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HOLDER CONTINUITY FOR VECTOR-VALUED MINIMIZERS
OF QUADRATIC FUNCTIONALS

JOSEF DANECEK, EUGEN VISZUS

ABSTRACT. In this article we give a sufficient condition for interior everywhere
Holder continuity of weak minimizers of a class of quadratic functionals with
coefficients A;-);-'B(~,u) belonging to the VM O-class, uniformly with respect to
u € RN, and continuous with respect to u. The condition is global. It is
typical for the functionals belonging to the class that the continuity moduli
of their coefficients become slowly growing sufficiently far from zero. Some
features of the main result are illustrated by examples.

1. INTRODUCTION

The aim of this article is to study the interior everywhere regularity of functions
minimizing variational integrals

A(u; Q) = / A?jﬁ(:c,u)DauiDﬁuj dz (1.1)

Q
whereu: Q@ — RN N > 1,Q C R", n > 3isabounded open set, z = (x1,...,2,) €
Q, u(z) = (ul(x),...,u’N(x)), Du = {Dyu'}, Dy = /024, a = 1,...,n, i =

1,....N.

Throughout the whole text we use the summation convention over repeated
indices. We call a function u € W12(Q,RY) is a minimizer of the functional
A(u; Q) if and only if A(u;Q) < A(v;Q) for every v € WH2(Q,RY) such that
u—v € Wy?(Q,RY). For more information see [5, 10].

On the functional A we assume:
(i) A%ﬁ = A?ia, A?jﬁ are continuous functions in u € RY for every z €  and
there exists M > 0 such that > |A?j*8(x,u)| < M, for all x € Q, and
all u € RV,

(ii) (ellipticity) There exists v > 0 such that

5,08

AP (w,u)ELE] > vIg]?, Vo€, YueRY, v e RV (1.2)

(iii) (oscillation of coefficients) There exists a real function w continuous on
[0, 00), which is bounded, nondecreasing, concave, w(0) = 0 and such that
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for all z € Q and u, v € RY

> A (xu) — AY (w,0)] S w (ju—v]). (1.3)
4,5,
We set woo = limy oo w(t) < 2M.
(iv) For all u € R, A‘?‘-B(~7 u) € VMO(Q) (uniformly with respect to u € RY).

Assumptions (i) and (ii) allow us to conclude that if u € W12(Q, RY) is a minimizer
of (L)) then for any admissible function v € W2(Q,RY)

/|Du|2 m<—/ |Do|* da . (1.4)

Concerning the assumption (iii) it is worth to point out (see [B, p.169]) that for
uniformly continuous coefficients Aijﬁ there exists a real function w satisfying the
assumption (iii) and, viceversa, (iii) implies the uniform continuity of coefficients
and absolute continuity of w on [0, 00).

In this paper we will consider the continuous function

(1.5)

(t WQ(t) for 0 <t <tg, tg >0
w =
w1(t) < weo, forty <t < oo

where wy is an arbitrary continuous, concave, nondecreasing function, increasing on
a neighbourhood of zero such that wy(0) = 0 and the point ¢y and the function wy
are chosen in such a way that w preserves its continuity and concavity on [0, 00).
With respect to (iv) it is worth to recall that since the space of continuous
functions is a proper subset of VMO, the continuity of coefficients A%ﬁ = A;-lf (z,u)

with respect to = is not supposed. In the linear case, when the coefficients Aio;-ﬂ =

Aw (z) belong to C%7(Q2) the regularity of minimizers of functionals as is
well understood (see [5, Thorems 3.1, 3.2 on p.87, 88]). These results were later
generalized to the case where the above coefficients are in VMO, hence possibly
discontinuous (see [, [19] and references therein).

It is well known that even in the continuous case the dependence of coefficients
Aiaf on u leads to weaker regularity results for minimizers. In dimension n > 3
there are examples of vectorial quadratic functionals (N > 1) with analytic coef-

ficients AO‘B A“ﬂ( ) whose minimizers are discontinuous (see [I0, p. 317], [I1]).

For the analytlc coefficients A7 of — Aaﬁ (z,u) see counterexample in [I8]. These
examples indicate that, in gencral only partial regularity results can be achieved
for minimizers of vectorial functionals. For detailed information on this topic we
refer to sources [5]-[I0] for classic results and to [13} [15] [19] for recent results.
Besides the partial regularity results, a few everywhere regularity results were
obtained for some special types of vectorial functionals (see [I0, [I5]). Our paper
deals just with the last mentioned type of regularity results. In the recent papers
[T, 3] conditions guaranteeing the local Holder continuity of minimizers of functional
in Q are given. Because the paper [3] extends the results of [I], we mention
only [3] in more detail. Main results of the paper [3] are stated in two theorems.
The first of them refers that if a quantity expressed by means of parameters weo /v
and M /v is small enough, the minimizers of are regular. This result is not
very surprising but, moreover, an upper bound (although probably not optimal) of
the above mentioned quantity is designed. In a case when the mentioned condition
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is not fulfilled a sufficient condition for regularity of minimizers of functional
is stated as well. A basic advantage of the second condition in the paper [3] is,
that it admits (for sufficiently big ellipticity constant v) an arbitrary growth of the
continuity modulus w = w(t) when t is near by zero. Here it is needful to note that
the second condition works likewise when v is small but, in this case, the modulus of
continuity w has to grow slowly enough. A disadvantage of the condition is its "local
character”, analogous to the regularity conditions in partial regularity theory. The
present paper essentially extends results of [1] and [3]. Here we study the regularity
for variational integrals, coefficients of which satisfy (iii) with modulus of continuity
given by . Together with more delicate estimates and careful designing of some
parameters in proof, it allows us to state the regularity condition preserving all the
advantages of the previous mentioned conditions from [II, 3] and, moreover, the
condition is formulated much simpler and more exactly than the previous ones in
[T, B]. Consequently, it improves the possibility of immediate application (it is well
visible mainly in the case of the Dirichlet problem - see Remark below). It is
worth to mention that the regularity condition (expressed by , (1.7, ) has,
compared to that one from [3| Thm. 2], global features. The methods of proving the
main results are based on those that were developed in the classic partial regularity
theory ( see for example [B [10]), but they are essentially modified. In Remark
it is shown that, in a case of split coefficients, joining the results of this paper with
those from [12], we are able to guarantee the regularity of minimizers of in Q.
Now we can formulate the main result.

Theorem 1.1. Let Qy CC Q, n —2 < 9 < n be given and the coefficients A?jﬁ of
the functional (L.1) satisfy (i), (ii), (i) and (iv). There exists a positive constant
M such that if the minimizer u of the functional (1.1)) satisfies the condition

1 ) 1
W/Q|DU| dy < M (1.6)

then u belongs to COV=7+2/2(Qq R™™) when ¥ > n — 2 and to BMO(Qg, R™)
when 9 =n — 2. Here

o G el ) (t0) =

M = sup : : and ¥ (Ldo) < ont2 Cy. (17)
to<t<oo t—1o €

Remark 1.2. In the foregoing formula the function W(u) = ue(w/2)*/ r (for

further properties of ¥ see (2.1) below), to > 0 (tp is the parameter from the

definition of w, see (L.5))), ¢ = we/CL, C, = (1/((p — 1)e))*, the constants u > 6

and p > 1/p are such that

wao\P (|0 1-2/n (p—1)/2

o SN KCprépH)/Q LpY/ (n=19) (7) <(2|d)”—2> (1.8)

in the case when the coefficients A;;-ﬁ depend only on u. Here p > 1 is from

Lemma 2.9 K = 211+ (n43)9/(n=0))p=(2n+5) 1= [ is the constant from Lemma

2.7 below, Cy, Cy are the constants from Lemma [2.9] and 2:10] respectively, d =

dist(Q9,092)/2 > 0 and the symbol | - | stands for the n-dimensional Lebesgue
measure (k,, is the Lebesgue measure of the unit ball in R"™).

If A%’B = A%B (x,u) then, formally, the constant K on the right-hand side of

is substituted by 2K (here, as it is visible at the end of the proof of Theorem [1.1
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the multiplier 2 could be substituted by another one, bigger than 1). It is important
to release that the dependence of the coefficients Aiajﬂ on variable z tends to the
choice d = min{ Ry, dist(g, 02)/2} (for definition of Ry see (3.25) below) and so d
and, consequently, the value of the constant C’[jp’l from pend on "VMO-
quality” of z-dependence of coefficients A%—ﬁ as well. Broadly speaking, the bigger
Ry is, the better regularity result one can obtain.

Remark 1.3. It is easily seen that instead of the assumption (iv) in the foregoing
Theorem one can suppose the coefficients AZ-B of the functional (1.1)) to be of
BMO-class with suitable small BMO semi-norms (see (3.25) below).

Remark 1.4. It is a consequence of the estimate (1.4)) that if v € W1H2(Q,RY),
mentioned in the foregoing theorem, is such that v — g € VVO1 2(Q,RY) for some
g € WH2(Q,RY) (the Dirichlet problem for functional (T.1))), then the left-hand
side of (|1.6)) can be replaced by the term
M
_ Dgl|? dy .
V‘QP_Z/” /&:2| g| Y

The regularity theorem, we formulated above, can be illustrated with two samples
of the function w, defined by , for which we give estimates of the parameter
M. Broadly speaking, if the coefficients of the functional satisfy (iii) with some w
given below and is fulfilled, we have the regularity.

Example 1.5. Let

wo(t) for0<t< to,
w(t) = { weo In (1+ ea/wtio_lﬂ) fortg <t <t;, 0<vy<1, (1.9)
0
Weo for t >t

where wqg is an arbitrary continuous, concave, nondecreasing function such that
wo(0) = 0 and the points ¢g, t; are chosen so that w is continuous and concave

n [0,00). If we put € = woo /Cf in then the right-hand side of can be
chosen in the form (see Appendix for more information)

1 t 307 11 2
100}3#—1P eC“Zufl
Here > 6, p > 1/p and ¢y > 0.
Example 1.6. Let
2 t
w(t) = Y arctan (—) for 0 <t < oo (1.11)
T Ccr
then the constant from (1.6) can have the form (in this case ty = 0, see Appendix
as well)
1 cr=r  \?
= ) . (1.12)
M? (Lﬁ)m
e\

Here 7 > p > 1/p, p > 6 satisfy (1.8 and \Tl(w(to)/e) =0.
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2. PRELIMINARIES

If z € R™ and r is a positive real number, we set B,(z) = {y € R" : l[y—z| < r},
Q,(z) = QN B,.(x). Denote by

]
o= 2 [y dy = ][ u(y) dy
12-(2)] Ja, () Q. (2)

the mean value of the function u € L*(Q, RY) over the set Q,.(x) where the symbol
|-| denotes the n-dimensional Lebesgue measure. Moreover, we set ¢(r) = ¢(z,r) =
fBT(w) |Du(y)|® dy, U, = Up(z) = r2"¢(x,r) for B,(x) C Q. Beside the standard
space C5°(Q,RY), Hélder space C%(2,RY) and Sobolev spaces WP (Q,RY),
WEP(Q,RN) we use Morrey spaces LI (€2, RN) (see, e.g. [5, [14]). We will denote
by Xioc (€2, RY) the space of all functions which belong to X (Q,RN ) for any bounded
subdomain € with smooth boundary which is compactly embedded in §2.

We recall a definition of VMO - spaces and a few properties of Morrey spaces.
We set for f € L}(Q),0<a <

Na(faQ) = sup ]{2 (@) |f(y) - f'r,1|dy

zeQr<a
Definition 2.1 (see [20]). A function f € L'() is said to belong to BMO(RQ) if
Naiam o (f, Q) < cc.
A function f € L(Q) is said to belong to VMO(Q) if
lim No(f,€) = 0.

Proposition 2.2. For a bounded domain Q0 C R™ with the Lipschitz boundary, for

q € (1,00) and 0 < A < 1 < 00 we have the following:
(a) LT*(Q,RN) C LT (Q,RN).
(b) If u € Wif(Q,]RN) and Du € Lﬁ)’i‘(Q,R"N), n—2< A< mnthenu €
CO,(A7n+2)/2(Q,RN)'
(c) Ifue W22 (QRN) and Du € Ly *(Q,R™N) then u € BMOoc(Q,RY).
(d) LE™(Q,RYN) is isomorphic to the L (2, RN).
(e) L=(Q,RY) S BMO(Q,RY).

Let now @, ¥ be a pair of complementary Young functions

®(u) = uln’ (au) for u >0,
1 (5 )2/ (21=1) 1~ (2.1)

U(u) < W(u) = Juesr = a\ll(u) for u>0

where a > 0, ;4 > 2 are constants, and

0 for 0 <u < 1/a,
In(au) for u > 1/a.

Iny (au) = {

Then the Young inequality for ® and ¥ reads
uwo < &(u) + ¥(v), wu,v>0. (2.3)



6 J. DANECEK, E. VISZUS EJDE-2020/69

Lemma 2.3 (|21, p.37]). Let ¢ : [0,00) — [0,00) be a non decreasing function
which is absolutely continuous on every closed interval of finite length, $(0) = 0. If
w > 0 is measurable and [(t) = {y € R™ : w(y) >t} then

bowdy = / ") ¢'(0) de.

R

Lemma 2.4. Letv>0,b>0, u>0 and g > 1 be arbitrary. Then
vinf (bv) < C, b7 10t (2.4)
where C,, = (ﬁ)”.

In*} (bv)
0a—1 s

For a proof of the above lemma, calculate sup{
Lemma is taken from [II Lemma 6].

v € (0,00)}. The next

Lemma 2.5. Let A, Ry < Ry be positive numbers, n—2 <9 < n, n a nonnegative
and nondecreasing function on (0,00). Then there exist g, ¢ positive so that for
any nonnegative, nondecreasing function ¢ defined on [0,2R1] and satisfying with
(B1 + Ban(Uar,)) € [0,€0] the inequality

p(o) < {A (%)n + % (1 + A4 (%)n) [B1 + an(UzR)]} 9(2R) (2.5)
for all o, R such that 0 < 0 < R < Ry, it holds
d(0) < co?P(2Ry), Vo :0< o < Ry. (2.6)
Remark 2.6. Note that we can take
1 o+l A)ata \ 9
0= 2(2"+1A)%7 - (< 2R0> ) '
Lemma 2.7 ([5, p.78]). Given the system

—Da(AfjﬁDguj) —0, i=1,...,N

where A?jﬁ are constants satisfying (i) and (ii). There exists a constant L =
L(n,N,M/v) > 1 such that for every weak solution u € WH2(Q,RY), for every
x€Q and 0 < 0 < R < dist(z,dN) the following estimate holds,

»/B,,(z) |Du(y)|*dy < L (%)n/ |Du(y)|? dy.

Br(z)

Remark 2.8. Note that

M~ 2k
L=cmN) (=), k=1+[F]
and for n = 3 and N = 2 it holds
M4
4
L<10 (7) . (2.7)

One of the tools for the proof of our main result is the following reverse Holder
inequality that is standard in our setting .



EJDE-2020/69 HOLDER CONTINUITY 7

Lemma 2.9 (see [5, [10]). Let u € WH2(Q,RY) be a minimum of the functional
[@.1) under the assumptions (i) and (ii). Then Du € L2 (Q,R™N) for some p > 1

loc

and there exists a constant Cy = C1(n, N, M /v) such that for all balls Bor(z) C £,

(fBR(w) |Du|2p dy)l/Zp < C1<]{B

Let g be any fixed point of 2, 0 < R < dist(xzq, 9). We set

A%B(UxO,R)mo,R :]i ( )A%B(y,uzoﬂ)dy.
R(Zo

1/2
\IMAQdy)

2r()

Asolution to the system
D, (A%ﬁ(“mo,R)zo,RDﬁUj) =0 in Bg(zo),
v—u € Wy (Br(x),RY)
posses the following property.

Lemma 2.10 (see |56, [10]). Let v € WY2(Bg(z0), RY) be a solution to [2.8) with
u € WH2P(Bg(zo),RN), p> 1. Then

/ |MW@§@/ | Dul|?? dy.
Br(xo) Br(zo)

Here Cy := Co(M/v).

Remark 2.11. Revising proofs of Lemmas and one can see that the
constants from the foregoing estimates depend increasingly on M /v. Moreover,
in a case p = 1, the constant C> from Lemma [2.10| can be computed as Cy =

2[1+ (M/v)?].

(2.8)

In the proof of Theorem we use an inequality which is a consequence of the
Natanson’s Lemma (see e.g. [I7, pg. 262]). It reads as follows.

Lemma 2.12 (see [2, Lemma 3.7]). Let f : [a,00) — R be a nonnegative function
which is integrable on [a,b] for all a < b < oo and

1 a+t+h
N = sup E/ ft)dt <oo.

0<h<oo

Let g : [a,00) — R be an arbitrary nonnegative, non-increasing and integrable
function. Then f:o f(®)g(t) dt exists and

)
| rawde=a [ gtoan
The next two propositions will be used in the proof of Theorem

Proposition 2.13. Let u € WH2(Q,RY) be a minimizer of the functional (1.1))
under the assumptions (i) and (ii). Then for every ball Baog(x) C Q, arbitrary
constants b > 0, p > 2 and the constant p > 1 from Lemma[2.9 we have

1
/ Duf® In* (b| Duf?) dy < 27"C2C, (b][ Duf? dy)’ / |\ Dul? dy
Br(x) Bag(x) Bar(x)

where Cy is the constant from Lemma[2.9
The above proposition is a straightforward consequence of Lemmas and
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Proposition 2.14. Let v € W 2(Bg(z0),RY) be a weak solution to where
u € WH2(Q,RYN) be a minimizer of the functional under the assumptions (i)
and (it). Then for ball Bar(xo) C Q, arbitrary constants b > 0, p > 2 and the
constant p > 1 from Lemma we have

/ |Dv|? In’,. (b|Dv|?) da
Br(zo0)
p—1
<270, (b][ | Dul? dac) / | Du|? da
Bar(zo0) Bar(zo0)

where Cy is the constant from Lemma[2.10

(2.9)

The proof of the above proposition is a consequence of Lemmas [2.4] 2:10] and
2.9

3. PrROOF OF THEOREM [I.1]

We divide the proof into two parts. In the first part of the proof we assume that
the coefficients A%ﬁ of the functional (|1.1) depend only on u, and the second part
we consider the proof of the theorem in its full generality.

Case Afjﬁ = Afjﬁ(u) We set (1) = ¢(z,7) = [, |Du|? dy and U, = U,(z) =
r2="¢(z,r) for B,.(x) C Q. Now let 2 be any fixed point of Qy C Q, dist(Qq, IN) =
2d > 0, Bop(z) C 2, 0 < R < d and v be a minimizer of the frozen functional

A (v; Br(z)) = / AP (ug) Dy Dyt dy
Br(z)

among all the functions in W12?(Bg(z),RY) taking the values u on dBg(x).
From the Euler equation for v and from Lemma 2.7] we have

/ |Dv|*dy < L (g)n/ |Dv|*dy, for0<o<R. (3.1)
B, () R/ JBp(a)

Put w = u — v. It is clear that w € W, *(Bg(x),RY). Using (3.1) by standard

arguments we obtain

/ |Dul? dy
BG(I)

§ . (3.2)
<92 (1+2L (%) )/BR(I) |Dw|? dy + AL (%) /BR@) | Dul? dy.
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Now we estimate the first integral on the right-hand side of (3.2). From [7]
Lemma 2.1] we have

/ |D”LU|2 dy < % (AO (u; Br(z)) — A (’U;BR(JZ)))
Br(x)
2 af af i .
< ;{ /Bn(zo) (Aij (ur) — Aj; (u)) Dol Dgu? dx:

+/ ( (Ao‘ﬂ Aa’B uR) o' Dgv! dx
Br(zo)

+ A (u; Br(zo)) — A (v; Bgr(xo) }

(3.3)

%{I—i—H—i-A(u Bg(z)) — A(v; Br(x))}

2
<-{UI+1I).
<= (+1)

Note that A (u; Bg(z))—A (v; Br(z)) < 0, since u is a minimizer. Now we estimate

terms I and I from (3.3).
Assumption (iii) and the Young inequality (2.3)) give

1< [ w(u= un)|Du*dy
BR x

< / ® (¢|Dul?) dy +/ v (100 (Ju— UR|)> dy (34
Br(x) Br(z) €

=1 + Is.

By Proposition we have

L= 5/ |Dul? In¥ (ae|Dul?) d
Br(x)

< 52_"012PCM (asj[
B

According to Lemma (see ([2.1) as well) we have

- (3.5)
Duldy)” 6(2R).

2r ()

k= /BR(&?)\II(::W (lu— “RD) = clz/ooc %E](wit )mR(t) = 2‘72 (3.6)

where mp(t) = |{y € Br(z) : |u(y) — ur| > t}|.
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Estimating the term I we use the fact that mp(t) < k,R™ and the constant
from the Poincaré inequality on the ball equals to 22". By Lemma we obtain

I < /Oto %@(@)mfg(ﬂ dt+/too %@(@)mf{(ﬂ dt
<rart TG0 gy

dt €

1 b d ~ rw(s) o
* toiltlgoo (t —to /to gtll( € ) ds) to mals) ds
3 (“(0)\ pn () - U (=)
< lﬁ:n\I/(T>R + sup { — } /BR(w) lu — (u)r| dy (3.7)

to<t<oo
#(2R) + V2 (2R)* /2 M¢'/2(2R)

4,%,,&1 (—w(;‘))) R?

=T 2lan or+n/2
G (o) "
< 4R2<H”;I;(UQ; ) 4 Qﬁf \/%)MR)
< 432(\1’(;:5)) + 23_%:%(23)
where o o
M= L \If(wi)i—f;(wsc’)) . (3.8)

The above estimate leads to

1
11 e2770¥C, oz f Iputan) o)
BQRI

e
Usr VUagr

A technique similar to the previous one yields the estimate:

L AR (E’(WO)) 2n_1M)¢(zR).

a

111 s/ @ (jo — url) | Dvf? dy
BR(w)

1

g/ ® (| Dvl?) dy+/ @(w(ww}%\))dy:JﬁJz.
Br(z) Br(z) €

By Proposition we obtain

Ji1 = 5/ |Do|* In (ag|Dv|?) dy
Br() (3.10)

_ 2 2 p—1
<e2 "CgClpCM<a5][ | Dl dy) $(2R).

Bar(x)

Applying Lemma [2.3] to the second integral J, we have

= [ (e )a= g [T GE () mewa= L 60

where the function VU is the same as in (3.0)).
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Using Poincaré inequality and a formula on [16, pg. 98] we obtain

/ lv—ug|dy
BR(LE)
<[ u-uldy [ oy
— [ eurldys [ puldy
BR(T) BR(’E)
1/2 1/2
< / |u—uR|2dy + / |w\2dy KrlL/QRn/Q
(et in) (] o)
2
< n 1+n/2 11/2
< [V (214 )+ VG| R0 Ry
S 2n+2\/62R1+n/2¢1/2(R)7
and we can estimate J5 in the same way as in the case of I (see [3.7), (3-8)):

{Ivl(w(go)) N 2n+2\/@M
Usr VUar

The last consideration leads to the analogous estimate as for I, we obtain

T < 4R2( )¢(2R).

11 < 2*”03”02@5(%][

BQR(CE)

Du?dy)" 6(2R)

AR? (U(2U)) o2 /T M (312
AR | 2O o,
a Uar Usr
Substituting (3.9) and (3.12)) into (3.3) gives
1 p—1
/ | Dw|? dy §7[22*"C’12PC’QCHE(CL5][ |Du\2dy)
Br(z) v Bag(x) (3.13)
16R? (W (£12))  ont2 /TG M '
+ ( ( € ) + 2 ):| ¢(2R) )
a Uar vUsr
From (3.2), (3.13)) and from the assumptions of Theorem [1.1| we obtain
g\n g
< _ _\n
6(0) <4L(T)"G(2R) +2 (1 +2L(%) )
220 CyC,, ][ , o \P-1
X | ————F=¢lae |Dul* dy
16R> (W(£L))  gnt2,/
+ =) 2 M)]o(2R)
av UQR vV UQR
for all c < R < d.
Now, in (3.14)), we can choose the constants € and a in the following way:
Weo on+10 CQRQ |Q|172/n 1/2
= 4= z - ( B ) for Us > 0 (3.15)
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where 6 = 1+ 1lney/Inv, ¢g = W, C, = (ﬁ)# and p, u € R are
suitable constants. We obtain
o\" 1 o\"
<4L (7) 2R 7(1 oL (7) )
o(0) <L (%) or) + 5 (1+20 (%
2(n+10)p—2(n+3)(PC%)pC§p+1)/2 |Q|l—2/n (p—1)/2
8 [ kbt~ topr! ((2d)n—2>

e N

(3.16)

where P = wq, /v.
The constants p > 1/p and p > 6 can be always chosen in such a way that

2(n+10)p—2(n+3)(PC%)pC§p+1)/2 <|Q‘1—2/n)(p_1)/2
=1 p— -1 n—
P (2d)"2

which is equivalent to the estimate

S €0,

1
2

N 9(n+10)p—(2n+5) (PC%)pC§p+l)/2 ( |Q|1—2/n ) (p—1)/2
B wh e (2d)n~2 '

Using the second term in (1.7)) and taking into account that ((2d)"~2/|Q[*~2/")1/2 <
1, and we obtain

o\" 1 o\"
é(0) < 4L (E) 6(2R) + 3 (1 +2L (E) )
3 1/(2d)"2\1/2
X [Z 1<|Q|17—2/”) M\/UQR} €0 (2R), for0 <o <R<d.
For R =d by we obtain
(2d)"2 \1/2 1 1/2
(W) M/ Usq(z) < M<|Q|1—2/”/Q \Du|2dy) <1

Putting A = 4L, By = 3¢0/4, and By = €0/4 in (3.17) and using Lemma [2.5] we
can conclude that

pp—1
Ou

(3.17)

¢(0) < co’p(2R), for0<o <R.
Now, the result follows from Proposition

Case A%ﬂ = A%’B(x,u). Let z be any fixed point of Qg C Q, dist(Qo, 9Q) = 2dy >
0, Bar(z) C Q, 0 < R < dg and v be a minimizer of the functional
A @) = [ A unnDu D dy
Br(x

R
among all the functions in W1:2(Bg(z), RY) taking the values u on dBg(x) where
AP Gr=f A2y
BR(Z)

Arguments, analogous to those at the beginning of the proof of Theorem [1.1] give

us
/ |Dul? dy
Bo(m)

o 2 o 2 (3.18)
§2(1+2L (E) )/BRm |Dw|? dy + AL (E) /BR(m) |Dulf? dy
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where w = (u — v) € Wy*(Bgr(z),RY). Now we estimate the first integral on the
right hand side of (3.2). From [7, Lemma 2.1] we have

2
/ |Dw[*dy < = (A° (u; Br(x)) — A° (v; Br(z)))
Br(x) v
2 y .
<=z Z ]
V{/Bg(x) ( (ur)r — A (y,UR)> Dyu'Dgu? dy
+/ (Agf(y,uR) —A?jﬁ(%u)) Do Dgu? dy
Br(z)

+/ A (y,ug) — A% (u D,v'Dgv? dy
BR(m)( ! ?) i R)R) ? (3.19)

afB v) — of " ' Dav’
+/BR(1‘) (A’Lj (y, ) Alj (y’ R)) Da DB dy
+ A(U§BR(I)) — A(U§BR(I)) }
B % [+ 11+ T+ 1V + A(u; Br(z)) — A(v; Br(z))}

2
<ZU+IT+IIT+1V).
14

Notice that A (u; Br(z)) — A(v; Br(x)) < 0 since u is a minimizer. Now we will
estimate the terms I, I1, I1] and IV from (3.19). In the following we will denote

A= (Aaﬁ ). Using Holder inequality, hlgher mtegrablhty of gradient of minima
(Lemma 2.9 p > 1, p' =p/(p — 1)) we obtain

/ 1/p
<15 ( [ (A gl a) " (f i)
R\T R(Z

< i) ( [

Br(z)

Taking into account assumptions (i), (iv) and Definition [2.1] we obtain

(][ |A(ur)r — A(y, ur)[” dy)
BR((L)
and then, using the above two estimates, we have

1] < 27" CR2M)YP (Nr (A, ur))' P 6(2R). (3.20)

A similarity of the terms I and III enables us to write (by Lemma [2.10) the
inequality

1/p
/ 1/p’
Alur)n~ Algu)” dy) " f Duldy.
Bar(z)

1/p'

< (2M)Y? (NR (A( ur))' 7

[IT1] < 27"CRCL/P (2M)M? (Mg (A ur))' /P $(2R). (3.21)

Now it remains to estimate the terms /7 and IV from (3.19). Estimating these
two terms is step by step the same as estimating the terms I and I from (3.3]) in
the previous part of the proof. So we have

II] < 2702 C ( 24\
<0, (asf  |DuPdy)” 6(2R)
Bar(z)

4R2 (W(to)) 2n71M (322)
4+ =

[

a Usr VUsr

)o(2r)
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and
_ 2 2 p—1
1IV] <2 ”clpc2cug(asf | Dl dy) $(2R)
Bar(x)
e (3.23)
N 4R? (W (=) N 2n+2\/02M)¢(2R)
a Uzr VUzr .
Substituting (3.20)—(3.23)) into (3.19) and, consequently, (3.19)) into (3.18]) we obtain

é(0) < AL (%)” #(2R) + 2(1 2L (%)n) [KIIER) €0

22O (Y0, p-1
41— 6((16 ]{Bm(z) | Dul? dy) (3.24)

14

16R? (0(4L))  gnt2,/C
+ ( (= )+ 2 M
av UQR \/UQR

)|o2r)
for ¢ < R < dy, where

1 O3 (MC2)V/? (NR (A(,ug)))' 7
€=, Ki(R)= L) (Nfg( S
2(2n+3 L) 7= 2n—5¢q
see Remark 2.6 and Lemma 2.7 as well.
Assumption (iv) implies that there exists Ry > 0, such that
KR 1
v 16

b

gn—7 /(p-1)
‘v )p : (3.25)

c2eyP M
for 0 < R < Ry (here we recall that the choice of the constant Ry does not depend

on z € Qy). Let us put d = min{dy, Ro}. Then, in the estimate (3.24), we can
choose the constants € and a in the following way:

= Ng(A(,ug) < M(

Woo on+10 /CQR2 ‘Q|172/n 1/2
= — = for U. 0 3.26
T V0 Usp ( (2d)"—2) or Y2k > 9, (3.26)
where 0 =1+1Iney/Inv, C, = (ﬁ)” and p, p € R are suitable constants. We
obtain
o\ 1 o\
< — — _
é(0) < 4L (R) 6(2R) + 5 (1 +2L (R) )
1 2(n+10)p—2(n+3)(PC%)pC§p+1)/2 |Q‘1—2/n (p—1)/2
x {1604- T T ((Qd)n_g) (3.27)
(2d)"=2 \1/2 1 ~ rw(tp) 1
+€0(\Q|1—2/n) (2n+4\/(72‘1’< € ) My U2R)]¢(2R)’

where P = wy /V.
The constants p > 1/p and p > 6 can be always chosen in such a way that

< —¢€o

2(n+10)p—2(n+3)(PC%)pCz(TH”l)/Z |Q|1—2/n (-1/2 1
wh b toRT! (2d)n—2 ) 4
which is equivalent to the estimate

pp—1
CH >

p—1_p

2(n+10)p—2(n+2) (P012)p02(17+1)/2 ( |Q|1—2/n ) (p—1)/2
Rn €y ’

(Qd)n72
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Using the second term in (T.7) and taking into account ((2d)"2/|Q|'=2/")1/2 <1,
we obtain

o n
< —
6lo) <4L (%) #(2R)
1 o™ (3 1/ (2d)2\1/2
+y (1r2n(R) ) 1+ 3 (giam) - MVl ozm),
for 0 < 0 < R < d. The above estimate is formally the same as (3.17) in the first

part of the proof. So, one can see that the result follows in the same way as it is
demonstrated at the end of the previous case.

4. ILLUSTRATING EXAMPLES AND COMMENTS
Here, for simplicity, we consider A%B = A%ﬁ (u).

Example 4.1. Let Q = Br(0) C R™ in Theorem the function g, mentioned in
Remark belong to Wﬁ)f (R™,RY), and, for n—2 < A < n it satisfy the condition
SUPy<y< R o~ ch,(o) |Dg(y)|2 dy < cx, cx > 0. Then choosing Qo = Bg/2(0),
d = R/4 and using (1.4)), condition (1.6) will have the form
M N2 1

— RV (4.1)
K}l72/n U M2
So, for sufficiently small R we obtain regularity of minimizer u in Bpg/2(0) by
Theorem [I.1] in the case when A > n — 2.

The case A = n — 2 leads to the regularity condition that depends only on the
parameters of functional (1.1) and the function g.

For sufficiently big R we obtain regularity of minimizer u in Br/2(0) by Theorem
[[dlin the case when 0 < A < n — 2.

Remark 4.2. Theorem with a result from [I2] can guarantee the everywhere
regularity up to the boundary in a specific case. More precisely, if we consider
2 = Bg(0), split coefficients A%ﬁ(u) = v*#a;;(u) in (L)), and suppose that A%ﬁ
are uniformly continuous on RY with the modulus of continuity , the function
g, introduced in Remark belongs to W1*(Br(0),RY), s > n and the minimizer
u is bounded, then, according to [12], there exists a constant 0 < R; < R such that
u € C%1=/3(Bg(0) \ Bg,(0),RY). Now, choosing in Theorem ¥ =n—2n/s,
d = (R - R2)/2, 0 < Ry < Ry < R, if condition is fulfilled, then u €
CO,l—n/s (m’ RN).

Example 4.3. In Q = Br(0) C R? we consider the quasilinear variational integral
Au; Q) = /Q AP (u)Dou’ Du? da

where

i J
A%’B(u) = ad;;0a8 + b(ém arctan |g'r| + 05 arctan |g,—7_|>
Iz Iz
fora, =1,2,3,4,7 = 1,2, u—g € Wy *(Br(0),R?), g € WL (R3 R?) a > 67b > 0

(Cy is from Remark and 7 > p > 0). In this case we have
M =6a+ 10mb, v =a—6nb, we =7ub
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and the modulus of continuity w is given in Example[T.6] This is a sample of func-
tional, regularity properties of which could be well understood through Theorem

LT

Example 4.4. To complete reader’s notion of practical consequences of the re-
sults formulated in Theorem [I.I} we give two charts of possible values of the basic
parameters appearing in the theorem. The first chart corresponds to the function
w defined by (1.11)) and the second one corresponds to . For the simplicity,
we put Q = Br(0) C R and Qy = Bp/2(0) (we use the same denotation as in
Example . Choosing in the previous example a = 167 b we have M /v = 10.6,
P =uwy/v=0.1,C; =10% Cy = 10%, from we obtain L = 1.2-102, by means
of Remark we have ¢g = 2.3 - 1075, In this case the function w is defined by
and choosing p = 1.5, ¢ = 1.05 we can present the following chart.

1030 1040 1050 1060 1070

14 =

Woo = 10% 10%° 10* 10 109
w(weo) 108 1027 10% 10% 109

t 1051 1051 105 10%° 109

real value ﬁ

estimate ﬁ by means of (|1.12))

10t 10° 10 104 1022
102 10* 107 103 10%
p 1.32 127 125 114 1.1
T 2 19 19 1.7 1.7
I = 21 22 23 26.5 285

where ¢1 is the point for which w(t;) = 0.95 - Weo.
In the case when the function w is defined by (1.9)), for the foregoing parameters
we obtain the following chart.

Qaa

1030 1040 1050 1060 1070

Woo =

to 107 10 10'% 10'¢ 10
w(to) 1 100 101 103 10%
w(weo) 101 10%® 10%% 1057 107

10°6 1090 1002 109 10
10t 10'7 10%2 10%® 10%°

10 107 10' 10" 10*
p 151 151 151 15 1.49
ot 0.61 0.61 0.62 0.62 0.62
I = 177 179 18 18 181

where t; is the point for which w(t1) = we. We note that for above mentioned
parameters the second condition from (1.7)) is satisfied.

real value ﬁ

estimate ﬁ by means of (|1.10)

el

5. APPENDIX

We give estimates of the constant M from (|1.7)) where w is defined by Examples
and

() - W (=) (d @(w(t )irme

t—to dt €
/ _2 " 2
= w (é—) [1 + 2 ( 1 w(f)) 2#—1]6(2\1/;7 (;))2/ 17
€ 2u—=1\2/pp ¢

forto<§<t§t1.
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(a) Estimate of M related to the function w from Example Here we consider
w>6,p>1/p,0<y<1,t>0C,>1

Mm VT

to<t<ty t—
w'(t)
— sup ( )
to<t<ty €
el
= sup (C’
to<t<ty 7 “[ ( u—l)tv]
P
n

c ST 1\
X[+2u21(2f (1+tglﬂ)) ]

1/C -1 C—ﬁl 1 MRy, 2;?71
< sup (’yC g © - 2 ) sup (t“/—le(2\/ﬁ n( Tt )) )
to<t<t Hltg + (V9 = 1))/ o<z
2 cr QeS| T
e 2 (G (1 @ty
2 — 1 o<t<ty \24/10 ty

_153).

The estimates of Sq, Sy and S3 are as follows.

2
- 5152(1 +to,
(5.1)

Sl S’)/CH ~ <S ~ y Vto StSlLl,
Lo Lo
2
()
SQ § sup 1
to<t<t =
If we define
o(Fr5)7)
flit)y= , te(0,00),

then the standard method of differential calculus gives us the estimate

J(F) 7T )T
So < max{f(to), f(1)} < max { o — S0
tO C;L’Y t(l)—’Y
L)
< max § 3, i3,
o { o }

Finally,
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Inserting the above estimates into (5.1]), we obtain

—1 2 CP N 55 Vi
ng(e )<1+ ( M)Q 1)1’1’1&}({3,%}

to 2u—1 2\/ﬁ C p
i

TP 02’%1‘7 52

1 me z
< 7005 max {1, e i }
0 3¢, "

The term W(% ;0)) from the definition of M we can estimate as

/(2p—1) =T
) )T 25wy >0

() _ el (55

(b) Estimate of M for w from Example

()

I .
= CT P 7

and W(w(to)/e) = 0.
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