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INVISCID LIMIT OF LINEARLY DAMPED AND FORCED
NONLINEAR SCHRODINGER EQUATIONS

NIKOLAOS GIALELIS

ABSTRACT. We approximate a solution of the nonlinear Schrédinger Cauchy
problem by solutions of the linearly damped and driven nonlinear Schrédinger
Cauchy problems in any open subset of R™ and, for the case n = 1, we provide
an estimate of the convergence rate. In doing so, we extract a sufficient relation
between the external force and the constant of damping.

1. INTRODUCTION

In this work we are interested in the n-dimensional linearly damped, driven
nonlinear Schrédinger equation (LDDNLS), with the common case of pure power
nonlinearity, i.e.

iug + Au+ Mu|"u +ivu = f, V(t,x) €[0,T] x U, (1.1)
where A € R* and a > 0, v > 0 and v = u(t, x;7), f = f(t, x;7) are complex-valued

functions for ¢ € [0,7) with T > 0 and € U with U C R" being an arbitrary
open set. y is the constant of zero order dissipation and f an external excitation.
The goal is to show, under certain conditions, that (1.1)) can be considered as a

perturbation of the associated nonlinear Schrédinger equation (NLS), i.e.
vy + Av+ ANo|"v =0, V(t,z)€[0,T] x U. (1.2)

NLS models with gain and loss effects have found applications to many physi-
cal fields such as nonlinear optics and fluid mechanics (see [3] and the references
therein). The use of damping and forcing effects for is not a novelty for physi-
cists (see e.g. [6] and [20]). On the other hand, some cases of have already
been studied, concerning the solvability and the long time behavior of solutions and
their attractors of Cauchy problems (see [2] [13], 14l [15] [16, [T, 18, 24]). Compar-
isons between the two equations have also been made (see [12] about some blowup
issues). Even though these two equations seem quite similar, they share important
differences. In particular, many of the symmetries of do not hold for ,
such as the known scaling symmetry, the Galilean invariance and the time reversal
symmetry (see [22]). To the author’s best knowledge, some questions of “inviscid
limit” type for these equations still remain unasked. In [5], arises from a
perturbation study of the sine-Gordon equation and in [26] it is shown that
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is the inviscid limit of complex Ginzburg-Landau equation. However, it is natural
for us to expect that could be a perturbation of and this viewpoint is
the scope of this study.

Here, we extract a sufficient relation between f and 7 of the form || f|| = O(v),
as v\, 0 (see (6.1)), to obtain two approximation results in Section [6] First (see
Proposition d Corollary [6.2), we approximate a solution (or the solution in
case of uniqueness) v of the NLS initial-boundary value problem

ivg + Av + o[ =0, V(t,z)e€ (0,T] xU
v=uwg, on{t=0}xU (1.3)
v=20, onl0,T]x 9U,

by a sequence {um}ﬁ:l of solutions of the LDDNLS initial-boundary value prob-
lems of the form

iug + Au+ Mu|"u +ivu = f, V(t,z) € (0,T] x U
u=uy, on{t=0}xU (1.4)
u=0, on [0,T]x dU,

as Ym N\ 0, fmn — 0 and ug,, — vo. Second (see Proposition , we estimate the
rate of this approximation for certain cases. We note that the convergences above
will be rigorously interpreted.

In proving the above results, we first show, in Sections [4] and [5] the existence of
a bounded solution of (1.4)), which satisfies a certain estimate (see Theorems
and [5.1). The aforementioned sufficient condition || f| = O(v), as v \, 0, comes
naturally from that estimate. We emphasize that the technique we use differs from
the classic one of “regularized nonlinearities” presented in [9] and this is also a third
goal that we reach with the present work.

‘We note that, since our main interest lies in inviscid limit results, we deal with the
defocusing and the subcritical focusing case, as well as the critical focusing case with
sufficiently small initial datum (see ), where the analysis for the extraction of
energy estimates is not that extended in comparison with the supercritical focusing
case for sufficiently small initial datum. Hence, we exclude this case, not bacause
of inefficiency of our approach, but to keep the work as compact as possible and
stay focused on our main result.

2. NOTATION

We denote by * V x := max{x,x} and by B,(z) C R™ the open ball of radius
0 > 0 centered at x. If p,r € [1,00] and k, m € Ny, then we write
| - |m,7"7U = HW"”vT(U)v |- ‘—m,U = ||H*7"(U)
| .
We omit p =00, T = oo and U = R” from the notation.

For m € Ny and U, we consider that the space H™(U) = W™2(U) is equipped
with the inner product (#, %) gm ) — C defined as

(W, V) g 17y = Z /(Dﬁju)(Dﬁji)dx, Yu,v € H™(U).

k,p,Tsm,r,U = [ - ”W’C’P(O,T;WWT(U))a | - |k,p,T;—m7U = ”W’“P(O,T;H*M(U))-

When m = 0, we simply write (x,%) 1= (%,%) o) = (%, %) p2(1)-
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Let F(Uy; C) be a function space over U; C Uy C R™ and f € F(U;). We denote
by Eu, f its extension by zero in Uz \ Uy and Ey, F(U1) := {&y, f|f € F(Ur)}. We
omit Uy = R™ from these notations. Moreover, if g € F(Us), we denote by Ry, g
and Ry, F(Us) the restriction of g in Uy and the set of these restricted functions,
respectively.

We write C' and ¢ for any non-negative constant factor and exponent, respec-
tively. These constants may be explicitly calculated in terms of known quantities
and may change from line to line and also within a certain line in a given computa-
tion. We also employ the letter K for any increasing function K : [0, 00)™ — [0, c0),
as well as K : [0,00)2 x (0,00) — [0, 00), such that

(1) K(-,-,2) is increasing, for fixed zy > 0 and also
(2) there exists K such that K(z,0(z),z) = K(xo), as (z,2) = (20,0).

When U appears as subscript in an element, it denotes that this depends on it,
while its absence designates independence. If u : [0, T|xU — C, with u(t,-) € F(U)
for each t € [0,T], then, following the notation of, e.g., [IT] and [23], we associate
with w the mapping u : [0,T] — F(U;C), defined by [u(¢)](z) := u(t, z), for every
xeUandtel0,T].

3. PRELIMINARIES

Lemma 3.1. Let u,v € L*"2(U). Then

+1 +1
/U [l eldz < [l ploloarn o (3.1)
lulu — [0l o221 < Ol o + 100G pp )~ Vg onp (32

Proof. The first inequality follows from ([7.4) for p = g—ﬁ and ¢ = a + 2. As for

the second one, we apply (7.2), (7.4) for p=a+ 1 and ¢ = O‘T'H and (7.1]). O

Next, we set

o {(o,oo), ifn=12 33)

(0,-%5], otherwise.

In view of (3.1) and the scaling invariant embedding H}(U) < L**2(U) (notice
that U is assumed to be just an open set and then see Remark we define

g: H}(U) — Lot (U) < H~Y(U) to be the nonlinear and bounded operator such
that

(g(u; ), v) == )\/ lu|*Tvdz, for v e HY(U).
U
Next, we recall the following well establish result.

Lemma 3.2. For every f € H1(U) there exists {fj}?:o C L*(U) such that

(oh = [ o+ 3 @ iFde, o € HW)
j=1

and, in particular, we have

(v, f) = (fv), YweH;U), VfelL*U).
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Proof. The first result follows from a direct application the complex version of
Riesz-Fréchet representation theorem (see [8, Proposition 11.27]). The second is a
direct consequence of the first one. O

Now, for the above operator we have the following estimate.
Proposition 3.3. Let u,v € H}(U). Then
lg(u) — g(v)

The proof of the above proposition is a direct application of and the scaling
invariant embedding H}(U) — L*2(U).

We further define NV[-,-],N;[-, "] : (H&(U))2 — C to be the forms which are
associated with the operators A+g and A+g+i~yI, respectively, such that Nu, v] :=
(Au,v) + (g(u),v) and N, [u,v] := (Au,v) 4+ (g(u),v) + iy(u,v), for every u,v €
HLU).

We then restate problems and as Cauchy ones: for f : [0,T] — L*(U),
we seek solutions v,u € L>(0,T; H}(U)) N Wte(0,T; H-1(U)) of

(iv',u) + Nv,u] =0, VYuec H}(U), ae. in [0,T]

0,222,y S K (Ju 1,2,U7 |U|1,2,U)|“ — Vat2.0- (3.4)

3.5
V(O) = 0- ( )
and
(i, v) + N, [u, 0] = (£,0), Yve Hg(U), ae. in [0,7]
(3.6)
u(0) = ug.
Also, we provide an estimate for the forms N and M.
Proposition 3.4. Let u,v € H}(U). Then
Nu, o]+ N5 [u, ]| < K (fuly 5 05 0] 0.0)- (3.7)

The proof of the above proposition is and application of (7.4)) (p =p = 2), (3.1)
and the scaling invariant embedding H}(U) < L®T2(U). Some useful results also
follow.

Lemma 3.5. Let o be as in (3.3) and u € H(U). Then

19 na d-na
|u|g,a+2,U < C'|Du|o,22,U|U|o,22,U ¢

If, in addition, n =2 and T € (1,00), then
2 2(r—1); |2
[ul3ryr.0 < CLDuUlRS Gl 5.0 (39)

Proof. The first inequality is direct from Theorem (and Remark for p =
a+2,r=q=2,j=0m=1and 6 = ﬁ As for the second one we set

a=2(r—1) in (3.8). O

Remark 3.6. If
0 ifn=1,2
pe [0 =1, @.10)
(0,—=5), otherwise,

(3.8)

then the exponent of the term |ul,,,, in (3.8) is strictly positive and hence that
term does not vanish. Moreover, an estimate of the constant in (3.9) is

C < (4m)t (3.11)

for an elegant proof of which we refer to [21] and the references therein.
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Lemma 3.7. Let a € (0,4/n), € >0 and u € H}(U). Then
a+2 2 c
[ulgatew < dDulgzp + Cluli o (3.12)

The above lemma is an application of (7.3)) for p = & and ¢ = 2 into (3.8).

no 4—na

Proposition 3.8. (i) Let H be a Hilbert space, as well as {ug},o; C L>=(0,T;H)
and u: [0,T] = H with uy(t) = u(t) in H, for a.e. t € [0,T]. If [[ukl poo o,7,20) <
C uniformly for all k € N*, then u € L*(0,T;H) with |[ull oo 1.9 < C, where
C is the same in both inequalities.

(i) Let F be a Banach space with the Radon-Nikodym property with respect
to the Lebesque measure in (0,T,2([0,T])) and {uy}rr, U {u} C L>(0,T;F*)
with uy = u in L>®(0,T; F*) (That is, u, — u in o(L®(0,T; F*), L'(0,T;F)).
Note that L>(0,T;F*) = (LY(0,T;F))* (see, e.g., [10, Theorem 1, §IV.1].) If
||uk||La<>(o,T;P) < C uniformly for all k € N*, then HuHLMO’T;P < C, where C is
the same in both inequalities.

Proof. (i) We derive that [[u(t)|,, < C, for a.e. t € [0,T7], from the (sequentially)
weak lower semi-continuity of the norm. The result follows directly.

(ii) Let v € F be such that |[v]| » <1 and set v : [0,7] — F the constant function
with v(¢) := v, for all ¢ € [0,T]. We have

s+h
/ (ug, v)dt < Ch,

] for every s € (0,T) and every sufficiently small h > 0. Letting k — oo, dividing
both parts by h and then letting A — 0, we obtain (u(s),v) < C, for every s € (0,T).
Since v arbitrary, the proof is complete. O

Proposition 3.9. Let Uy C U CR", m € Ny and {ug}rey U{u} € H™(Us) such
that up — w in H™(Us). Then Ry,ur — Ry,u in H™(Uy). The analogous result
for LP, with p € (1,00), instead of H™ also holds.

Proof. We show the first result and in analogous fashion we obtain the second one.
Let v € C2°(Uy), then we have

(Ru,ux — Ru,u, v)H7n(U1) = Z DA (Ru,ur — Ru, u)DB@d.’L‘
|81=0 "1
m
= Z D’B(uk — u)DﬁEUZde
|81=0""2
= (uk — U7SU2U)Hm(U2) — 0,
hence, the result follows from a denseness argument. O
Proposition 3.10. Let {u,} -, U{u} C H'(U) such that u,, — u in H*(U) and
Um — u in L2(U). Then Du,, — Du in L*(U).
Proof. Let v € C°(U). Then
(Dum — Du,v) = (wm — u,0) g1 g7y — (m — u,v) = 0,

hence, the result follows from a denseness argument. [
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4. LDDNLS CAUCHY PROBLEM IN BOUNDED OPEN SETS

In this section we assume U C R"™ is bounded.

Theorem 4.1. Let a be as in (3.10), £ € W1>°(0,T; L?(U)) and ug € HZ(U). If
A<0, or

4
A>0 andaG(O,ﬁ), or (4.1)
4 1 —1/a
A>0, a= - and |u0|0,27U Vv ;|f|0,T;0,2,U <A \R|072,

where R as in Theorem |7.6, then there exist a solution u € L*(0,T; HY(U)) N
W0, T; H-Y(U)) of (3.6)), such that

|u|0,T;1,2,U + ‘ul|O,T;—1,U <K= K(|“0‘1,2,U’ |f|1,T;0,2,U"Y)- (4.2)

Proof. Step 1. We use the standard Faedo-Galerkin method. It holds true that
H}(U) << L?(U) (see Remark [7.5)), hence there exists a countable subset of
H}(U) N C>=(U), which is an orthogonal basis of L?(U), e.g., the complete set of
eigenfunctions for the operator —A in H}(U) (This specific subset is an orthogonal
basis of both H}(U) and L?(U)). Let {wy}$2, C H{(U) N C>=(U) be that basis,
appropriately normalized so that {wy }3° ; be an orthonormal basis of L?(U). Fixing
any m € N*, we define d,, : J,, — C™, with d,,,(t) := [d},(¢),... ,dm(t)]T, to be
the unique, absolutely continuous, maximal solution (i.e. J, with 0 € J,, is the
maximal interval on which the solution is defined) of the initial-value problem

d,.) (t) = F,(t,d,,(t), VteJ:
dm(o) = [(u07w1)a sy (u07wm)]Ta
where F,,, € C([0,T]*";C™) with

m

FE(t, dp (8)) == iN5 Y db, (Dwi, wi] — i(we, £(2), Ve =1,....m.
=1
Now, we define u,, : J,, — H(U) N C>(U), with

upy,(t) = Z dk (t)wy,.

k=1
It is then trivial to verify that
<iu;nv wk> + N’y [uma wk] = <f7 wk>7 (43)

everywhere in J,, and for all k € {1,...,m}. Note that ug,, := um(0,-) = u,,(0) —
ug in L2(U) and [Uomlo 2.7 < |tolg o~ Furthermore, [uo,,ly 5 < [toly o - Indeed,
we can argue as in Step 3. of the proof of [II, Theorem 2, Section 6.5] to deduce
| Do g 9.0 < [Duglg o - Moreover, we set fo := £(0), since £ € C([0, T]; L*(U)).

Step 2. We multiply the variational equation (4.3) by d¥,(¢), sum for k = 1,...,m
and take imaginary parts of both sides to find

d 2 2
%|um|0,2,U + 27|um|0,2,U <2|(f,um)l,
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hence, from (7.3 for e = /2 (p = ¢ = 2),
d 2 2 1.2 1 .2
—|u + ~vlu < —|f < —|f]7 . ,
dt‘ mlo,2,u [Wing 2,0 'y‘ lo,2.0 ’y‘ lo,T50,2,0
which implies the estimate
1

|um|o,27U < |u0|o72,U v ;|f|0,T;0,27U7 Vi e [O,T], (4'4)

therefore, since m € N* is arbitrary, J,, = [0,T], for all m € N* and

[Ulgoy <K, VEE([0,T], ¥m e N*. (4.5)

Step 3a. We multiply the variational equation (4.3]) by d’fn/(t) + ~dE (t), sum for
k=1,...,m and take real parts of both sides to find
YA (o + 1)

2
o [Umlghs 0 = Re(f, un), (4.6)

d
T W E17T [, 4 2 Dt .~

where

1 A o
I, g] = 5‘D0|(2),2,U - mh’b;i-zy + Re(g,v), Vv € H&(U),g € LQ(U)~

Note that J[uom,. fo] < K(|uol, o1 [£lg 7.02,0)- To show that

|DUm|O,2,U < ’E’ Vm € N¥, (4.7)

we consider the following cases.

(i) Since %|Dum|3’27U — ”\o(é‘fgl) [upm, 8‘;121, > 0, from (7.4) (p = ¢ = 2) and (&.5)
we obtain

%j[um, f] + T, f] < |um|o,2,9|f/|o,2,U < ’%|f/|0,T;0,2,U’
which implies
Tl 8] < Tl o]V 2RI o 700
Hence
%|Dum|§72,U < ’€|f|0,T;o,2,U + T [uom, fol V %’aflb,T;o,Q,Uv

therefore we obtain (4.7)).
(ii) Using (3.12) for e = #22-1) to estimate the last term on the left-hand side of

(4.6), we have

d ~
%j[urru f] + ’yj[urru f] S K:(’y + |f/|O,T;0,27U)7

which implies

~ 1
T am, f] < Tuom, fol VL + ;|f/|o,T;o,2,U)-
Therefore, applying again (3.12)) for ¢ = @ and some € € (0,1/2), we obtain
1 . ~ 1o
§‘Dum|072,U < ’C(]. + |f|O,T;O,2,U) + j[UOma fO] \ IC(]- + ;]C|f/|O,T;O,2,U)7

hence (4.7)) follows.
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Using (7.6) for C,, to estimate the last term on the left-hand side of (4.6)), as well
as (4.4), we have

d ~
%j[uma f] + ’yj[uma f] < IC(’V + |f,|O,T;O,2,U)7

since § — 225 Cer(JUolg 0 V 2o 702.0)" > 0. (@T) then follows.
Step 343. From (4.5) and (4.7) we conclude that {u,,},°_; is uniformly bounded
in L>(0,T; H}(U)), with

Wnlg oy <K, VmeN (4.8)
Notice that we avoid to use the Poincaré inequality along with (4.7) for the above
bound.
Step 4. We fix an arbitrary v € Hg(U) with [v], 5, < 1 and write v = Pv @

(I —P)v, where P is the projection in span{wy}}" ;. Since u}, € span{wy}}*, and
N|h, g] linear for g, from the variational equation ([4.3) we obtain that

<iu;“m U> = _N’Y [umv P'U] + <f7 P’U>
Applying (3.7) we derive |(iu/,,, v)| < K + |flo.7.0.2,- Hence {uy,} 7, is uniformly
bounded in L>(0,T; H=*(U)), with

|u;n|07T;_1’U < IE, VYm € N*. (4.9)

Step 5a. From (4.8), (4.9), [9) Theorem 1.3.14 i)] and Proposition (i), there
exist a subsequence {u,, };o; € {un},._, and a function u € L>(0,T; H}(U)) N
Whee(0,T; H-*(U)), such that
u,,, (t) = u(t) in H}(U), (4.10)
for every t € [0,T] and [uly 1.1 5y < K.
Step 53. H~'(U) is separable since H}(U) is separable, hence by the Dunford-
Pettis theorem (see [I0, Theorem 1, §I11.3]) we have
L(0,T; H™H(U)) = (L1(0, T; Hg (U)))

From the the above, (4.9)), the Banach-Alaoglu-Bourbaki theorem (see [8, Theorem
3.16]) and Proposition (3.8 (ii), there exist a subsequence of {uy, };~,, which we still
denote as such and a function h € L>(0,T; H~1(U)), such that

w,, = hin L0, T; HH(U)) and |hly 7, < K. (4.11)

From the convergence in (4.10), [23], Lemma 1.1, Chapter 3|, along with the Leibniz
rule, we can derive that

T T
/ (W, po)dt - / (W po)dt,  forall € CL([0,T)), v € HAU),
0 0

hence h = u’.

Step 6a. Since U is bounded, H}(U) << L*(U) — H~'(U). Hence, from
(4.8), (4.9) and the Aubin-Lions-Simon lemma (see [7, Theorem II.5.16]), there
exist a subsequence of {u,, };-,, which we still denote as such and a function
y € C([0,T]; L3(U)), such that

u,, —y inC([0,T); L*(U)). (4.12)
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From the convergence in (4.10]), we deduce that y = u.
Step 63. From (4.8), (£.12), (3.8) and Remark [3.6] we have
U, —u in C([0,T]; L*T3(U)). (4.13)

Step 6v. From (3.4), (4.8)), the bound in (4.10]), (4.12)) and (4.13)) we obtain

9(um,) = g(u) in C([0,T]; L5 (U)). (4.14)

Step 7a. Let now ¢ € C°([0,T]) and fix N € N*. We choose m; such that
N <mj;and v € span{wk},ivzl, hence, by the linearity of the inner product, we
obtain from (4.3) that

T T
/ (iuy,,,, pv) + Ny [ap,, poldt = / (£, v)dt.
0 0

In view of Proposition we then pass to the weak, x-weak and strong limits
(since v € L1 (0,T; HE(U))), to obtain

T T
/ (ia’, o) + N, [u, olde :/ (£, pv)dt.
0 0

Since v is arbitrary, u satisfies the variational equation in (3.6) for every v €
span{wk}ivzl. By the linear and continuous dependence on v, we obtain the desired
result, after letting N — oc.

Step 75. Finally, u satisfies the initial condition, i.e. u(0) = ug, which follows
from ([4.12)) for ¢t = 0 combined with u,,(0) — ug in L?(U) from Step 1. O

We can also get the following well-known result, by slightly modifying, in an
evident way, the above proof.

Theorem 4.2. Let o be as in (3.10) and vy € H(U). If
A<0, or

4
A >0 and a € (0, ﬁ), or (4.15)

4
A>0, a=—and v,y < ARy,

where R as in Theorem |7.6, then there ezist a solution v € L*(0,T; HY(U)) N
W0, T; H-Y(U)) of (3.5), such that

‘V|0,T;1,2,U + |V/|0,T;—1,U < K(|U0|1,2,U)- (4.16)

5. LDDNLS CAUCHY PROBLEM IN UNBOUNDED SETS

In this section, we assume that U C R™ is unbounded. The concept behind the
proof of the following result is that of [4, Theorem 1.3].

Theorem 5.1. Let U C R™ be unbounded, o be as in (3.10)), £ € W°(0,T; L*(U))
and ug € HY(U). Then the conclusions of Theorem|4.1| and Theorem/|4.4 still hold.
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Proof. We deal with the extension of Theorem [£.1] for unbounded sets. The second
result follows similarly.

Step 1. Since U open, we fix an arbitrary B,(xo) C U. Let ugy := Ryniuo, for
all k € N*, where {n;},-, as in Appendix Hence, for all k € N*, we have
|U0k|0,2,U < |U0‘o,z,U and |U0k|1,2,U < C’|“0|1,2,U~ (5.1)

From the first inequality in (5.1), the required bound of [ug|,, ; for the critical
focusing case #ii) in (4.1]) remains the same, as in the corresponding case of bounded
open sets. We also notice that

ugr = 0, in By, (aso)T nu,

hence, by fixing a § = §(0, a1) such that § < a; —p and by setting By, := By, +5(20)N
U, for every k € N*, we obtain that {Rp, uox}re; C Hg(By) (see also [8 Lemma
9.5]). Moreover,
72
uog, — up in L*(U). (5.2)
Indeed,

|uog, — “0‘0,2,U = |(m — 1)U0|o,2,U < |u0|0,2,Bak71(mo)TﬁU — 0.

Step 2a. Fixing any k € N*, we consider in U = By, where we take Rp, uog
as our initial datum. and we set u® € L>(0,T; H}(By)) NW1>(0,T; H~*(B},)) to
be a solution that Theorem provides. From its proof, it follows that there exist
a sequence {uk,}~_ of absolutely continuous functions from [0,7] to H}(Bg) N
C*(By,), such that

k k'’ %
|um|07T;172,Bk + [uy, |0,T;—1,Bk < K(|u0k‘1,273k7 ‘f|1,T;o,2,Bk;’Y)7 vYm € N*. (5.3)

and
uk (t) = uf(t) in H}(By), for every t € [0,T],

x (5.4)
ub A w100, Ty HY(By)).
From (5.1)) and (5.3) we deduce that
4 - *
[0k lo.ra0.m, + W lori15, <K, VmeN. (5.5)

Step 23. From the fact that the local regularity of the eigenfunctions at the
boundary depends on the local smoothness of the boundary and also that 9B, \oU €

C™, we obtain that uF (t) and u¥,’(t) are smooth on 9By, \ QU for every t € [0,T],
with
! *
RBBk\aqun = RaBk\aqun =0, VmeN"
Therefore, the extensions by zero vk, := &yuk,, for all m € N*, are continuous in

OBy, \ OU and thus {v¥ 12°_ and {v¥'1%°_ are sequences of functions mapping to
H}(U). Evidently,

/ /
|an|0,T;1,2,U = |ufn|o,T;1,2,Bk and |V51 |U,T;71,U = ‘uﬁz |0,T;71,Bk’
hence, from (5.5)), we obtain

k k' =
|Vm|o,T;1,2,U + v |O,T;—1,U <K, VmeN.
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Step 2v. Dealing as in Step 4 of the proof of Theorem[£.1] there exist a subsequence
{vk, }?; C {vk}°_, and a function v¥ € L>(0,T; H}(U))NW>(0,T; H~1(U)),
such that

vE () = vF(t) in HJ(U), for every t € [0,T],

vE DAV i 100, T HH (D)), (5.6)

, N
‘Vk|O,T;1,2,U + [v* lo, -0 < K.

Since k € N* is arbitrary, {vF}2, C L>(0,T; Hi(U)) N W>(0,T; H-1(U)) and
the above estimate is satisfied for each k € N*.

Step 3a. Dealing again as before, there exist a subsequence {vf 1}~ C {vF}>~
and a function u € L>(0,T; H}(U)) N Wh*(0,T; H=*(U)), such that

vi(t) = u(t) in HY(U), for every t € [0,T],
Vi S w i L°(0, T HH(U)), (5.7)
[uly 100+ |u/|O,T;71,U <K.
Step 35. From (3.4)), (3.8), Remark the estimate in (5.6) and [9, Lemma
3.3.6] we deduce that {g(v¥1)}22, is bounded in C%2 ([0, T]; L5+t (U)). Hence, from

Proposition 1.1.2 in the same book, there exist a subsequence of {vkl}loil, which
we still denote as such, and a function y € C([0, T7; Lo+t (U)), such that

g(vF (t)) = y(t) in L%(U), for every t € [0, T1. (5.8)

Step 4a. Let  be any bounded C U, such that H(Q) << L?*(Q), e.ga ball. For
k € N* big enough so that Q C By, we have

(Vh Eov) = (0, Ep,0), (g(Vh), Euv) = (g(uP), Ep0),  (VF Epv) = (0, Ep,0),
(5.9)
for every v € C¢°(Q2). Indeed, for the first equality, from (5.6 we obtain

/anlé'Uvdx%/Wngdx,
U U
and from (5.4) we obtain

/ VTmLEUvdx = RBvamé’Bkvdx — ukEp, vdz.

U By, By

The second equality follows similarly. The third equality follows from the first one
and Lem1.1, Ch3, in [23]. Now, since u” is a solution of (3.6)) in By,

(in*’ Ep,v) + N, 0¥, Ep,v] = (F,Ep,v), Vv € CX(Q), ae. in [0,T),
hence, from (5.9)),
(V¥ Euv) + NIV, Epv] = (£, Epv), Vo € C°(Q), ae. in [0,T].  (5.10)

Step 45. From the first convergence in , the weak lower semi-continuity of the
H'-norm and the aforementioned compact embedding, we obtain that there exist
a subsequence of {vkl}zl, which we still denote as such, for which we have

vFU(t) = u(t) in L*(Q), for every t € [0,T]. (5.11)
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We set k = k; in (5.10) and we pass to the limit I — oco. From (5.7)), (5.8)), (5.11)
and Proposition we deduce that

T T
/ ((iu', Eyv) + (A, Egv) + (y, Eyv) + iy(u, Eyv) )bdt = / (£, Eyv)ydt,
0 0

for every v € C¢°(Q2) and ¢ € C2°([0,T7]), hence
(iu, Eyv) + (Au, Eyv) + (y, Euv) + iv{u, Eyv) = (£, Eyv), (5.12)
for all v € C2°(Q), a.e. in [0,T].
Step 4v. From and [restr]Proposition [3.9 we have
g(RovF (1)) = Rag(v¥ (1)) = Ray(t) in LZ%?(U)7 for every t € [0,7]. (5.13)
On the other hand, from and Proposition
Rav™(t) = Raou(t) in L*(Q), for every t € [0, T].
From , , Remark and the latter convergence we obtain
g(Rav™ (1)) = g(Rau(t)) = Rag(u(t)) in La+1 (U), for every ¢ € [0,T]. (5.14)
From and we derive Rag(u) = Rqy and so gets the form
i, Epv) + Ny [u, Eyv] = (£, Egv), Vv € CX(Q), ae. in [0,T].
Since (2 is arbitrary, u satisfies the variational equation in .

Step 5. As far as the initial condition is concerned, we fix an arbitrary ¢y € (0, 7.
Let v € H(U) be arbitrary and ¢ € C*([0,7]) such that ¢(0) # 0 and ¢(tg) = 0.
We then have from [23] Lemma 1.1, Chapter 3], along with the Leibniz rule, that

| bl onde == [ ok gt (wh0),6(0)0),
0 0 (5.15)

/ (!, doydt = / (w0}t — (u(0), 6(0)0).
0 0

Moreover, (vE (0),#(0)v) = (u*,(0),¢(0)Rp,v), hence, by setting m = m; and

m m

letting [ — 0, we obtain

/Oto (v* poydt = — /Oto (vF, ¢'v)dt — (R, uor, p(0)Rp,v).
Since (Rp, uor, (0)Rp,v) = (ugr, p(0)v), we set k = k; and we pass to the limit
| — oo, applying (5.2)), to obtain
/O " (o uy = - /O " (@' — (o, 6(0)). (5.16)
From the second equation in and (5.16), we conclude that u(0) = u. O

6. NLS AS LIMIT CASE 7 — 0 oF LDDNLS

Here we consider {ug,, }o_; U{vo} C H{(U), {fn}m, C WH(0,T; L3(U))
and {7y} _; C (0,00) with v, N\, 0, such that

|fM|1,T;O,2,U =O0(Vm), asm — oo,

6.1
U0 — V0, in H&(U) ( )
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Proposition 6.1. For every vy and {(uom, fm,¥m)} e, as above, as well as ev-
ery corresponding sequence {uy,}-_, of solutions of , which Theorem
07’ provides, there exist a subsequence {uy, }~; C {un}r_, and a solution
v € L>(0,T; H(U)) nWh>(0,T; H-*(U)) of (B.5), such that

U, (t) — v(t) in HY(U), for everyt € [0,T],

u, >V in L0, T; H-Y(U)),

my
W lo 1100 + |umz/|0,T;—1,U +Vloraoo T IV Ier 10 < K(lvoly 2.0
for all m € N*.

Proof. In view of the From the above proofs, it is sufficient to show that
{lumlo r10,0 + [0m'lo -1 v}, _, is bounded. Indeed, it is direct from the limit

property of K that
|UM|0,T;1,2,U + |um/|0,T;71,U < K(‘”0|1,2,U)7 vm € N*. U

Before we proceed to the next result, we make a short, needed note about the
uniqueness of solutlons of the problems (3.5) and (3.6). It is easy to see that
uniqueness results for ) follow exactly as for 1-) In particular (see [9]), for
the case n = 1 as Well as for n =2, a € (0,2], we obtain uniqueness in every
open U C R", from the embedding H}(U) < L°°(U) and Trudinger’s inequality
respectively. One can also utilize and instead of Trudinger’s inequality
(see also the proof of point (ii) in Proposition below. As for the case U =
R™, uniqueness follows for all n € N* from the dispersive properties (see also the
Strichartz estimates) of every solution.

Corollary 6.2. If the solutions of (3.5) and (3.6) are unique, then, for every
o0 - (o]
vo and {(wom, fmsYm)},,—1 as above, the corresponding sequence {u,,}, _, of so-

lutions of (3.6) converges to the corresponding solution v € L>(0,T;Hi(U)) N
whee (0, T; H-1(U)) of (3.5)), in the sense that

u,,(t) = v(t) in Hy(U), for every t € [0,T),
w, > v in L=(0,T; H1(U))
|um|0,T;1,2,U + ‘uml|0,T;—1,U < K(|UO|1,2,U)7 Vm € N*.

Proof. From Proposition [6.1] and uniqueness, we have that, for every such vy and
{(woms £y Ym) tooey s there ex1sts a subsequence {u,, };=, C {u,,},-_, such that

u,,, (t) = v(t) in H}(U), for every t € [0,T],
u, v oin L0, T; H-Y(U)).

miy

(6.2)

Seeking a contradiction, we assume that a sequence {u,, }, _, does not converge to
v in the above sense, e.g. there exists ¢y € [0,7] such that

u,,(to) /A v(te) in Hy(U).
The second case follows similarly. Then there exist ¢ > 0, vg € Hg(U) and a
subsequence of {um}m 1> that we still denote as such, for which we have
|(U-m(t0),U0)H3(U) - (V(fo),UO)Hé(Uﬂ >e€, VYme N
which is a contradiction to (6.2). The estimate follows from the limit property of
K. O
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Next, we extract some estimates for the rate of the above convergence. We note
that they involve the uniqueness cases, even though we do not make use of this
property in the process.

Proposition 6.3. For every convergent sequence {uy,}.._, of solutions of (3.6)
to a solution v of (3.5)), as in Proposition or Corollary we set Wy, =
u, — Vv, for allm € N*. Ifn = 1, then there exist C1; = C11(|voly 5 ), Cr2 =

Cia(|voly 0.0 |Em |y 1.0.2,00 Ym) with C1p = O(v2,), as m — oo, such that
|Wm|g72,U § |u0m - v0|3,27U€CUt + C12(1 - GCIIt)’ vt € [OvT]v (63)
for every m € N*. In particular, if [ugm, — voly o = O(Ym), as m — oo, then
[Winlo. 020 = O(m), asm — oco.

Proof. Let m € N*. Then

- . H™HU) .
iw,, + Aw,, + g(up) —g(v) + iymu,, = £, ae in [0,7]. (6.4)

Applying ([7.2)) and dealing as usual we obtain
d 2 2 2
Gt < C [l V1) + [l

2 2
+ C%%z‘um|o,2,U + ClEmli 70,205

a.e. in [0, T]. From the embedding H}(U) < L>(U) we obtain (6.3)) with

C 2
Cnp=1+ K1(|UO|172,U) and C1p = Ciu(KQ(|UO|1,2,U)%2n + |fm|1,T;0,2,U)7

for increasing, non-negative K; and K. ]

7. USEFUL INEQUALITIES
We first mention two elementary inequalities.
Theorem 7.1. Letp >0, a >0 and z1,29 € C. Then
21 + 22" < C(|1]” + |22]), (7.1)
|l21]%21 — |22]%22] < Clz1 — 22| (|21]” + [22|%). (7.2)
We also mention the Young inequality with constant e and the Holder inequality.
Theorem 7.2. Let a,b € [0,00) and p,q € (1,00), such that % + % =1. Then
L (73)
(ep)7q

Theorem 7.3. Let p,q € [1,00], such that % + % =1, u e LP(U) and v € LYU).
Then

ab < ed? + Cb?, Ve >0, whereC =

/U|uv|dx < ulyplvloqo- (7.4)

The following result is a version of the Gagliardo-Nirenberg interpolation in-
equality (see [9]).
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Theorem 7.4. Let g,r € [1,00] and j,m € Ny such that j < m. Then

3 (D%, < c( 3 |D5u|0,r)6|u|é;]9, Yu € C™(R™), (7.5)
18l=3 [Bl=m
where ) )
Yol o™ ia-el veeloy,
p n roon q m
where C' is a constant depending only on n, m, j, q, r and 6.
There is an exception: If r > 1 and m —j — = € Ny, then holds only for

allf € [L,1).
Remark 7.5. The following Sobolev embeddings are true (see [8])
1 1
W™P(R"™) — LY(R"™), where il % with mp < n,

W™P(R"™) — LYR"™), where ¢ € [p,00) with mp =n,
W™P(R™) — L*(R"), with mp > n.
It is then easy to see that the following embeddings

1 1

W"P(U) — LY(U), where — == — ™ with mp < n,
q p n

Wy"P(U) < LY(U), where ¢ € [p,00) with mp = n,

Wy (U) — L*(U), with mp>n

are also true for every U C R™. These embeddings are, additionally, scaling
invariant, since, for every inequality of the corresponding embedding, we have
Cy = Crn = C for every U C R™. Indeed, we only have to notice that

ECTN(U) c CM(R™) and |Dﬁu\07p7U = |D’65u\07p,

for every u € CI"(U), every multi-index 8 such that 0 < || < m, and every
p € [1,00] (see also [1]). Using the above arguments, we see that Theorem 7.4]is also
true for every u € W™?(U) and also is scaling invariant in the aforementioned
space.

We note that the embeddings

1 1
WmP(U) — LYU), where — = — — ™ With mp < n,
qg p n

W™P(U) — LI(U), where q € [p,oc0) with mp = n,
WmP(U) — L*U), with mp > n,

are true for appropriate choices of U C R™. Possible such choices are: (i) R, (ii)
any U that satisfies the cone condition, (iii) any bounded U with a locally Lipschitz
boundary, (iv) any Lipschitz domain, etc. (see [8, [I, [19] for definitions and more
examples/counterexamples). Evidently, these embeddings and the corresponding
inequalities depend on the choice of U. Moreover, for the above special cases of
U C R", the (compact) Rellich-Kondrachov embeddings

1 1 1
W'P(U) << LY(U), where g € [1,p*) and — = — — — with p <,
q p n

WYP(U) s LY(U), where q € [p,00) with p =n,
WhP(U) —— C(U), withp > n,
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are true if, in addition, U is bounded. On the contrary, if we replace WP (U)
with VVO1 P(U), there is no restriction on the choice of U, except for being bounded.
The latter follows from the fact that we only need the aforementioned continuous
embeddings and the boundedness of U, in order to prove the compact ones.

In particular, applying the above remark, we modify a well-known result from
[25] (see also [9] 22]).

Theorem 7.6. Let o = % and R € H*(R™) be the spherically symmetric, positive
ground state of the elliptic equation —AR + R = |R|*R, in H~1(R™). Then, the
best constant C' in

|u|8‘;3_27U < C|Du|§,27U|u\3727U, Yu € HY(U), for any open U C R" (7.6)

; — . _ot2
is C' = Cc'r = m

8. CUT-OFF FUNCTIONS
If 6 > 0, we set U® D U for
U == U U UpeauB(z,0).
Proposition 8.1. Let U and § > 0. Then there exists ¢ € C°(R™;[0,1]) such that

(1) supp (¢) C U?,
(2) p=1inU, and
(3) IV*¢ll oo mny < $ for every k € No (Cp = 1).

Proof. We consider ¢ = @5 * xu, i.e.

o(x) = /n ws(x —y)xu(y)dy = /B(w) ws(z —y)xuv(y)dy, VYreR",

where ;5 stands for the standard mollifier with supp (¢) € B(0,d) and also xy
for the characteristic function of U. It is well known that ¢ € C*°(R") with
D%¢ = D%psx xu, for every o € N§ with || > 1. If z € U, then B(x, ) C U, thus

P(z) = / os(x—y)dy=1, Vrel.
B(z,d)

Similarly we can obtain ¢(z) € [0, 1] for every & € R™, since the same is true for
xv. If z E@C, then B(z,0) NU = &, thus ¢(z) = 0 for every such = and so
supp (¢) C U?. Lastly, from the Fad di Bruno formula, we have

«a e || C|a| n
[D¢(z)| < | 1D%s(z = yllxw®)ldy < IV eslpign < o, VaeNg. O

If Bo(z9) C R™ fixed and {ay},., C Ry increasing, such that a5 > o for all
k € N* and a; oo, we can obtain {n;},-; C C°(R™) such that

1, @€ By(xo)

0, € By, (x0)".

mx):{; ZE@:Z(;S%{ vk e N\ {1} and 771(33)={

In view of the above result, if, in addition, agy; — ar = a1 — o = C uniformly
for all Kk € N* (i.e. C is independent of k), then |Dﬂ77;€|0,c>o < Chy, for some
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{Cm}ro_y C Ry, uniformly for all k& € N* and every multi-index 8 such that

|B8] = m. In particular, Cyp = 1. In fact, if f € C*°(R) with

e/t >0

ft) =
0, t<0,

then we can directly construct such a sequence as follows

fla — |x — zo])
|z — o] — ak—1) + flar — [z — o)’
for all z € R™ and all £ € N*\ {1}, and

fla1 — |z — xo|)
f(lz —xo|l — o) + flar — [x — o)’
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(5 20, ag—1, ax) = 7

m(z; By(xo),a1) := Vr € R™.
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