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STABILITY OF ANISOTROPIC PARABOLIC EQUATIONS
WITHOUT BOUNDARY CONDITIONS

HUASHUI ZHAN, ZHAOSHENG FENG

ABSTRACT. In this article, we consider the equation
N

ur = 3 (ai@)lua, [P Pug,)

i=1
with a;(z),pi(z) € C1(Q) and p;(z) > 1. Where a;(z) = 0 if z € 99, and
a;(z) > 0 if z € Q, without any boundary conditions. We propose an an-
alytical method for studying the stability of weak solutions. We also study

the uniqueness of a weak solution, and establish its stability under certain
conditions.

1. INTRODUCTION

In past decades, the so-called electrorheological fluid equation [, [15]:
uy = div (a(a:)|Vu|p(I)72Vu>, (z,t) € Qr, (1.1)

has received a lot of attention from a rather diverse group of scientists such as
physicists and mathematicians [3], 4} [ [7, [T}, (3], 16}, [19]. In this work, we consider
an anisotropic parabolic equation

N
U = Z (ai(x)‘uxivn(w)—?um) , (x7t) € Qr, (1.2)
i=1 z;

with the initial condition
u(z,0) = up(z), =z €9, (1.3)
but without the boundary condition
u(z,t) =0, (x,t) € 90 x (0,T), (1.4)

where Q € RY is a bounded domain with the smooth boundary 99, Qr = Q x
(0,7), and p;(z) is a C1(Q) function with p;(z) > 1. Equation arises in
several scientific fields. For instance, in biology [0, [7] it is suggested as a model to
describe the spread of an epidemic disease in heterogeneous environments. In fluid
mechanics [2, 5], it is used as the mathematical description for the dynamics of fluids
with different conductivities in different directions. For equation , considerable
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attention has been devoted to the existence and uniqueness of its solution. One can
refer to [8, 9, (10, 12} 14} 17, (18] and the references therein.
When a(z) € C1(Q2), and

a(x) >0, x € Q and a(x) =0, x € 99, (1.5)
the initial-boundary value problem of equation (|1.1)) was discussed by means of the

parabolic regularized method [19]. In this study, we assume that a;(z) € C(Q),
and

ai(x) >0, z € Qand a;(x) =0, z €909, i =1,2,..., N, (1.6)
and denote
po = meig{m(x),pg(x), o pn—1(x), pN ()}

Throughout this paper, we assume that py > 1. Before stating our main results,
let us recall two definitions.

Definition 1.1. If u(x,t) satisfies

0
ue L2(Qr), ai; € L2(Qr), ua, € L0, T; L™ (a;,Q)), (1.7)
and for 1 € CH(QT), w2 € L®(0,T; WP () and py,, € L®(0,T; L %) (a;,Q)),
it holds

//Q [%mm + f}axxmm

then we call u(x,t) a weak solution of equation (|1.2)) with the initial condition (1.3))
in the sense of

pi("’”)*zumi (<p1cp2)11} dx dt =0, (1.8)

lim/ |u(z,t) — uop(z)| dz = 0. (1.9)
=0 Jo

Here, LP(*)(q;, Q) is the weighted variable exponent Lebesgue space. One can
refer to [I1] for the definition of such a space and the corresponding Hélder inequal-
ity.

Recall that the characteristic function x of €2 is defined by

(2) 1 ifzeq,
X)) = —
X 0 ifzeRV\Q.

Definition 1.2. A nonnegative continuous function y is said to be a weak charac-

teristic function of €, if
>0, z€)
’ ' 1.10
X(x){:o, z € 00, (1.10)

Apparently, the weak characteristic function is not unique for a bounded domain
Q. For examples, the distance function d(z) = dist(z, 9Q) and the diffusion function
ai(z) in both are the weak characteristic functions. Based on Definition
[I:2] we propose a new analytical method, currently called the weak characteristic
function method, to study the stability of weak solutions to the nonlinear degenerate
parabolic equations independent of the boundary condition.
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Theorem 1.3. Let a,(z) € CY(Q) satisfy (1.6), and u(x,t) and v(z,t) be two

solutions of equation (L.2)) with the initial values ug(x) and vo(x) respectively. If
for sufficiently large n, there are a weak characteristic function x(z) of Q and a

constant ¢ such that
o[ a@ho)
N\Q,

/ lu(z,t) — v(z, t)|de < c/Q |ug(z) — vo(x)|dx, (1.12)

where p; = max, g pi(x) and Q, = {x € Q: x(x) > 1/n}.

1/pf
P dz) "<, (1.11)

then

Theorem 1.4. Let a;(x) € C1(Q) satisfy (1.6), and u(z,t) and v(z,t) be two weak
solutions of (1.2)) with the initial values ug(x) and vo(x) respectively, If there exists
a weak characteristic function x such that

Q x(z)
then the stability (1.12) is true.

Theorem 1.5. Let a;(z) € C1(Q) satisfy (L6), and u(z,t) and v(z,t) be two
solutions of with the different initial values ug(x) and vo(x) respectively, but
without any boundary condition. If there exist a weak characteristic function x(x)
and a constant ¢ such that

pi(x)

dz < o0, (1.13)

pi(x)

ai()|Xa, (%)
x(z)

c, (1.14)

then
/ x(@)|u(z,t) — v(z,t)|2de < c/ x () [uo(z) — vo(z)|*d. (1.15)
Q Q
If we choose

x(z) = min {a;(2)},

1<i<N
then (1.14)) holds, and
2. < . A B 2
/1221<n[\]{az VHu(z, t) — v(z, t)|*de < c/ng%lSnN{az(;v)Huo(x) vo(x)|*dx .

This inequality implies that the uniqueness of weak solution is always true provided
that a;(x) satisfies conditions ) and (L.6).

Note that by choosing various characterlstlc functions y(z), one may obtain
different results. For example, choosing

then we obtain
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N +
_ n(/ pz(x) ‘ Z Akz, pi(z )1/?1‘
oA\Q, P
1-Pi N e @) \1/pF
<n P?(/ ai(a:)‘z% dm) .
Q\Q, 1 Y

From Theorem we obtain the following result.

Corollary 1.6. Let a;(z) € CY(Q) satisfy (1.6), and u(z,t) and v(z,t) be two
solutions of equation (L.2)) with the initial values ug(x) and vo(x) respectively. If
for the sufficiently large n, it holds

1 P N
n*pf(/ ‘Zakz
Q\Q,, k=1

then the stability (1.12)) is true.

pl(a:) l/pj—
ar) " <

(1.16)

Similarly, since

/Qaim‘ww /az \i“’m

by Theorem [T.4] we have the following result.

Corollary 1.7. Let a;(z) € C1(Q) satisfy (1.6), and u(z,t) and v(z,t) be two weak
solutions of equation (1.2 with the initial values ug(x) and vo(x) respectively, If
there exists a characteristic function x(x) such that

pl(l)

dz < o0, (1.17)

then the stability (1.12) is true.
If a;(x) = a(z), then condition (1.14]) holds, i.e. equation (1.2)) reduces to

N

i
1=

From Theorem we have the following result.

Corollary 1.8. Let a(x) € CH(Q) satisfy (1.5) and u(x,t) and v(z,t) be two solu-
tions of equation (1.18)) with the differential initial values ug(x) and vo(x) respec-
tively. Then

/ (a())™ [ulz, 1) — v(z, 1) Pdx < / (a()™ Juo(x) — vo () [2d.
Q

Q
If a;(z) = a(x) and p;(x) = p, then condition (|1.16)) is equivalent to condition
(1.17), which is also equivalent to

|ag, |
—dx < oco. (1.19)
o af

In this case, equation (1.2 reduces to

Uy = Zax )|y, [P uggb) (1.20)
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If (1.19) is true, then the stability (1.12]) is true without any boundary condition. As
we can see, equation ([1.20)) is different from the evolutionary p-Laplacian equation:

= div(a(z)|Vu[P~2Vu). (1.21)

It is notable that if we choose appropriate weak characteristic functions, we
can obtain nice results on the stability. One can see that the weak characteristic
function method can also be generalized to study the stability of weak solutions to a
more general degenerate parabolic equation as well as the evolutionary p-Laplacian
equations.

The remainder of this paper is structured as follows. In Sections 2-4, we prove
Theorems (1 respectively, by means of the proposed weak characteristic func-
tion method. In Section 5, we extend this method to study the stability of solutions
of the evolutionary p-Laplacian equation .

2. PROOF OoF THEOREM [L.3]

Following [I3} [19], we denote the variable exponent Sobolev space by W»(®)(Q).
To prove Theorem we need the following technical lemma [13] [19].

Lemma 2.1.
(i) The spaces (Lp(w)(Q)a |- ||Lp(:>(§z)): (Wl’p(w)(Q)a |- ”WLP(I)(Q)) and

W()l’p($)(Q) are reflexive Banach spaces.

(ii) (p(z)-Hélder’s inequality) Let q1(x) and qa(x) be real functions with qll 5+

JZ

ﬁ = 1 and qi(x) > 1. Then, the conjugate space of LT(*)(Q) i
Le®)(Q). For any u € L9@)(Q) and v € L2®)(Q), it holds

| [ wvde] < 20l ol oo o (2.1)

(iil) It holds
I el oy =1, then [ [z = 1.
Q
. ) .
17 ull pocorcey > 1. then [ul? o o g/QMp( e < [ul? -

+ - -
1 ol otor oy < 1, then [ul? o g/QW( i < uf? sy -

(iv) If pr(z) < pa(z), then LPr(®)(Q) > LP2() ().

(v) If p1(x) < pa(x), then Whp2(@)(Q) s Whr(@)(Q).

(vi) (p(x)-Poincaré inequality) If p(x) € C(2), then there is a constant C' > 0,
such that

[ull Lo () < OVl oy ), Yu € Wy PO ().

This implies ||Vul| o) (2) and [[ully 106 ) being equivalent to the norms
of W™ ().

For n > 0, let

gn(8) = /OS ho(T)dr,  hy(s) =2n(1 — |ns|)+
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Obviously, hy(s) € C(R), and
hn(s) 20, [shn(s)| <1, |gn(s)] <1,
lim g,,(s) =sgns, lim sg, (s) =0. (2.2)

n—0 n—0

Let u(z,t) and v(z,t) be two weak solutions of equation (1.2 with the initial
values ug(z) and vg(x) respectively, but without any boundary condition. Let x(x)
be a weak characteristic function of Q2. We define

1, if x € Q,
Pn(x) = _ (2.3)
nx(x), ifzeQ\Q,,
where Q,, = {z € Q: x(z) > 1}. By a process of limit, we choose

Y1 = X[‘r,s](bn, Y2 = gn(u - ’l)),
and take X[ @ngn(u — v) as the test function. Here, x|, is the characteristic
function of [r,s) C [0,7T). Then we have

//qbngnu—v du—v) d:cdt—i—Z//al g [P 2,

pi(mfzvmi) (U, — V2,) g (1 — V) (z) da di

N s
o5 [ i) (O, o 20,
=177

X (Uz; — Vg, ) gn (U — V)P, dz dt = 0.
In the third term of the left-hand side of (2.4), we note that

[ asa)(fe

For the first term of the left hand side of (2.4), in view of u;, € L?(Qr), it follows
the Lebesgue dominated convergence theorem that

_ |"Uz

(2.4)

Pi@)=2y v

P20, ) (g, = 02,) (1 — ) (2)d > 0. (2.5)

d
li_>m On(2)gn(u —v) (u = )d dt
@ (2.6)
/ |lu —vl|(z, s dm—/ |lu — v|(z, 7)dx.
Since ¢y, = nXz, when z € Q\ Q,, by (iii) of Lemma [2.1| we deduce that
‘ / al |u ‘pl(l) 2y, — |Umi|pi(x)_2vzi) (bnzign(u - ’U)dm’
| [ aito) (a9 P, o P20, ) g = )
o\Q,
<n / () (|uzl PO, [P0 g — v)da
o\Q,
/g 1/pf
< cn(/ ai(x) (‘ull pi(x) | |V, pi(m)) dx) (/ ai ()| Xe, Pi($)dx>
0\, O\,

IN

Vi 1/qf
c[ / ai(xﬂumilpi(l')dgj + (/ a;(2)|va, |p7:(w)dx) i }
Q\Q, AN\Q,
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1/qf
<o [ a@hun @) " e [ aole,
O\ 2N\Q,

pﬁix()gﬂll and ¢ = max, ¢ ¢i ().

+
Pz(w)dx> 1/q; ,

where ¢;(z) =
Therefore,

o [ oo

< cnli_{lgo K/Q\Q a; () |ug,
—0.

Pi(f)*Qu

T |Uﬂci

pi(m)”vxi)gbmign(u —v)dx dt‘

pi(f’?)dﬂ?) v + (/Q\Q ai(x)‘wiﬁi(z)dx) l/qr} =0

Let n — 0 in (2.4). Then we have

/Q |u(z, s) — v(z, s)|dx < /Q lu(z, ) — v(x, 7)|dz, (2.8)

Because of the arbitrariness of 7, we obtain

/Q lu(z, s) — v(z, s)| dz < c/Q |uo(x) — vo(x)| da.

3. PROOF OF THEOREM [I.4]

Making a minor modification, we can generalize Definition to the following
version.

Definition 3.1. Suppose that u(x,t) satisfies (1.7). If for any function g(s) €
CY(R) with g(0) = 0, 1 € CA(R) and g, € L2(0,T; LPi®) (a;,9)) it holds

//Q [%Ww) +§;ai<x>um

and the initial value condition (1.3) is satisfied in the sense of (|1.9)), then u(z,t) is
said to be a weak solution of equation (1.2) with initial condition (1.3)).

O, g (prpe) | dudt =0, (3.1)

Let u(z,t) and v(z,t) be two weak solutions of (1.2) with the initial values
uo(x) and wvo(x) respectively, and x be a weak characteristic function. We choose
gn(x(u — v)) as the test function in Definition Then we have

O(u —v)
[ anlxtu—op 2 e

N
+ 3 [ x@aste) (e PO 2, — e, 2020, ) (4 = ), g (x(u — v))d
=179

+i/ﬂai(z)(|uzi

= 0. (3.2)

P2, o, [0 20, g, (u = )l O — v)de

i i
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Let us evaluate each term in the left hand side of (3.2]). For the first two terms,
we find that

. ou—v), d
Jim [ gutcu= o) = & [ ) —vlelde, (33
[ x@aste) (jus 2, = o
Q

720, ) (1= ) gh (X(w — 0))dw > 0,
and

| [ aste) = o1 (xta = o) (s,

i(x)—2
pi(a) Uz — |UT7

pi(m)iz”@) ijd:C’

pi(z)—1

_pi(z)—1
-|/ a; T ay @) (u— v)gl (x(u = v))a, "
{Q:x|lu—v|<1/n}

X (|u:,3 p"'(w)*zvmi>xmdm‘

1 1/pi1
<(/ 077 (= o) (= o)), [Pl
{Q:X|u—vl<%}

Di ($)72U

T |Uﬂ77’,

1/qi
<(f i) (s, [P 4 Jo [P ) ",
{Q:x|u—v|<1/n}

where p;1 = p; or p; based on (iii) of Lemma and similar for ¢;;.
If {x € Q: |u—v| =0} has zero measure, since

/Qaz'(f”)}%

1
Di(x) XIi
/ a7 X5y (= ), (e~ 0)
{Q:x|u—v|<1/n} X

pi(

z)dm < 00,
we derive that

@ e < e, (3.5)
and

Pi@) 4 |y,

lim ( / ai(z) (|ua,
n—oo {Q:xlu—v|<i}

pi(x) ) dx> L

a; () (|ug [PP@ + |v|Pi@) de 1/gi1 o (3.6)
( (lumvl—0) i )(I 2] o) ) )

If {x € Q: u—v =0} has a positive measure, then

1
lim (/ a7 X2 (4 — v)gl, (x(u — v))
n—oo {sz\ufv\<%} ’ X "

‘(/ 0 (@) X2 lim[(u— v)gh (u—v)x)
{Q:|lu—v|=0}

X n—oo
=0.

(x 1/pi
pi( )d$> !

Pi(i?)dx) /i (3.7)
In view of (2.2) and condition ([1.13)), it follows the Lebesgue dominated conver-
gence theorem that

lim

| [ asto)t = o)gi 0t = 0) ([ 2, = o P20, Y| = 0.
n—oo Q

We now letting n — 0 in (3.2)), we have

d
& [t = o1 < [ fute) ot )
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By Gronwall’s inequality, we obtain

/|uxt xt)|dx<c/|u0 ) —vo(x)|dx, Vtel[0,T).

4. PROOF OF THEOREM

Let u(x,t) and v(z,t) be two weak solutions of equation (1.2)) with the initial
values ug(x) and vo(x) respectively. Then we have

I 1G04 S
=0

Let

P (z)— Qum _ |'Uwi pi(z)*vai)@xi} da dt

(4.1)

@ = Xirs (u = v)x(2),
where x4 is the characteristic function on [7, s] and x(x) is a weak characteristic
function of Q. Denote Qs = Q X [, s]. Then we have

Il

// |u |pi@)=2y, |vxi‘pi<m)—z%)(u_v)xi dedt  (4.2)

Clearly, it has
// |u P@) =2y, — |vwi\pi(”)_20mi) (u—v)y, dedt >0. (4.3)

Evaluatmg the second term on the right hand side of (4.2)) yields

‘// u—v)a;(z <|u Pi@=2y, — |v$i|p7‘(x)_2vzi) Xa; dx dt‘
< // lu — v]a;(x) (\u
<c / / a;(z \u
([ [ atix

T JQ
<o [ [a@h

T JQ

) p; (@)
Since M < ¢, by (4.4) we have
‘// u—v)a;(z (|u
1/pi
<c / /)du—v\pi(””) d:cdt) y
T JQ

pi(z)—2

Uy, — |Uac

P20, ) [ = v)],, da dt

|u93i pi(m)—Zum - |1}

i p"(m)_szi> (u — V) Xz, dz dt.

pi(z)— + |’U

pile)— 1) [Xz; | dodt

/il
(@) 4 |yPs 9”)) dmdt) ! (4.4)

Pz‘(z)|u _

v|Pi(®) dxdt) -

1/pi1
pi(®)|,, _
AP e — v .

P d dt

Pi(z)—Quwi — v

- pi(l)_Q,Uxi) X, dz dt’

(4.5)
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If p;(x) > 2, then

1/ 1/pi
// pl(z)dxdt m <c// \ufv|2dscdt) "

If 1 < p;(x) < 2, by the Holder inequality we have

1
// |u—v|p1(w)dxdt<c// |u—v\2dxdt)

) @ micay+ depending on [ [, x|u—v [P dx dt > 1
Pi(®) dg dt < 1. Thus, we obtain

pi(@) d:cdt " <c // |u—v|2da:dt) T (4.6)

where p;2 is max

or [* [ xlu—v

o
// u—v)x 8(uat )dxdt

or min

(4.7)
- / X(@) [z, 5) — v(z, 5)dz - / x(@) [z, 7) — v(a, 7)de.
Q Q
In view of —, letting A — 0 in leads to
/ x(@)[ulz, s) — v(z, $)Pdz - / x(@) [z, 7) — vz, 7)Pdz
@ (4.8)

< // 2)fu(e,t) — oo, 1 dwdr)

where ¢ < 1. By -, it is easy to see that

/ x(@)|u(z, 8) — v(w, s)|Pdr < / x(@)|u(z, 7) — vz, 7)|*dz. (4.9)
Q Q

Due to the arbitrariness of 7, we obtain

/ x@)u(z,5) - vz, 5)2dz < / X (@) o () — vo(x) 2d.
Q Q

5. STABILITY OF p-LAPLACIAN EQUATION

In the preceding two sections, we use the weak characteristic function method

to prove Theorems In this section, we consider equation ([1.21)) with the

initial value condition (1.3]), but without any boundary condition. We apply the
proposed weak characteristic function method to prove the stability of solutions of

equation (|1.21)).

Proposition 5.1. Let a(z) € CY(Q) satisfy (1.5), and u(z,t) and v(z,t) be two
weak solutions of equation (1.21)) with the initial values ug(z) and vo(x) respectively.
When p > 1, for the sufficiently large n, it holds

—1)p+1 1/p
R (/ |Va|pda:) <e, (5.1)
N2y

where ¢ is a constant. Then the stability (L.12)) is true.
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Proof. Let x(z) = [a(z)]Y. We can choose ¢,,g,(u — v) as the test function, then
13}
/¢n ) gn(u — v) (u 5 U)dx

p=2 p—2 V(u—0)g n(u—v x)dz
+ [ ate) (19uP™ Fu— 9 E0) V- o) - 0o

+ / a(z) (|VulP>Vu — [Vo|P72Vv) - V(u — v)gn(u — v)Vé,dx
Q
=0.
Clearly, we see that
/ a(z) (|VulP"2Vu — |Vu[P72V) - V(u — 0)g'n (u — v)dp (z)dz > 0. (5.3)
Q

By a straightforward computations, we derive that

‘/ |Vu|p Vu — |[VolP~ QVU) -V ongn(u— v)dm‘

= ’/Q\Q |Vu\p Vu — |VolP~ vi) - Vongn(u— v)dm‘

= ’/ |Vu\p Vu — |Vv|p_2Vv) -ngn(u — U)[a(a:)]N_1Vadx’
N\,

< C(/Q\Q" a(x)(|Vu|P + |VUIP)) ppln(/ﬂ\ﬂ a(x)[aNﬂ‘vadew) 1/p (5.4)

-1 N—1)p+1 /
c(/ a(x)(|Vu|p+|Vu|p)) Pl (/ |Va|pdx)1
O\Q, O\Q,

e - 1/p
c(/ a(z)(|Vul? + |Vu|p)) N (/ |Va|pdx) ’
o\Q, 0\Q,
which approaches 0 as n — co. Hence, by (5.2)-(5.4), the desired result is obtained.

IA

IN

O
If a(x) = d*(z), then
p1- et (/ |Va\pdx)1/p < opl— el Lipecn) (5.5)
o\,
Let a — o0. It is easy to see that
lim (1_ (N-Dp+1 1+p(a—1)) _p-l-p
a0 Np No Np ’
So we can choose an « such that
lim n'~ ot - B (5.6)
n—oo

Proposition 5.2. Let a(z) € C*(Q) satisfy (L.5), and u(x,t) and v(x,t) be two
weak solutions of the equation

up = div(d®|Vu[P~2Vu) (5.7)

with the initial values up(x) and vo(x) respectively. If p > 1, for the sufficiently
large «, then the stability (1.12)) is true.
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Next, we give further discussions on the constant « in Proposition [5.2]

Proposition 5.3. Let a(z) € C'(Q) satisfy (L.5), and u(z,t) and v(z,t) be two
solutions of equation with the initial values up(x) and vo(x) respectively. When
p > 1, we have

[Val?

ar—1

dzr <, (5.8)
Q
where ¢ is a constant. Then the stability (L.12)) is true.

Proof. Let x(x) = [a(x)]". We can choose g, (x(u — v)) = gn(a’¥(u — v)) as the
test function. Then

/an(aN(u - v))%dm

+ /Q a(x) (|Vu|p_2 Vu — |Vv|p_2VU) ~a¥V(u —v)g n(aN (u —v))pn(x)da

+ / a(z) ([VulP2Vu — |Vo[P2Vv) - Va" (u — v) g}, (a" (u — v))dx
Q
=0.
Clearly,
/ a(z)(|VulP~2Vu — [VoP2Vo) - V(u — v)g'n(a™ (u — v))aNdz > 0. (5.10)
Q
By a direct calculation, we deduce that
| / alz) (IVul?~2Vu — |[VolP~2V0)
Q
-Va (u—v)gl (™ (u — v))dz|
= |/ a(z) (|VulP2Vu — [Vo[P~?Vo)
{Q:aN |lu—v|<1/n}
-Va (u—v)g),(a™ (u—v))dz|

_ N‘/ a(x) (VP "2Vu — [Vol?~2V0) (5.11)
{Q:aN |lu—v|<1l/n}

V20w — v)gi (0" (u — v))da

p—1

= /{ ooz " (T + 190 7

Va

. ( a(z) |—
{Q:aN|u7v|<%} a

As for (3.5))-(3.7), we can derive that

lim ‘/ a(z) (|VulP2Vu — \Vv|p*2Vv)~VaN(u—v)g;(aN(u—v))dx’ =0. (5.12)
Q

n—oo

Consequently, using (5.9))-(5.12), we arrive at the desire result. O
If a(z) = d*(x), then

0|~ v)gh (@™ (u — )Pz "

|Val? B aPdle—1p ey
T = gaG=D) = aPd*™P. (5.13)
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Therefore, we can obtain the following proposition which is identical to the corre-
sponding result of [18].

Proposition 5.4. Let a(z) € CY(Q) satisfy (1.5), and u(x,t) and v(x,t) be two
solutions of equation (5.7) with the initial values ug(x) and vo(x) respectively. If
p>1 and a > p—1, then the stability (1.12)) is true.
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