

QQ[’LL,’U,’[U](ZII) - /R 1+ Tg(agv(w) ~bow + % — CQU) kQ(y) dy7
B (I1+7r3)w

Qulusvwl(e) = [ e e )

Then system (1.5) can be expressed as
U,ti(z) = Q[Uy)(z), Up = (un,vn,wn), n>0.

In this article, we mainly consider the bistable structure of system (1.5). It
is then needed to show that the fixed points 0 and v are stable and others are
unstable. Let Q be the spatially homogeneous operator of Q to [0,v™], where

Q = (@17@27@3) and

@ [ ] ailf'l(bl’wg +01’UJ3) + wy
w1, Wy, W3| = ’
1|w, w2, w3 1+ r1(1 — ajwy + byws + crws)
N (14 r2)wo

w1 g, 0] _ , 2.1
Q2w1, w2, ws] 14 ra(agws — bows + 2 — cown) &1)
R (1 +73)ws

w1, Wy, Ws3| = >
Qslwi, w2, ws] 1+r3(a3w3—b3w2+%—63w1)’

To obtain the Jacobian matrices of Q[wl, wa, ws] at point (wq,ws,ws), we list
the first row of Jacobian matrix as follows

8@1 B 1+ 7“1(1 — ajwy + bywy + Cl’LU3) + 7“1&1[%(()11112 + Cl’U)g) + wl]

ow; [1+7r1(1—ajws + biws + crws)]? '
Q1 b1+l —arwr +biws + crws)) — [ (biwa + crws) + wiriby
Ows - 14 r1(1 — ajwy + byws + cyws)]? ’
00, a(l+r1(1—awr +biws + crws)) — [ (biwa + crws) +wilrie '
Ows - 14 r1(1 — ajwy + byws + cyws)]? ’
the second row of Jacobian matrix is
9Q2 _ (1 4+ ro)waracy

8w1 B [1 + TQ(CLQ’LUQ - b2w3 + (% — ngl)]27
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8@2 (1 + 7‘2)(1 + Tg(ag’wg — bows + % — Cg’wl)) — (1 + Tz)wgrgag

Owsg - [1 + Tz(ag’wz — byws + %21 — ngl)]2 ’
8@2 _ (1 + 7"2)11127“2()2 .
8w3 []. + 7‘2(04211}2 — b2w3 + % — Cg’wl)]z7

and the third row is

903 _ (14 73)wsrses

Ow [1+ r3(asws — bywa + % — ngl)]Q’

8@3 _ (1 + T3)W3T3b3

Owsg [1 + Tg(ag’wg — bsws + % - ngl)]z’
9Qs (I +r3)(1+ r3(asws — bswy + 2 — czwy)) — (1 +r3)wsrsas
Ows [1+ r3(azws — bywy + & — cywy)]2 '

Thus the Jacobian matrix of @ at 0 is

1 r1_by ro_c
1471 a]l 1+7r ay 147
0 +7r2
Jo = T o
147:
0 0
al

and the characteristic equation of Jg is

1 1 1
(=) O ) (- ) -
147 1+ 2= I+ ==
It is obvious that Jy has three positive eigenvalues

. 1 . 1+7ry . 14173
Tl 7T 14nme T gpmar

A1

If co/a; > 1 and c3/a; > 1, we obtain Ay < 1, Ay < 1 and A3 < 1. Then the fixed
point 0 is stable (see [10, Chapter 1, Section 9]).
Consider v = (1/ay,v5,v3). Note that vt is positive fixed point of (2.1]) and
L+ 1+7rs

= and 1= .
1+ ro(agvy — bovy) 1+ r3(azvy — bsvy)

In this case, it is easy to check that blv; + clv; # 1. Thus the Jacobian matrix of
Q at vTis

1+7ry
1+7 (b11)2++clv§r) 0 0
Joy = T2C2V, 1— 7‘2(121);— 'rgbg'u;'
v 1+ro 1+47ro 1+7ro
T3C30g 7"31)3’[}; 1— T3a3V3
1+7rs3 1+7rs3 1+7rs3

Then the characteristic equation at v is
()\— 1++7’1 . )((/\_1+rgagv;)</\_1+r3a3v;')
1+ ri(bvy + c1v3) 1+7rs 1+7rs

_ rgbgv;r r3b3v§L> —0
1+7ry 14173

(2.2)
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Recall that vt = —%atbe and ot = —2tbs Ty
agaa—bzbg (Lgll3—b2b3 ?

asz + bo B az + b3
asa3 — b2b3 ! asa3 — b2b3

1—-0 <0
implies blv;' + clv; > 1. It then follows that the Jacobian matrix J,+ has three
positive eigenvalues A; (i = 1,2,3) and A; < 1 for i = 1,2,3. It then follows that
the fixed point vT is stable.

For vi = (v1,v2,v3) = (2 —a™,0,@7"), we have

ay
= d % =1
a1v; = Cc1v3 an asvs + a— —c3v; = 1.
1

Then we have that the Jacobian matrixes of Q at vy is

r1b ria
1+ricivs %11(1_011}3) ;11 (1—civs)
1+ry 1+ry 1+7ry
Jv, = 0 1 0
T3C3V3 r3bzvg 1 — Taasvs
1473 1+7rs 1+7rs
Assume ajaz < cic3. Since ut = —%=% __ > (), we obtain that az — ¢; < 0 and

ajaz—cicsy
—a1=¢ _ ~ 1. Thus it is easy to see that there is an eigenvalue Ay > 1
alag—clcg.
for Jy,. Hence v, is unstable.
Similarly, for Vo = (171,172,’173) = (;11 — ﬁ+,1u}+70), we have alih == 51’172, Cl2’52 +

2 _ ey —
- cot1 = 1, and

C1U3 = C1

b o ”
111 by o T{llll (1—b192) %(1—})11)2)

1+TJ 1+Tl1; . 1+T;
Sy, = T2C273 1 — T2b2¥ T2a207
1+47ro 1+7ro 1+47ro

0 0 1

If a1a3 < bico, we have as < by and b0, > 1. Thus the point v, is also unstable.
For (1/a1,0,0), (1/a1,1/a3,0) and (1/a1,0,1/a3), the Jacobian matrices of Q
at these three points are

_A4ry 0 0
1+ 0 O 1.;,_7-1(%
J(L 0,0) = 0 1 0], J(L 10y = %7’202 1 a11r2b2
ap’” O 1 ay’az’ 147 1+7ro 1+7rs
0 0 1
1471
T o 0 0
Jgodn =1 0 Lo
: 3 %TSCS irsbz 1
1+7rs 14+7rs 1+7rs

respectively. Note that ajas < cic3 and ajas < byce imply ag < ¢; and as < b;.
Hence (%,0,0), (X,-L.0)and (1,0, é) are unstable.

a1’ as ay’
Next, we consider v* = (v}, v3,v5) = (& — u*,v*,w*). In this case, we have
ai

b1v; + c1v; = ayvy,

— _ = = 1
agvy — bovy + @ CaV] , (2.3)

€3
(L3’U§ — bg'U§ + ; - 631)1< = 1.
1



8 X. BAO, T. LI EJDE-2020/88

The Jacobian matrix of Q at v* is

Itmaiv] by (1 _ sy camn (L
1+ry, 147y (a1 . i) ! (a1 * vi)
Jow = | r2czvs 1 _ rzaev; Tabzvy
v T+ra, 1472 I+ry
r3C3v3 rabzvg 1 — I89sbs
T+rs T+rs 1+7s
Then
_ Mmaavy o bar (L ey e (L g
A 1471 147 (al 1) I+ (‘zl * vl)
NS T | racaus _ 20505 _ rabavy
F(X\) = |A = Jur| T A—1 +b 1+ Tz
_ r3cgv; _ r3bsvg _ T3a3V3
1+7r3 1+7rs A—1+ 14rs
Note that F(+00) = 400, and
_ Lbmain by (1 gy _cr (L
1 1471 147y <a1 . vl) 1+71 (%1 . Ul)
_ _ T2C2v3 T20a2V5 __ 720275
F(l) = Ty 1+7rs 1+T3
_7«3531); _T’3b371§ Tr3a3vg
1473 1+rs3 1+rs
a b c
rut rout rzwt 00T ;
“Tinitnitn|? 2 T
1 2 3les —bs  as
Since
) as + by as + b3 .
Slgn(l — bl ) = Slgn(‘AD

asa3 — b2b3 —a as2a3 — b2b3
and 1—b; a222fzzb3 - a222f22b3 < 0, we have F(1) < 0. Then there is A’ > 1 such
that F(A\') = 0, which implies that v* is unstable.

From above all calculations, we have the following lemma.

Lemma 2.1. The following statements are valid.
(1) If ca/ar > 1, cg/ar > 1, then O is stable.
(2) If
asz + by as + b3

- 0 2.4
asaz — b2b3 “ asag — b2b3 <% ( )

1-5b

then vT is stable.
(3) If hold, then v* is unstable.
(4) If ajas < cic3, then vy is unstable.
(5) If aras < byica, then vy is unstable.

By Lemma if the parameters satisfy co/a; > 1, cz/a; > 1, ajaz < cics,
airas < bicg and 1 — by M‘;ifg;g — a22§f22b3 < 0, then system is of the
bistable structure. According to [3, Theorem 3.1}, if the operator Q satisfies the
following conditions:

(A1) (Translation invariance) T, o Q[®] = Q o Ty[®], for all ® € Cy+, y € R,

where T, [®](z) = ®(x — ).

(A2) (Continuity) @ : Cy+ — Cy+ is continuous with respect to the compact

open topology.

(A3) (Monotonicity) Q is order preserving in the sense that Q[®] > Q[¥] when-

ever ® > WU in Cy+.

(A4) (Compactness) @ : Cy+ — Cy+ is compact with respect to the compact

open topology.
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(A5) (Bistability) Two fixed points 0 and v are strongly stable from above and
below, respectively, for the map @ : [0,v*] — [0, v*], that is, there exist a
number § > 0 and unit vectors e; and es € Int(R3) such that

Qlnei] < ne1, Qvi —nea] > v —ney, Vi e (0,9)

and the set F'\ {0,vT} is totally unordered.
(A6) (Counter-propagation) For each v € E\{0,v"}, ¢* (o, v7) + ¢4 (0, ) > 0,
where ¢* (a,vT) and ¢* (0, ) represent the leftward and rightward spread-
ing speeds of monotone subsystem {Q" },,>¢ restricted on [o, v| and [0, o],
respectively.
then there exists a nondecreasing traveling wave solution ®(x — cn) = (P1(z —
en), Po(x — cn), P3(x — cn)) with speed ¢ € R and connecting two bistable points 0
and vT. Hence, in section 3, we will verify that operator Q given by system (1.5
satisfies assumptions (A1)—(A6).

3. EXISTENCE AND GLOBALLY STABILITY OF TRAVELING WAVE

In this section, we establish the existence and stability of bistable traveling waves
for system (1.5). Since (1.5)) is cooperative, it is easy to verify that the map Q
satisfies (A1)—(A4). In the following, we show that (A5) and (A6) also hold.

Lemma 3.1. Assume that ca/a1 > 1, cs/a; > 1, ayas < cic3, aras < bicy and

(2.4) holds. Then Q satisfies (A5).

Proof. From Lemma we know that 0 and v are stable. We now prove that 0
is strongly stable from above and v* is strongly stable from below. Since cz/a; > 1
and c3/a; > 1, then the Jacobian matrix Jo has three eigenvalues \;, i = 1,2,3.
If 1 > max{A2, A3} > A1, then Jy has a unit eigenvector ey > 0 associated with
max{ Az, A3} such that

Jo(ep) = max{Aa, A3}ey < ey.

If 1 > Ay > max{\z, s}, take k € (A1, 1), g0 € (0, 20) pg € (0, @)y ang
unit vector

e — ( €0 ’ o , 1 )
Vited+nd Ji+ed+n J1+e2+nk
such that
Jo(ep) < keg < eq.
By the continuous differentiality of Q, there exists § > 0 such that

~

1 1
Qlnes) = Q(0) + / DQ(tneo)eo dt =1 / DQ(teo)e0 dt < nkeo < neo
0 0

for all n € (0,46] and hence 0 is strongly stable from above for the map Q. By
similar argument, we also have that v is strongly stable form below.

From above arguments, we have that 0 is strongly stable from above and v*
is strongly stable from below. Next, we mainly show that E \ {0,v"} are totally
unordered.

We first show 03 > v} if ajag < cics. From (2.1)), we have

[Tllﬁ(o—i-qﬁ;,r) + o,

1 +’I“1(1 —alﬁf —I—Cli}\;)’

~ _
vy =
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oF = (1 +7ﬁ3)§;—
3 1+T3(a3@+%—63@\f)’

that is, @10, — c194 = 0 and azv; + =2 — c37 = 1. Then

_ &3

~ _ a _ ap —C3
IU3 - cics °
ap— 4% ajaz —cics

On the other hand,
a1v] — c1v3 = bovi > 0,

C3
1 —azv; — — + c3v] = —bgvs <0,
a

which implies that

a; — ¢
vy < —t
ajagz — C1C3

for ajas < cies. Thus vy < @ if ajasz < c1c3. By the similar way, we have 1“);' > 3
if ajas < bice. It follows that the set E \ {0,v*"} are totally unordered and Q

satisfies (A5). O
Lemma 3.2. ¢*(0,v*) + c*(v*,vt) > 0.

Proof. Recall that v* = (v}, v}, v3) satisfies (2.3). To consider ¢*(v*,v"), let u, =
Up — VT, Up = vy, — v and W,, = w, — vj. Then system (L.5)) becomes

an+1(15)
. =1 (010 (2 — y) + 1@ (2 — y)) + Un(z — y) + (1 4 71)07
B /JR 1+ri(l —a1ty(z —y) + bitn(z —y) + a1, (z — y)) k1(y) dy,
Unt1(x)
= 3 (1+T2)(5n($_y)+’l);)
-t /R T+ 721 + 420, (0 — ) — batn(a — y) — eainlz ) 2
wn-ﬁ-l(x)
- v (1 +73)(Wn(x — y) + v3)
B /R T (L T a3on(@— y) — bioa(w —y) —esin(@ ) 2 W .

It is easy to verify that system (3.1)) is cooperative and positively invariant in
Clo,5) = {¥ €C:0 <9 <}, where § = v —v* > 0. The spatially homogeneous
system

afll’l“l (blﬁn + clzﬂn) + ﬂn + (1 + TI)UT

*

Upt1 = —Vp 1+ 71— a1ty + b1V, + c1Wy)
- (1+72)(Un +05)
o 3.2
Tt = T T b — et +
_ N 1 + T @n + U*
W41 = —V3 ( ot 3)

1 —+ 7’3(1 —+ ag’lFDn — bg”ljn — Cgﬂn)

has stable equilibrium $ and unstable one 0, and there are no other equilibria
between these two equilibria in [0, 3] € R3.
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Now we consider the linearization of (3.1]) at 0,

ﬂn+1(x)
1 * 1 *
(14+raw}) . (oo —vmb (5 —vh)nea _ )
~/]R< 1+ 7 1+7r 147 1(y) Y
~ T9CoUs _ (I4+7r1) —roagvy . 1abovy ) (3.3)
Upt1(x) = Uy, + Uy, + Wy, | k dy,
(@) /R(1+r2 147y IS 2(y) dy

1473 " 1+7r;3 1+7r;3
For any p € Ry, let Gy (z) = e *ay, Uy(z) = e #*45, and W, (x) = e ", for
n > 0. Then «,, 8, and 7, satisfies

Bosa (1) = / (7’303113 a4 303U B+ (14 r3) —rzagvg wn) ks (y) dy.
R

Qp41
1 * 1 *
(1 +rmaqvy) (= —vf)ribs (o7 —vi)re
=——K nt ————Kfh+ ———K n
57 1(p)om + T 18n + T 1)y
7‘2021}; (1 + ’I"1) — 7"2(121}; T’ng’t}g (34)
= K K n K )
Brt1 L5 2(p)an + 111 2(1)Bn + L5 2(1)Yn
r3c3v3 r3bsvs (14 r3) — ryazvd
n = K n —=K n K ny
Tt = T s(u)an + 151 2 () B + T 2(1)y
where - -
Ki(p) := / ek (y) dy > / ki(y)dy=1, i=1,2,3. (3.5)

We define the matrix
(1+riaivy) K, (M) (%—Uf)mbl K, (’u) (%—ﬁ)mm K, (M)

1+7‘1* (1+ 1)+7’1 . 1<l‘;>’r’1*
pp— T2C2v T1)—T2a2V T V4
BH T erszi K2 (/J/) 117:7‘22* = K2 (/’4) (1t 12)4:)7‘2‘3 K%(:U/)
r3C30 r3bszv r3)—r3asv
S0t ¢ (1) DO gy () Ubre)orsest g )

Note that each entry of B, is positive for any p > 0, then B, is positive. Let
A(u) be the principal eigenvalue of B,,. By [22, Theorem A4], A(y) is positive with
a strongly positive eigenvector. Let A(0) be the principle eigenvalue of B, with
w =0, we have

(14+r1a1v7) ﬁ*vf)ﬁbl (ﬁfvf)rlcl
1+r1* 1+7ry . 1+’I"1*
BO — r2C2Vy (1+r1)—raazvy robavy
1+7‘2* 1+7‘2* 1+7ro .
r3c3v; rabgvy (1+r3)—rzazv;
1+7rs 1+7rs 1473

Since 0 is unstable, then A(0) > 1. By K;(u) > 1, Vg > 0, i = 1,2,3, we have
B,, > By for any p > 0. The monotonicity of the principle eigenvalue with respect
to the positive matrix implies that

A(p) > A(0) >1 for any p > 0.

Let U(p) = W, then W(u) > 0 for any p > 0 and lim,,_,o+ ¥ (1) = +o00, we also
have

lim inf ¥(p) = lim inf I A(k) > liminf In (trB,)
i

pH—00 pH—00 n pn—

14+ * L
> liminf In %eﬂyo fyooo k'l (y) dy
= p

=19 > 0.
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It then follows that € := inf ;0 ¥(x) > 0. By [16, Theorem 3.10], we have ¢*(0, 8) >
¢. Then c¢*(v*,vt) =¢*(0,8) > ¢ > 0.

To compute c¢*(0,v*), let U, = —u, + v}, Uy = —v, +v3 and w,, = —wy, + vj.
Then system (|1.5)) becomes
an-&-l(x)
. / —a—llrl(blﬁn(x —y)+cawn(x—y)) —Up(z —y) + (1 + 7)o} k() d
= —_ — — —
! R 1+ r(1+ a1ty (z —y) + 010, (x — y) + crwy(x — y)) 1Y) ey
%n-i-l(x)
. 1+ 7r9)(—Up(z —y) + v5
=} _/ . S 2)( N(N y) 2) _ kQ(y)dy,
r 1+ 72(1 = a20p(z — y) + bon(z — y) + c2lin(z — y))
{En+1(‘r)
. 1+ r3)(—wp(x —y) +v5
o _/ (~ 3)( (~ ) +v3) _ ks (y) dy.
r 1+ 73(1 — azwn(z — y) + bsUn(z — y) + c3Un(z — y))

(3.6)
Note that this system is cooperative and the spatially homogeneous system of
has unstable equilibrium 0 and stable equilibrium v* > 0 in [0, v*] C R?. By the
similar arguments as for system (3.1]), we have ¢*(0,v*) > 0. Therefore, ¢*(0,v*)+
(v, vTt) > 0. O

Lemma 3.3. Let vo = (1/a1,0,0). Then ¢*(0,vo) + c*(vo,v*') > 0.

Proof. To calculate the speed ¢*(0,vq), we only need to consider the following
one-dimensional monotone subsystem of (|1.1)

By [, Theorem 2.1], (3.7) has a monotone traveling wave connecting 0 and 1 with
the minimal wave c¢*, where

1 1
¢ = inf {fln (i / ek (y) dy)}
pn>0 7 1 —+ rar Jr
is the spreading speed and ¢*(0,vq) = ¢* (also see [26] Lemma 2.3]. As the proof
of [29] Lemma 2.1], we have ¢*(0,vg) > 0.
Next, we consider ¢*(vg, v). We consider the two-dimensional monotone system
(14 ro)v,
Upy1(z) =
) = | T e
(1+ r3)wy,
w x) =
1) = | et ) )

k?(y) dya
(3.8)

ks(y) dy.

Note that

(14 r9)v,
n > ka2 (y) dy,
ta(@) > [ g gy

(1+7r3)wy,
> .
wra(@)> [ g k) dy

Thus, ¢*(vo, v*') > min{c}, ¢}, }, where

¢, = inf {lln (ﬂ / e"Eki(y) dy)} >0,
R

n>0 L 1+ rqas
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. 1 1+ T3
w = jnf { 7k 1 ( +rzas Jr " )}
Cyw ;120 n 1+ ras / ek (y) dy >0

It follows that ¢*(vo, vt) > 0. Therefore, ¢*(0,vo)+c*(vo, v*t) > 0. This completes
the proof. (Il

As in Lemmas and for the other equilibria in E \ {0,v*'}, we have the
following results.

Lemma 3.4. Assume that ca/a1 > 1, cz/a; > 1, ayaz < cic3, aras < bicy and

([2:4) hold. Then {Q,}3, satisfies (A6)

As a consequence of Lemmas and [3l, Theorem 3.1], we have the following
results.

Theorem 3.5. Assume that ca/a; > 1, cg/ar > 1, ajas < cics3, aras < bico
and (2.4) hold. Then system (1.5)) admits a nondecreasing traveling wave solution
P(x —cn) = (P1(z — cn), Pa(x — cn), P3(x — cn)) with speed ¢ € R and connecting
two stable equilibria 0 and v* = (v, v3,vy).

Next, we study the global stability and uniqueness of the bistable traveling waves
®(x—cn) = (P1(z—cn), Pa(z—cn), P3(x—cn)) for system (1.5). Let z = x—c(n+1).
Thus (|1.5)) can be transformed into the system

U,:+1(2) = Q[U,](z +¢), n=>0. (3.9)
In the following, U,(z,1) denotes the solution of ( with the initial value
Uo(z,%) = v = (1,92,73). Then ®(z) is an equlhbrlum solution of system
(B9), that is,
®(z) = Q[®](2+¢), VzeR

Clearly, the solution U, (x,) of (1.5) with initial value is given by
Up(z,1) = Up(x — cn, ).

We choose 0 < 6; < 6 < 1 (1 = 1,2) with 52/51 and 53/31 sufficiently small such

that N N
bide  ads (3.10)
a1 §,; ai §;

We choose 85,303 < 1 such that bg/ag <

brev663/62 < ag /by and choose 51 < 6 small enough to satisfy

CQél —a2+b2(i <0 and Cg@-dg*ﬁ‘bgéj < 0. (311)
52 52 63 63
Define a continuous function §(§) = (61(€), 62(£), 63(&)) by
5, E<E<0,
6:(€) = { nondecreasing, £ < ¢ <&,
8, &> 5 > 0,

for i = 1,2,3. Moreover, we define W (z) = (U, V.E, WF) as follows
Uf(2) =®1 (2 £2£e(1 - e*f’”)) +e61(z+2)e ",
VE(z) = Py(ztZ+e(l 7)) £ eba(z £ 2)e ",
WE(z) = Py(ztz2+e(l—e ")) £eds(z £2)e 7"
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The following Lemma shows that Wi (z) = (U, VX W¥) is the upper and
lower solution of (3.9)).
Lemma 3.6. Assume that ca/a; > 1, cs/a; > 1, ajas < cics, ajaz < bieg and
(2.4) hold. There exist positive number o and ey € (0,1) such that for any Z and

e €(0,20), (UE,V.E WE) are upper solution and lower solution of system (3.9) for
n >0 and z € R, respectively.

The proof of the above lemma is similar to that of [29, Lemma 3.2]; and we
omit it here. With the help of Lemma the bistable traveling waves ®(z) is a
Lyapunov stable equilibrium of system (3.9). Let X = BUC(R,R?) be the Banach
space of all bounded and uniformly continuous functions from R to R? with the
usual supreme norm. Let Xy = {(¢1,¢2,13) € X : ¢;(x) > 0,V € R, i =1,2,3}.
Now we are ready to prove the global stability of the bistable wave ®(z).

Theorem 3.7. Let ®(x —cn) be a monotone traveling wave solutions of (1.5)) and
U, (z,%) be the solution of (L.5) with Ug(-,¥) = () := (1(-),¥2(-),¥3(-)) €

Xo,v+)- Let the initial value ¥ satisfy one of the following statements:
(i) ¥ € Xjo,v+] is nondecreasing and satisfies

liminf ¥; (&) > v} > limsupvy;(§) fori=1,2,3;
§—+oo E——o0
(i) the kernel k; (i = 1,2,3) has a compact support and (&) satisfies
liminf ¥; (&) > v} > limsupvy;(§) fori=1,2,3,
§—+oo E——o0

then there exists sy € R such that
lim ||Up(z,9) — ®(z —cn+sy)|| =0 (3.12)

n—-+oo

uniformly for x € R.

Proof. Let ¢ € (0,¢0) small. For any given nondecreasing initial value ¥ € &jg v+
satisfying liminfe, 1 9i(§) > v} and v} > limsupe_, . ¥i(€) for i = 1,2,3, we
can show that there exist 2 = 2(¢,4) > 0 such that

®(z—2)—ce<Uy(z,¢) < P(2+2) +ce, VzeR. (3.13)

By [32] Theorem 2.2.4] and the same strategy as in [29, Theorem 3.1], we have that
(3.12)) holds true. In fact, by the comparison principle and the definition of upper
and lower solutions W3 (z) in Lemma we have

W, (2) <Un(2,Ug(-)) < Wii(2), VzeR, neN,

which implies

D(2—2—¢g9)—ed(2—2)e 7" <U,(2,9) < P(2+Z+e) +eb(z+2)e 7. (3.14)
We define the semiflow solution of as

W, (¢) :=U,(z,v), VypeciX, neNT.
Since lim,_, o ®(2) = 0 and lim._, {0 ®(2) = v, by (3.14)), we have
T () = {Tn(9p) 1 n > 0}

is bounded in X. The Ascoli-Arzeld theorem implies that v+ (1)) is precompact

in X and the omega limit set w(?)) is nonempty, compact and invariant. Let
20 = Z+¢e9 and n — oo in (3.14), we have the omega limit set w(yp) C I :=
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[®(-—20), ®(-+20)]x- Let h(s) = ®(-+s), for all s € [—20, 29]. Then h is a monotone
homeomorphism from [—zg, z9] onto a subset IC I Then ¥, : Xov+] = Xovt]
is a monotone autonomous semiflow and each h(s) is stable equilibrium for ¥,,.
Clearly, each @ € T satisfies liminfe s oo i(§) > o7 > limsupe_,_ o ¥:(§) and
then vT (1)) is precompact. By the similar process in [29, Theorem 3.1] and [32]
Theorem 2.2.4], there is sy € [—20, 20] such that w(v) = h(sy) = B(- + Sy). Then
limy, 00 Uy (1)) = ®(- + sy). Since U, (z,%) = U, (z — cn,vp) = ¥, () (x — cn),
we obtain
lim ||[U,(z,¢) — ®(x —cn+sy)|| =0

n—-+oo
uniformly for z € R.

If the kernel k; (¢ = 1,2,3) has a compact support, then for any ¢ > 0 and
any (&) satisfies liminfe o0 1i(§) > vf > limsupe_,_ 9i(§), then there exist
2 = %(e,7) > 0 and a large time ng € Nt such that ®(z — 2) — ce < U, (2,9) <
®(z + %) + ce. Then there are ng and £ such that for any z € R,

(2,) < B(2+2)+ 0 < B(2+2) +d(2+2) = W (24 2),
(2,h) > (2 —2) —6 > D(2—2) —b(2 —2) = W (24 2)

I
w

U,

U,
It follows that W, (2) < U, (2, U,,(-)) < W, (z) for 2 € R and n € N. Note that
U, (2,Up () = Upgng (2,7) for any 2 € R and n € N. It then follows that

D(z—Z—e9) —c0(z—2)e 7" < Upin,(2,9) < ®(2+2+e9) +6(z+2)e 7"
Similar to case (i), (3.12)) also holds for case (ii). This completes the proof. O

Corollary 3.8. Let ;Iv’(ac —¢n) be a monotone traveling wave solution of system
(L.5) satisfying ®(—o0) = 0 and ®(+o0) = v*t. Then there exists s € R such that

B()=®(-+3) and ¢=c,
where ®(x — cn) is defined by Theorem[3.5,
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