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CYLINDRICAL HARDY INEQUALITIES ON HALF-SPACES

NGUYEN TUAN DUY, HUY BAC NGUYEN

Communicated by Jesus Ildefonso Diaz

ABSTRACT. We study some versions of the cylindrical Hardy identities and
inequalities in the style of Badiale-Tarantello [2]. We show that the best con-
stants of the cylindrical Hardy inequalities can be improved when we consider
functions on half-spaces.

1. INTRODUCTION

The main subject of this note is the celebrated Hardy inequality on R, N > 3:

for u € C°(RY):
. 2
/ \Vul? do > (M)Q/ [l g (1.1)
RN 2 R

N |z[?
with optimal constant (%)2 Because of their important roles in many areas of
mathematics, the Hardy type inequalities have been well-studied and there is a
vast literature. See the monographs [3], 25l 28], [29] [40], for instance, that are typical
references on the topic.

It is well-known that (%)2 in is never achieved by nontrivial functions.
Therefore, many efforts have been devoted to enhance the Hardy inequalities. One
way to do so is to add extra nonnegative terms to the right-hand side of . The
first result in this direction was established in [§] where Brezis and Vazquez proved
that for u € Wol’Z(Q). Q is a bounded domain in RY, N > 3, with 0 € Q, it holds

2
/ \Vu|? dz > (u)2 %dw%—zéwi/mm_zm/ lu|? da. (1.2)
Q 2 a |zl Q
Here wy is the volume of the unit ball and zp = 2.4048... is the first zero of the

Bessel function Jy(z). The constant zgwi,/N|Q|*2/N is optimal when Q is a ball.

However, zgw]% |2/ is not attained in I/VO1 2(Q) Hence, Brezis and Vazquez also
conjectured that zgw?\,/N|Q\_2/N Jo, [ul? da is just a first term of an infinite series of
extra terms that can be added to the right-hand side of . This question was
investigated by many authors. We refer the interested reader to [11 [4, @} 10} 1T}, 12
18| 2T, 221, 23] 26], 37, 45], 46], to name just a few.

Ghoussoub and Moradifam [24] 25] proved the following result to improve, extend
and unify several results about the Hardy type inequalities:
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Theorem 1.1. Let 0 < R < oo, V and W be positive C'-functions on (0, R)
such that fOR M%V(T)dr = oo and fOR rN=IV (r)dr < co. Then the following two

statements are equivalent: (1) (rN='V,rN=lc;W) is a Bessel pair on (0,R) for
some ¢y > 0. (2)

[ ViabIVaPde = co [ w(alul do
BR BR
for all w € C3°(Bgr) and some cg > 0.

Here we say that a couple of C'-functions (V, W) is a Bessel pair on (0, R) if the
ordinary differential equation

T+

has a positive solution on the interval (0, R). See the book [25] for more properties
and examples about the Bessel pair.

Another line of research on the improvements of the Hardy type inequalities is to
replace the usual V by R := % - V. It can be noted that Ru is the radial gradient

[

y'(r) +

of u. Indeed, in the polar coordinate, |Ru| = |0,u(ro)| while
B 21/2
V] = (|5ru(r0)|2+—|vSN :f;(’”")‘ )

Actually, the radial derivation plays an important part in the literature. The in-
terested reader is referred to [42] for the roles of the radial derivation R in the
functional and geometric inequalities on homogeneous groups. We also mention
here that the Hardy type inequalities with radial gradient have been intensively
studied recently. See [13| 14 [15, 16} 27, 301 BT, 39) 4T, 42}, 43], for example.

In an effort to unify many results about the Hardy type inequalities with radial
derivation, and to compute the exact remainders of the Hardy type inequalities,
the authors in [I5] have proved the following result.

Theorem 1.2. 0 < R < oo, V and W be a positive C*-functions on (0, R) such
that fOR Wdr = oo and fOR NI (r)dr < co. Assume that (rN =1V rNZ1W)
is a Bessel pair on (0, R). Then for all w € C3°(BR):

/B V() Ru?de /B Wl o

u 2
= / V(‘Q?l)’R(—)‘ @3N—lv7TN—1W;Rde'
Br PrN-1y ¢ N-1\W;R

and

/B VeIl d /B Wl o

u 2
= / V(|$|)‘v<—)‘ SOEN—lv)TN—lw;R dx
Br PrN-1y oN-1W:R

where @, N1y N1y 15 the positive solution of
N-1  V.r) 1%
1/ r /
_— = 0
Y+ (——+ V(T)>y(7“)+ T Vo)

on the interval (0, R).
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In [2], for investigating the existence and nonexistence of cylindrical solutions
for a nonlinear elliptic equation that has been proposed as a model describing
the dynamics of elliptic galaxies, Badiale and Tarantello established the following
cylindrical Hardy type inequality,

|u(z)[”

/ |VU(ZE)|1’ dr > CN,k,p/ | |p dzx (13)
RN RN Y

where z = (y,z) € RF x R¥=*. The optimal constant Cy ., = (%)p was also
conjectured in [2] and then verified in [44].

Recently, in [I7, 3], the following result about the cylindrical Hardy type in-
equalities with Bessel pairs has been set up.

Theorem 1.3. Let 0 < R < oo, V and W be positive C'-functions on (0, R).
Assume that (r*=1V,r*=1W) is a Bessel pair on (0, R). Then for u € C$*({0 <
lyl < R}):

/ V([y))|Vuly, 2)|*dydz —/ W (|y])u(y, 2)[*dyd=
0<|y|<R

0<]yl<R

_ 2 u(y,z) 2 »
- / o VDDV T Py

and

/ V(gD - Vyuly, 2)Pdydz — / W (Ju]) [y, =) Pdydz
0<|y|<R |y 0<|y|<R

— 2 i u(y,z) 2 p
- / VDS DI VR Py

Here ¢ is the positive solution of
(rE V()Y () + T W (r)y(r) = 0
on the interval (0, R).

Because of their geometric meaning, Hardy’s inequalities have been also studied
extensively on the half-spaces Rf = {z € RY : z; > 0}. For instance, Hardy’s
inequalities with distance to the boundary have been investigated in [6] [7], 191 32} 33],
to name just a few. Improved Hardy type inequalities on half-spaces have also been
set up in, for instance, [5 [34] B3] [36].

It is interesting to note that when one restricts the domain to Rf , the best
constant of the Hardy inequality can be improved. Indeed, we have the Hardy
inequality on half-space (see, e.g., [24 [38])

/ \Vu|? dz > (5)2/ i dr for u € Cg°(RY). (1.4)
RY y

Here the constant (N/2)? is optimal. However, if we concern the Hardy inequality
with radial derivation R on Rf , then it is interesting to note that the best constant
is still ((V —2)/2)2. Actually, in [32], the authors showed the following identities
to provide a simple interpretation of the aforementioned phenomenon, a direct
understanding of the Hardy inequality on half-spaces as well as the “virtual”
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ground state in the sense of Frank and Seiringer [20]: for u € C5°(RY), it holds

N2 |u|2 2
2 N N2 % N_2
/RN |Vul|* dx (2) /RN EE dzx = / ’V( x| )‘ |z| ™" 27 dx,
+
N -2 |u|?
Ru|?de — ([ —= / dr = / ’R N2 Y ’ x| N2? da.
[ i (UE2)° [ e [ (e

More generally, the authors in [32] used the factorizations of suitable differential
operators to study a version of Theorem on Rﬂf . Let us denote Bg) the ball
centered at 0 with radius R on R*. Then we have the following result in [32].

Theorem 1.4. Let 0 < R < oo, V and W be positive C'-functions on (0, R)
such that fOR Wdr = oo and fOR rNTW (r)dr < oo. If (PN TV, PNFIW) s a
1-dimensional Bessel pair on (0, R), then for u € C§°(RY),

X
[ VabIVaRaz= [ el - S as
BGnrY By nRY

u
= [ o VDT (e ) it de
BYnRY PrN+1y,p N+ R TN

and

V(| V(|
[ oo VbR [ e - S - v ZE e
B nRY B nRY x| x|

1 u \ |2

_ R 2 2

- V(|.’L‘D‘ ( )‘ SDTN+1V’TN+1W;R-’I:N d:L'
BYYNRY PrN+1Y, N+, R TN

Here p,n+1y N1y, g s the positive solution of

N+1  Vi(r)
r Vir)

y"(r) + (

on the interval (0, R).

)Y (1) +

Motivated by the cylindrical Hardy type inequalities studied in [2} 17, 31], and the
Hardy type inequalities on half-spaces in [32], our principal goal of this paper is to
investigate the cylindrical Hardy type inequalities with Bessel pairs and with exact
remainder terms on Rf. More precisely, let z = (y,2z) € RF x RVN"F 1 <k <N
and y = (z1,w) € R x R¥~1. Our main result reads as follows.

Theorem 1.5. Let 0 < R < oo, V and W be positive C'-functions on (0, R).
Assume that (r**1V, r*H1W) is a Bessel pair on (0, R). Then for u € C$*({0 <
lyl < R} NRY),

/ V(o) IVl do
{0<\y|<R}me

W () — V’f"f')}umx

:/{o<|y<R}mM V(|y|)‘v( e(lyl) = >‘ @ pl)e de

/{0<|y|<R}me
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and
y 2
/ V)| - i do
{o<|y|<R}NRY Yy
!
_/ [W(‘ZUD— V(‘yD —(k—l)v(‘y?|)]|u|2dx
{0<ly|<R}RY |yl Yl

Y u 1N\ 12 2
= V(| - 9o (o =) | ¢ lyl)ad da.
/{0<|y|<R}me 1yl J(w(\yl)m) '

Here ¢ is the positive solution of
(V) () + W () = 0

on the interval (0, R).

In Section 4, we will present some cylindrical Hardy type inequalities on half-
spaces as consequences of our main result. Actually, we can obtain as many cylindri-
cal Hardy type inequalities as we can construct Bessel pairs. For several examples

of the Bessel pairs, the interested reader is referred to [25].

2. SOME USEFUL CALCULATIONS

For 7 = (y,2) € RFF2Z x RN=F 1 <k < N and § = (t1,t,t3,w) € R® x RF 71,
we denote x = (y,2) € R¥F x RVN=%F 1 <k < N, and y = (71, w) € R x R¥~1 where

T = \/t3 + 13+ 13 1

N 3 . RN+2 7) = L
Let u € Cg°(RY). Define a function v : R — R by v(z) = J-u(x) where

t2 + 12 + 2. Then v € Cg°(RN*2). Moreover,
1 ( ou t1 1 t1 ou to 1 to ou t3 1 t3
u

v = — —_—— — —_— - — e - - — — —
RV+2U I 8$1$1 .’Elufﬂl’afﬂll'l 1’1ul'178$1x1 I (El’
ou (%)
Oxy’ " OxN/’
Thus
N 3
1\2/0u\2 1 Ou t; 1 t;\2
N N ARPHEE BRI
[Ve2v] ; 1 ox; +Z 1 0x1 T1 z%uxl
N
1.5/ 0u\2 1y2/0uN2  |uf? 1 Ou
I R )2 L ) Sttt
;(ajl) (axl) Jr(xl) (axl) + xf x?uaxl
1\2 5 |ul? 1 Ou
== —_ —2—u—.
(1:1) UvRNul + 1:% xluaxl}
and

—= U

N
1 9%u 2 .1 Ou 1 1 0%u 2 Ou 2
A = _— —_——— = — —_——_— ——

RN 20 ; T 6'1722 + T [xl dr, a2 u] x1 023 2% Om + 3

Also

N r1 bt a1 ta w1 t3 a2 Tk

VRk+2|y| = (77777777777”‘77)'
lylzi [yl x|yl 21 |yl lyl

(2.2)
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Hence
|Vre+2|gl| = |Vre|yl| = 1,
~ k+1 k+1
Apealffl = = = T
Yl 19

We also have

~ k 3
Y z; 1 0u t; (1 Ou iy 1t
T og- Py (Ll 1 by
9l Y Z ly| 21 Oz; ]Z ly| \@1 0xy 21 af my
k
7Zzz 1 3u+o:1 (i@l_iu> (2.3)
yl 21 Oz |y[\2y 021 ]

1
= —(i-vyu—i).
1 \yl [yl
3. PROOF OF MAIN RESULTS
Proof of Theorem[1.8. For # = (y,2) € RM2 xRNk 1 < k < N and § =
(t,ta,t3,w) € R® x R¥"1 we denote x = (y,2) € REx RVN=F 1 < k < N,
and y = (z1,w) € R x RF~! where 21 = \/t7 + 13 + {2. Let u € C§°(RY). Define a

function v : RN*2 — R by v(Z) = xl—lu(x) where z1 = \/t7 + 3 + t3.
Using (2.1) and polar coordinates we have

/ V(3)|Vol2dz
0<|y|<R

1.2 |u|? 1 Ou
= |S? V(yD (=) [|[Veyul? + — — 2—u———|z? dz; dwdz
57 {0<|yl<R}NRY ( D(%) U RV Y| x? T1 3:101] 154
1 2
= o) [Vasul? + 10— L 0 g
52| V(ly) [ Vavul? +
{0<|y|<R}NRY 2 oz Om

By integrations by parts, we obtain

/\/R?—iwl2

Vil oL VI 12 oy
[ RO gy [ REOVD
0 0

X1 (9@‘1

vl |u|2 VR P,
-/ Vo) S o+ [
0 0

T1

V'(ly I)ﬁd 1

Hence
~ . V(b
/ V([gh|Vul*dz = |S?| V(Ily)[IVul?+ |uf*] dz. (3.1)
<|gI<R {0<|y|<R}NRY | |
On the other hand, using polar coordinate agains, we have

~ ~ 12
[ gy W DI = 157 W(lyl) () ule? dar dw dz
<|gI<R {o<|y|<R}INREY 1 (3.2)

=187 W (lyD)lul® da
{0<|y|<R}NRY
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U 2
VD[V (S )| w2
/0<|g7<R e(l91)
~ |7 VA|¥ (i) | e lubat o
{0<|y|<R}RY e(lyl)
Note that by applying Theorem to the Bessel pair (r*T1V,75¥+11W), we obtain

/ V(3)|Vo[2dz = / W (7)) o2z
0<|7|<R 0<|gl<R

+ / V(g ‘ ( ¢ (19))d
0<|y|<R ( )
Hence, from (3.1), (3.2)) and (3.3]), we deduce that

V(lyDIVul® da

and

(3.3)

/{O<y<R}an

W (lyl) V’|<TJ'>]|U|2dx

-/ VA|¥ (i) | et o
{0<|y|<R}NRY e(lyl) =
Next, from (2.2)), we obtain

JONRT) 2
[ vl vl
0<|g|<R |y|

=187

/{0<y|<R}me

1y 2
V(lyh| = (& - Vyu - o )Patda
{0<y|< R}RY 931(|y| Uy |>

2
:|SQ| {0<]y|<R}NRY V(l |)‘<|y| v u_&)‘ e

=187 Vlyl)

&
{0<]y|<R}NRY | ‘ {0<]y|<R}INRY

_9|s2 Y. u
2/s?| Vil (jy7 - Vo)

N
{0<]y|<R}NRY

Jul?

u
- Vyul® dz + |S?| V(|Z/DW dx

Noting that by polar coordinates and integration by parts, we obtain

u
9 / V()L - V)t dy
{0<ly|<R}RY ] ]

= —2/ V (r)u,urt =% do dr
Sk 1

2
/ / d|’LL| 1{:72 do dr
Sk: 1
_ 2 d k—2
= /0 /SIil |l dr(V(r)r )dodr

:/R/ |u|2[V/( + (k- 2)V )] =1 do dr
o Jsrr r
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/ V'(Iyl) V(lyl)
{0<|y|<R}NRY ] ly|?

+ (k—2)

||ul? dz.

Hence
N 2
[ v L v d
0<|7l<R 9

— |s?| V(Jyl)| L - Vyul® de (3.4)
{0<|y|<R}NRY |y

V'(lyl)
{o<lyl<rynRY © [yl

V(lyl)
ly|?

+ IS +(k—-1) | |ul? da.

Similarly,

[ waanlePa = 5 WD Plufa? doy du dz
0<|gI<R {0<|y|<R}NRY 1 (3.5)
= 15 Wy luf? dr
{0<|y|<R}me
and

~

v

L. v 2,2 (15N da
L VOG- Vat i P

— |s?| V()L Vy(—t L) P () d. .
{0<lyl<R}RY " e(yl) !

Applying Theorem [1.3|to the Bessel pair (r*+1V, r*T1W) we obtain

~

~ Yy ~ —~ ~
/ V()L - VaulPde - / W(ig)ol2dz
0<|g|<R Yl 0<|7|<R

= 7| @ v 2 20150d3
= e VI Sl s

Then from (3.4), (3.5) and (3.6) we obtain

Y
V(DI Vyul de

/{0<y<R}rﬂR$ |y

VD gy Ve,
(W yl) = =7, 7 = (= )= 2l

V(|y|)‘|ZT ‘ vy(@(ﬁlyD x%) ’2@2(|y\)x% dx.

/{0<y|<R}r‘ﬂRf

/ N
{0<|y|<R}NRY

4. SOME CONSEQUENCES OF OUR MAIN RESULT

. . . . . 2 — .
Now we list a few applications of our results. First, since (r*+!, %rk s a

Bessel pair on (0,00) with ¢ = rfg, from Theorem we deduce the following
result.

Corollary 4.1. For u € C§°(RY) we have

k |u|? 1 1y\2
2 2 v ( |y|k/2 2
/N|Vu| dx (2) /$| B d:Jc_/f |y|’f’ (\y| 12y 1)) xidx

+
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k—2 2
/ ‘i-vyufdx—(if/ %dw
RY |yl 2 RY ly|
Ly k/2, L y12 2
= —| = -V, (Jy*2u—) | 2% da.
/Rg g Ve e
We note that by Theorem [I.3]

k—2.2 |u|? 1 k2
Vul? de — (—= / —dx:/ ——|V(ly| = )| de.
Ju v as= )" [ o= [ gtV =

Hence, when we restrict the domain to half-spaces, the optimal constant of the
cylindrical Hardy inequality has been improved from (%)2 to (%)2
k+1—« (k*a)zrk—l—a)

and

1
= r*kaa, we obtain the following result.
Corollary 4.2. For u € C§°(RY),

|Vul? k—a. 2 / |u|? / 1 ma 15 o
dx — + dr = —|V(ly| 2 u—)|" 27 dx
/ (5% +al [ [ RV Pt

¥yl N Jy|>te

More generally, since (r is a Bessel pair on (0,00) with

and

|ﬁ'vyu|2 k— a2 lul?
/R TR [ +cv—(k:—1)]/ L e

A Y [ylPre

:/ —k’ivy(|y|k7u—)‘ z2 dx.
ey [yl* 1yl 1

We note again that by Theorem |1.3]

|V ul? k—2—a2 |u|? 1 k=2-a
L S e O [ e o= [ el S0 e
ry [yl ry [y BN (Y]

Hence, in this case, the sharp constant of the cylindrical Hardy type inequality
has been improved from (52=2)2 to (£5)? + a when we consider the functions
on half-spaces. Now, since (r’”l%,rk*lm) is a Bessel pair on (0, R)

with ¢ = /|log(r/R)|. By Theorem we obtain the cylindrical critical Hardy
inequalities on half-space.

Corollary 4.3. Foru e C§°({0 < |y| < R} NRY):

[Vu(z)[? 11 |u(@)[?
ly[F dz — [11 B2 ||k+2d$
{o<ly|<mrynRY 1Y {o<lyl<ryrrY L4 |log 1 y
R 12
:/ —klog—‘v<ﬂ—>‘ x3 d
{0<|y|<R}NRY |yl lyl /10g%$1
and
17 - Vyu(@)l® 11 ju(x)|?
SRR A i + 1 e e
{0<lyl<R}NRY 9] {o<lyl<rynry L4 [log | [yl
1 Ry u(z) 1.2 4
:/ —log—‘—-v (7—)’ 7 dx.
k Y 1
{o<|y|<R}NRY [l ly[ !yl /logﬁml
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These versions of the cylindrical critical Hardy inequalities on half-spaces seem

new in the literature.
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