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ASYMPTOTICALLY ALMOST PERIODICITY OF DELAYED
NICHOLSON-TYPE SYSTEM INVOLVING PATCH STRUCTURE

CHUANGXIA HUANG, JIAFU WANG, LIHONG HUANG

ABSTRACT. In this article we study a delayed Nicholson-type system involv-
ing patch structure. We apply differential inequality techniques to establish a
sufficient condition for the existence of positive asymptotically almost periodic
solutions. By constructing suitable Lyapunov functions, we obtain a new cri-
terion for the uniqueness and global attractivity of the asymptotically almost
periodic solutions.

1. INTRODUCTION

Several classes of differential equations models arising from biological mathemat-
ics have been intensively investigated, the hot topics include: stability, limit cycles,
bifurcation and periodic solutions [2] [5] [7) [9, 8, 10} [13], [14], 18]. Although period-
icity is important in real surroundings and world, when adding the factors of the
environmental vary, almost periodicity is always more accurate, more realistic and
more general than periodicity. As given in [I} [3} 4, 23] in comparison with periodic
effects, almost periodic effects are more frequent in lots of real world applications.
In particular, the existence and global stability of almost periodic solutions for the
famous scalar Nicholson’s blowflies equation

Z'(t) = —a(t)z(t) + Z B, (0)x(t — 7(t))e " (D2E=Ti () (1.1)

and the Nicholson’s blowflies systems with patch structure
Zi(t) = —au(t)z:i(t) + > ay(t)a;(t)

j=1,j#i

" (1.2)
+ ) Bi(O)wi(t — 7ij(t))e i Dealt=mis ()
j=1
for i € Q :={1,2,...,n}, has been extensively investigated [12], 19} 20]. Here, the
scalar Nicholson’s blowflies equation is a special case of Nicholson’s blowflies
system (L.2). z;(t) denotes the density of the ith population at time ¢, a;;(t)(i # j)
is the rate of the population moving from class j to class 7 at time ¢, a;(t) is the
coefficient of instantaneous loss for class ¢ at time ¢ (which integrates both the death
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rate and the dispersal rates of the population in class ¢ moving to the other classes),
Bij () (t — 735 (t))e i D2i(t=7i,(1) is the birth function for class i at time ¢, (3;;(t)
is the per capita daily adult death rate for the species in the patch ¢ at time ¢ and
1/7i;(t) is the size at which the ith-population reproduces at its maximum rate in
time ¢ and 7;;(t) is the generation time of ith-population at time ¢ and i € Q. In
particular, the results of [19] complement previously known results [12] 20].

It should be mentioned that Wang et al [T9] established the existence and global
convergence of almost periodic solutions for Nicholson’s blowflies systems un-
der the additional conditions that there exists a positive constant M > k such
that

Yij ()M < &, foralltERiEthEI:{l2...,m}, (1.3)
- 1 i :
sup{—a;;(t) + Z a;;(t Z By i€Q, (1.4)
teR G=1,ji 71]
. - ﬂ’b] _H .
imf{—au(t) + > eyt Z G }>0, i€q, (1.5)
j=1,j#i
Bz] t . .
t>toz s () 0, 1€Q, jel, (1.6)
where
1-k 1
€ (0,1), = 5 AS 1, +00),
0.1, = Re(l+oo) .

ke " =rke ®, k~0.7215, R~ 1.3423.

Obviously, (1.6) can be obtained from and . Unfortunately, the techni-
cal conditions 1) on the coefficient functions are limited in the whole real
axis, which are clearly not consistent with the biological background in the consid-
ered systems. Obviously, according to the biological interpretation of Nicholson’s
blowflies models in [22] [I7], it is necessary to relax the above technical conditions
as follows:

Mlimsup~;;(t) <k, forallie@, jel, (1.8)
t—+o00
d L& Byt
sup  {—ay(t) + a;;(t) + — o1 < 0,5 €Q, (1.9)
teltotoo) j:%;ﬁi Y eM ; Yij ()
lim inf{—a; (t) + Z ail(t)+§:ﬂij(t)67”} >0, ieqQ. (1.10)
t—+o00 STt J = ’yij(t) ’

Motivated by the above discussions, in this paper, we apply a novel proof to
establish the existence and global attractivity of positive asymptotically almost
periodic solutions for system with weaker conditions 7.

This article is organized as follows: In Section 2, some necessary definitions, lem-
mas, assumptions are presented. In Section 3, the existence and global attractivity
of positive asymptotically almost periodic solutions are demonstrated by virtue of
some differential inequalities and analytic techniques. To verify our theoretical re-
sults, a numerical experiment is carried out in Section 4. Conclusions are drawn in
Section 5.
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2. PRELIMINARY RESULTS
Throughout this paper, we assume that there exists to > to such that

o; =maxsup7;;(t) >0, inf v;(t) >1, i€Q, jel, (2.1)
J€Il teR t>tg

which is a weaker condition than that inficg 7v;;(t) > 1 adopted in [I8, 8, [7]. For

z = (x1,...,2,) € R", define || = (|21],...,|zs]) and ||z| = max;eq |x;|. Let

Rt =[0,400), and Cy = [[~; C([—03,0],R*"). For J,J1,J2 C R, denote

WO(R+,J) ={v:ve C(R+,J), lim v(t) = 0},
t—+o0
and let BC(J1,J2) be the set of bounded and continuous functions from J; to Js.

Definition 2.1 ([I3, [10]). A subset P of R is said to be relatively dense in R if
there exists a number [ > 0 such that [t,¢t+I]NP # 0 (¢t € R). u € BC(R,J) is said
to be almost periodic on R if, for any € > 0, the set T'(u,e) = {0 : |u(t+9) —u(t)| <
€, Vt € R} is relatively dense.

Definition 2.2 ([23,4]). v € C(R*,J) is said to be asymptotically almost periodic
if there exist an almost periodic function h and a continuous function g € Wy(R*, J)
such that u=h + g.

For J C R, we denote the set of the almost periodic functions from R to J by
AP(R,J). The collection of the asymptotically almost periodic functions will be
denoted by AAP(R,J). In addition, AP(R,J) is a proper subspace of AAP(R,J)
23, @]

The decomposition u = h + g given in Definition [2.2] is unique; see [23] Remark

5.16]. Hereafter, we assume that a;;,v;; € AAP(R,(0,+00)), a;;(¢ # j), Bij, Tij €
AAP(R,R*) and

_ h g _ ph g _ ~h 9 _ +h g
Gij = Qg5 + Q45 Bij = z‘j+5ja Yig =5 TV Tig = Tijg T

where af}, v}, € AP(R, (0,400)), aly(i # j), By, 7lt € AP(R,RT), af}, 8,75}, 7] €
Wo(RT,RT), and i € Q, j € I.
To proceed further, we need to introduce a nonlinear almost periodic differential

system:
n

wi(t) = —afi(®)ei(t) + D alj(t)a;(t)

J=Lj#i

. (2.2)
+ 37 Bl ()it — Ti(1)e HORETEO) e,
j=1

‘We will consider the admissible initial conditions
xi(to+0) = pi(0), 0€[-0;,0], ©=(p1,...,0n) €Cr, ;(0)>0, (2.3)
fori € Q.

Lemma 2.3. Let z(t;to,p) be a solution of the initial value problem (2.2) and
(2.3). Suppose that there exists a positive constant M > k such that (1.8)), (1.10)

and

= m gh
sup {_a?i(t)"i‘ Z a?j(t)_i_izﬁzhj(t)

t€[to,+00) G=1,j%i e %j(t)
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hold. Then, x(t) = x(t;to, ) exists on [ty,+00), and there is t, € [ty, +00) such
that
Kk <xz(t) <M foralltelt,, +), i € Q. (2.5)

Proof. First, we claim that
x;(t) >0 for all t € [to,n(yp)), i € Q, (2.6)

where [to,n(¢)) is the maximal right existence interval of z(¢). Otherwise, we can
find ip € Q and ¢;, € (to,n(p)) that satisfy

T (tiy) =0, x;(t) >0 forallte to,t,), jEQ.
From the facts that z;,(to) = ¥i,(0) > 0 and

AP - (t—1l
xgo(t) > _ zozo t)a, (¢ +2610] )i, (¢ Ti};j(t))e Vip s (O)@ig (¢ noj(t))7

for ¢ € [to,t;,), we obtain

0= Tig (Elo)
— Ja0 al . (wdu Sl al s wydu [0 [ aly (0)do
> e Jto %oio $i0(t0)+€ to %igig to 0 0
to
X D Bl (3)aig (s — 7l ())e s 0o (N g
j=1
>0,

which is a contradiction.
Now, we demonstrate that z(t) is bounded on [tg,n(p)). For t € [to — 0i,n(¢))
and ¢ € @), we define

M;(t) =max{€: £ <t,z;(§) = max x;(s)}.

to—o; <s<t

Suppose that x(¢) is unbounded on [to, n(¢)). Then, we can choose i* € Q and a
strictly monotone increasing sequence {¢, },/> such that

wis (Mi- (Gn)) = max{a; (M;(Ca))}, | lim e (M (Gn)) = 00

Jm G, = n(w)
and
ngr—ir-loo M;-(Cn) = (o). (2.7)

It follows that there exists n* > 0 satisfying
M (&) > to, @i (M (Cn)) > M for all n > n*.
From sup,>que™ = é, , and it follows that, for all n > n*,
0 < @5 (M- (Gn))

= —ale (M (Go))zie (M (Go)) + Yl (M= (Gn)) i (M= (Cn))

j=1j#i

AR (M (o)) ie (M (Go) — 715 (M= (Ca)))
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X e_'ylh*j(Mi* (Cn))aja* (M7* (Cn)_Tﬁk] (M‘L* (Cn)))

n

<mal e (M (G + S a (M (G0 (Mie (Ga)
Jj=1,j#i
G (M (Ga)) 1
" 1%( G e
-

L0 m B (M (G)) 1
= e : 1%( oy M G+ 2 S )

which is absurd and suggests that z(t) is bounded on [tg,n(¢)). By [6l, Theorem
2.3.1], we easily show n(p) = +oo. O

<0,

Hereafter, we assume that ( is true. Designate i',i% € @ such that

= liminf z; = li f L=1 ; = li
l lim inf za(t) = 1121(51 tlglm xl( )s 1r_1>1_~s_1010p z(t) = max 7151_1)1_~s_1;1op x;(t).

By the fluctuation lemma (see [I5, Lemma A.1]), we can select a sequence {t}/5
satisfying

lim ¢; =+oco, lim wz;z(t;) =L =limsupz;z(t), lim . (¢;)=0. (2.8)

k—+oo k—+o0 t—4o00 k—+o00
From the almost periodicity of , we can select a subsequence of {k};>1, still de-
noted by {k}x>1, such that limy_, 4 o a?Lj (t5), limg—s 400 b?Lj(tZ), limyg 1 0o Bqu(tZ),
limpg s 1 0o Wqu(f}Z), limp 400 2 (t) and limy_,4 o0 @;c (), — Tith(tZ)) exist for all
j € @ and all ¢ € I. Furthermore, by taking limits, we have from and

(2.8) that

O = hm xX, L(tk)

k—+o00
n
— 3 (4*
= kgff ajun ()L + Z kEI}rlooa i (tr) ETM ;(t%)
J=1,j#iL
= Bl ()
* * h *
+ kgffm T(tk) kgffoo Yo (t5)wie (8, — 7115 (87))
=
xe limp 4o ’YiLj( o) ime s 4 oo z,-L(tZ—T,;LLj(t;))

< — lim aLL(tk)L+ Z klirf ath(t;';)LJr lim ZLJ(’C)e

>~ i h *
k—+o0 it = koo Y. (t5)
n mBR () 1
= lim L[ (lL L(t*];)'i‘ Z a?L(tZ)—"_ZZhji*i]
k—+oo =1 il J =1 ’yiLj(tk) eL
" 2B (1)1
< sup {_aLL()L+ Z a?Lj(t>L+Z hL] 7}’
tE[to,+00) J=1,j4iL j=1 ’YlL](t) e

which, together with (2.4]), entails that

sup { —al L (M + Z a?Lj(t)M + Z

tE[to, +OO) jzl,jfil‘ j=1
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n nBL () 1
=M swp {—ala @+ Y alt)+y }
t€to,+00) Pt = Vit (t) Me
<0
n ™ Bl () 1
< s {-dhaL+ Y dmr+d St
t€(to,+o0) j=1,j#iL j=1 Vit () €

and then L < M. Consequently, there exists t§ > to such that
xz;(t) < M, forallt>t), i€Q.
Next, we show that [ > 0. By way of contradiction, we assume that

lim 12(}f za(t) = min ltlglﬁgof x;(t) = 0. (2.9)

t—+

Let w;(t) = max{¢ : £ < t,z;(§) = min,, <s<; x;(s)} for each t > ¢o. From (2.9), we
can choose i** € () and a strictly monotone increasing sequence {En}i?j such that

i ir (60) = min{o; () (6)}, M o (i (60) =0, lim & = +ox,

and then

Jlimwies (6n) = oo,

According to (|L.8]), (2.1)), and L < M, one can find there exists n** > 0 such
that, for n > n** and j € I,

Wir (€n) > 15+ 0juey Tine (Wine (€n)) < Ky quadylie;(wie (€)) 21, (2.10)
Tiws (Wir (€n)) < Voo j (@ine (n))@ine (Wi (€n) = Thej (Wi () S B (211)
It follows from (1.2)), (2.10)) and (2.11]) that

0> T (wie (€n))

n

= _a?**i**(Wi**(fn))xi**(wi**(gn)) + Z a?**j(wi** (gn))xj (wl**(gn))
J=1,g#i*
+i W] - gn))%*‘(wi**(fn))xi**( i (€n) = Titej (wiss (€0)))
* Vfewj(wine (€))7 "
x e*%**j(wi**(ﬁn))wi**(wi**(Sn)*"'ih**j(wz‘**(ﬁn)))
> —afn o (Wi (E)) i (ime (E)) + D ey (wine (€0)) (Wi (€0))
J=1j#i*

m
+ Z z**] f )) **(W'**(§ ))e—mi** (wixx (En)) n> n**
) 3 n bl )

j= 171** n)
and
h
Ajengon (Wi (€n))
S 74 w%** (&) N~ Py &n)) o= Timn (Wins (€n))
> > dblen @) o +Z
- TR A Y L

n

Bl j (wiss f ) e (e .
> Y ahej(wie (&) +Z w;* ey @i+ @) >

i=1g#i = iy
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This inequality and (1.10), yield

h
0 > Egi&f{ al**l** (WZ** (gn)) Z ai**j(wi**(é'n))
J=1,j#1*
)
+ . e Tixr (Wirx (€n))
231 Viens( in))
> lim lnf{ az**l** (t) + En: Z** + Z Z** (t)
t—+oo . — ’Y N (t)
J=1,j#0* j=1 "
> lim inf{— al. () + i ** )+ Z Z** (t)
t——+oo L a; ** t
J=1,j#i** Vi
= lim 1nf{ Qe (t) + i e Z ﬁl**j t _ > 0.
t—-+o0 Pyt * Yirrj (t)

This is a clear contradiction and proves that [ > 0.
Finally, we show that [ > x. Again from the fluctuation lemma [I5, Lemma
A.1] and the almost periodicity of (2-2), we can pick a sequence {¢;*}}>5 such that
kgr-iI—loo tr" = +oo, lim ra(ty") =1= ltlglﬁglof zu(t), k:li)r—&I-loo () =0 (2.12)
and hmk_H_OOa (t**) limg 400 bh %), limgyoo Bif;q(tz*), limg 4 0o fyi};q(tz*),
limp 400 5 (5 )7 limy 4 oo 2 (8% — Tﬁq(tz*)) exist for all j € @ and all ¢ € I.
Furthermore,

1< lim z;(t;") <L <M,
k—r+o00 (2 13)
LS Tm o0 D w00 <F VieQael

k—4o00
By way of contradiction, we assume that 0 < ! < k. With the help of (1.10), (2.12)

and (2.13]), we have

0= lim z(t;)

k—+o00
n
£ *k
> *kglf afig (6 + Z El}rlooalj(tk )
=LAl

S e LD

hmk—>+ ,}, (t**) kgr_{l ’Yﬁj (t”‘;*)xil (t”‘;* _ Ti}le(tZ*))
oo Vi i\l

—limg oo ’Yilj(tk JENA T _Tilj(tk*))

X e
n llmk~>+oo 5 (t**)
i . h *ok =l
Z—khm azz(k)l+ Z khm ailj(tk )Z+ZI tr*
el ettt =1 koo %‘l]‘( i)
> [lim inf ¢ SRS PO
iminf{—aji, () + > ailﬁ(HZﬂ.t <
J=1,5#i g=1 7

n

>lhm1nf{ ali i (t) + Z a?lj(t)+z h'

=Li#l i=1
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- - o~ B ()
= ”g:}&f{—aw (t) + | Z | a;j(t) + Z s (0) e "} >0,
j=1,j#d J=1

which results in a contradiction. This proves that [ > x. Hence, there exits t, > to
such that

k< zi(t;to, ) <M forallt>t,, i€ Q.

The proof is now complete.
By using a similar argument as in Lemma [2.3] we can show the following result.

Lemma 2.4. Let x(t) = x(t;to, ) be a solution of the initial value problem (1.2))
and (2.3). Suppose that there exists a positive constant M > x such that (1.8)),

(1.9) and (1.10) hold. Then, x(t) exists on [ty,+00),

k < minliminf x;(¢) < maxlimsup z;(¢) < M,
i€Q t—+o00 1€Q t—+oo

and there is t}, € [to, +00) such that
K <zi(t) <M foralltelt,,+o0), i€ Q. (2.14)
Lemma 2.5. Suppose that there exists a positive constant M > k such that (L.8)),

(1.10) and (2.4) hold. Moreover, assume that x(t) = x(t;to, ) is a solution of

equation (2.2) and (2.3)). Then, for any € > 0, we can choose a relatively dense
subset P, of R with the property that, for each 6 € P., there exists T = T(5) > 0
satisfying

|(t+0) — z(t)]| < ; forallt >T.
Proof. With the help of Lemma (1.8), (2.1) and (2.4]), we can choose positive

constants T} > max{0, t,} and ¢ such that for all t > 77 and i € Q,

h h K K K
’yi'(t)xi(t_’ri'(t))>ﬁ, 1§ AT BN ]-S AT N - <]-a
! ! MAfs(t) M~;;(t)" e
and
n 1 m
ali(t)+ > aht)+ > Bh(1)
J=1,j#i Jj=1
“ 1 =B R
<-—al(t)+ Y a?j(t)+e—z Zj,(t)E
=L i=1 Vij
S 1 SR8
<-—al(t)+ Y al(t)+ e—z ;(t)
j=1,j7#i j=1 T

< —C.
Then there exist two constants 7 > 0 and A € (0, 1] such that, for i € Q,
n m 1
sup { — [al(t) — N + Z als(t) + Zﬁ?j(t)—zemi} < —7. (2.15)
te(Ty, +o0) i=Li#i i=1 ©

Define
xi(t) = .’[i(to — 0’1'), for all t € (*Oo,to — (Ti], 1€ Q, (216)



EJDE-2020/61 NICHOLSON-TYPE SYSTEM INVOLVING PATCH STRUCTURE 9

and
Ai(0,t) = —lali(t +0) — als(D]wi(t +6) + Y [al(t+ ) — aly(®)]w;(t + 6)
Jj=1,j#i
+Z B(t 4 8) — Bl ()]st + 8 — TR (1 + §))e i (tFOwi (407 (140))

+ Z 5 it +6 -7 (t +4))e” Y (t48)wi (14877} (t+6))
- :ci(t — T (t) + 5)67753- (t+8)z (t—7] (0+9))
+ 37 B )it — 7] (t) + 8)e IO +0)

—x;(t — Ti};»(t) + 5)6_753(t)’?i(t_’i@(t)""s)}, forallt e R, i€ Q.

From Lemma[2.3] one can see that z(t) is bounded and the right-hand side of (2.2)
is also bounded. It follows from (2.16]) that z(¢) is uniformly continuous on R.
Therefore, for any € > 0, we can choose a sufficiently small constant €* > 0 such
that

lal;(t) — aly(t+ 6)| < €, |B5(t) — Bl (t+6)| < €7,
V() =25 (E+0) < € |75 () — 5 (t+ )| < €
It follows that
|43 (6, 1)] < %na (2.17)

where t € R, i€ Q and j € I.
Furthermore, for €* > 0, from the uniformly almost periodic family theory in [4}
p. 19, Corollary 2.3], one can choose a relatively dense subset P.» of R such that

lai (1) = afs(t+8)| <€, [B(1) = Bly(t+ )| < €,

(2.18)
h h X h h *
Vi (1) — vyt +0) <€y |m5 () — 15 (t + )] < €,
d€EP,teR,ie€Q,and jeI.
Let P. = P.«. Then for any § € P, from (2.17) and (2.18)), we have
1
|A;(0,1)| < 376 forallt e R, i € Q. (2.19)

Let
A > ax 1 +T] —|—1naX<7“ t +T] —|—IllaX471—5 .

For t € R, denote
u(t) = (ur(t),ua(t),...,un(t)), ui(t) =a;(t+9)— xz;(t),
U(t) = (Ui(t), Uz(t),...,Un(t)), Uilt) = eMu;(t),
where i € Q. Let i; be an index such that

Ui, ()] = [IU(@D)]]- (2.20)
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Then, for all t > Ag, we have

n

() = —ali(Ozi(t+8) ()] + Y ali(t)[z;(t+ ) — z;(b)]

j=1.j#i

2 Bl = Tfy(1) + B O L0

u

— it — 7 (1))e OB ETEWO] 4 A;(5,1).

?

From the above equality, (2.4) and
1
lae™ — Be™P| < —la—pB| where o, € [K, +00), (2.21)
e
we obtain
D™ (|Us, (s)])]s=¢
< AeMuy, (1)] + 6”{ aits, ()]s, (¢ + 8) — 4, ()] sgn(as, (t +8) — z;, (1))

m

n
+ Y ab (Ot +6) - |+Zﬁm t)|zi, (t = 7/1;(t) +0)
J=1,j#i
x Mg (Vi (=l (040) gy iy (t))e—%tj(t)wi,,(t—rf;j(t))|

14,501}

= )‘e/\t|u’bt( )| + e/\t{ - a’zhtzt( )[xlt (t + 6) - Ly (t)] Sgl’l(l’it (t + 6) — L4y (t))

n m
§ : § Zt]
+ zt] |1'] | +
J=1,j#1 j= 1’Vw

. 2.22
X s (8)as, (8 — T (1) + 6)e Vs (734 (E=705 (O49) (2.22)

_'Vitj(t)xit(t Zl](t))e v (O, (= Tbtj(t))‘+|A (5,%)

N

< AN, (O] + M = als, Ohs, D]+ 3 al; (Dl (0)

+Zﬂm Sl (¢ = 7l ()] + 144, 5,0)]}

Let
E(t)= sup {e*[lu(s)]}.

—oo<s<

It is obvious that e*||u(t)|| < E(t), and E(t) is non-decreasing. The remaining of
the proof will be divided into two steps.
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Step 1. If E(t) > e ||lu(t)|| for all t > Ag, we assert that
E@®) =|U(Ao)|| for all t > Ay. (2.23)
In the opposite case, one can pick A; > Ag such that E(A1) > E(Ag). Because
eM|u(t)]| < E(Ag) for all t < Ay,
there must exist * € (Ao, A1) such that
A u(B) = E(A) = E(8"),

which contradicts that E(5*) > e
we can select Ao > Ag satisfying

u(B8*)|| and proves the above assertion. Then,

u()|| < e ME(t) = e ME(Ay) < for all t > As. (2.24)

N ™

Step 2. If there exists ¢ > Ag such that E(¢) = e*|lu(s)||, we can have from
(2.22)) and the definition of E(t) that

0 < D™ (|Us, ()Pl s=¢

n

< —falt; () = AU O+ D al (01U

=157
+ZB O (¢ = ()] + 141 (6.9))
]. ATz C) ]. by
D o RS LA FENC
Jj=1,j#ic

1

< —nE(s) + 51766’\g
which leads to . .
e lu()ll = E() < 56*7 and [[u(s)]l < 5. (2.25)

For any t > < satisfying E(t) = e*||u(t)||, by the same method as that in the
derivation of (2.25), we can show

5 5
M ut)|| < §€>\t, and [Ju(®)| < 3 (2.26)

Furthermore, if E(t) > e*||u(t)|| and t > ¢, one can pick Az € [s, t) such that
E(Ag) = eMe \u( 3,  E(s) > e*|u(s)|| for all s € (As, ],
which, together with (2.25) and (2.26)), suggest that

lu(Ag)] < 5 (2.27)

With a similar reasoning as that in the proof of Step one, we can entail that
E(s) = E(As) is a constant for all s € (As, ],
which, together with (2.27)), follows that

€
()] < €M B() = e M B(Ag) = Ju(Ag) e XA <
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Finally, the above discussion infers that there exists A > max{c, Ay,
Lambdas} satistying

u(t)]| < % <e forallt> A,
which completes the proof of Lemma O

3. MAIN RESULTS
The main result in this article reads as follows.

Theorem 3.1. Assume that there exists a positive constant M > k such that (1.7)),

11.8), (1.9), (1.10) and (2.4) hold. Then system (2.2)) has exactly one positive almost
1.2

periodic solution x*(t), and every solution of (1.2 with initial condition (2.3)) is
asymptotically almost periodic on RT, and converges to x*(t) as t — +oo.

Proof. Let v(t) be a solution of system ([2.2]) with initial function ¢ satisfying ([2.3)),
and

’Ui(t) Evi(to—ai), forall t € (—OO,to—O’i], iEQ.
Also we define

Bi(g,t) = —lali(t+tg) —al ()it +1) + Y [ali(t+1tg) — aly(®)]v;(t+1t,)
Jj=1,j#i
£ DBl ¢+ ) — B0 vit 4ty — iy (1 4 1)) (T ()
j=1
- h : _sh
+ ) BEO it +tg — Tl(t + tg))e vt =T ()
j=1

(t— Tli(t) + tq)e’%hj (ttq)vi(t=7f5 (1) 1))

&

—~h v 7‘
ﬂz}; (t)[vs(t — ’;(t) +t,)e Yig (-t g)vi (E=77%5 (8)+tq)

n
Ms

<.
Il
—

— vt — ( )+ tg)e” iy (vi = TL}S(’E)""E‘J)] forallt e R, i € Q.

where {t,},>1 € R is a sequence. Then
vi(t +tg) = —afi(tuilt +tg) + Y ali(t)o(t+tg)
j=1,j#i
J=Lj# (3.1)

£ 37 B (it — T (2) + tg)e BONCETEOT) L By 1)
j=1
for all t +t4 > to, © € Q. By using a similar proof as in Lemma we can choose
{tq}4>1 such that

1
|Bi(g,t)] < p for all 4, q,t. (3.2)

By Arzala-Ascoli Lemma and the fact that the function sequence {v(t + t4)}4>1
is uniformly bounded and equiuniformly continuous, we can choose a subsequence
{tg; }i>1 of {ty}g>1, such that {v(t 4 t4,)};>1 converges uniformly to a continuous
function xz*(t) = (z3(t), z5(t), ...,z (t)) on any compact set of R (for convenience,

we denote this subsequence by {v(t +t4)}g>1).
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Then, from Lemma[2:3] we have

< minliminf v; () < 2*(£) < max]i () <M forallteR, icQ, (3.3
K ?é%lt@ﬁ?o”()—xl()—r?eaé{gfgop”() or a ieQ, (3.3

and
—aj (it +tg) = —ali (D)} (1), i€Q,

Yo ditutrt) = > diih), i€q,
J=1,j#i j=1,j7#i

Ui , / 3.4
D Bl (Ol — 7 (1) + tg)e OO ) 34)
j=1
= 3 Bl (t - 7li()e OO e,

j=1

as ¢ — 400, on any compact set of R, where = denotes uniformly converge. Thus,
fori € Q, (3.1), (3-2) and (3.4) produce that {v}(t+4)}4>1 converges uniformly to

s+ Y )+ Z B0 (£ = rfy())e O (7T 0)
j=1j#i
on any compact subset of R. According to the properties of the uniform convergence
function sequence, we obtain that z*(t) is a solution of (2.2)) and

(z7 (1)) = —als(t)xy(t) + Z ag; (t)x (t)
j=1,j#i

+ Zﬁ - (t))e YW= E=TEW)  forallt €R, i€ Q.

Now, from Lemma-, 2.5] for any € > 0, we can choose a relatively dense subset P,
of R with the property that, for each § € P, there exists T' = T'(d) > 0 satisfying

lv(s+ty+0) —v(s+1t,)] < %, for all s +t, > T,

lim [ju(s+t,+7)—v(s+ty)] = llz*(s+9) —z*(s)] < g <e forall s €R,

qg——+oo

which implies that x*(¢) is a positive almost periodic solution of .

Next, we show that all solutions of (1.2]) converge to z*(t) as ¢ — +oo. Let
x(t) be an arbitrary solution of system (1.2)) with initial value ¢ satisfies .
Define y(t) = z(t) — x*(¢), add the definition of x;(¢) with z;(t) = z;(to — o;) for
all t € (—o0,tg — 0;], and let

Fi(t) = ~[(ags(t) + af;(0):(t) — afs(t)w:(1)]
+ Y laly(0) + af;(0)a; () — aly (D (1))

j—l#i
+Z t) + BL ()it — () (t) + 75(1)))

Xefmi_,-(t)mj(t))zi(t (R ON — G (), (¢ — 7 (8))e Ol 0],
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Then

yilt) = —aliOyi(t) + D ali(t)y; (1)

J=Lj#i

+ Z Bl (t) it — 7 (t))e—wfj(t)wi(t—ffj(t)) (35)

—zi (= Tl(6)e DT ETEON L F(r), forall t > to, i € Q.

For any € > 0, in view of the global existence and uniform continuity of = and
the fact that af;, 87,7, 7{; € Wo(R*,R"), we can choose a constant T;* >
max{7}, t;,} such that

IFy(1)] < 77%, for all ¢ > T3 (3.6)

Set
G(t)= sup {e[y(s)||}, forallteR,

—oo<s<t

and index 7; such that

My, (O] = lleMy(@)]l.

According to . . 3.3)), Lemma one can find Ty, ,« > T7* such that
k< xi(t), =} (t), %j (t)zi(t — 755 h(t) <& forallt> Ty, 1€ Q. (3.7)

In view of (2.21)), (3.5) and (3.7, we have

D™ (e yi, (s)])]s=¢

< —lal;, () = NeMys, (O] + Y al;(0)eMy; (1) \+Zﬂw (3.8)

J=Lj#i

1 T, b
x 50Ty, (1 — 7l (1)] + N F ()]

for all t > T, »+ and i € Q.

Then, from (2.15)), (3.6) and 1 , by employing the argument of Lemma

we know that there is a constant T' > T, ;- such that
ly(®)] < % forall t > T,

which yields
lim «z(t) =2*(t), and z(t) € AAP(R,R").

t——+o0
It follows from the uniqueness of the limit function that (2.2) has exactly one
positive almost periodic solution x*(t). The proof is complete. (I

Remark 3.2. Under the conditions in Lemma according to Lemma and
Lemma by applying a similar way as in [19, Theorem 3.2], one can show that
the solution x(; to7 ) of 1- converges exponentially to J:*(t) as t — +oo. Since
all conditions in 11.10) are weaker than those in , one can easily
see that all results on almost periodicity of . in [12] IEI, IZII} are special cases of
Theorem [B.1] in this article.
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FIGURE 1. Numerical solutions of (4.1)) for different initial values:
(0.5,0,6), (1,1.1), (0,2,0.1).

4. NUMERICAL SIMULATION

We consider the delayed Nicholson-type system with patch structure

. 100t . 1
2} (t) = —(1.85 + 0.1] sin V2t + e )1 (t) + (1.5 + 0.1] sint| + m)zg(t)
1 _ _ 2cost Vo (4—9 cos2 _
+ (0.4 + m)ml(t — 2cos® V3t — 2)e (101 - 75537z e (12 V3i-2)
1 . _(1.01— 2cost —92gin2 _
+ (0.4 + m)xl(t — 2sin? V3t — 2)e (101 557 Jo (¢ 2sin” V3t 2
z5(t) = —(2.85 4 0.3| cos t| + ﬂ)x (t) + (2.5 4 0.3sin® V2t + ;)x (t)
2 ' ' 2+ 277 S 100 + ¢4
1 —(1.01—%)1 (t—cost—>5)
+ (04 Jgg7)ralt — cost — 5)e” MG
1 —(1.01— 28985 Ygr (t—cos t—15)
(04 [ )aa(t — cost — 15)e” O ,
(4.1)

where tg = 0.

Take M = 1.301, we can find that 7 , , and are satisfied.
By Theorem all solutions of are asymptotically almost periodic functions
on RT, and converge to a same almost periodic function as ¢t — +oo. This fact can
be presented in the Figure [T}

In system (4.1),
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and
{—an(t)+ Z aij(t)—&-zﬁ?ge_”} - <-12, ie@=1{1,2},
=1, =1 Vi =

imply that does not satisfy conditions and in [12, 19, 20]. In
addition, the asymptotically almost periodic dynamics of delayed Nicholson-type
system with patch structure was not studied in [I6], 17, 2T, 22]. Hence, it is not hard
to see that all results in the references [12] 17, 19, 20, 22] and [16] 11} 21] cannot be
applied to conclude that all solutions of converge globally are almost periodic
solutions.

Conclusions. In this paper, we combine the Lyapunov function method with the
differential inequality method to establish some new criteria ensuring the existence
and attractivity of positive asymptotically almost periodic solutions for a class
of a class of delayed Nicholson’s blowflies systems with patch structure. The as-
sumptions adopted in this present paper are weaker than some previously known
literature. Numerical simulations have been given to illustrate the obtained re-
sults. The approach presented in this article can be used as a possible way to study
the asymptotically almost periodic patch structure population models, for example,
neoclassical growth model, Mackey-Glass model, epidemic system or age-structured
population model and so on. We leave this as our future work.
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