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MULTIPLE SOLUTIONS FOR MIXED BOUNDARY VALUE
PROBLEMS WITH ¢-LAPLACIAN OPERATORS

DIONICIO PASTOR DALLOS SANTOS

ABSTRACT. Using Leray-Schauder degree theory and the method of upper and
lower solutions we establish existence and multiplicity of solutions for problems
of the form

(p(u)) = f(t,u,u)
u(0) = u(T) = v/(0),

where ¢ is an increasing homeomorphism such that ¢(0) = 0, and f is a
continuous function.

1. INTRODUCTION

The purpose of this article is to obtain multiplicity of solutions for problems of
the form

(1.1)

where 0 < T' < 00, ¢ : R — R is an increasing homeomorphism such that ¢(0) = 0,
and f : [0,7] x R x R — R is a continuous function. We call solution of this
problem a function u : [0,7] — R of class C! such that (') is continuously
differentiable, satisfying the boundary conditions and (p(u'(t))) = f(¢, u(t), v’ (t))
for all ¢t € [0, 7).

Existence of solutions for boundary value problems can be studied by different
methods:fixed point theorems, topological degree, fixed point index theory, lower
and upper functions, etc.; for bounded intervals see for example [11 2, [3] [, [7] [8], 9]
and for unbounded intervals [5] [6] and the reference therein. In particular, using the
method of upper and lower solutions and the fixed point index theory the authors in
[9] obtained existence and multiplicity results of solutions for the Dirichlet boundary
value problem. These results were established under a growth condition of Wintner-
Nagumo type of the form:

F (82, y)] < (lyDAUE) + e(t)]y|P~D7P),
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where [ € L1([0,T]), ¢ € LP([0,T]) with 1 < p < oo, f is a Carathéodory function,
and 1 : [0,00) — (0,00) is such that

> ds
/_Oo e i) - (12)

Santos [8] proved the existence of at least one solution for using the method
of upper and lower solutions and the fixed point theorem of Schauder, see Theorem
B8 below.

Inspired by these results, the main aim of this paper is to study the existence and
multiplicity of solutions for using the method of upper and lower solutions and
topological methods based upon Leray-Schauder degree. In this work, we highlight
several aspects of these results. On the one hand, our problem consists of equations
for general type of boundary conditions. On the other hand, we generalize the
results of [8, Section 4].

Finally, we establish multiplicity results for using the method of upper and
lower solutions and Leray-Schauder degree theory. For these results, we impose the
growth condition of Wintner-Nagumo type

[F(t 2, 9)] < 4((yl)

where f is a continuous function and v satisfies (1.2]). Which is needed to ensure an
a priori bound for the derivatives of the solutions to apply Leray-Schauder degree.
These results improve the literature concerning Dirichlet-type equations.

2. NOTATION AND PRELIMINARIES

For a fixed T, we denote for C = C([0,7T],R) the Banach space of continuous
functions u : [0, 7] — R with the norm ||ul|, C* = C1([0,T],R) denote the Banach
space of continuously differentiable functions from [0, 7] into R equipped with the
usual norm ||ull; = |Jullec + ||t/ ||cc- We introduce the following operators: the
Nemytskii operator Ny : C* — C,

Ny(u)(t) = f(t,u(t), (1)),
and the integral operator H : C — C*,

H(u)(t):/o u(s)ds.

The following results are taken from [T} [§], respectively. The first one is needed in
the construction of the equivalent fixed point problem.

Lemma 2.1. For each h € C, there exists a unique Q, = Q,(h) € im(h) (where
im(h) denotes the range of h) such that

T
/0 o (h(t) — Qp(R))dt = 0.

Moreover, the function @, : C — R is continuous and sends bounded sets into
bounded sets.

The second results gives an equivalent formulation of problem (L.1)) as a fixed
point problem.
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Lemma 2.2. A function u is a solution of (1.1)) if and only if u € C* is a fived
point of the operator My defined on C' by

My(u) = ¢ (= Qu(H(Ny(u)) + H(o™ [H(Ny(u)) — Qu(H(Nys(w)))]). (2.1)
Here <p_1 is understood as the operator ¢! : C' — C defined by ¢~ 1(v)(t) =
@ 1(v(t)). Tt is clear that p~! is continuous and sends bounded sets into bounded
sets. Using the Arzela-Ascoli theorem it is not difficult to see that M is completely

continuous.

3. EXISTENCE RESULTS
In this section we prove the existence of at least one solution for problem (1.1).

3.1. Upper and lower solutions. The functions considered as lower and upper
solutions for the initial problem (1.1]) are defined as follows.

Definition 3.1. A lower solution « (resp. upper solution 3) of is a function
a € C! such that (/) € C, o/(0) > a(0) > «(T) (resp. B € C*, p(B') € CY,
p'(0) < 5(0) < B(T)) and
(p(/ (1)) = f(talt), /() (resp. (p(B'(1)))" < f(t,B(t),5'(t))) (3.1)
for all t € [0,T]. Such a lower or upper solution is called strict if the inequality
(3.1)) is strict for all for all ¢ € [0, T7.
We will use the following general assumptions.

(1) There exist «, 8, respectively lower and upper solutions for (1.1]) such that
a(t) < B(t) for all ¢ € [0,T).
(2) There exists ¥ : [0,00) — (0, 00) such that

/°° ds .
—oo (i)
and |f(t, z,y)| < ¥([y[) for all @ € [a(t), B(¢)], t € [0,T] and y € R.

We can now prove some existence results for (L.1)).
Theorem 3.2. Let a < 8 be respectively a lower and an upper solution of (L.1), let

R > max{[|e/[|lc, [|8'lloc}, and let E = {(t,2,y) : t € [0,T],a(t) <z < B(t),|y| <
R}. Suppose that f satisfies

(&2, 9)| < (lyl) (3-2)
over E for some 1 such that
P(R) ds 0
min — (3.3)
{/0 b(le () /¢< Rr) ¥( \w s)1) }
Then ) has a solution u such that |u']| < R and a(t) < u(t) < B(t) for all

t €10, T]
Proof. Let «, § be, respectively, lower and upper solutions of ([L.1). Let  : [0,T] x
R — R and @ : R x R be the continuous functions defined by

Bt), x> pB(t) y,  WI<R

Vo) =qz, at)<z<plt) Q=R y=R
a(t), =< alt), -R, y<-R,
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and define F': [0,7] x R x R — R by
Flt,9) = J(09(6:0). Q) + 2

Now, we consider the modified problem

(<p(u/))’ = F<t7ua u/)

u(0) = u(T) = u(0). (3:4)

For clearness, the proof will follow several steps.

Step 1. If u is a solution of (3.4), then «a(t) < u(t) < S(¢) for all t € [0,T7]). Let
u be a solution of the modified problem (3.4) and suppose by contradiction that
there is some to € [0,T] such that

r[glaﬁ((a(t) —u(t)) = a(ty) — u(te) > 0. (3.5)
If tg € (0,T), there are sequences (t) in [to—€, o) and (t},) in (to, to + €] converging
to to such that o/ (t) — v (tx) > 0 and &/ (t},) —u'(t},) < 0. Therefore o' (o) = v’ (¢o).
Since R > ||&/||c we deduce that Q(u'(tg)) = (o). Using that ¢ is an increasing
homeomorphism, this implies (¢(&/(t9)))" < (¢(u'(t0)))’. By we obtain the
contradiction

(0@ (t0)))" < (p(u'(t0)))" = F(to, ulto), u' (o))

it (o)t + o) o)

f(to, alto), &/ (o)) < (¢(e/ (t0)))"-

So a(t) < wu(t) for all t € (0,T). If the maximum is attained at o = 0 then

/\

I[Bl%)]((a(t) —u(t)) = a(0) — u(0) > 0.

Using that «(0) = «/(0) and «/(0) < u/(0), we obtain the contradiction
a(0) < a/(0) < u/'(0) = u(0) < a(0).

If

max(a(t) - u(t)) = a(T) - u(T) >0
then a(0) = «(T). Using that u(0) = u(T") we obtain again a contradiction. In
consequence we have that a(t) < u(t) for all ¢ € [0,7]. In a similar way we can
prove that u(t) < 8(t) for all ¢ € [0, 7.

Step 2. If u is a solution of (3.4), then |v/[oc < R. Let u be a solution of the
modified problem and suppose by contradiction that u' is such that ||u/||. >
R. If max{u/(t) : t € [0,T]} > R, then there exist tg,¢; such that u'(ty) =
0,u'(t1) = R and 0 < u/(t) < R for all ¢t between ¢y and t; (without loss of
generality we assume that ¢9 < t1). Then o(u'(t0)) = 0,0(u' (1)) = ¢(R) and
0 < (v (t)) < ¢(R). Using the substitution s = ¢(u'(t)) we obtain

/“”(R) ds :/ (lu' (1))t [™ f(tu(t), Qu'(t)))dt
0 (=t S 9l (®)]) o (v (D)) '
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Since (¢,u(t), Q(u'(t))) = (¢t,u(t),u'(t)) € E and u/(¢t) > 0, we conclude by

that
»(R) dS t1
— < dt=t1—t0|§T.
A Wi =1, M=

This contradicts . Similarly, if min {«/(t) : ¢ € [0,T]} < —R, then there exist
to,t1 such that <p( ( 0)) =0, o(u'(t1)) = ¢(—=R), o(—R) < p(u/(t)) < 0 for all ¢
between tg and t;. Arguing as above leads to a contradiction.

Step 3. Problem (3.4) has at least one solution. For A € [0,1], we consider the
family of boundary value problems

(<P( ’))’ = AF(t,u, )

3.6
— u(T) = u/(0). )
Notice that (3.6) coincides with (3.4)) for A = 1. So, for each A € [0, 1], the operator
associated to (3.6) by Lemma |2 2 2.2| is the operator M (), -), where M is defined on
[0,1] x C* by
M\ u) = o7 (—=Qu(\H (Np(u)))) (3.7)
+ H(p™ NH (Np(u) — Qp(AH (Np (u)))))-
where

M(1,u) = Mp(u)
“H(=Qu(H(NF(u))) + H(¢™ [H(NF(u)) = Qu(H(NF(u)))])-
On the other hand, we let (\,u) € [0,T] x C* be such that u = M (\,u). Then
p(u') = [NH(Np(u)) = Qp(AH (N (u)))], (3-8)

where

MHE()O] < [ 520060, QU 9) + =T

T
g/me@mm@w@mm+T
0

S/LWW@M%QW@M@+T
0

<ol+T,
with o := sup,cpo 1y | £ (s,7(s,u(s), Q(u'(s))))]. Using , we have
(' ()| <2(6T+T):=6 (t€]0,7T)]), (3.9)

and hence

o'l oo < w, (3.10)
where w = max{|¢~1(5)], |¢~1(—9)|}. Because u € C! is such that u(0) = /(0),
we have

T
u(®)] < |u(0)| +/0 [u'(s)lds <w+Tw (t€[0,T]),

and hence
Jully = lullos + [[t/]loo € w +Tw +w =w(2+T).
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Let M be the operator given by (3.7) and let p > w(2+7T). Then, for each A € [0, T,
the Leray-Schauder degree deg; ¢(I — M(A,-), B,(0),0) is well defined, and by the
homotopy invariance, one has

degLS(I - M(Oa ')a BP(0)7 0) = degLS<I - M(la ')a BP(0)7 0)
On the other hand,
deg;g(I —M(0,-), B,(0),0) = deg;s(I, B,(0),0) = 1.
Hence, there exists u € B,(0) such that Mg (u) = u, which is a solution of (3.4). O

Remark 3.3. If @ and 8 in Theorem [3.2] are strict, then a(t) < u(t) < 3(t) for all
for all t € [0,T]. If p is large enough, then, using that deg; (I — Mp, B,(0),0) =1
and the additivity-excision property of the Leray-Schauder degree, we obtain that

degr (I — Mp,B,(0),0) =deg;g(I — Mp,Q43,0) =1,
where Qo 5 :={ue C': a <u< B}
Now let us give an application of Theorem [3.2]
Example 3.4. Consider the problem

N (u? + 1) sin(ru’ + (t+T) — u)
(plw)) = 1+ u?u (3.11)
uw(0) = u(T) = u'(0),

where ¢(s) = s3. It is not difficult to verify that ¢ is an increasing homeomorphism.
For T > 1 we consider the functions «(t) = —t — T and S(t) =t + T as lower and

upper solutions for (3.11)), respectively,
(v* + V)sin(ry + (t+T) — )

t =
[t z,y) 11 22,7

is a continuous function such that
[ty <P +1, (t2,y) €[0,T] xR xR,
Let R > 0, and let 9(s) = |s|> + 1. One has

/wad(m :/Z 118@\ %

¢(R) ds B 0 ds I 3
/o PO /w(_R) O] I

So, we can choose R > 0 and T' < In(1 + R?) to see Theorem Thus, we obtain
that (3.11) has at least one solution.

The proof of the following existence theorem can be found in [§].

Theorem 3.5. Suppose that (1.1) has a lower solution « and an upper solution 3
such that a(t) < B(t) for allt € [0,T]. If there exists a continuous function g(t, )
on [0,T] x R such that

(e w)| < lg(t,2), for all (he,y) € 0,T] xR xR, (3.12)
then (1.1) has a solution u such that o(t) < u(t) < B(t) for allt € [0,T].



EJDE-2020/67 MIXED BOUNDARY VALUE PROBLEMS 7

Proof. The proof is based on two steps which are analogous to the proof of the
Theorem 3.2

Step 1. We show that if u is a solution of (3.4)) with F(¢,z,y) = f(t,~v(t,x),y) +
#%a then a(t) < u(t) < B(t) for all t € [0,7] and hence u is a solution of
dl.

Step 2. We show that the problem (3.4]) has at least one solution. O

Corollary 3.6. Let f(t,x,y) = f(t,x) be a continuous function. If (1.1) has a
lower solution « and a upper solution B such that a(t) < S(t) for allt € [0,T], then
problem (L.1)) has a solution such that a(t) < u(t) < B(t) for allt € [0,T].

4. MULTIPLICITY RESULT

In this section, we establish the existence of at least three solutions to problem
D)
Theorem 4.1. Assume that the following conditions are satisfied:

(i) Fori=1,2, there exist o, B;, respectively strict lower and upper solutions
of (L), such that a; < B;, a1 (t) < aa(t), Bi(t) < Bao(t) for all t € [0,T],
and {t € [0,T] : az(t) > B1(t)} # 0.

(ii) There exists 1 : [0,00) — (0,00) such that

/°° ds e
—oo Yl (s))
(i) Let R > max{||a}|lco, |50}, and let

E={(t,x,y) : t €[0,T],01(t) <z < Ba(t), |yl < R}.
Suppose that f(t,x,y) satisfies

[f (&2, )| < ¥(lyl) (4.1)
over E, and i is such that
. ¢(R) ds 0 ds
win{ [ S L s T 2

Then has at least three solutions uq,us,us such that
ap <ugz < Po, a;<u; <pBi, i=12
luilloo < R i=1,2,3.
Proof. Let ~1,72, and 73 be the functions associated to the pairs of lower and
upper solutions (as,f1), (a2, B2), (a1, B2), respectively. Consider Mp,, Mp,, Mp,,

the operators associated to the pairs (aq, 81), (a2, 82), (a1, B2), respectively. Using

Theorem we deduce that there exist B,, (0), B,,(0), and B,,(0), respectively,

such that Mp, has no fixed points in B,,(0) \ Q;, with
Q= Qo i ={ueC oy <u<pi},
Do = Qon.py = {u€C g <u < Pa},
Q3= Qo i ={ueC iay <u<Ba}
Hence, by Remark we have
deg;s(I — Mp,,1,0) =1,
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degLS(I - MFQ’QQaO) = 17
degrs(I — Mp,,Q3,0) = 1.

Since aq (t) < B1(t) < Ba(t), a1(t) < aqs(t) < B2(t) for all t € [0,T], and {t € [0,T] :
as(t) > B1(t)} # 0, one has
QLU C Q3,

Q3\ Q1 UQ #0.

Moreover, My, (u) = Mg, (u) for all uw € Q; and ¢ = 1,2. Thus, using the additivity
property of Leray-Schauder degree implies that

degr (I — Mp,, Q3 \ Q1 Uy, 0)
=deg; (I — Mp,,Q3,0) —deg; s(I — MF,,Q2,0) —deg; (I — Mp,,$;,0) = —1.
Then problem has at least three solutions w1, us, u3 such that
a1 (t) <ug(t) < Ba(t), ai(t) <ui(t) < Bi(t),
for all t € [0,T] and ¢ = 1,2. Moreover, ||u}llcc < Ri=1,2,3. O
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