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STABILITY OF INITIAL-BOUNDARY VALUE PROBLEM FOR
QUASILINEAR VISCOELASTIC EQUATIONS

KUN-PENG JIN, JIN LIANG, TI-JUN XIAO

ABSTRACT. We investigate the stability of the initial-boundary value problem
for the quasilinear viscoelastic equation

t
|ug|Pure — Auge — Au+ / g(t — s)Au(s)ds =0, in Q x (0,400),
0

u=0, in 90 x (0,400),
u(-,0) = uo(z), ue(-,0) =wi(z), inQ,
where Q is a bounded domain of R™ (n > 1) with smooth boundary 99, p
is a positive real number, and g(t) is the relaxation function. We present
a general polynomial decay result under some weak conditions on g, which
generalizes and improves the existing related results. Moreover, under the
condition ¢’(t) < —&(t)gP(t), we obtain uniform exponential and polynomial
decay rates for 1 < p < 2, while in the previous literature only the case
1 < p < 3/2 was studied. Finally, under a general condition ¢’(t) < —H(g(¢)),
we establish a fine decay estimate, which is stronger than the previous results.

1. INTRODUCTION

In this article, we consider the stability of the initial-boundary value problem
for quasilinear viscoelastic equations,

t
[ug|Puge — Auge — Au —|—/ g(t — s)Au(s)ds =0, in Q x (0,+00),
0

u=0, in 9N x (0,+00), (1.1)
u(+,0) =ug(x), u(+,0) =ur(z), inQ,

where Q is a bounded domain of R™(n > 1) with smooth boundary 9Q, p is a
positive real number, and ¢(t) the relaxation function.

In [16], under the assumption that the bounded C'-function g : R* — RT
satisfies

1- /+oo g(t)ds >0, ¢'(t) <—&g"(t), 1<p< §, (1.2)
0 2

where £ > 0 is a constant, Messaoudi and Tatar obtained decay rates in [16, Theo-
rem 3.1].
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More recently, Messaoudi and Al-Khulaifi [T3] improved this result [I6, Theorems
3.1] by using the assumption that the non-increasing differentiable function g :
R* — RT satisfies

1-— /+OO g(t)ds >0, ¢'(t) < —E(t)gP(t), 1<p< §, (1.3)
0 2

here £(t) : RT — R™ is a non-increasing differentiable function with £(0) > 0.
Messaoudi and Mustafa [I4] also studied problem (1.1} and the corresponding
decay results were obtained for the following condition on g(¢),

g'(t) < —H(g(t)), t=>0, (1.4)

where H is a positive function and satisfies some conditions (see details in [14}
hypotheses (A2) and (A3)]).

For more related information on the stability of problem and some related
equations or systems, we refer the reader to [II, B, 4 (5] [, [7, [8] O] 10} [T}, (18] [19, 20,
211, 22], 23, [24] and references therein.

In this article, we investigate the stability for problem by using more general
(weaker) assumptions on the relaxation functions g(¢). We establish ideal stability
theorems with exact uniform polynomial decay rates t~! for the solutions to this
problem, under some basic conditions (see Theorem|3.2)). Furthermore, in Theorems
and our results hold for all 1 < p < 2, while in the previous literature only
the case: 1 <p < % was studied. Therefore, all of our results, with much weaker
conditions on the relaxation function g(¢), are optimal so far.

In the next section, we prove some estimates (lemmas) which will be used in
Section 3. Finally, we will state and prove our main results in Section 3.

2. BASIC ESTIMATES

In this article we use the following assumptions:
(A1) 0 < p, if n=1,2; and

2
O<p<——, ifn>3;
n—2
(A2) ¢g(t) : [0,+00) — [0,400) is a non-increasing differentiable function with
meas(Jo) =0, ¢(0) >0, ¢'(¢t) <0, po>0,
where
+oo
G0 = {5205 9(5) > 0.9') =0} =0, poi=1- [ gltat.
0

In the sequel, C,C; > 0,7 =1,2,... represent positive constants which are possibly
different in different places. We denote

+oo
G(t) == / g(s)ds, fort>0;
¢

T g(s)
0 Kis(s)
where § € (0,1) is a constant. We define

I (%) ::/Q~/0 G(t — s)|Vu(s)|? ds dz,

_ A4
ds, Ks(s):= 9(s) + 4,

M(0) = 9(s)
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L(t) == M(a)(a/g/ot G(t—s)\Vu(s)|2dsdx+E(t)).

Lemma 2.1. Fort >0,

—I( 77// (t — 5)|Vu(t) — Vu(s)|? dsd$+2G(O)/ |Vu(t)?dz, (2.1)
Q
and
d 1 ,
4wy < —Lue // Kt — 8)glt — 8)[Vu(t) — Vu(s)[2 ds dz
dt 2
(2.2)
+25M (6 / |Vu(t)|?dx.
Moreover,
OM() =0, asd—0. (2.3)

Proof. Noting that
1
—(a+b)? < —§a2 + b7,

we see by a direct calculation that, for ¢ > 0,

—Il // (t — 5)|Vu(s)|* ds dz + G(0) /|Vu (t)|>dx
_ /Q /0 gt = )| Vu(t) = Vu(s) = Va(t)]? ds dz

g—%/ﬂ/o g(t — 8)|Vu(t) — Vu(s)|* ds dx
+/Q/O g(t — )| Vu(t)] dsdx+G(o)/Q|vu(t)| de

1 ¢ 2 2
< 75/0/0 g(t — 8)|Vu(t) — Vu(s)| dsd:c+2G(0)/Q\Vu(t)l dz.

This means that (2.1]) holds.
From the definition of Ks(s), ([2.1) and (3.2)), it follows that

alg —fM // (6g(t — s) + g'(t — 8)) |Vu(t) — Vu(s)|* ds dx

< —1u) //mm) (t = )[Vu(t) — Vus)[> ds de
+20M (8 /|vu t)|2da.

According to [8, P. 1525, lines 8-10], we know that (2.3)) is true. Thus, we completed
the proof. O
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We define

Fl(t) = p+1

Lemma 2.2. Fort >0,

d /|Vu\ dx—l—f/ / (t — s)|Vu(t) —
Vuy|?de + —— P24,
+/Q| ug|? x+p+1/9|ut| T

Proof. Clearly, we can rewrite the first equation in (1.1)) as

/|ut|”utudx+/Vu Vuy dz,

EJDE-2020/85

|ug|Puey — Augy — (1 - /Otg(s)ds) Ay — /Otg(t —5) (Au(t) — Au(s))ds = 0. (2.5)

It follows from ({2.5)) that

%Fl() (1/Otg(s)ds)/QuAud:c+/Qu(t) /Otg(ts) (Au(t) — Au(s)) ds da

+/ |Vut\2dx+i/ g |PT2d
Q p+1Jjg
t
(1_/ o(s)d )/\w do

/ Vu(t / (t —s) (Vu(t) — Vu(s)) dsdx

+/ |Vut\2dx+7/ |ug|PT2dx
0 p+1Jq
S—po/ |Vu|2d:r+@/ |Vu|da
0 2 Ja
1 ¢ ?
+ — t—s)|Vu(t ds | dz
o [ ([ ot = 917u0) - Vutoyias)

/|Vut\ da:—&—i/ |ug|PT2dx

< [ wupdes o | / g(t — )| Vu(t) -

+/ |Vut\2dx+7/ lug| P2 d.
0 p+1Jq

This completes the proof.

Now, we define

Fr(t) = /Q (Aut — pj- 1 |ut|put) /Ot g(t — 8)(u(t) — u(s)) dsdz.

Vu(s) \ds) 2dx
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Lemma 2.3. There is a constant C7 > 0 such that, for t > tg,
d

120
<520 [uoprar - S [ i
2 (2.6)
oG (0) )
+ 16 0 [Vu(t)|“dz + Cl/@ (/0 g(t — 8)|Vu(t) — VU(S)|d8) dz

-4 /Q/O g'(t — s)|Vu(t) — Vu(s)|* ds dz,

where tg a positive large number so that

/0 i g(s)ds = %(0)

Proof. By (2.5, we obtain

d
%F2( )

1 t - t
— [ ats )ds/ ()] da:—i—/o g(s)ds/Qut(t)Aut(t)dx

/ut/ (t — s)(Au(t) — Au(s)) dsdx

- [l [ = o)) u(e) s da
_ (17/0 g(s)ds /QAU(t)'/Otg(ts)(u(t) — u(s)) ds dx

- / / ot — $)(Dult) — Auls))ds / ot = $)(u(t) —u(s)dsdr  (2.7)

- p+1 /|ut p+2dx—/tg(s)ds/Q|Vut(t)|2dx
/Vut / "(t = s)(Vu(t) — Vu(s)) ds dx
p+1/|ut|ﬂut/ (t - $)(u(t) - uls)) ds dz

+ (1—/O 9(s)ds) /QVu(t)-/Otg(t—s)(Vu(t)—Vu(s))dsdx
+/Q (/Otg(t—s)Vu(t)—Vu(s)ds)zda:

Next, let us to estimate the third, fourth and fifth terms on the right of (2.7)).
First we estimate the fourth term. By Young’s and Holder’s inequality, for any
(1 > 0, we have

p+1/ |ut|put/ (t—s)(u(t) —u(s))dsdx
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1 9(0) ! ’
+1C1/Q|ut|2p+2dx—m/ﬂ/o g (t — s)|u(t) — u(s)|* ds da.
2

(A1), (A2) and the Sobolev embedding inequality, we obtain

/ lug|?°T2dx < C4(2E(0 / |V |*dx .

By Poincaré’s inequality, we have

_/Q/O g.’(t—s)|u(t)—u(s)|2dsdﬂc§ —Op/ﬂ /tg’(t—s)lvu )

— Vu(s)|* ds dx

where C, is the Poincaré’s constant and Cy the Sobolev embedding constant. There-
fore,

p—|—1/ ‘“t‘”“t/ (t — s)(u(t) — u(s)) ds do
Cs

+1(2E qu/ |V, |2 da

(2.8)
- Wfl)/ﬂ/o g'(t = 8)|Vu(t) = Vu(s)|* ds da.

Now, we estimate the third and fifth terms. It is not hard to see that, for any
C2,¢3 > 0,
/ Vuy - / (t —s)(Vu(t) — Vu(s)) dsdz
. (2.9)
2, 90 "y B 2
<o | |Vug|“dx g'(t — s)|Vu(t) — Vu(s)|* ds dz,
Q 4G Ja Jo
and
t t
(1 - / g(s)ds / Vu(t) - / g(t — s)(Vu(t) — Vu(s)) dsdx
0
t 2
< §3/ |Vu(t)|*de + — 4(: (/ g(t — s)|Vu(t) fVu(s)|ds> dz

Thus, combining (2.8 , -, with , we know that
d

ng()

(2.10)

t
< —— d t)|P2d
< [ o@as [ mortan

—(/Otg(s)ds— Cs

+1(2E )G /|V’Ut | dx
(Z(Coz 4C1 p+1 )// (t = )| Vu(t) = Vu(s)|* ds dz

+<3/|w )2+ (1 +4<3>/ (/ ot — )[Vu(t) -
Setting

G = LHDEO) GO wG0)
1 80 ( ( ))p Y 2 8 ) 16 )
we obtain the estimate (2.6). This completes the proof.

Vu(s)|ds) 2dx
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3. MAIN RESULTS AND THEIR PROOFS

We firstly state an existence and uniqueness result for problem (|1.1)), which can
be proved by using similar arguments as in [4, [I5] so we omit it here.

Theorem 3.1. Let (A1) and (A2) hold. Then for any ug € H}(Q), u; € HE(),
the problem (1.1) has a unique global solution on [0,00) with the regularity

ueC' (RT;HH(Q)).

We introduce the energy functional

1 1 1 t
E(t) =—— [ |w|"T?dz + f/ |V |*de + = (1 - / g(s)ds) |Vu|>da
pt+2Jo 2 Jo 2 0 0
+ */ / g(t — 8)|Vu(t) — Vu(s)|? ds dz.
2 JaJo
Then, for ¢t > 0,
d 1 5 1 L )
—EB(t)=—59(1) | [Vu["dz + 5 g'(t — 8)|Vu(t) — Vu(s)> ds dx
dt 2 Q 2 Jo Jo
<y [ 9w - vuts) s
2 QJo
and
E(t) ~ / (Jue| 72 + | Vue|* + |Vul?) do
: (3.3)

t
+ / / gt — 8)|Vu(t) — Vu(s)|* ds dz.
aJo
The following is our general uniform decay theorem for the solution energy of prob-
lem (1.1).
Theorem 3.2. Let (A1) and (A2) hold. Then, for ug,u; € HL(Q), the solution
energy E(t) of the problem (1.1)) satisfies
+oo

E(t) < CE(0), >0,
0

Et) <CEO)t+1)7' t>0,
where C > 0 is a constant.

Proof. The proof is mainly based on the construction of an auxiliary function L(t)
satisfying

L(to) < CE(0), L(t)>0, t>0,
and

%L(t) < —qE(t), > to. (34)

Clearly, integrating (3.4]) we obtain the desired estimate. Now, we apply the lemmas
obtained in the previous section to construct this auxiliary function L(¢). We define

4
J(t):=NE(t)+ Fi(t) + == Fa(t).
(1) = NE(®) + (1) + 5757 Pa0)
By the definitions of Fj(t) and F5(t) and a simple calculation, we see that, there is
a constant ¢y > 0 such that, for ¢ > 0,

[F (@), [FL(8)] < coE(?).
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Taking N > 8C/G(0) large enough, we obtain

aElt) <J() <cE(t), t>0,
where cq,co > 0 are constants.

Thus, by (2.4), (2.6) and (3.2), for ¢ > ¢y, we have
f%/ V() def—/ g (t p”d:cf/ V| 2da
Q

(3.5)
+(é<05>+22m)/9(/0 ot — $)/Vu(t) ~ Vu(s)|ds) do.
Moreover,

/( / t (t—S)WU(t)—VU(S)lds)de
// Ko(s /K5H> (t = 5)|Vu(t) = Vu(s)|? ds da

< M(é)/ / Ks(t —s)g(t — s)|Vu(t) — Vu(s)|? ds dz.
aJo
Hence, by (3.5)), for t > ¢, we see that

d
el

<f—/ |Vu(t |2dx77/ |ug ()2 da — /|Vuf|2d1' (3.6)

* (é(col) + ﬁ)M(‘” /Q/O K5(t — 8)g(t — 8)[Vu(t) — Vu(s)|? ds da.

Now we define

L(t) = () + g (1) + z(é%) + i)b(t).

Then, by (2.1)), (2.2) and ( , for t > tg, we obtain
d 3110 40, /
—L(t) < — —4G(0 oMo \Y d
) =- (16 (© )(G(O) 2u0> V() de
p+1 / g (¢ |p+2d3:—/ |Vug|?da (3.7)

64G // (t = 9)|Vu(t) — Vu(s)|* ds dx.

Convergence (12.3)) shows that there exists dg > 0 such that, for any 0 < § < g,

Ho
SM(8) <
64G(0)(é(001) + o)

2p0

Thus, by (3.7) and (3.3)), we deduce that, for 0 < § < Jp, there exists a constant
€o > 0 such that, for t > tg,

SL() <~ (). (33
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Since L(t) > 0 for t > 0, and L(tg) < CE(0), it follows by integrating (3.8) over
[to, T) that for any 7 > to,

" B(t)dt < CE(0).
So, )
+oo
E(t)dt < CE(0). (3.9)
0

Noting that E’(t) < 0, by(3.9), we obtain

Et) <CEO)t+1)""', ¢t>0.
This completes the proof. O
Remark 3.3. (1) As showed in Theorem the polynomial decay rates can be

obtained without the control conditions on ¢'(t) used previously.
There are many functions g(¢) satisfying the assumptions (A2) without satisfying

the previous restriction that g(t) controls ¢'(t) as in (1.2, (L.3) and (1.4). For

example, if
g(t) = (V2 +sint)e™, >0,
then
g'(t) = —(V2 — cost +sint)e "
= —V2(1 — cos(t + %))e‘t, t>0.
Clearly,

g (t) <0, fort>0;
g(t) =0, fort:2k7r—%, k=1,2,....

Hence, g(t) satisfies (A2), while g(t) does not satisfy (L.2)), (1.3) or (1.4). That is,
¢’ (t) is not controlled by g(¢).

Functions ¢(t) as above have not been studied in the literature. However, we
can treat the problem with these general relaxation functions, and according
to Theorem here, we know the energy E(t) of problem decays at least at
the rate (¢ +1)71.

(2) The decay rates given in Theorem are optimal in a sense according to
[13, Example 3.1, Remark 3.2] and [8, Remark 3.3(ii)].

When the derivative ¢’(s) is controlled by the relaxation function g(t), we can
prove the following results.

Theorem 3.4. Let (Al) and (A2) hold, and
g'(t) < —€(t)g"(t), t=0, (3.10)

where £(t) : RT — R is a non-increasing differentiable function with £(0) > 0 and
1 <p<2is a constant. Then there are constants C,n > 0 such that fort > 0,

CE(0)e"Jo §()ds p=1,

E(t) < ) . (3.11)
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Proof. A key idea in the proof is to construct a Lyapunov function satisfying R(t) ~
E(t) and

LR(1) < —eat () RP(0)
To find this function, we will use the results of Theorem and J(t) defined above.

Clearly,
/Q(/O g(t — s)|Vu(t) —Vu(s)|d5>2dx

< G(0) /Q/o gt — 8)|Vu(t) — Vu(s)|* ds dz.

Thus, by ) and ., for t > tg, we have
%J( t) < —e E(t +02/ / (t — 5)|Vu(t) — Vu(s)|* ds d, (3.12)

where €; > 0 is a constant.
On the other hand, by Theorem we know that

/+OOE(t)dt§CE(O), and  E(t) < CE(0)(t + 1)L,
0

Since

/ /tg(t — 8)|Vu(t) — Vu(s)|? ds dzx

//|Vu (s)[2dads o //tgp(t—s)Vu(t)—Vu(s)zdsdac)l/p
go(/( (t) + E(s) 1 ; // Pt — 8)|Vu(t) — u(5)|2d5dx)1/p
<CE“#(0 // (t = )| Vu(t) - Vu(s)P ds dz) v
by (BT2) it follows that for ¢ > to,

d 1 K » 9 1/p
G0 < =aBO+CE O [ [ g =s)vun)-vu(s)tasdz) . (313

Multiplying (3.13)) by &(¢)EP~1(t), for t > t(, we obtain
d
t)EP! J(t
0B (1) T

< —ead(t)EP(t)

caooe o [ [ e 9ivun - vuepdsa) G

<=Se0r@ e [ [ o= sl - Vuls)P s de

Since £(t), E(t) are non-increasing functions, from (3.10)) it follows that for ¢ > 0,

d p—1 p—1(¢ d d p—1
& (emB (17(1) = €0 T I(0) + (1) S (0B (1)
<emE () L),

dt
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and
0 [ [ - Ivuto) - Vuls) dsds
< /Q/O gt(t — 8)gP(t — 5)|Vu(t) — Vu(s)|* ds dx
<- /Q/o §(t— 8)|[Vu(t) — Vu(s) P ds da
< fQ%E(t).
Hence, by (3.14), for ¢t > ¢, we have
% (SOE (DI (1) + 20, E(1) < —TEDE(1). (3.15)

Now, we define
R(t) := E()EP~1 (1) J(t) + 2C4 E(t).
Then, R(t) ~ E(t). By (3.15), for ¢t > ¢y, we obtain

d
SR() < —est(DRV(0),
where €3 > 0 is a constant. This completes the proof. (I

Remark 3.5. (1) Theorem [3.4] extends the results in [13] [I4} [16], where ¢’(t) was
assumed to satisfy (3.10) with p € [1,3/2), since Theorem [3.4]holds for all p € [1,2).
Moreover, the decay rates obtained in [I3] are
B(t) < Ke Mot )
1
t —
1 T e

)

E(t)gK( s)ds)”lr“, l<p<?.

2

In addition, if

/+Oo(1)dt<+ l<p<d (3.16)
, i 11 o P=7g '

reference [I3] shows the improved estimate

1 T 3
EW)<K(———— )", 1l<p<?
0 (1+ffO {P(S)ds> 2

Since £(t) is nonnegative and non-increasing, it is clear that £P(s) < £(s), and then

1 71 1 -1
<1+f0t§(s)ds) & (1+fjo gp(s)ds) '

Therefore, the decay rates given in Theorem [3.4] is stronger than the previous
conclusion in the [I3] Theorem 3.1] for all p € [1,2). On the other hand, we
obtain the stronger estimate without the other restrictions on £(t) (as in
[13, Theorem 3.1]). As can be seen, Theorem here give stronger conclusions
essentially under weaker conditions on g(t).

(2) The decay rates given in Theorem are optimal in according to [13, Ex-
ample 3.1, Remark 3.2] and [8, Remark 3.3(ii)].
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Theorem 3.6. Let the assumptions of Theorem [3.3 hold, and
g'(t) < —H(g(t), t=0, (3.17)

where H € C* (RY) is a positive function with H(0) = 0, and it is also a linear or
strictly increasing and strictly convex C? function on (0,7], for some r < 1. Then
there are constants ki, ks, k3, eq > 0 such that

E(t) < k3G~ (kat + ko), t>0, (3.18)

where
1

1
G(t) = —ds.
®) /t sH'(g9s) s
Proof. By Theorem we obtain

/ﬂo E(t)dt <CE(0) and E(t) < CE(0)(t+1)""
0
So,
/ / Vu(t) — Vu(s)|2 ds dz < CE(0) < +oc. (3.19)

According to (3.17) and (3.19), we can and do take ¢; > ¢, large enough such that
for any t > tq,

/ |Vu(t) — Vu(s)|? ds dz < min{r, H(r)}, (3.20)

ty

/ / 1 '(t — 8)|Vu(t) — Vu(s)|* ds dz < min{r, H(r)}, (3.21)

/ / g(t — 8)|Vu(t) — Vu(s)|* dsdx < min{r, H(r)}, (3.22)

max{g(t),—¢'(t)} < min{r, H(r)}. (3.23)
Using (3.17)), (3.20)-(3.23)) and Jensen’s inequality, for ¢t > t;, we obtain

// g (t — 8)|Vu(t) — Vu(s)]* ds dz

//t ’ g(t = 8))|Vu(t) — Vu(s)|* ds dz (3.24)

> H( // 9(t = )| Vu(t) —~ Vu(s)? dsdr).

Then for t > tq,

/ / Tyt 9IVult) - Vulo)P dsds
// g'(t = 8)|Vu(t) = Vu(s)[* ds da).

Moreover, by [14, P. 1860, equation (3. 24)] for ¢ > t1, we obtain

(3.25)

%Wl() Bt +05/Q/ gt — $)[Vu(t) — Vu(s)Pdsdz,  (3.26)

where Wy (t) ~ E(t) and €3 > 0 is a constant.
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By (3.25) and (3.26), for ¢ > t1, we have

d
%WI (t)

< —e3B(t)+ CsH™! ( — /Q /Ot_t1 g (t — 8)|Vu(t) — Vu(s)|* ds d;v).

Now, we define

(3.27)

W(t) := H' (so g((é)) ) Wi(t) + ME(t),

where 0 < €9 < 7, M > 0 are constants, which will be specific later.
Clearly, Wa(t) ~ E(t) because of the assumption on H. Therefore, for ¢ > t;,

d

%Wz(t)
=H' (50 g((é)) ) %Wl (t) + o E;(g)) H" (50 g((é)) ) Wi(t) + ME'(t) o)
< CoH' (=0 g((é)))Hl (- /Q/O gt — 8)|Vult) - Vu(s)|? ds dr

— €3E(t)HI (50 g((f)))) + ME/(t)a

where we have used E'(t) <0, H” > 0, and (3.27).
Next, we estimate the first term on the right of (3.28)). Let H* be the convex
conjugate of H in the sense of Young (see [2, P. 61-64] and [14, P. 1863]). Then

H*(s) = s(H')"}(s) = H[(H")"'(s)], s € (0,H'(r)), (329)
and it satisfies
ab < H*(a) + H(b), fora€ (0,H (r)], be (0,r]. (3.30)
Setting

aH/(sog((é))>, bHl(/Q/Ottlg/(tsﬂVu(t)Vu(s)|2dsdac),

and using (3.29), (3.30) and (3.21]), we obtain

o (50 g(((t))))H_l ( - /Q /Ot_t1 g (t — 8)|Vu(t) — Vu(s)[* ds d:c)
<o (1 (o)) - | /0 o(t = 9)|Vu(t) = Vuls) dsde (3:31)

S E()l‘?‘((é))H/ (Eogl((é))> — 2El(t).

From (3.28) and (3.31)), it follows that for ¢ > t;,

bty ot oo B

Therefore, if we take M > 0 large enough and g9 > 0 small sufficiently, then we
obtain, for t > tq,

)+ (M =20 E'(1). (3.32)

%WQ(t) < —64]§<§1(((§))>7 (3.33)
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where ¢4 > 0 is a constant and H(t) = tH'(got). We define

Wo(t)
t) ;=
W(t) := v F)
where v > 0 small enough such that
E(t)
W(t) < —=

Clearly, W (t) ~ E(t) ~ Wa(t), and H(t), H'(t) > 0. So, by (3.33)), we know that
there exists €5 > 0 such that for ¢ > t;

%W(t) < —esH (W (t)). (3.34)

This gives the estimate (3.18]). Thus the proof is complete. O

Remark 3.7. In [14] Theorem 3.1], if the relaxation function g(¢) satisfies (3.17)),
then the decay rate is

E(t) < ksHy '(kit + ko), t>0.

Detailed information about H; can be found in [I4, Theorem 3.1]. In addition, if
1

/ Hi(£)dt < 400, (3.35)
0

then the improved estimate (3.18)) iss obtained.

As showed in Theorem the improved estimate (3.18) is directly obtained
without the extra assumption condition (3.35)) (except (3.17)). Therefore, Theorem

improves [14, Theorem 3.1] essentially, with weaker conditions on the relaxation
function. Moreover, Theorem gives stronger conclusions.

Acknowledgments. The work was supported by the NSF of China (11771091,
11971306, 11831011), by the China Postdoctoral Science Foundation (2018M632094),
and by the Shanghai Key Laboratory for Contemporary Applied Mathematics
(08DZ2271900).

REFERENCES

[1] R. O. Araujo, T. F. Ma, Y. Qin; Long-time behavior of a quasilinear viscoelastic equation
with past history, J. Differential Equations, 254(10) (2013), 4066—-4087.

[2] V. L. Arnold; Mathematical Methods of Classical Mechanics, Springer-Verlag, New York,
1989.

[3] A. N. Carvalho, J. W. Cholewa, T. Dlotko; Strongly damped wave problems: bootstrapping
and regularity of solutions, J. Differential Equations, 244(9) (2008), 2310-2333.

[4] M. M. Cavalcanti, V. N. D. Cavalcanti, J. Ferreira; Ezistence and uniform decay for nonlinear
viscoelastic equation with strong damping, Math. Methods Appl. Sci., 24 (2001), 1043-1053.

[5] M. M. Cavalcanti, V. N. Domingos Cavalcanti, F. A. F. Nascimento, I. Lasiecka; Intrinsic de-
cay rate estimates for the wave equation with competing viscoelastic and frictional dissipative
effects, Discrete Contin. Dyn. Syst. Ser. B, 19(7) (2014), 1987-2012.

[6] B. W. Feng; General decay rates for a viscoelastic wave equation with dynamic boundary
conditions and past history, Mediterr. J. Math., 15 (2018), Article 103.

[7] Y. Gao, J. Liang, T. J. Xiao; A new method to obtain uniform decay rates for multidimen-
stonal wave equations with nonlinear acoustic boundary conditions, SIAM J. Control Optim.,
56(2) (2018), 1303-1320.

[8] K. P. Jin, J. Liang, T. J. Xiao; Coupled second order evolution equations with fading memory:
Optimal energy decay rate, J. Differential Equations, 257(4) (2014), 1501-1528.



EJDE-2020/85 STABILITY OF VISCOELASTIC EQUATIONS 15

[9] K. P. Jin, J. Liang, T. J. Xiao; Uniform stability of semilinear wave equations with arbitrary
local memory effects versus frictional dampings. J. Differential Equations, 266 (2019), 7230—
7263.

[10] K. P. Jin, J. Liang, T. J. Xiao; Asymptotic behavior for coupled systems of second order
abstract evolution equations with one infinite memory, J. Math. Anal. Appl., 475(1) (2019),
554-575.

[11] M. Kafini; Rate of decay for solutions of viscoelastic evolution equations, Electron. J. Differ-
ential Equations, 2013 (134) (2013), 1-17.

[12] Y. X. Li; Existence and asymptotic stability of periodic solution for evolution equations with
delays, J. Funct. Anal., 261(5) (2011), 1309-1324.

[13] S. A. Messaoudi, W. Al-Khulaifi; General and optimal decay for a quasilinear viscoelastic
equation, Appl. Math. Lett., 66 (2017), 16-22.

[14] S. A. Messaoudi, M. I. Mustafa; A general stability result for a quasilinear wave equation
with memory, Nonlinear Anal. Real World Appl., 14(4) (2013), 1854-1864.

[15] S. A. Messaoudi, N.-E. Tatar; Global ezistence and uniform stability of solutions for a quasi-
linear viscoelastic problem, Math. Methods Appl. Sci. 30 (2007), 665-680.

[16] S. A. Messaoudi, N.-E. Tatar; Ezponential and polynomial decay for a quasilinear viscoelastic
equation, Nonlinear Anal. 68 (2008), 785-793.

[17] M. I. Mustafa, G. A. Abusharkh; Plate equations with frictional and viscoelastic dampings,
Appl. Anal. 96(7) (2017), 1170-1187.

[18] J. E. Munoz Rivera, M. G. Naso; Asymptotic stability of semigroups associated with linear
weak dissipative systems with memory, J. Math. Anal. Appl. 326(1) (2007), 691-707.

[19] A. Peyravi; General decay and blow up of solutions for a system of viscoelastic wave equations
with nonlinear boundary source terms, J. Math. Anal. Appl. 451(2) (2017), 1056-1076.

[20] T. J. Xiao, J. Liang; The Cauchy Problem for Higher-Order Abstract Differential Equations,
Lecture Notes in Mathematics, 1701, Springer, Berlin, Germany, 1998.

[21] T. J. Xiao, J. Liang; A solution to an open problem for wave equations with generalized
Wentzell boundary conditions, Math. Ann., 327 (2003), 351-363.

[22] T. J. Xiao, J. Liang; Second order differential operators with Feller- Wentzell type boundary
conditions, J. Funct. Anal., 254 (2008), 1467-1486.

[23] T. J. Xiao, J. Liang; Coupled second order semilinear evolution equations indirectly damped
via memory effects, J. Differential Equations, 254(5) (2013), 2128-2157.

[24] Q. L. Zhang; Stability of Riemann solutions to pressureless Euler equations with Coulomb-
type friction by flux approximation, Electron. J. Differential Equations, 2019 (65) (2019),
1-22.

KuNn-PENG JIN
SCHOOL OF SCIENCE, CHONGQING UNIVERSITY OF POSTS AND TELECOMMUNICATIONS, CHONGQING
400065, CHINA

Email address: kjinl11@fudan.edu.cn

JIN LIANG (CORRESPONDING AUTHOR)
SCHOOL OF MATHEMATICAL SCIENCES, SHANGHAI JIAO TONG UNIVERSITY, SHANGHAI 200240,
CHINA

Email address: jinliang@sjtu.edu.cn

Tr-JuN X1A0
SHANGHAI KEY LABORATORY FOR CONTEMPORARY APPLIED MATHEMATICS, SCHOOL OF MATHE-
MATICAL SCIENCES, FUDAN UNIVERSITY, SHANGHAI 200433, CHINA

Email address: tjxiao@fudan.edu.cn



	1. Introduction
	2. Basic estimates
	3. Main results and their proofs
	Acknowledgments

	References

