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ASYMPTOTIC BEHAVIOR OF STOCHASTIC THREE-SPECIES
PREDATOR-PREY SYSTEMS WITH WHITE AND LEVY NOISE

YIHAN ZHAO, YUANPEI XIA, ZHICHUN YANG

ABSTRACT. In this article, we propose a three-species prey-predator system
with Holling II functional response and stochastic perturbations involving
white noise and Lévy noise. Firstly, we study the existence and uniqueness
of a global positive solution and stochastic ultimate boundedness. Then, we
obtain sufficient conditions for stability, extinction, strongly persistence in the
mean and stochastic permanence in the sense of probability for the stochastic
system. The results show that both white noise and Lévy noise may change
the asymptotic properties of the population system. Finally, some examples
that chaotic dynamics can be influenced by stochastic noises.

1. INTRODUCTION

The predator-prey models have attracted great attention because of their rich
and complicated dynamical behaviors, in which functional response plays an im-
portant role to determine dynamical behaviors such as stability, oscillation, bifurca-
tion and even chaos (see [4]-[I8]). In the past few decades, food chain models with
Holling-type functional response have been widely studied by many researchers; see
[3, 4, [5] [7, [18]. For instance, the famous Hastings and Powell’s model depicted a
three-species food chain with the Holling IT functional response [3]

B a1332(t)
day (t) = 21 (0)[1 — 21(t) — 1+ bz (t)”
_ mai(t) asws(t)
dzo(t) = wo(t)[—re + . +1b11x1(t) -1 +2b23x2(t) ’ (1.1)
B a2$2(t)
daa(t) = ws(t)l=rs + 5~ )

where x; are the population densities of prey, middle predator and top predator [3[7]
respectively. A more general three-special predator-prey model with the Holling IT
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functional response has the form

d.%‘;t(t) _ :L‘1(t)[7'1 — anl‘l(t) - m s
dl?g(t) _ agllfl(t) ag3x (t)
T zo(t)[=r2 + T4 b (l) awa(t) — T boral®) +3b23{£2(t)]’ (1.2)
dx;t(t) = 23(t)[—r3 + m — azszs(t)),

where x;(t), ¢ = 1,2,3 denote the population densities of prey, meso-predator and
super-predator at time ¢ respectively, r; is intrinsic growth rate and r; > 0 (i = 2, 3)
are the death rates, a; > 0 (i = 1,2,3) represent the intraspecies competition
coefficients, a1o > 0 and as3 > 0 stand for the capture rates, as; > 0 and agzs > 0
represent the efficiency of food conversion, and 1/b; (i = 1,2) denote the half-
saturation constant of meso-predator and super-predator respectively.

As we known, in the real world, ecosystems are unavoidably subject to stochastic
perturbations because of random fluctuation of the birth rates, death rates, carrying
capacity and so on. In recent years, white noise driven by Brownian motion has
been taken into consideration in the process of modeling [II], and the study of
dynamical behaviors for stochastic population systems with white noise has become
fascinating [6] [8, 10, 13]. Except for white noise, ecosystems may suffer sudden
environmental perturbations such as earthquakes, hurricanes, floods and so on,
which may cause jumps of population number and great influences for dynamical
properties of the systems. So it is reasonable to introduce Lévy noise described by
Lévy random processes into the systems. Stochastic population systems with Lévy
noise have been extensively studied by some scholars in the last few years [17]. In
most of ecosystems, the functional responses are linear, but linear ones have some
limitations and may be unable to accurately describe various natural phenomena
[12]. In fact, nonlinear function response has much richer dynamical behaviors
than linear function response, and lots of critical properties are demonstrated only
via nonlinear function response [3]. Therefore, it is interesting to further study the
population systems with nonlinear functional response and stochastic perturbations
such as white noise and Lévy noise.

Motivated by the above discussions, we take white noise and colored Lévy noise
into the model , and formulate the following hybrid stochastic three-species
predator-prey system with the Holling II functional response

day(t) = 1 (8)r — ana (8) — %]d
+ o121 (t)dBi(t) + 1 (¢ )/Y’yl(u)N(dt,du),

) (1.3)
+0’2I2(t)dB2( ) To t )/Y”yg(u)N(dt,du),

2
a3z t)
1+ b2.732(t)

+ ogws()dBs(t) + w3(t) /Y s () N (dt, du),

drs(t) = x3(t)[—rs + ——————= — azzx3(t)]dt



EJDE-2020/71 ASYMPTOTIC BEHAVIOR OF STOCHASTIC SYSTEMS 3

where x;(t7) is the left limit of z;(¢), B;(t) is the standard Brownian motion defined
on a complete probability space (2, F, {F;}+>0, P) with a filtration {F; }+>0 satisfy-
ing the usual conditions, o7 is the intensity of white noise, IV is a Poisson counting
measure with characteristic measure A on a measurable subset Y of (0,400) with
A(Y) < 400, N(dt, du) = N(dt,du) — X(du)dt is the compensated random measure,
vi(u) > —1(u € Y) are bounded functions (¢ = 1,2,3), and the meaning of other
parameters are same with model (L.2).

We shall investigate the dynamical behaviors such as well-posedness, bounded-
ness, stability, extinction and persistence for the above stochastic system. The main
contributions of this paper are listed as follows. Firstly, we formulate a three-species
predator-prey system with the Holling II functional response and hybrid stochastic
perturbations involving white noise and Lévy noise. Secondly, we discuss the extinc-
tion and persistence in the mean and in the stochastic trajectory path. Lastly, we
show that both white noise and Lévy noise have significant impacts on dynamical
properties of the system.

The remaining part of this paper is organized as follows. In Section 2, we give
some preliminary results on system. In Section 3, we analyze the asymptotic
behaviors of system(1.3). In Section 4, the theoretical results are illustrated by
some examples.

2. PRELIMINARIES

Throughout this paper, we denote R% = {z = (z1,79,23)T € R® 1 2, > 0, i =
1,2,3} with the norm |z| = /2% + 2% + 2%, and assume B;(t)(i = 1,2,3) and N
are independent. For convenience, we define the following notations

o2

b= G = [+, i=1.2.3
Qi(t):/o /Yln(1+%(u))]§7(ds,du), i=1,2,3

flt) = 1/t f(s)ds, f*=limsup f(¢t), f«=lminf f(¢).
0 t—o00 t—o0

To obtain the main results, we introduce the following assumptions.
(A1) There is a positive constant ¢ such that [, [In(1 + v;(u))]*A(du) < ¢, i
1,2,3;
(A2) For any t > 0, sup;> fot Jy € i(u) — In(1 + ~i(u))]A(du)ds < oo, @ =
1,2,3;
(A3) B= min{?“l — B1,—T9 — B2, —T3 — 63} > 0.
Definition 2.1 ([8]). The solutions z(t) of system ([1.3]) are called stochastically

ultimately bounded if for each e € (0, 1), there is a positive constant H := H(e)
such that x(t) with any initial value z(0) € R3 has the property that
(

limsup P(|z(t)] > H) < e.
t— o0

Definition 2.2 ([1]). The system (1.3) is said to be stochastically permanent if for
any € € (0,1), there exist constants §; = d1(€) > 0 and d2 = d(€) > 0 such that

liminf P{|z(t)| > 01} > 1 —¢, liminf P{|z(t)] < d}>1—¢.
t—o00 t—o0
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Definition 2.3 ([20]). Let x(t) = (z1(t),22(t),z3(t))" € R% be a solution to
system (|1.3)), then for i = 1,2, 3,

(1) the population z;(t
(2) the population z;(t

becomes extinct if lim; o z;(t) = 0 a.s.;

becomes strongly persistent in the mean if
liminf; o0 + f(f z;i(s)ds > 0 a.s.;

(3) the population z;(t) is said to be stable in the mean if

lim; s o0 %fot zi(s)ds = ¢ >0 as.

~— —

From the above definitions we can find that the stability in the mean must
be strongly persistence in the mean, stochastic permanence implies stochastically
ultimate boundedness, and stochastically ultimate boundedness means the solution
will be ultimately bounded with large probability, stochastic permanence is the
strongest property, indicating the eternal existence of the population.

To ensure that the system (|1.3)) has biological significance, we give well-posedness
for the solution of system

Lemma 2.4. For any given initial value 2(0) € Ri, the system (1.3) has a unique
global solution x(t) € Rﬁ_ for allt > 0 almost surely.

Proof. First, we prove that ([1.3)) has a unique positive local solution. For ¢ > 0, we
consider the system

aygetz®)

_ B _ wi() 2127
dul(t) - (Tl ﬁl ajie 1 + bleul(t)

)dt + UldBl (t)

+ / (1 + 1 () N (d du),

a216u1(t) ¢ a236u3(t)
2 ggge2( I
1+ bleul(t) 1+ b2eu2(t)

+/Yln(1+72(u))1\~/(dt,du),

dUQ(t) = (—7“2 — Ba+ )dt + O'QdBQ(t)

(2.1)

azze2®)

m - a336“3(t))dt + O'3dB3 (t)

dusz(t) = (—r3 — B3 +

+/Yln(1+73(u))]\7(dtﬂ du),

with initial value (u1(0),u2(0),u3(0))T = (Inz1(0),Inz2(0),In235(0))T.

Clearly, satisfies local Lipschitz condition, there is a unique local solution
(u1(t),uz(t),us(t))T on [0,7.), where 7, is the explosion time. By It6’s formula,
(z1(t), 22(t), x3(t))T = (et ev2(®) us(T i the unique positive local solution
to the system with initial value z;(0) > 0. Then, we will use the comparison
theorem to prove z(t) is global, i.e., 7. = +o00. Considering the following stochastic
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system
dyi(t) = y1(t)[r1 — any (t)]dt + o1y1(¢)d B (¢)

L) / o () N (dt, dus),

dya(t) = yo(t)[—r2 + %211 — agay2(t)]dt + ooya(t)dBa(t)
T ya(t) / o () N, du),

dys(t) = ya(t)[~r3 + % — as3y3(t)]dt + o3y3(t)dBs(t)
() / s () N, du),

with initial value y;(0) = x;(0) > 0, ¢ = 1,2,3. By the comparison theorem
for stochastic differential equation, we obtain for ¢t € [0,7.), z;(t) < yi(t), a.s.,
i = 1,2,3. According to [Il Theorem 2.1], the system (2.2]) has a unique global

solution y1(t), y2(t) and y3(¢) for ¢ > 0. Hence we have 7. = +o0.

The following lemma gives ultimate boundedness for the system (|1.3)).

]

Lemma 2.5. For any initial value x(0) € R3 and p > 0, there is a constant K
such that the solution x(t) of system (L1.3) satisfies limsup,_, ., E|z(t)|P < K, and

is stochastically ultimately bounded.

Proof. Define a Lyapunov function V(z) = 2 + 28 + 2%, p > 0. Applying the

generalized 1t0’s formula, we obtain

E(e'V(x)) = V(z(0)) + E/o e’V (xz(s)) + LV (x(s))]ds,

where
-1
LV (x) = — anpal ™ + b (pry + %Uf
p
a12PT1 T2
+ 1+ u))? — 1\ (du)) — ———
L1+ =~ 1) - PLE
1 plp—1) ,
— agpry  +xy(—pr2 + 9 92
P p
a21PT5T7 a23PTyx3
+ 1+ w))? — 1]\ (du)) + -
/YK ()~ UA(du)) + T2 - B2
—1
— agspah T+ af(—prs + %Jg
P
32PT3T2
+ [ 11+ s(w))? — 1A (du)) + 28222302
/Y[( () — 1A (du) + R

From a;; > 0, we can deduce that there exists a constant K (p) > 0 such that

-1
V(z) + LV (2) < — anpah ! + 28 (1+ pry + %U%

+ /Y{u +71(w))? — 1A(du)) — agapaht!
az1p

—1
+£L’§(1—p7"2+T+%U§



6 Y. ZHAO, Y. XIA, Z. YANG EJDE-2020/71

+ / [(1 +72(w))? — 1]A(du)) — agspal ™
Y

: -1
+2b(1 —prs + Ze2P pp—1) )U§
bo 2
+ [+ () - 1)
Y
< K(p).
Hence,
E(e'V (21(t), 22(t), 23(t))) < V(21(0), 22(0),23(0)) + K (p)(e’ — 1).
Then
lim sup E (24 (t) + 25(¢) + 24 (1)) < K(p).
t— oo
Since n(1=2)A0|z[p < 77 2P < p(=VO|z|P for all p > 0, z € R, we can find
a constant K = 3(f(§gm > 0, this yields that limsup,_,. E|z(¢)|? < K. And
combining with Chebyshev inequality, we can derive that the solution of (L.3)) is
stochastically ultimately bounded. The proof is complete. (I

The following lemma gives the pathwise estimation of system state.

Lemma 2.6. Let (A2) hold, for any initial value z(0) € R3, the solution z(t) of
(1.3) has the property that limsup,_, . M <0as,i=1,23.

Proof. Using the same method as in [I, Lemma 4.4] with (A2), we obtain that the
solution (yi1(t),y2(t), ys(t)) of (2.2) satisfies limsup,_, ., mvil) <1 a5, i=1,23.

Int
Combining this and the limit lim; o, lnTt = 0, we have limsup,_, % <0 as.,
i =1,2,3. Then by the inequality x;(t) < y;(t), ¢ > 0, ¢ =1,2,3, we can gain the
desired result. ]

Lastly, we also introduce the following basic lemma given in [9].

Lemma 2.7. Let (Al) hold and Z(t) € C(92 x [0,+00), R4).
(1) If there exist two positive constants T and Mg such that for allt > T,

In Z(t) < M — Ao /t Z(s)ds + En: 0 Bi(t) + En: AiQi(t),
0 i=1 i=1

where \,0;,\; are constants,then

—x A

7z < =
%
quada.s., if A > 0;

lim Z(t) =0 a.s., if A <O.
t—o0

(2) If there exist there positive constants T, A and Ny such that for allt > T,
t n n
InZ(t) > At — Ao / Z(s)ds+ Y oiBi(t) + > XiQi(t),
0 i=1 i=1

then Z, > % a.s.



EJDE-2020/71 ASYMPTOTIC BEHAVIOR OF STOCHASTIC SYSTEMS 7

3. ASYMPTOTIC BEHAVIOR OF SYSTEM (1.3

In this section, we shall investigate the asymptotic behaviors such as extinction,
persistence and stability for system (|1.3)). Firstly, we give main results on extinction,
strongly persistence in the mean and stability in the mean.

Theorem 3.1. Let (Al) and (A2) hold. We have the following statements for
system .
(i) If 1 — B1 < 0 and —r; — B; < 0, i = 2,3, then all populations becomne
extinct.
(ii)) If i — 51 >0, =19 — Ba + P+ <0 and —rs — B3 <0, then the populations
x9(t), x3(t) become extinct and x1(t) is stable in the mean, namely,
r— B

lim 24 (t) = a.s.
t—o0 all

(i) If —rs — B3 + @2 <0, then population x3(t) becomes extinct. Moreover, if

a
—ra—f2+EL

r1 — 1 > max{0, a2 s } and —ry — B2 > 0, then the populations
x1(t), z2(t) are strongly persistent in the mean, that is,
*T2*52+%

a2 < xl(t)* < (El(t)* < U} _Bl
a1 a11

7T2752§?(t)*§$2(t)* —r2 — 2+ an
a22 a22
(iv) If—rs — B3 > 0, then the population variable x3(t) satisfies

1 —51 — Q12

a.s.,

—r3 — P3+a
<ws(t), <ws(t) < s Dotz
ass ass
‘ —ro—p _;'_U‘A
Furthermore, if ry — f; > max {07 al?%

*T3*53+%
T}7 then

} and
—ro — [P > max {0,a23
*W*ﬁﬂ*%

922 < I t < I
a1l S@i(). < a1
—r3—fB3+532
—ry — flo — Qg3 ——— 2~ * —r9 — B2+ an

e <@o(t), <ao(t) £ —————
a22 a22

T1 —51 — 12

(t)* <= b a.s.,

IN

That is, all populations are strongly persistent in the mean.
Proof. Applying generalized 1t6’s formula to In x4 (¢) leads to

_ a12$2(t)
14 biz1(t)

+/Yln(1+71(u))ﬁ(dt,du).

Integrating from 0 to ¢ and then dividing it by ¢ yields

In(z, (t)/21(0))
t

dinzi(t) = (ry — f1 — a1z (t) )dt + o1d By (t)

(3.1)

(1) o1Bi(t)  @i(t)
1—|—§15€1(t)+ tl + lt '

=r1—f1 —anzi(t) — a2
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Similarly,
In(zy(t)/22(0)) it 3 z3(t)
. =—r2— P2+ an 1+ b1 (D) a2 (t) — azs 1+ boza(f) 52)
n 023t2(t) n ta(t)’
ln(l‘3<t)/.’173(0)) - .’Eg(t) 0'3B3(t)
f = —-Tr3 — 53 + a32m - a33x3(t) + P (33)
n Qs(t)
—
Firstly, we shall prove the conclusion in case (i). By ,
ln(x1(t)/x1(0)) S - 61 . a11m+ O‘lBl(t) + Q1<t)-

t
Note that 1 — 8 < 0, hence by case (1) in Lemma[2.7]

t t

tlggo z1(t) =0 as.

Thus we have that

xl(t) _—
|m| <|z(b)] <e,

for sufficiently large t, where 0 < € < BQTT Then for(3.2)), we obtain

In(es()/2(0) _ 72Balt) | Qalt)
t - t t

Note that —r9 — o <0 and 0 < € < 52?;”, hence by case (1) in Lemma

—ry — P2 + agi€ — axxa(t) +

t11>1r010 22(t) =0 as.
Similarly, applying this to (3.3]), we have

tll)rgo x3(t) =0 a.s.

Secondly, we will give the proof of case (ii). From (3.2)),

ln($2(t)t/$2(0)) <y Byt C27211 ~ o (D) + U2Btz(t) n Q2t(t)_

Since —rg — f2 + L <0, by case (1) in Lemma

tlggo x2(t) =0 a.s.

The proof of lim;_, o z3(t) = 0 a.s. is the same with that in (i), hence the details
are omitted. For (3.1]), we obtain

I (1)/21(0)) _
n <
By case (1) in Lemma we deduce that

r— B —anzi(t) + Jlb;l(t) n Qlt(t)'

xl(t)* < % a.s.



EJDE-2020/71 ASYMPTOTIC BEHAVIOR OF STOCHASTIC SYSTEMS

From lim; o xz2(t) = 0, we have |%
where 0 < € < % Then for (3.1), we obtain
1 t 0 —_— By (t t
/RO ey T Q)
From case (2) in Lemma we deduce that

r1 — B1 — aiz€

x1(t), >
1(t), = o
In view of the arbitrariness of €, we obtain
r—
lim 71 (f) = — b a.s
t—o0 a’ll

Thirdly, we shall prove the conclusion in case (iii). By (3.3),

In(z3(t)/23(0)) _ n
t - t t
Note that —r3 — 83 + % < 0, hence by case (1) in Lemma

tlg(r)lo z3(t) =0 a.s.

a/ [
—r3 — B3+ % — azzr3(t) +
2

According to ,
ln($2(t)t/$2(0)) <y Byt % ~ o (D) + U2Bt2(t) n Q2t(t)_
1

By case (1) in Lemma we deduce that

*« —ry — Bo + P

zo(t) < ————U 4
a22

From lim;_,, z3(t) = 0, we have that |%

—r2—P2 :
t, where 0 < € < == Then for (3.2)), we obtain

o3B3(t) Q3(t).

In(xo(t)/22(0 — 09 Bs(t t
(za( )t/ 2(0)) > o — By — azra(l) — azge + 22 t2( ) n ta( )
Using case (2) in Lemma we deduce that
T, > 2= Prmame o
a2

Therefore, in view of the arbitrariness of €, we obtain

—ro — —_— * —ry — o + P

7“2762 < xg(t)* < x2(t) < 2 e b a.s.

a22 a22

Through ,
In(z: (t)/1(0))

<ri—p1— a11m+ 715:1(t) + Ql(t).

4 4 t
It follows from case (1) in Lemma [2.7] that
xl(t)* < n-h a.s.
ai

Combining inequality (3.4) and Lemma [2.6] from (3.I)) we deduce that

(t)\ < |z2(t)] < €, for sufficiently large ¢,

(t)\ < |z3(t)] < e, for sufficiently large

W@ O/0(0) |,

allxl(t)* > h]frI_l}lOI‘}f {’r‘l — 61 t m

t

1By (t) n Ql(t)}
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1 t
>r—f — limsupm
t—o00 t

*

— algl'g(t)
—ry— P2+ F*

@22

>r— B — a2

So
7 , 3 “ —7’2—1'32-&-% 3
1—PL—ar2—(—  — — ry—
2 <), <m() <2
ail ail

Finally, we shall prove case (iv). From (3.3,
1 t 0 Bs(t t
n(zs(t)/x3(0)) < —rg— B3+ asz — azsza(l) + o3B3(1) + Qs( ).

t bo t t

By case (1) in Lemma we deduce that

* —r3 — + g2

nl < BT

ass

Again from (3.3,

In(z3(t)/23(0))
t
Using case (2) in Lemma 2.7} we have

> g — By — a33m+ 03113(75) + QSt(t)'

:L‘3(t)* > —7‘37—/33 a.s.
ass
Therefore,
—r3 — * - _B + 232
13— P <uzs(t), <uzs(t) < 2T (3.5)
ass a33
Through (3.2)),
In(xo(t)/22(0 a — B (t t
(z2(t)/22(0)) < o Bt P e 4 & 2(t) L @)
t b1 t t
According to case (1) in Lemma we have
—_— —T9 — + g1
Z‘Q(t) < & a.s.
a22
Combining inequality (3.5)), (3.2) and Lemma [2.6] we can deduce that
—_— . In(z2(t)/22(0 —_— Bo(t t
azew2(t), > liminf { —ry — B2 — In(@(®)/22(0)) agzx3(t) + o2Bs(1) + Q( )}
t—o0 t t t
| t .
> —rg9 — B3 — limsup nz2(t) — ag3ws(t)
t—o0
—r3 — Pz + G2
> —ry — By — agy——— 2
ass
Therefore,
—r3—fs+2 a
—r9 — By — g3 —————2- «  —Tg— [+ %%
e e < ao(t), <zo(t) < & a.s.
a22 a22

The estimation for the ultimate infimum and ultimate supremum of z; (¢) is similar
with one in case (iii), hence it is omitted. O



EJDE-2020/71 ASYMPTOTIC BEHAVIOR OF STOCHASTIC SYSTEMS 11

Remark 3.2. When ass = agz = 0, we easily check the conclusion in the case (i)
and case (ii) of Theorem still holds. This means that the conclusion can be

applied to the model (1.1)) with stochastic effects and see the case from Example
ETl later.

Furthermore, we will give a condition weaker than the one given in the above
case (iv) to discuss the stochastic permanence in the sense of probability for the

stochastic system (|1.3)).
Theorem 3.3. If (A3) holds, then system (1.3)) is stochastically permanent.

Proof. We define a Lyapunov function V(z(t)) := m, where x(t) =

(w1(t), 22(t), 23(t))T is any positive solution of (I.3)). By generalized Ito’s formula,
we obtain

dV Z{ — V2(x)[x1(r1 —a11x1 — LJZQ)

1+ b1aq
a1 a3
+ xo(—T2+ ————T1 — ATy — ————X
2(=72 14 bpag L~ 02272 1+be23
+ a3(—r3 + %wz — agza3)] + V7 (x Zaziﬂz

+/ <231 ~ V@) A(du) Jdt - foﬂfde

i1 Ti(1L+ i)

1 ~
+/(— — V)N(dt, du).
Y 2321 xi(14+7v)
Note that
2
. max;—=1,2,3 0; 1 1
elir& {fa + / [9 mini:LQ’g(l + 'yi(u))e H]A(du)}

= [l min (14 ) A,
¢
By (A3), we can find a sufficiently small # > 0 such that

(1+6) - /Y[H min(1 —:5[- 7 (u))? B %])\(du) >0,

max;=2,3 O'Z-2 1

1
~maxr, — DOX=2300 4 gy — 2(du) > 0.
imes" 2 (1+6) /Y[Hmini—z,?,(l + i (u))? 9]/\( u) >0

Then there is a small positive n such that

max o}

minry; —

1 1
(1+6) - /[Gmin(l—l—'yl(u))‘) - g > 5.

max;=2,3 0'»2 1

1 1
- ;- ———=2 (] — , - =
znzlg,}ér 2 ( + 0) A[emlni—z’g(l + %(u))‘g H}A(du) o 0

max o2

minr; —
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We define another Lyapunov function, U(z) = €"'V?(z). Then

3
me:empNV@»ﬁ—GV”%@V%@E:mmﬂi@
| (3.7)
1 ~
iy V@i |

i=1 mi<1 + 'Yi)
where

F(V(z))

=V (z) - avefl(x)v2(x)[x1(r1 —anry - g fzwl T2
—_— — Q22T — a2 X
1+ bl 1 2272 1+ b2$2 3

ag
+$2(—7"2 + 21

as2

3 2
+x3(—rs + m — az3x3)] + eve_l(m)v3($> ( Z gi‘ri)

00 —1) > 1
+ =V @)V (2)( mmﬁ+/m——————W7W@muw
2 ; v w1+ )
By (A3), we see that —r; > B + % — [ In(1 4+ ~v;(u))A\(du) (i = 2,3) and r; >
B+ %% — [y In(1 + 1 (u)A(du). Thus, we can find constants 6 and n satisfying

(3.6) such that

62 1
BO — — max 02 / { - 7 1
2 i=1 % mlni:1’2,3(1 + 'yl(u))

(3.8)
+91n mln (1 + vi(u ))})\(du) >n>0.

Accordingly,
F(V(x))

3
<V (a) = OV @)V () Y (B - / (1 + () A(du))V (2)

2 3
_ g;
—ov? l(x)V(x)ZxZ?V(x) +0vI=Y( Za”x
1

=1

7
—+ 0V071($)V2($)(‘a12 — CL21|$1$2 + |CL23 — a32\x2x3)

+0Vo- o ( Z al%) (39)

G
2

) V972(x)v2(x) ( Z aixi) 1% ({E)
=1

1 0 _ 10\ (du
+/Y[<Z§_1Ii(l+%)> VOIA(du)

= OV (x))V(z) + G(V(z)),
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where limy o G‘%((;))) = 0. Since 0 < V2(x) Z?:1 a;z? < max;—q23da;, 0 <

V2(z)(z122 + 2273) < 3, we obtain

3 o2
oW’ =n- GZxZ /ln 1+ 7 (u))A(du))V (x) ,gzmiév(:ﬂ)
3

w 0:2:)°V2(x Tt et 3 g U
+ 2 (;”)V(”/Y[(z?lxium)) 1A(du).

In view of Jensen’s inequality and -, we deduce that
O <n—BO+ 9/ szm (1 + v:(w)) VA(du) + (Zam) V2(a

(E1+CU2+{E3 0
+ [(—25, T R ECL

<n-—Bf + 5 ax o +/ Z xl * x? —|—+m3 ))”)\(du) (3.10)
-1 (L + 7

62 1
< B9+— ,max o; —|—/ -1
= =1,2,3 HllIlz 123(14"}%( ))

+60ln min (1 + i ()] A(du) < 0.

1=1,2

From (3.7), (3.9) and - there exists H(#) > 0 such that
_ H(0
E[e" V0 (x(t))] — ) < E/ e"H (0 7(7 )(e"t —1).
So we have

limsup E(VY(z(t))) < i@)

t—o0 n

In light of 7l < 22V?(t), we obtain
H(O
lim sup E( 9)§29/2L.
t—oo - |z(t)] n

Based on Chebyshev’s inequality, for any € > 0, there exists H = @( H"(%) o> 0
such that

1
limsup P{|z(t)| < H :hmsuP7>— Hllimsup E
moup PHe(O] < H) =linsup P{pey > gy < H7 e B
Therefore,
liminf P{lz(t)]| > H} > 1 —e.
—00

Combining this and Lemma it follows that (|1.3) is stochastically permanent.
O

Remark 3.4. According to Theorems and the dynamical behavior of sys-
tem may be changed by stochastic perturbations. In fact, when the determinis-
tic system is persistent, the species in the stochastic system always trend
to extinction if we take large enough white noise parameters o? or large enough
Lévy noise parameters v;(+) such that ry — 81, —r; — 8; < 0,7 = 2,3. Whereas, when

the species in the deterministic system (|1.2)) becomes extinct, the stochastic system
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will become persistent by handling Lévy noise satisfying B > 0. However, our
results may be unable to handle white noises to change the extinction for the de-
terministic system into the persistence for the stochastic system (|1.3]) because
o; > 0. That is, there should be different effects on dynamics of between
white noises and Lévy noise.

4. EXAMPLES AND CONCLUSIONS

In this section, we shall give some numerical examples to illustrate our theoretical
results, and show the effects of white noise and Lévy noise to dynamical properties
of the system.

Example 4.1. Consider the following stochastic system based on the Hastings and
Powell’s model (|1.1))

dz1(t) = z1(8)[(1 — 21 (¢) —

alxg(t)
1+ by (1)

y1(w)N (dt, du),

)dt]

+ Gll‘ldBl( ) + 1‘1(t

.<\

a1z (t asxs(t) |

dxz(t) = xZ(t)[( T2 + 1+ b2 t) 1 +b2-732( )

=

agxg(t

dzs(t) = 23()[(=rs + T~ 1+ boma(t)

\_/
QU
=

]
/ 3(u)N(dt, du),

which is a special example of system with 71 = a1 = 1, ase = azz = 0,
a2 = a21 = ap, a3 = a3z2 = az.

Take a; = 5, ag = 0.1, by = 3, bo = 2, 72 = 0.4, r3 = 0.01. According to
[7], the deterministic Hastings and Powell’s model exhibits chaotic dynamics in
long-term behavior (i.e., o; = 7;(-) = 0,7 = 1,2,3). According to Theorem
and Remark we shall show that the chaotic behaviors can be eliminated under
certain stochastic perturbations by choosing different values of o;,7; and A(Y) = 1.

)
)
(
+O’2£L'2dB2 +£L'2 t ) ’Yz dt du)
)
(
)

+ Ogl‘gng,( ) + 1‘3(

Case I. Let v;(u) = 0,1 =1,2,3, 01 = 2, 09 = 1, 03 = 0.5, then r; — 5 = —1,

—rg — By = —0.9, —r3 — B3 = —0.135. From the case (i) in Theorem we have

all populations become extinct.

Case II. Let v;(u) = 0,i =1,2,3, 01 = 1, 09 = 2, 03 = 0.5, then 1 — 81 = 0.5,

—ry — o + P = —0.7333, —r3 — B3 = —0.135. By the case (ii) in Theorem

3] the populations x9(t), x3(t) become extinct, x1(t) is stable in the mean and

lim; oo 1(t) = 0.5 a.s.

Case III. Let 0; = 0,i = 1,2,3, v1(u) = —0.8, y2(u) = —0.4, v3(u) = —0.3, then
— p1 = —0.6094, —ry — B = —0.9108, —r3 — B3 = —0.3667. It follows from the

case (i) in Theorem that all populations go to extinction.

Case IV. Let 0; = 0,i = 1,2,3, v1(u) = 0.2, 75(u) = —0.8, v3(u) = —0.6, then
—P1=1.1823, —ry — Bo + P+ = —0.3428, —r3 — B3 = —0.9263. From case (ii)
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in Theorem we see that the populations xo(t), x3(t) become extinct, z1(t) is
stable in the mean and lim;_, o, 21 (t) = 1.1823 a.s.

The above cases illustrate also that the chaotic dynamics can be suppressed by
either white noises or Lévy noises.

Example 4.2. Consider the following stochastic system with white noises or Lévy

noises

T+ 30
+ oz (DdB (£) + 2 (¢ )/Yyl(u)N(dt,du),

dl‘l(t) = l‘l(t)[OS — O.4Z‘1(t) —

dxo(t) = z2(t)[-0.5 + 10+2§1(()) 0.4x5(t) — %}dt o
+ 0oxa(t)dBa(t) + z2(t7) /Y Yo (u) N (dt, du),
ds(t) = 25(1)[~0.3 + 1?;”;2 ()t) —0.4as (1)) dt

+ oy (H)dBs(t) + z3(t7) /Y s () N (dt, du).

In the following, we take different values of white noise and Lévy noise to show that
the system has different dynamical behaviors.

Case I. Let 0; =0.2,v;(u) =0,i = 1,2,3, then r; — 8; = 0.78, —ry — B2 + % =
—0.4533, —r3 — B3 = —0.32. From the second statement of Theorem it follows
that the meso-predator and super-predator become extinct while the prey is stable
in the mean, and lim;_, x1(¢) = 1.95 a.s.

Case II. Let 0, = 0,i = 1,2,3,71(u) = —0.6, y2(u) = —0.4, v3(u) = —0.2, then
— By = —0.1163, —ry — B = —1.0108, —r3 — B3 = —0.5231. The first statement
of Theorem exhibit that all populations go to extinction.

Case III. Let vi(u) = 0.3, y2(u) = 0.8, y3(u) = 0.4, then r; — 81 = 1.0624,
—ry — By = 0.0878, —r3 — B3 = 0.0365, 1 — 51 — algm = 0.9466, —ry —

W az2
—r3—fs+ 322

B2 — ass o = 0.0446. The fourth statement of Theorem show that all

populations are strongly persistent in the mean.

Case IV. Let 0; = 0.2, = 1,2,3, v1(u) = —0.6, 72(u) = —0.4, y3(u) = —0.2,

then r1 — 81 = —0.1363, —ry — B2 = —1.0308, —r3 — B3 = —0.5431. From the first

statement of Theorem we can see that all populations go to extinction.

Case V. Let 0; = 0.2, = 1,2,3, v1(u) = 0.6, y2(u) = —0.4, y3(u) = —0.2, then
— (1 = 1.25, —ry — Bs + “21 = —0.9642, —r3 — 3 = —0.5431. The second

statement of Theorem [3.1] tells us that the populations zs(t) and z3(t) become

extinct and the population x1(t) is stable in the mean, and lim;_, o, 1 (t) = 3.125

a.s.

Case VI. Let 0; = 0.2,6 = 1,2,3, v1(u) = 0.3, y2(u) = 0.8, v3(u) = —0.2, then

T — [’31 = 10424, —T9 — ﬂg = 00678, —r3 — ,63 + % = 704931, r — ,81 —

—7’2—52+%

ais s = 0.9416. From the third statement of Theorem it follows
that the population z3(t) becomes extinct and the populations x4 (t) and x5(t) are
strongly persistent in the mean.
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Case VII. Let 0; = 0.2, = 1,2,3, 71(u) = 0.3, 72(u) = 0.8, v3(u) = 0.4, then
r1— By = 1.0424, —ry — By = 0.0678, —1r3 — B3 = 0.0165, r, — 31 — am_’""‘fj =
0.9416, —ry — By — aggw = 0.0346. The fourth statement of Theorem [3.1
exhibit that all populations are strongly persistent in the mean.

Case VIII. Let 0; = 0.2, =1,2,3, v1(u) = —0.5, v2(u) = 0.7, y3(u) = 0.4, then
ry — fB1 = 0.0869, —ry — B3 = 0.0106, —r3 — B3 = 0.0165. From Theorem we
can see that the system is stochastically permanent.

From the above cases, we can switch dynamical behaviors between the extinction
and the permanence by handling the parameters of Lévy noises for the stochastic
system. We can also handle the parameters of white noises to change permanence
into extinction, but our results are invalid to switch the dynamical behaviors from
extinction to permanence by utilizing white noises. This may be because there are
have different impacts on dynamical properties of the system between white noises
and Lévy noises.

22

Conclusion. This paper formulated a Holling-II type three-species prey-predator
system with white noise and Lévy noise. First of all, we showed that the system
admits a unique global positive solution, and discuss stochastic ultimate bounded-
ness of the solution. Next we obtained sufficient conditions for extinction, strongly
persistence in the mean and stability in the mean of the population and stochastic
permanence of the system. Finally, our theoretical analysis reveals that dynamical
behaviors of the system are closely related to stochastic noises. That is, under sto-
chastic perturbations the extinct species can become persistent and the persistent
species can go to extinction, and there are different effects on dynamical properties
between white noises and Lévy noises for the stochastic system. In addition, we
found an interesting result that the chaotic dynamics can be supressed by stochastic
noises for the Hastings and Powell’s model. However, we didn’t further investigate
how to generate chaos by white noises and Lévy noises for the stochastic system.
This leaves some interesting works to develop this direction in future.
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