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PROPAGATION OF COUPLED POROSITY AND
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ABSTRACT. This article presents an application of a theory, previously formu-
lated in the framework of rational extended irreversible thermodynamics, to
describe the thermal, mechanical and transport properties of a porous medium
filled by a fluid. Starting from the anisotropic rate equations for the porosity
field, its flux, and for the heat and fluid-concentration fluxes, the isotropic case
is studied when the body has symmetry properties invariant for all rotations
and inversions of the frame axes. Furthermore, the phenomenological tensors
have special symmetry properties coming from the used theoretic model. Then,
the propagation in one direction of coupled porosity and fluid-concentration
waves is investigated. The dispersion relation is carried out and the wave
propagation velocities as functions of the wavenumber are calculated and rep-
resented in a diagram for a given numerical set of the several coefficients char-
acterizing the considered porous media. The results obtained in this article
can be applied in several sciences such as seismology, medical sciences, geology
and nanotechnology, where there is propagation of high-frequency waves.

1. INTRODUCTION

In this article we apply a thermodynamic theory (see [5], 26] 27] 291 [30]), formu-
lated in the framework of rational extended thermodynamics [I} B} 111 12} 13} [15]
16l [18], 20, 221 25| [32], with internal variables for the description of the behaviour
of porous media, to the study of a problem of propagation of coupled porosity and
fluid-concentration waves in isotropic media. The characterization of the media
taken into account is based on an approach & la Kubik [I7], that considers an ele-
mentary sphere volume € of a structure with porous channels filled by a fluid, large
enough to use volume and area averaging procedures, being ) = Q2° 4+ QP with Q°
and QP the solid space and the pore space of this volume. Kubik introduces also
the central sphere section I' of 2, given by I' = I'* + I'?, with I'* and I'? the solid
area and the pore area, and defines a so called structural permeability tensor, r;j,
by the equation

ai(x) = rij(x)a; (x), (L.1)
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that gives a linear mapping between the average of a property of some physical field
a(x) calculated in the bulk-volume 2 and the average of the same quantity &(x)
calculated on the pore area I'*. It is assumed that such physical quantity is zero in
the solid space Q° and on I'*, and that the volume porosity f,, defined as f, = %p,
is constant. The tensor r;; is symmetric, gives a macroscopic characterization of
the geometric structure of the porous medium and has unit m~2.

The introduction of r;; in the thermodynamic state vector besides its gradient,
its flux and the other thermal and mechanical variables allows us to investigate
the behaviour of the considered media. Here, we focus our interest on the study
of their transport properties in the case of perfect isotropy. Isotropic media were
investigated also in [5]. The studies of phenomena regarding porous structures
saturated by a fluid have great importance (see also [4, [0, 31]) and the obtained
results can be used in several technological fields such as seismic waves, medical
sciences, biology, geology and nanotechnology (where the Knudsen number Kn =
/L, with L the volume element size along a direction of a considered nanostructure
and [ the free mean path of the heat carriers, is such that {/L > 1, namely L < [,
i.e. L is so small that it becomes comparable or smaller than ). Furthermore, in
nanosystems (such as porous semiconductors [8]) there are high-frequency waves
propagation and the transport properties of these systems have a rate variation
faster than the time scale of the relaxation times of the fluxes to their equilibrium
values.

The organization of this article is the following. In Section 2 we introduce the
model with the fundamental laws, derived in [26] in the framework of extended
thermodynamics with internal variables and describing the mechanical, thermal
and transport properties of a solid structure with porous channels saturated by a
fluid. Sections 3 and 4 are addressed to an application of the presented theory to
a problem of wave propagation in a porous medium, supposed at rest, when only
the porosity field, its flux, the fluid-concentration field and its flux are taken into
account. In particular, starting from the anisotropic case (see [29] [30]) we derive in
a special case a system of equations describing the propagation of coupled poros-
ity and fluid-concentration waves in a porous isotropic medium, having symmetry
properties invariant with respect to all rotations and inversions of frame axes (see
[10, 14]). The dispersion relation is obtained and the values of the wave propaga-
tion velocities are worked out as functions of the wavenumber k. The dispersion
curves are represented in a diagram for a given numerical set of the several coeffi-
cients characterizing the considered porous media. The Appendices deal with the
achievement of particular forms for fourth and sixth order isotropic tensors having
special symmetry properties and the detailed derivation of the transport equations
for the porosity field and fluid-concentration flux. A similar propagation prob-
lem of coupled waves was studied by one the authors (L. R.) in isotropic n-type
semiconductors (see [28]). The difference between both situations is that in [2§]
the considered media were semiconductors with dislocation lines, described as thin
channels by an internal variable, the dislocation core tensor [21I] (defined on the
basis of the structural permeability tensor & la Kubik), and the fluid-concentration
flux field was the flux of the concentration of electronic charge carriers.
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2. FUNDAMENTAL LAWS

Let us consider, in the framework of extended thermodynamics of irreversible
processes, a model for media with porous channels filled by a fluid, deduced in [26],
where it was assumed that the following fields interact with each other: the elastic
field described by the symmetric stress tensor 7;; and the small strain tensor &;;,
defined by €;; = %(um + uj;), with u; the displacement field; the thermal field
described by the temperature T, its gradient and the heat flux g;; the field of the
fluid-concentration c, its gradient and its flux j{; the porosity field described by the
structural permeability tensor r;;, its gradient and its flux V.

We suppose that the fluid filling the porous channels of the medium and the same
medium form a two-components mixture of total mass density p and we indicate by
p1 the fluid mass density and by ps the mass density of the elastic porous structure,
such that we have

p=p1+p2. (2.1)
The concentration of the fluid is defined by ¢ = p1/p.

We assume that the following continuity equations are valid for the mixture of

the fluid and the porous skeleton as a whole and for each constituent

p+pvii =0, (2.2)
0
% + (pl'Uli),i =0, (2.3)
0
op2 + (pQ'UQi),i =0, (2.4)

ot
where we have disregarded the source terms in each continuity equation, a superim-
posed dot indicates the material derivative, vy; and vg; are the velocities of the fluid
particles and the velocities of the elastic porous skeleton particles, respectively, the
velocity v; represents the barycentric velocity of the mixture, defined by

PU; = P1U1; + P2v2; (2.5)
and j; by
Ji = p1(vii — vi). (2.6)
In the following we will use the standard Cartesian tensor notation in rectangular
coordinate systems and we consider a current configuration K; at the time t.
We assume that the physical processes occurring in the above-defined situation

are governed by the following fundamental laws:
the continuity equation, obtained from (2.1)-(2.6) (see [3] and also [29)]),

pé+ji; = 0; (2.7)
the momentum balance
pUi = Tjij = 0; (2.8)
the internal energy balance
pé = Tjivij + qii = 0, (2.9)

where the mass density p is supposed constant, e is the specific internal energy (i.e.
internal energy per unit mass) and the body force and the heat source have been
neglected in and , respectively;

the rate equations for the structural permeability field r;;, its flux V;;, the heat
flux ¢; and the fluid-concentration flux jf, constructed in such a way that they
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are obeying the objectivity and frame-indifference principles (see [9] 23] 24]) and
supposed having the form

rij + Vijkk — Rig (C) = 0, (2.10)
Vi — Vige(C) =0, (2.11)

¢; — Qi(C) =0, (2.12)

jé = J(C) =0, (2.13)

where the fluxes of Viji, ¢; and ji are not taken into consideration, to close the
system of equations describing the media under consideration, and R;;(C), Vi;x(C),
Q:(C) and J£(C) are the source terms regarding the porosity field, its flux, the
heat and the fluid-concentration fluxes, respectively. These sources are constitutive
functions of the independent variables of the thermodynamic state vector chosen
as follows
C ={eij.c,T,rij,55 45> Vijis Ci» Ty Tijke }-
In — the superimposed asterisk defines the Zaremba-Jaumann derivative,
ie.
* * ., *
4 = ¢ — Qarqr, 35 =i — Qirdr,  Tij = Tij — Qikrrg — QjgTiks
* .

Viit = Vij — QaVije — LiVar — QuViji,

where €;; = 3(v; j —v;;) is the antisymmetric part of the velocity gradient v; ; and
v; the barycentric velocity field of the whole body.
All the admissible solutions of the proposed equations should be restricted by

the entropy inequality
. h
pS + bk k — % >0, (2.14)

where S denotes the entropy per unit mass, ¢y is the entropy flux and % is the ex-
ternal entropy production source (in the following neglected). In [26] Liu’s theorem
[19], establishing that all balance equations and rate equations are mathematical
constraints for the validity of , was applied and the state laws, the generalized
affinities, the entropy flux density and the functional form of the free energy F' were

derived. In particular the entropy flux density ¢ was given by the expression
1

oL = T(Qk — % = 0§ Viji), (2.15)

where II¢ is the chemical potential of the concentration field and IIj; is the poten-
tial related to the structural permeability tensor. In [29] (see also [30]) we have
worked out the following rate equations in the anisotropic case for the structural
permeability tensor, its flux, the heat and fluid-concentration fluxes

Tij + Vijk g = 5z‘1jk15kl + 5i2jkz7"kl + ﬁjkﬁi + ﬁ?jk% + ﬂfjklmvklm + 51‘6jkc,k
+ 5i7jkT,k + Bisjk;lmrkl,my

Viji = Vit + Vet + Vsrimn Vimn + VigraCt + VoLt + VospimnTimons - (2.17)

TG = X405 — @i + X Viee + Xi5¢5 — X5 T+ XomiTik.ds (2.18)

chjf = —ji + fquj' + f?jklvjkl - f?jc,j + f?jT,j + f?jkzrjk,b (2.19)

(2.16)
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In equations (2.16)-(2.19) we have considered physical situations where it is possible
to replace the Zaremba-Jaumann derivative by the material derivative. Equations
— describe disturbances having finite velocity of propagation and own
relaxation times to reach the respective thermodynamic equilibrium values and
show interactions among different fields.

In equation (2.18)), generalizing Maxwell-Vernotte-Cattaneo relation 77¢; = —q;—
ij T ; (where only the influences of the heat flux and the temperature gradient field
on the evolution in time of ¢; are taken into consideration), 79 is the relaxation
time of the field ¢; and X%j, ij and X% are the thermo-diffusive kinetic tensor, the
thermo-diffusive tensor and the heat conductivity tensor, respectively. The phe-
nomenological tensors x7;; and x§;;, describe the influences of the flux and the
gradient of the porosity field on the time derivative of the thermal flux. The field
ik, describe non-local effects of the porosity field.

When equation reduce to ¢; = —xJ;T;, we obtain Fourier’s law in the
anisotropic case, leading to propagation infinite velocities of thermal signals, being
the relaxation time 79 null (see [2] [7]).

In equation , generalizing Fick-Nonnenmacher’s law 77 jf = —ji — fjc’j
(where only the influences of the fluid-concentration flux and the fluid-concentration
gradient field on the evolution in time of j¢ are taken into account), 7/° is the
relaxation time of the field j¢, &} is the diffusion tensor and &}; is the thermo-
diffusive tensor. Furthermore, the phenomenological tensors 51'21'7 §%kl and §fjkl
describe the influences of the heat flux, the porosity flux and the porosity gradient
field on the time derivative of the fluid-concentration flux, respectively.

When equation reduces to ji = —§fj ¢,;, we have Fick’s law in the anisotropic
case, where the velocity of propagation of fluid-concentration flux is infinite and the
relaxation time 77 is null.

Equations and describe the evolution in time of the structural per-
meability tensor and its flux and in their right hand sides there are present the
fields that have influence on them in the considered physical situation.

3. EQUATIONS GOVERNING THE EVOLUTION OF POROSITY AND
FLUID-CONCENTRATION FIELDS AND THEIR FLUXES IN A POROUS MEDIUM IN
A SPECIAL CASE

In this Section we consider the system of equations , (2.16), (2.17) and (2.19)
in a special case. In particular, in (2.16)), (2.17) and (2.19) we neglect the influence
of the thermal phenomena, i.e. the presence of the fields ¢; and T';. Furthermore,
in equation we disregard the effects of the field ¢;; and the porosity field r;;,
in the rate equation (2.17) the contribution of the fluid-concentration flux j¢ and
in the rate equation the influence of the porosity flux V;;;. Thus, we obtain

p% = —Jkk (3.1)

8(;“;3‘ + Vigio = BEids + Blikim Viim + BErc.n + Bikim Tt m, (3.2)
61;;19 - ’y?jklmnvlmn + ’yfjklc)l + ’Y?jkzmnrlm,m (3.3)
05 —J§ = &e + Erin- (3.4)

ot
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In the rate equation (3.2)), because of the symmetry of r;;, i.e. r;; = rj;, the phe-
nomenological coefficients B?jk, Bf’jklm, ijk, 6§jklm have the following symmetries

3 3 5 5 6 6
ﬁijk = Bjikv Bijklm = Bjiklm? ﬁijk = Bjik:a
8

3.5)
8 8 8 (
ijklm — 5jiklm = ﬂijlkm = 5j7:lkm~

From the symmetry property of r;; and (3.5)), also the divergence of the porosity
field Vi x is symmetric in the indexes {i,j}
Vijke = Viik k- (3.6)

Also, from the symmetry property of r;; in the rate equations (3.3) and (3.4) we
have for the phenomenological tensors ’yfj kimn a0d {iﬁj . the symmetries

Vikimn = Vijkmin:  Sijrt = Eiki- (3.7)
The symmetry relations and reduce the number of the significant compo-
nents of the considered phenomenological tensors. The number of these significant
components has a further reduction if we establish some other assumptions. Be-
ing r;; a second order tensor, we can introduce its deviator, 7;;, and its scalar (or
spherical) part, r, in the following way

1 1
fij = Tij — gréij, T = g?‘kk, (i,j,k = 1,273), (38)

where Einstein convention for the dummy indices is used, and 7;; can be written in
the form

Tij = T35 + 105, with T =0, (3.9)
where, being 7;; symmetric, also 7;; is symmetric.
Furthermore, we consider the case in which V;;; can be written as the sum of
three symmetric contributions

Vijk = Vkﬁsij + Viéjk + Vjéik. (3.10)

For the sake of simplicity in the following we will consider only the spherical part
rij = 1d;; of the porosity field and the contribution Vid;; of its flux, i. e.

rij = 10ij,  Vijk = Vi, (3.11)

where Vj,0;; is symmetric in the indexes {z, j}.

Thus, by (3.11)), the rate equations (3.2)-(3.4]) keep the form

or .
9 8ij + Vikbis = Biirdt + Bikim VmOki + BijkC.k + BijkimT mOkt, (3.12)
OV ]
Wéij = V%klmnvnalm + V?jklcyl + Vzﬁjklmnr,n(slm’ (313)
3¢ ajf .c 4 6
T T i T §iiCi + ST 10k (3.14)

In (3.13) the following symmetries are valid

4 4 3 3 3 3
Yijkt = Vjikls  Vijkimn = Vjiklmn = Yijkmin = Vjikmin> (3.15)
6 6 6 6 :
Yijkimn = Vjikimn = Yijkmin = Vjikmin-
Properties (3.15)); and (3.15)2 come from the symmetry of V;d;; and from the
fact that in 7}, and in 774, the indexes {I,m} are dummy indexes with the

indexes of the tensors V,, 01, and r ,,6yp,, symmetric in {I, m}. In (3.15)3 the last two
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symmetry properties for the tensor *y?j simn are equal to the symmetry properties
BD.
Also, in we have
&ijl = fiﬁkjlv (3.16)
because in £, the indexes {j, k} are dummy indexes with the indexes of the tensor
10,5, sSymmetric in {j, k}.

4. SYSTEM OF EQUATIONS DESCRIBING THE PROPAGATION OF COUPLED
POROSITY AND FLUID-CONCENTRATION WAVES IN AN ISOTROPIC MEDIUM

In this Section we apply the theory presented in the previous Section to a problem
of propagation of coupled porosity and fluid-concentration waves in a porous perfect
isotropic medium, supposed at rest. The existence of spatial symmetry properties
in a material system may simplify the form of the rate equations in such a way that
the number of the significant Cartesian components of the phenomenological tensors
present in them has a further reduction. Here, we consider perfect isotropic systems
for which the symmetry properties are invariant with respect to all rotations and
the inversion of the frame of axes (i.e. under orthogonal transformations). Thus, in
this case of perfect isotropy we have (see [10] [14]):

The tensors of odd order vanish, i.e.

Lijr =0, Lijrim =0, (4.1)
so that in equation (3.12) the tensors
Bk = Biiim = Bejr = Bijpim =0 (4.2)
vanish;
The tensors of order two keep the form
Ly = L6y, (4.3)
so that the phenomenological tensor 52‘1]' takes the form
5= (4.4)
The tensors of order four must have the form
Lijki = L1656k + L2610 + L30:10 1, (4.5)

where L, (r = 1,2,3) are the 3 significant components of L;;x;, so that vfjkl and
ffj ; have only three significant components;
The tensors of order six (see ﬁikmln and 'y?jklmn present in (3.13))) assume the
following form [14]:
Lijkimn = L10i0310mn + L20i50km01n + L30i;0kn01m + L46i16510mn
+ L55¢k5jm5m + Lﬁdikéjn&m + L7§il5jk5mn + Lgéuéjmdkn

4.6
+ Lodudindim + L10Gimduin + L Gimdidin + LioGimbinds 00
+ L136in0101m + L1400610km + L156in0m Ok,
where L, (r=1,2,...,15) are the 15 significant components of Lijktmn-
Taking into account the isotropic form (4.2)), (4.4), (4.5) and 1-) of the phe-
nomenological tensors and their symmetry properties (3.15)) and ( we derive

from , , and - (see detailed calculatlons in Sectlon ' ) the
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following simplified system of equations governing the evolution of porosity and
fluid-concentration fields and their fluxes

P2 i =0, (4.7
% + Vi =0, (4.8)
”% = Vi —Dyrj+aycy, (4.9)
7 8815 = —ji +aer; — pDccy, (4.10)

where 7 is the relaxation time of the field Vi, = Vid;;, given by relation 1
of Section [f] D, and D. are the diffusion coefficients of porosity field and fluid-
concentration flux, respectively, given by the relations (| and l-b of Sections
|§| and (7} o, and «, are coupling coefficients given by relations (6.4)2 and ( 1 of
Sections [6] and [7] respectively, being

™ >0, 77°>0, D,>0, D.>0. (4.11)

A detailed derivation of equations (£.9) and (£.10) has been obtained in Sections[f]
and
From equation (4.7)), its derivative with respect to time and (4.10) we obtain
e 0%c  Oc
52 + = 5 + aer g — Decyi =0, (4.12)
where &, = . In analogous way, from equation (4.8), its derivative with respect

to time and (4.9) we have

2

Vgt; + gr Dyt i + o = 0. (4.13)
The system , ) describes the coupled porosity and fluid-concentration
waves in a perfect isotropic medium. The aim of this paper is to find, from the
dispersion relation, the wave propagation velocities as functions of the wavenumber

and to obtain some particular propagation mathematical conditions.
We confine our considerations to one-dimensional plane waves. We suppose that
the porous medium occupies the whole space and we consider the propagation of
the coupled waves along x direction. Thus, assuming that the solutions of the set

of equations (4.12)) and (4.13) have the form
r(z,t) = retk@=vt), (4.14)
c(x, t) = ceF@vt), (4.15)

with 7 and ¢ the amplitudes of the waves r(z,t) and c(z,t), k the wavenumber,
v the wave velocity, defined by v = % [ms™!], with w the angular frequency, w =
27 f [s71], being f the wave frequency and k=2 [m~'], with A the Wavelength

Thus, using the relations 7 and thelr derivatives in - we

obtain the following system of equations
(Dck — 7 k? — iv)E— ackr =0, (4.16)
o, k*C+ (TVk*0® — Dy k* + ikv) 7 =0, (4.17)
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that has non-trivial solutions only if its determinant vanishes, i.e.

_|Dck — 1 kv? — v —ack -
- oy, k2 TVE20? — D, K? + ikv|

Developing D we derive the following dispersion relation for the wave propagation
velocity v, concerning four possible modes:

2t 4 ikz(TjC + T”)U3 — [(DCT” + DZ,TjC)k:2 + 1]1}2
—ik(D,+ D,)v+k*(D.D, — a.o,) = 0.
From the real part of the dispersion relation , we obtain
Rt — [(Der” + Dl,ch)k‘2 +1]v* + k* (DD, — aca) = 0, (4.20)

from which we have two possible modes

vy =1\/%1 + \/g%j7 V) =1/G1 — \/ﬂ, (4.21)

D 0. (4.18)

(4.19)

where
D,V + D,,ch 1 )
- ; ; b 4.22
G1 9T 97 2 eing G > 0, ( )
DCDV - &Call
Go= 5 — (4.23)
TI TV

From the imaginary part of the dispersion relation (4.19)), we derive

k(TjC-FTV)Ug—k‘(DC—FDV)U:O, (424)

from which we obtain the other two values for v

|Dc.+ D, . D.+ D,
'U(3) = 0, 7}(4) = W, belng 7'.7(‘7—}—7'” > 0. (425)

From (4.25)4 and (4.11)) the velocity vy is always real, whereas the velocity v(y) is
real when

Gi —G2>0, (4.26)
namely when

-C 2 -C -C
[(DCTV — D7 ) 477 T”@cay] K+ Q(DCTV + Dy >k2 +1>0, (4.27)

that is always true because sum of positive quantities, and then also the wvelocity
v(1y is always real. From (4.25), the velocity v(y) is real when

Gi —/G? -Gy >0, (4.28)

G2 >0, (4.29)

from which we obtain

and thus
D.D, > a.qa,, (4.30)
Thus, in the assumption that (or (4:30)) holds v(y) is real.
In Figure [1| the wave propagation speeds as functions of k£ are represented for
a given numerical set of the several coefficients present in the examined problem:
D.=10"'m?s !, D, =107 m?s !, 77° =1072s, 7 = 10735, a, = 1025 ! and
a. = 107t m*s™!, being a. = a.p, with p = 10> kgm ™3 and o, = 10" 2kgms~".
In this assumption the condition is satisfied and thus the velocity v(y) is real.
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—

20 an o0 50 100

FIGURE 1. Representation of the three wave propagation speeds:
v(1), V(2) and vy as functions of k, for a given numerical set of
several coefficients present in the studied problem. The two hori-
zontal lines are the horizontal asymptotes of the wave propagation
velocities v(1y and v(g), respectively

The results presented in Fig. [1| show that for bigger values of k (for shorter wave
lengths \) the propagation velocity v(;) decreases, while the propagation velocity
v(2) increases and the velocity v(4) remains constant.

CONCLUSIONS

In this article a theoretical approach was used, developed in previous papers in
the framework of rational extended irreversible thermodynamics. It was supposed
that the media with porous channels filled by a fluid can be studied as a mixture
of two components. An internal variable, the structural permeability tensor r;,
its gradient 7;;5 and its flux V;;, were introduced in the thermodynamic state
vector besides the other classical variables to describe the mechanical, porous and
transport properties.

Here, the rate equations for the porosity field, its flux, the heat and fluid-
concentration fluxes, previously obtained in the anisotropic case, were considered
in a special case for perfect isotropic media having symmetry properties invariant
under orthogonal transformations. It was assumed that the mass density of the
mixture of the porous skeleton and the fluid is constant. The body force, the heat
source and the external entropy production source were negligible. The obtained
results were applied to the study of the propagation in one direction = of coupled
porosity and fluid-concentration waves when the body is supposed occupying the
whole space. The dispersion relation was carried out and three possible propaga-
tion modes were found, with particular propagation mathematical conditions. The
wave propagation velocities as functions of the wavenumber k were represented
for a given numerical set of the several coeflicients characterizing in an example
the porous media under consideration. The study of propagation of these coupled
waves has several application fields, such as hydrology, biology, nanotechnology,
physiology and seismic waves.
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5. APPENDIX: PERFECT ISOTROPIC TENSORS WITH SPECIAL SYMMETRY
PROPERTIES

In the following Subsections we will consider perfect isotropic tensors of fourth
and sixth order, having special symmetry properties, and thus a reduced number
of independent significant components (see [10, [14]).

5.1. Special form for forth order perfect isotropic tensors. In this Subsec-
tion we treat special symmetry properties of the fourth order tensors ’Y?jkl and

§fj x; and demonstrate that these tensors can be expressed only by 2 significant
components.

Case 1. A fourth order perfect isotropic tensor L;;z; has the symmetry
Lijri = Ljin, (5.1)

(valid for the tensor ’Y?jkl in equation (3.3)), from relation we have
Ljii = L1600k + L26ji0i + L3010k (5.2)

Adding equations (4.5) and (5.2), with the help of (5.1)), and multiplying by 1/2
we have

Lijkl = Aléijékl + AQ((Sik(Sjl + 6il5jk)7 with Ay =Ly, Ay = (L2 + L3)/2 (53)

Thus, the tensor 7}, keeps the form

Viskr = Vi0i0k1 + ¥3 (Bikbj + 6udjk). (5.4)

Case 2. A fourth order perfect isotropic tensor L;;x; has the symmetry

Lijri = L, (5.5)
(valid for the tensor £J;, in equation (3.4)), from relation (4.5) we have
Likji = L1601 + L26;j051 + L3010k (5.6)

Using the same procedure seen in the case 1, we obtain
L = A15il5jk + A2(5ij5kl + 6ik‘6jl)7 with Ay = L3, As = (L1 + Lg)/Q. (5.7)
Thus, the tensor §fjkl can be written as

ikt = E00udjk + €5 (8i50k1 + Oindj). (5.8)

5.2. Special form for sixth order perfect isotropic tensors. In the case where
a sixth order perfect isotropic tensor L;;imyn has the two symmetries
Lijkimn = Ljitkimn,  Lijkimn = Lijkmin, (5.9)
equivalent to
Lijkimn = Ljikimn = Lijkmin = Lijkmin, (5.10)

(valid for the tensors V%kzmn and V?jkzmn in equation (3.3)) we show that the
number of significant components of this tensors reduce from 15 to 6. In fact,



12 A. FAMA, L. RESTUCCIA EJDE-2020/73

writing relation (4.6)) in the case of Lj;gimn (i.e. changing the index ¢ with j), we
have

Ljikimn = L10i0810mn + L205i0km0tn + L3030k 0im + L4d;16:16mn
+ L50;50im0in + L6061 0in01m + L7010ik0mmn + Lgdj10imkn
+ L9010in0km + L100jm0ikOin + L116m0i10kn + L120jm0in ki
+ L1300 0ik01m + L140n0:16km + L1500 0imOki-

Matching expressions (5.11)) and (4.6]), by (5.9, we obtain
Lijkimn = B10ij0ki0mn + B20i;0km0in + B30ij0kn0im + Ba(0ik0;1 + 0:10%)0mn
+ Bs(0ik0jm + 0im0;k)01n + Be(0ik0jn + dindjk)0im
+ B7(8i16m + 0im0;1)0kn + Bs(3i10jn + 0indji)Okm
+ By(8imdjn + 0indjm)Oki;

(5.11)

(5.12)

with
By =Ly, By=Ly, Bz3=L3, By=Ly=Ly, DBs=Ls= Ly,

5.13
Bg = Lg = Li3, By=Lg= L1, Bgs=Lg=Lyy, Bg=Lis=Lys. (5.13)

Writing relation (4.6)) in the case of L;jkmin (i-e. changing the index [ with m), we
have

Lijkmin = L16ij0km0in + L20:j0ki10mn + L30ii0kn0mi + Ladirdjmbin
+ L50ik016mn + L60ik0jnbmi + L76im0ik01n + Lglim0;10kn
+ L96im0jnbii + L100i1060mn + L1100 jmOkn + L126:16jn0km
+ L130in0;1x0mi + L140in0jmOks + L150in010km.-

Matching relations (5.14)) and (4.6)) and using (5.10]), we obtain
Lijklmn
= Cl((skl(smn + 5km(sln)(sij + C25ij5kn5lm + Cvl?o((sjldm,n + 5jmaln)5ik
+ C46i10 301 + C5(3i10mmn + 0im0in) ik + C6(0i10jm + 0imji)Okn
+ C7(8i10km + JimOk1)djn + C30indk01m + Co(0;10km + 0jmOki)din,

(5.14)

(5.15)

with
Ci=Li =Ly, Cy=L3, C3=Ly=0Ls, Cy=Ls; Cs5=Ly= Ly,

5.16
Cs=Lg =L, C;=Lyg=1Liy, Cg=1Liz, Cg=Liy=Lss. (5.16)

From the match of relations (5.12) and (5.15)), we obtain the special form of a
sixth order perfect isotropic tensor having the symmetries (5.10) with 6 significant
components
Lijklmn
= Dl (5kl6mn + 5km5ln)5ij + D25ij5kn5lm + D3[(5ik5jl + 5il5jk)5mn
+ (6ik0jm + 0im0;k)0in) + Da(dirdjn + 0indjk)0im (5.17)
+ D5(0i10jm + 0im0;1)0kn + De[(0:10n + 0indj1)Okm+
+ (6zm63n + 5in6jm)6k:l]7
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with
D1 =B1=By=C1=1L; =Ly, Dy=B3z=Cy=Ls,
D3 =By =Bs =C3=Cs5 =Ly = Ls = L7 = Ly,
Dy=Bs=Cy=Cs=L¢= L1z, Ds=B;=0Cs=Lg= L,
D¢ = Bs = By = C7 =Co = Lg = L1z = L14 = L5,

where we have used expressions (5.13)) and (5.16)).

(5.18)

6. APPENDIX: DERIVATION OF THE RATE EQUATION FOR THE POROSITY FIELD
FLUX

To obtain equation (4.9)), we use (3.11) and the special forms (5.4]) and (5.17)),

assumed by the forth order tensor 77, and the sixth order tensors v/},,.,, (7 = 3,6),
so that equation (3.3) takes the form

Wk

Yoot

= {7} (Oktmn + Okm0in)8ij + ¥30ij0kndim + Va[(irdj1 + 6:18k)Smm

+ (8ikGjm + 6im i) 0tn] + 73 (SikSjn + Gindj)0tm + 73 (Bubjm

+ 6im0i1)0kn + Ve (6i10in + 6indi1)km + (SimOin + 6indjm)0k] } Vi dim 6.1)
+ [V10i50k1 + V3 (Sikdj1 + i) e + {1 (6kiSmn + SkmOin )i

+ 804 0knOtm + VS [(0i 01 + 0i10;8)0mn + (6ik0jm + SimOix)01n]

+ 95 (Bir6jn + 6in6) St + V5 (618 m + Gim 1) Ok

+781(6:06jm + 0inj1)0km + BimOjn + Gindjm )]} 10t

]

where 73 and 7% (s = 1,...6) are the 6 independent significant components of
the sixth order tensors fyi?’jklmn and ’yiﬁjklmn7 respectively, and ~{, 75 are the 2
independent significant components of the fourth order tensor 'yfjkl. Then, from

(6.1) we obtain

Vi,

"ot

= [(297 + 373 + 208) Vi + (297 + 398 + 208) 7k + 7] 8y
+ [(3v3 + 293 +298) Vi + (375 + 298 + 29¢) rj +v3¢,5] Gin (6.2)
+ [(373 + 293 +298) Vi + (393 + 298 +298) i +75¢.] G

Thus, when ¢ = j we have

Vi,

o = (293 + 675 + 375 + 675 + 275 +68) Vi + (71 +273) ek

(6.3)
+ (298 + 695 + 375 + 695 + 295 + 698) 7,

i.e. equation (4.9)), T”% = -V, — D, + aycj, when we introduce the following

definitions (with the minus sign coming from physical reasons)

29 +67 +3 + 60 + 2 46 =— ()T, a=1"(1 +2v), (6.4)

D, = —7" (295 4+ 675 + 375 + 675 + 295 +675) . (6.5)
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7. DERIVATION OF THE RATE EQUATION FOR THE FLUID-CONCENTRATION FLUX

To derive (4.10]), we use equation (3.4)), the assumption (3.11)); and the special
form (4.3) and (5.8) of the tensors Efj and ffjk“ so that we obtain

ot 05§
ot
where €9, €5 are the 2 significant independent components of the fourth tensor ffj ki

= —jf — &%6i5c5 + [€00ubik + £5(8i50k1 + 0ird;0)|r 1k, (7.1)

and £ is the only one significant component of the second order tensor 5%. Then,

equation ([7.1)) keeps the form

it aj¢

ot

i.e. equation (&.10)), 77° %jtf = —j¢+acr; —pD.c;, when we introduce the following
definitions

6 6 ¢
e =36 +28,, D.= s (7.3)

= —j¢ — &l + (360 +289)r (7.2)
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