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EXISTENCE AND CONCENTRATION OF POSITIVE GROUND
STATES FOR SCHRODINGER-POISSON EQUATIONS WITH
COMPETING POTENTIAL FUNCTIONS

WENBO WANG, QUANQING LI

ABSTRACT. This article concerns the Schréodinger-Poisson equation
—2Au+ V(@)u+ K(@)pu = P@)ul’~ u+ Q@)ul"" u, @€ R,
—2A¢ = K(J:)u27 z € R3,
where 3 < ¢ < p < 5 = 2* — 1. We prove that for all € > 0, the equation
has a ground state solution. The methods used here are based on the Nehari
manifold and the concentration-compactness principle. Furthermore, for £ > 0

small, these ground states concentrate at a global minimum point of the least
energy function.

1. INTRODUCTION

We study the Schrodinger-Poisson equation
—?Au+V(2)u+ du = f(x,u), xcR>

—?Ap=u?, xR (1.1)

This equation has attracted much attention, and still is a stimulating field of re-
search for mathematicians and for physicists. System was first introduced in
[2] and has been a study object of interest for nonlinear analysis. As a physical
model, it describes a charged particle interacting with its own electrostatic field
in quantum. And it can be a model to describe semiconductor theory, nonlinear
optics and plasma physics. The presence of the nonlinear term f(z, u) simulates the
interaction between many particles and external nonlinear perturbations. In fact,
it can be described by coupling the nonlinear Schrodinger and Maxwell equations
and so it is also known as the Schrodinger-Maxwell system. We refer the readers to
[2] and the references therein for the physical aspects of problem . Especially,
the semi-classical state solutions describe the transition from Quantum Mechanics
to Newtonian Mechanics from the point of view of physics.

In recent years, with V(2) = 1 and € = 1 has been studied under variant
assumptions on f. See for example [Tl Bl 5l [7, 8 O], and the references therein.
In [I2], the authors consider Schrédinger-Poisson equation with a non-constant
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potential and double parameters perturbation:
—e?Au+ V(2)u+ du=u’ + f(u), x€R>

1.2
—?Ap =u?, wu(r) >0, xcR3. (12)

They use mountain pass to prove that has a ground state solution which
possesses the concentrating phenomenon, concentrating around global minimum
of the potential V' in the semi-classical limit. In [28], the authors studied the
existence of positive ground state via the Nehari manifold methods. They multiply
the nonlinearity by a potential b(z), that is,

—e?Au+ V(2)u+ du =u’ +b(z)f(u), x€R?

1.3
—e?Ap =u?, wu(z) >0, xcR3 (1.3)

As for the concentration of ground state solutions, naturally, there is a competition
between the linear potential V'(x) and the nonlinear potential b(x), i.e., V(z) wants
to attract ground state solutions to its minimum points but b(z) wants to attract
ground state solutions to its maximum points. For instance in [4], a potential K (z)
before non-local term was added, i.e.,

—Au+V(z)u+ K(z)ou = a(z)|ulPtu, ze€R3,
~A¢ = K(z)u?, x€R?
under suitable assumptions, for p € (3,5), the authors also obtain a positive ground
state solution or positive solution. For other results for this system, see for example

[10, 13| [15] 18, 211, 22 23, [30, BT, B32], B3] and the references therein. We should
mention that for the equation

—?Au+V(z)u=|uf?u, x€R? (1.4)
ifwelete2 ="t v= Afﬁw then (|1.4)) can be written as

—Av+ AV (2)v = [vP~2v, x€R®.
So in [33], the authors consider the system

—Au+ NV (2)u + K(z)pu = a(z)|ulP~?u,z € R?,
—A¢ = K(z)u?,z € R,
where 2 < p < 6, the potential V' can be sign-changing. Under suitable conditions,
they show some concentrations when A — oo. See [22] for the generalized extensible
beam equations.
Motivated by above works, and [29], we study the existence and concentration of

ground states to (|1.1) with competing potentials. More precisely, we are concerned
with the Schrédinger-Poisson equation

—?Au+V(2)u + K(x)ou = P(x)|uP " u+ Q(z)|ul?tu, zeR3,

. 1.5
—e?A¢p = K(z)u?, z€R3, (1.5)

where 3 < ¢ < p <5 =2*—1,V, K and P are continuous and bounded positive
functions. @ is continuous function and maybe change sign, even be negative.
Using the Nehari manifold and the concentration-compactness, we shall prove that
the above problem admits a ground state. Furthermore, we want to prove that
these ground states concentrate at a point which locates on the middle ground of
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the competing potential functions P(z) and Q(z) as € — 07 via a concentration-
compactness argument similar to [29].

The previous results of existence and concentration of Schréodinger-Poisson prob-
lems (see e.g. [12, Theorem 1.1], [27, Theorems 1.1, 1.2, 1.3], [28, Theorem 1.1})
can not be applied directly to when @ # 0 is not a constant potential, espe-
cially, when @ is sign-changing or negative. To state our main results, we use the
following assumptions:

(A1) V(z) € CY(R3,R),
0< Vo= inf V(z)<V(z) <Vyx:= lim V(z)< oo

z€R3 |z|—o00
and V(z) # V.
(A2) K(z) € C(R*R),
0< Ko:= inf K(z)<K(z) < Koo := lim K(z) < o0

z€R3 |z]—o00

and K(z) # Koo
(A3) P(z) € C'(R3,R) and P(z) > Py := limyy| o0 P(x) > 0 and P(z) # Pa.
(Ad) Q(z) € CHR*R) and Q(z) > Qo := limy 00 Q(x), Q is allowed to
change sign or be negative and Q(z) #Z Q-
For each s € R3, we consider the following problem with parameter s € R3,
—Au+V(s)u+ du = P(s)|ulP " u+ Q(s)|u|?'u, z€R3 L6
~A¢p =u?, xR (1.6)

Denote the corresponding energy functional by I° and the corresponding least en-
ergy by

C(s) = c(V(s), P(s),Q(s)) :=inf{I°(u) : u is a nontrivial solution of (|1.6]}.
It is well known that C(s) is well defined. Our main result is as follows.

Theorem 1.1. (I) Suppose that (Al)—(A4) are satisfied, and 3 < ¢ < p < 5 =
2* — 1. Then for each € > 0, (1.5) has a positive ground state solution u..

(IT) Let the assumptions in (I) be satisfied and let K(x) = 1. Then for e > 0 small,

(1) the positive ground state solution u. obtained in (I) possesses at most one
local (hence global) mazimum point x. in R3 such that

gli%ﬂ Cze) = s1€n]1£3 C(s).

(2) xe = o, we(z) = ue(ex + xc) converges in H(R?) to a positive ground
state solution of

—Au+ V(xo)u + ¢pu = P(xo)|ulP " u + Q(zo)|u|? tu, 2z € R3,
—Ap=u? 1z cR3
(3) there exist Cy,Co > 0 such that

T—Te |

ue(z) < Cre” 1=

Remark 1.2. We point out that the potential K appears both in the first equation
and in the second equation of ([L.5) which is used in (2.5). In Appendix, we will
explain why we let K(z) = 1.
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This article is organized as follows. In section 2, we verify the existence of
ground states. In section 3, we are devoted to prove the properties of ground states
including exponential decay and concentration.

2. EXISTENCE OF GROUND STATES

Under our assumptions, for the existence of ground states, without loss of gen-

erality, we may assume that ¢ = 1. Then (|1.5)) becomes
—Au+ V(z)u + K(x)pu = P(z)|ulP " u+ Q(z)|ul?tu, zeR3, 2.1)
—A¢ = K(2)u?, z¢€R3 ’

Let H(R?) denote the usual Sobolev space endowed with the standard scalar prod-
uct and norm

(u,v) = /RS(VUVU—&—V(x)uU)dx, lul|* = /}RS(\VU\ + V(z)u®)dz.

The set DV2(R3) = {u € L°(R3) : Vu € L?(R?)} is a Hilbert space endowed with
the standard scalar product and norm

(u,v):/ VuVodz, |Julbi. 2/ |Vu|*da.
RS RS

For u € H'(R?), we focus on the equation

—A¢ = K(2)u?.
It is well known that there exists a unique ¢, € DV?(R3?) such that
~A¢, = K(x)u>.

Furthermore, we have

1 K(y)u*(y)

() = — dy. 2.2
oule) = = [ Py (22
Substituting this into (2.1)), we can rewrite (2.1) as

— Au+ V(2)u+ K(2)pu(2)u = P(2)|ulP " u + Q(z)|u|T u. (2.3)
We formally formulate problem (2.3)) in a variational way as

1 1

I(u) == / (IVul? + V(z)u?)dz + ~ | K(z)p,u’dx
2 R3 4 R3
1 1
- Pz upﬂdx——/ o)|ultdz, we HY(R?).
— | @i - — [ Q@) ()

For simplicity, define

N(u) = / K(z)pu’dx, |ul®:= / |u|®de.
RS RS
Lemma 2.1. (1) If u, — u in HY(R?), then ¢, — ¢, in D¥?(R3) and
N(u) < lin_1>inf N(un), N(up —u) = N(up) — N(u) 4+ on(1). (2.4)

(2) du = 0,[|¢ullprz < Cllull?, and [ K(z)puudr < Cllulliys < Cllull*.
(3) bpu = t2¢u, for all t € R.
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Proof. (1) Tt is easy to obtain the conclusions by the method in [7] with slight
modification (see also [4]). The last splitting property can be obtained by [32]
Lemma 2.1].

(2) Noting that K is positive, it is easy to check the conclusions.

(3) Tt follows form a direct computation, we omit it here. O

In view of Lemma we can see that I € C1(H'(R?),R). A direct computation,
we have

1 1
V') =5 [ K@owupds 5 [ K@) miida
2 R3 2 R3
(2.5)
= [ K(z)dp,updzr (by Fubini’s theorem).
R3
Thus, for all ¢ € H*(R3), we have
(I'(u), o) = | VuVedr+ | V(z)updzs —|—/ K(x)p,updx
R3 R3 R3
(2.6)
- / P(z)|ulP~ updr — / Q(x)|u| tupdz.
R3 R3
We define the Nehari manifold of I, as
N = {uec H'(R?*)\ {0} : v(u) = 0}, (2.7
where
y(u) = (I'(u),u). (2.8)

The next lemma shows that A # (.

Lemma 2.2. Suppose that u # 0 and 3 < ¢ < p < 2* — 1. Then there is a unique
t =t(u) > 0 such that tu € N and I(ru) < I(tu) if r # t.

Proof. Set
At? Bt*  Cwptl Dretl
JO) =1t = = = = T T T
where
A= / (IVul> +V(z)u*)dz, B= | K(z)¢,u’dz,
R3 R3

c:/ P()|ufP+d, D:/ Q) |u|"+ da.
R3 R3

Then f/(t) = At + Bt3 — CtP — Dt4, and hence f’(t) > 0 for ¢ small and f’(t) < 0
for t large. Hence there is t = t(u) > 0 such that f'(¢t) = 0. Thus

Y(tu) =tf'(t) =0,
which implies tu € N. The uniqueness follows from the fact that the equation
A+ B —Ct™ ' - Dt =0
has a unique positive solution. (Il

The next lemma is crucial for proving our results.

Lemma 2.3. There exists C > 0 such that for any u € N,

I(u) > C/RS.(\VMQ + V(z)u?)dz.
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Proof. Since V, K and P are positive, it follows from ~(u) = 0 that

EJDE-2020/78

~(3-—7) LL0val + v + (5= =) [ K@t

1 1
- - P p+lg
+(q+1 p+1>/Rs @)™ dz
20/ (Vul? + V(2)u2)dz.
R3
The proof is complete.

According to Lemma we can define

*

= ulgjf\/](u)
Then ¢* > 0. Furthermore, the following lemma shows that ¢* > 0.
Lemma 2.4. There exists v* > 0 such that ||u|| > r*, for allu € N.
Proof. For any u € N, we have

0= (I'(w),u) > Ju]|® = Crllull* — CollulP** — Cju| 7+,

from which we obtain that ||u|| > r* > 0, which completes the proof.

O

Let {u,} C AN be a minimizing sequence of ¢*, i.e. I(u,) — ¢* as n — oo. In
the light of Lemma {u,} is bounded in H'(R3). Extracting a subsequence if
necessary, we have u, — u in H'(R?®) and u,(z) — u(z) a. e. in R3. Up to a

subsequence, we have the following lemma.

Lemma 2.5. ng |un [PHidz has a positive lower bound with respect to n, that is,

/}R3 [, [P d2 4 0.

Proof. Suppose to the contrary [qs|u,|[Pt'dz — 0. Invoking the interpolation

inequality, we obtain

/ |t |7 d2 — 0.
R3

So we have

c* znli_>r1;0 I(uy)

lim (I(un) - %(I’(un),um)

n—oo
1 1 1
= lim [— — | K(2)¢,,uldx + (f - 7> / P(x)|un [P da
n—00 2 Jrs ) 2 p+1 R3

+(3-7) [ @il <o

This is a contradiction.
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Now, we can assume (extracting a subsequence, if necessary) that
/ |un [P +/ Gu, |tn|Pdz 2225 o € (0, 00).
R3 R3

We apply the concentration-compactness principle (see [20] or [14]) to
Pn = |un|p+1 + ¢un|un|2

to obtain u,, — u in LPTY(R?). By the concentration-compactness lemma, up to a
subsequence, there are three possibilities:

1 (compactness). For any € > 0, there is a R > 0 and {z,,} C R such that

/ prdx < €.
RN\BR(zn)

2 (vanishing). For any R > 0, it holds
lim ( sup / pn\dx) =0.
n—=00 \ zeRN Br(z)

3 (dichotomy). There exists a Be (0, ), such that for all € > 0, there isa R > 0,
{z,} C RY and a sequence R < R,, — oo satisfied: for n large enough,

‘ pndx—g|<e, | pndx—(a—§)|<e.
Bry, (xn) RN\ Bg,, (zn)
It is sufficient to show that vanishing and dichotomy do not occur.

Lemma 2.6. The vanishing does not occur.

Proof. The desired result follows from the vanishing Lemma in [14] (see also [24]
Lemma 1.21]) and Lemma d

Lemma 2.7. The dichotomy does not occur.

Proof. According to concentration-compactness principle,we can suppose that there
exists a subsequence of {p,}, still denote {p,}, B € (0,1] and {z,,} C R? such that
for each € > 0, there exist re > 0, re < 1y, 1y < 41 27 % satisfying

lim inf/ pn(x)dx > af — ¢, (2.9)
n—o0 Br, (zn)
lim inf/ pn(x)dx > (1 — B)a —e. (2.10)
n—oo grn (7:71)

We only need to prove 8 = 1 to exclude dichotomy. Actually, 5 =1 is can be done
by using the next lemma. O

Let ¢, be a cut-off function such that ¢, = 1in B, (z,) and ¢, = 0in BS. ().
Write

Up = Optiy + (1 — dp )y == vy + Wy

Lemma 2.8. lim,_, |[|wy| = 0.
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Proof. The proof is similar to that in [I9] with slight modification. Since it has

sign-changing potential (), here we give the details for completeness. By direct
calculations, we obtain

]/ (|Vun|2—|an|2—|an|2)da:‘:2‘ VuVudz| = 0,(1),  (211)
R3 R3

’/Ra —vn = Wf’ = on(1), (2.12)

[ P@) (et = ol = ) da] = 0,0, (2.13)
\/ Q) (Jun|™ = 0|7~ wn| 1) da| = on(1). (2.14)
R3
We have the splitting property
N(up) = N(vy) + N(wy) + on(1). (2.15)
In fact, by a direct computation, we obtain
K 2 2
N(uw) = N(on) + Nlwa) +0a(1) + 1 [ N wn@I g, 4,
R3 JR3 drlz — y|

Furthermore,

2
[ e,
{z:|z|>rn } S{y:|ly|<2r,} 4W‘m7y|
2
o de
{slel2rn} S {yirn <lyl<ora) 47T|$—y\

2
{z:2r, >|x|>rn } J{y:lyl<rn} 471—‘1: - y|

N S S
{wle>2r} Hylyl<ray ATl =]
Jas vt da [o u? da

< / Ou, ui dx + / Pu,, uidw +
{yrn<lyl<2r,} {wrn<||<2r,} Amry,

=0, (1).
Therefore, (2.15]) holds. So putting together (2.11))-(2.15)), we obtain
[T (tuy) — I(tv,) — I(twy,)| < t?0,(1) + t*0, (1) + P o, (1) + 710, (1).  (2.16)

Let ¢(vy,) and ¢(w,) be the positive values which maximize f(t) := I(tv,) and
I(tw,,). Firstly, we discuss the case t(v,) < t(w,) (the other case will be treated
later). In this case,

I(twy) >0, fort < t(v,) < t(wy). (2.17)

Our next aim is to find suitable bounds for the sequence {t(v,)}. We claim that
there exist 0 < t < 1 < ¢ independent of n such that t(v,,) € (£, 1).
In fact, we already know that

P(z)|un P de =22 A € (0, 00). (2.18)
R3
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Since @ is allowed to change sign or be negative, we only have

/ Q) un| ™ dz "= B € (—o0,00). (2.19)
R3
Case 1. B > 0. Take
- (p+ 1M, 1,
- [ A ] ’

where A is from (2.18) and M is large enough such that ¢ > 1 and moreover
1
/ (|Vun|* + V(z)u2)dz + B K(x)¢p,, uidr < M. (2.20)
R3 R3

Thus, for n large enough, we have

E4 DI
1(fun) <5 (M - P(x)|un|p+1dx)
P e (2.21)
t

Case 2. B < 0. Note that

Q= / (\Vun|2 + V(I)ui)dm, b, = K (2) by, u?dr,
R3 R3

Cn = 7/ Q(2)|uy | dx
R3
are bounded. We can choose M; > 0 independent of n, such that
1 2
an + 2 + . 1c 1
Take
o [(er l)Ml} =
= .
And let M; be large enough such that ¢ > 1. For n large enough, we have
fq-s-l P4
[(Fuy) <-— (Ml - / P(x)\un\p“d:c)
2 p + 1 R3
i

(2.22)

For the case B = 0, it is easy to obtain a similar result.
Thus, by (2.16)), for all € > 0, for n large enough, we obtain

I(tuy) > I(tv,) + I(tw,) — €. (2.23)
Taking into account (2.21)), choosing a smaller € > 0 if necessary, it holds that
I(tvy,) + I(tw,) < 0.

It follows that I(tv,) < 0, or I(tw,) < 0. By Lemma and t(v,) < t(wy), it
holds that #(v,) < t.
For the lower positive bound, we also need to discuss two cases.

Case 1. B > 0. Take
cF\1/2
t=(—
t=(3)
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where M comes from as in (2.20) and large enough. Note that ¢ < 1, for any ¢ < ¢,

t2 2 2 1
Hm@g—( (IVun 2+ V(@)ul)dz +
]Rfi

5 K (@), u}de) <

C
RS 2"

Case 2. B < 0. Note that there exists a L > 0, such that

—LS/ Q(2)|u, | dx.
R3
We take

So that it holds
2

t 1
I(tuy) gg( /R (Vunl? + V(@yud)da + g K(x)qsunuidx)

tq+1
- / Q(@)|un| T+ dz
2 Jas

C*
<—.
2

Similarly to (2.23), jointly with (2:17),
I(t(vp)up) > I(t(vn)vn) + L(t(vp)w,) > ¢ — €.

So, by choosing a small € > 0, for n large enough, I(t(v,)u,) > ¢*/2. Thus we
obtain the lower bound of ¢(vy,).
For all ¢t € (0,¢(vy)), noting that t(v,) < t(wy), combining with (2.16), we have

I(twy,) <I(t(vp)wy)
=1 (t(vn)un) — I(t(vn)vn) + 0n(1)
<I(un) — " + on(1) = 0,(1),
where {u,} C N and lim,_, I(uy,) = ¢* are used in the last inequality.

Moreover, it is well-known that there exists a D > 0 independent of n such that

1 D 1 D
—— | P(x)|w,[PTdr < =, and —/ Q(x)|w, | dr < =
p+1 2 q+1 Jrs 2
Observing that 0 <t <t <1 and ¢ < p, one has
on(1) >1(tw,)

2
>t—ln _ tq+19 _ tPHB
2 2
t2
>l — Dt

where
znf/ (Yl + V(2)w?)de
R3

1
are bounded. Let t = (i%) -1 Taking D large enough if necessary such that
€ (0,t), we obtain
t2 t2
—l, — Bt = —1,,.
2 4
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Therefore,
on(1) > I(tw,) > CI121 %,
In the case t(v,) > t(wy,), we can argue analogously to conclude that

lim |lv,|| =0.
n— oo

This contradicts (2.9). Evidence now allows us to conclude, that lim,, o ||wn| =
0. |

Lemma 2.9. c¢* is achieved.

Proof. The proof is divided into two cases.

Case (1): {z,} is bounded. In this case, by Lemmas [2.6] and Up — u Z 0 in
L3(R3) for all s € (2,6). Combining with Lemma there is a unique ¢ > 0 such
that y(tu) = 0 and hence

¢ < I(tu) < liminf I (tu,) < liminf I'(u,) = lim I(u,) = c".
n—oo

n—oo n— oo
Case (2): {z,} is unbounded. Set 2, = u,(-+,), and we have z, — z in H!(R?).
It is easy to show 2, — z in L?(R3) by following the same method in [19} step 4].
By interpolation inequalities, we obtain z, — 2 # 0 in L*(R3) for all s € [2,6).
Using Lebesgue dominated convergence theorem, one has
lim V(z)u?dr = lim V(x4 x,)22de = Voo/ 22dx

n—oo R3 n—oo R3 R3

> V(r)z*dr = lim V(x)z2dx.
R3 n—oo R3
Similarly,

lim P(2)|un|PTdz < lim P(z)|zp [P d2,
n—0o0 g3 n—oo Jpr3

lim Q(2)|u, |1 dx < lim/ Q(2)|2, | dx.
R3 n— oo R3

n—0o0

Especially, for N(u,,), Lebesgue dominated convergence theorem can be used, so it
also holds

lim N(u,) > lim N(z,).

n—oo n— oo

Thus, similarly to case (1),

¢ <1I(t(2)z) < liminf I(¢t(2)z,) < liminf I(u,) = lim I(u,)=c".
n—oo

n—oo n—oo

The proof is complete. O

Similar to [I6] Lemma 2.5] (see also [19, Theorem 2.2], we have the following
result.

Lemma 2.10. Suppose that w € N and I(u) = c*, then u is a weak solution of

D).
In view of Lemma [2.9] and Lemma we can define
¢ = inf{I(u) : u is a nontrivial solution of ([2.1))}.

The next lemma shows that the functional I satisfies the mountain pass geometry.
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Lemma 2.11. The functional I satisfies
(1) there exist a, p > 0 such that I(u) > « for all ||ul| = p.
(2) there exists e € HY(R3) \ B,(0), such that I(e) < 0.

Proof. Since K is positive and P, @ are bounded, by the Sobolev embedding and
result (2) in Lemma [2.1] we have

1
I(u) > S lull* = Cullul”** = Coflull "

Hence we can choose some «, p > 0 such that I(u) > « for all |ju|| = p. For
u € HY(R?) \ {0}, we have
A2 Bt Ctrtl Deat!
=Itu)=—+—— - -
for ¢ > 0 large enough, where A, B, C, D are similar to Lemma[2.2] Choose e = tyu
for some suitable tg. O

As a consequence of the Mountain Pass lemma without (PS). condition, we
define the constant

c=inf sup [ >0,
Inf swp (v(®))

where
I' = {yeC([0,1], H'(R?)) : 7(0) = 0,1(v(1)) < 0}.
Also we define

= inf max I (tv).
veH' (R?){0} o

Using the mountain pass value ¢ and ¢*** as the connections, we can prove that the
’
minimizer u is a grou 1d state.

Lemma 2.12. ¢ = ¢* = ¢** = ¢***.

Proof. The original research should be attributed to Rabinowitz (see [I7, Proposi-
tion 3.11]). For the convenience of readers, we sketch the proof.

For any u € H*(R3) \ {0}, by Lemma the ray Ry = {tu: t > 0} intersects
the Nehari manifold NV once and only once at ¢(u)u, where ¢(u) is given in Lemma
This implies that ¢* = ¢***. Next, we show ¢* = ¢**. Obviously, ¢* < ¢**
On the other hand, since u is a nontrivial solution of (2.I), it holds that I(u) <
maze>ol (tu). So ¢** < ¢***. Now we check ¢ = ¢*. Since for all v € T',y(0) =
0,1(v(1)) < 0, it follows that y crosses N'. We obtain ¢ > ¢*. On the other hand, for
fixed u € H*(R?) \ {0}, choosing suitable a = a(u) large enough, let g, (t) = tau.
We have g, € T'. So

= inf max I(g,(t)) > ¢,
ueHl(Rg)\{O} t€[0,1]

which completes the proof. O

Lemma 2.13. The ground state u can be nonnegative. Furthermore, u > 0.

/\Vu|2dx—/ |V\u||2d:v

we may assume that u obtained in Lemma [2.10] is nonnegative. Furthermore, a
Moser iteration argument implies that v € L* (R3) for 2 < s < 0o ([12, Proposition
3.3)). It follows from standard arguments in [6] that u € C{?(R3) for some 8 > 0.

loc

Proof. Since
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Consequently, by Schauder estimate (see [1I]), u € 01205 (R3). Furthermore, u
satisfies the equation
—Au + c(x)u = P(x)uP + Q(z)tul >0,

where c(z) := V(z) + K(2)du(z) + Q™ (z)ul(z) > 0 and Q* := max{+Q,0}.
Applying the strong maximum principle (see [I1]), we have u > 0. O

3. CONCENTRATION OF POSITIVE GROUND STATE

In this section, we are devoted to the concentration behaviour of the ground state
solutions wu. of (1.5) as ¢ — 0. From now on, we assume K(x) = 1. Introducing
the re-scaled transformation x +— ex (i.e., ve(x) := u(ex)), we can rewrite (1.5]) as

—Av, + Vo(z)ve + ¢ve = Po(x)|ve|P e + Qe () ve|T o, 2 € R?,
—A¢p = v?, z € R?,
where V.(z) = V(ez), and P., Q. defined in a similar way. According to section
2, ve is positive ground state of (3.1). Let I. be the energy functional associated
with (3.1)) and NV be the corresponding Nehari manifold and set least energy c. =
infyen. I (v). We need the following constant coefficients problem
— Au+ pu+ dyu = EuP T u 4 7wl (3.2)

where > 0, £ > 0, 7 can positive or negative. In the same way, I, er, Npyer and
cuer correspond to the energy functional, Nehari manifold, least energy associated
with , respectively.

Similar to [I7, Lemma 3.17] (see also [29, Lemma 2.2] or [26] Lemma 4.1]), we
have the following result.

(3.1)

Lemma 3.1. Suppose 1 > p2, § > & and 72 > 11. Then cuieiry = Custors-
Furthermore, if one of inequalities is strict, then cu ¢ v, > Cupeors-

Since assume the potential functions V, P and @ are C!, according to [29] (i)
of Lemma 2.3, and Lemma 2.4], we have the following lemma.

Lemma 3.2. The ground energy function C(s) is locally Lipschitz continuous in
s €R3. IfV, K, P and Q are constant functions, then the least energy depends
continuously on them.

Lemma 3.3. There exists C > 0 independent with € such that cc. > C. Further-
more,
limsupe. < inf C(s). (3.3)
e—0+ SER3
Proof. By Lemma ce > c(inf V) ||P||Ls, ||Q]|L=) > 0, we only need to prove
(3.3). The original idea is from the proof of [25, Lemma 2.2]. In view of our
assumptions on V, P and @, it holds that inf,cgs C(s) can be achieved by some
so. Let ug be a ground state of
— Au+ V(so)u + ¢ppu = P(so)|ulP " u + Q(s0)|ul? u. (3.4)
Denote the energy functional I%0. Take a sequence {y; } such that C(yx) — C(so) =
inf,egs C(s). For any R > 0, take a cut-off function ¢r with pr = 1 in Bg(0) and
¢r = 01in Bg ;. Set vg = @rug and w(xr) = vr(r — ). Then there exists a

€

unique 6 > 0 such that fw € N, and § — 1 as R — oo, k — co and € — 0T. Since
Ce :vier}\ffs I.(v) < I.(0w)



14 W. WANG, Q. LI EJDE-2020/78

:02{150 (w) + % /RS [V (ex) — V(so)|w?dx

S [ i+ [ @l
p+1 e
1
+ Pl A [P(so) — P.(x )]|w|p+1dx 4+ o [Q(So) _ Qs(w)]leq“dx}
1
:92{150 (UR) + 5/ [V(€$ + yk) — V(SO)]U%dx
R3
1_91)_1/ P( + )‘ |P+1d _’_1_9(1_1/ Q( 4 )| |q+1d
D1 s ET T Yk )|VR X 711 s ET + Y )|VR T
1
o1 [, [PGs0) = Plez -+ yi)lloal" da
1

q+1

Letting R — oo and k — oo in the above inequality, we have

[ (QUso) ~ Qe+ yolunl e}

limsup ¢, < 1nf C(s). O

e—0+
Lemma 3.4. {v.} is bounded in H'(R3).

Proof. Since v, is minimizer of I. on N,
1
ﬁUQ(vE),vE)

:(% _ L)/ (|Vve]? + Vo (@)v2)da

qg+1

2
. L v2d
qﬂ/m v

1
+(7—7 /ng v [P d.
g+1 p+1/ Jps (z)loe]

In view of Lemma [3.3] we obtain the desired conclusion. O

ce =I.(ve) —

Lemma 3.5. There exists €* > 0 such that, for all € € (0,&*), there exists y. € R?

and R, C > 0 such that
/ v?dw > (.
Br(ye)

Proof. We assume, for the sake of contradiction, that there is a sequence ¢ — 0
as k — oo, such that for all R > 0

lim sup / v?kdx =0.
k—oo yeRs BR(U)
By the vanishing lemma, we have v., — 0 in L*(R3) for s € (2,6). Since

e, =I¢, (Usk)
:Iak(vak)— <I;k(v5k)7v5k>

1 1
= 5 /1R3 ¢vskvgkdx + (5 T q / PEk |v5k|p+1dx

N | =
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1 1
- — g+1
+(2 q+1)/RSQ€k(33)‘Uak| dx,

combining this with the result (1) of Lemma it follows that

.. 1. .
0< hin_:(r)lfcgk = —3 hin_:(r)lf - (vak U?kdx <0.

This is a contradiction. (]
For simplicity, we denote
we () := v (2 + ye) = uc(ex + eye), (3.5)
SO w, is a positive ground state solution to
—Aw, + V(ex + eye)we + ¢ we = Plex + ey )wt + Qex + ey )wl.

By Lemmas and we obtain w. — wp in HY(R3), with wy > 0, wo Z 0.
Furthermore, we will give next lemma which is used in Lemma [3.7]

Lemma 3.6. w. — wg in LPT1(R3).

Proof. We define

pe®) =(3 — ) /quwe\? +V(ex)2)da

1 2 )
s L v2d
+<4 q+1)/Rs¢Ev€$

1 1
+(7—7)/ P(ex)|ve [P dz.
g+1 p+1 Rg( JIve]

By following the same methods in [29, Lemma 3.3], we can exclude vanishing and
dichotomy. By compactness conditions, for any 1 > 0, there exists p > 0 such that

/ (\Vw5|2+w§)d:z: <.
Bg(0)

By this and Sobolev embedding theorem, we complete the proof. O
Lemma 3.7. {ey.} is bounded.

Proof. Suppose to the contrary that, if necessary going to a subsequence, ey. — co.
Denote

= C(Vooa Poo7 Qoo)
Since our assumptions potentials on V', P and @, we have ¢® > inf,cgs C(s). Using
Lemma [3:2] we can choose € > 0 small such that

C% 1= O(Vao = € Poo + €, Qo ) > inf C(s). (36)
sER3

Let N€ be the corresponding Nehari manifold for the C¢. Thus there is a § > 0
such that wy € N€. Based on [24, Lemma A.1], in view of Lemma we can use
Lebesgue dominated convergence theorem and Fatou’s Lemma to obtain

2 4
o <% [ 1wl (e = e+ & [ buuias
2 R3 4 R

gr+1
a p+1

3
ga+1
[ (Pt olwolrtds = 2 [ (@t ool s
R3 q—|—1 R3
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2
gliminf{%/ (Vw2 + V(ex + ey )w?]da

e—=0t

gpr+1
/ Pw.w de - /3 P(ex —|—5y6)|w€|p+1dx
R

gat+i 11

~oT1 /}R3 Q(ex + eye)|we|? dz}

o 02 o4 gr+1 ga+1
=timinf (5 (a4 L)+ los = o Tea = oy )
:=liminf g (0).

e—0t

Clearly, g.(0) < g-(1) for 6 € (0.1). Therefore, combining this with Lemma [3.4] it
holds

Cc <li fc,, < inf C
imipfce, < nf, CC)

It contradicts (3.6]). O

Without loss of generality, we assume that ey, — g as ¢ — 07. By a Moser
iteration argument, we see that w. — wq in LS(Rg) for 2 < s < 00, (see also [12
Proposition 3.3]. It follows that w. — wg in C| . LA (R?) for some 3 > 0. Consequently,
by Schauder estimate (see [I1]), w. — wo in C2?(R3), and hence

loc
—Awg + V(20)wo + Gpuwewo = P(zo)wh + Q(zo)wd, =€ R
Denote by E the corresponding energy functional.
Lemma 3.8. C(xg) = inf,cps C(s). Furthermore, w. — wq in H(R3).

Proof. 1t is similar to that in [29, Lemma 3.5]. For readers convenience, we sketch
the proof. Using Fatou’s lemma and (3.3)), we obtain

inf, C(s) <C(a0) < Blu) ~ — (F'(un),un)

- 1 1 2 2
< -
1161f1f1(1)15r1f{(2 . 1) / [[Vwe|” + V(ex + ey )wZ]dx

__° . w2d
q+1 /(baw T

+( 1 p+1) P(fl‘ﬂya)wp“d””}

qg+1
=liminfe, < inf C(s).
e—0t seR

It follows from the above inequalities and Lemma [3.6] that
/ (|Vwe|? + V(ex + ey )w?)dx — / (|Vwo|* + V(xo)wd)dx as € — 0.
R3 R3

Which yields we — wp in H*(R3). O
As in [12] Lemma 3.8 and 3.9], the following lemmas hold.

Lemma 3.9. For all € € (0,e*), w. possesses at most one mazimum point p..
Moreover lim| | o0 we(x) = 0 uniformly on e € (0,e*).
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Lemma 3.10. There exist constants C7 > 0 and Cy > 0 such that
ue(z) < Cre” 1= for all z € R®.

Proof. The proof is similar that in [I2, Lemma 3.11], but in our case potential Q
is allowed to change sign or negative, we check it step by step. Denote

f€<$,w€) = P(EI + Eya)’wg + Q(El‘ + Eye)wg'

Obviously,

we—0 We

Thus by Lemma there is Ry > 0, independent of € € (0,e*), such that
1

fe(z,we) < 1 Vowe.
Fix ¢(z) = Cre~ 27l with C3 = Y2 and Cre=2f1 > w,. () for all |z| = Ry. It is
obtained that

%,

A < O < 0. (3.8)

Hence

3 1
— Aw, + Zwas < ZVOwE. (3.9)
Define 9. = ¢ — w,, using (3.8)) and (3.9), we obtain

Vi
—Ay, + ?Owe >0, if|z| > R,
1/)5207 if |'T‘:R17
lim .(z)=0.

|z]|— o0
The maximum principle implies that . > 0 in || > R; and we conclude that
we(z) < Cre~ 21l viz| > Ry, and all € € (0,¢%).

By Lemma 3.9} we have w. has a unique maximum point p.. Then v, has a unique
maximum point pe +y. and u. has a unique maximum point z. = &(p: +ye). Thus,
we have

-1

X _ _ _ rz—ze
u5($>:’va<g):w5(€ I_ys):ws(g 'z —¢ 1$s +pa)SCIe Cal 5251,

O

Proof of Theorem[I.1]. The existence result (I) of Theorem [L.1|follows directly from
Section 2. The concentration results (1) and (2) of Theorem|1.1|follow from Lemma
the result (3) of Theorem follows from Lemma [3.10) O

Remark 3.11. In our paper, we assume that our potentials V', P and () are
C! functions to ensure that C(s) is continuous. It follows that inf,cps C(s) can be
achieved. Under our assumptions, the result shows that C(s) is Lipschitz continuous
(see Lemma , so we gesture V, P, @) can be weaker than C' functions.
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4. APPENDIX

As mentioned in Remark introducing the re-scaled transformation = — ez,
the system

—?Au+V(2)u + K(x)dpu = P(x)|uP " u+ Q(x)|u|?tu, z=ecR>,
—&?A¢ = K(z)u?, x€R3
can be written as
—Au+ V(ex)u + K(ex)pu = P(ex)|ulP u + Q(ex)|u|”'u, 2z € R3,
~A¢ = K(ex)u?, xR

This system is different from (3.1)) since in the second equation, ¢ is dependent on
€. In fact, we can write the corresponding energy functional as

1 1 K 2
1. () }/ (|Vu|2+V(sx)u2)dx+f/ K (ea) BEVCW) 20 0
2 Jgs 4 Jrs Jgs |z —yl
1 1 .
-—— | P PRy — — atlq H'(R3).
— [ Peauptian - — [ Qenluittde.u e 1)

For concentration, it is complicated since it appears terms K (ex) and K (ey).
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