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CONTROLLABILITY AND STABILIZATION OF A NONLINEAR
HIERARCHICAL AGE-STRUCTURED COMPETING SYSTEM

ZE-RONG HE, NAN ZHOU

ABSTRACT. This article concerns the approximate controllability of a biolog-
ical system, which is composed of two hierarchical age-structured competing
species. Basing on a controllability result of linear system, we prove that
the nonlinear system is approximately controllable by means of a fixed point
theorem for multi-valued mappings. To fix a suitable control policy, we deal
with an optimal control problem and established the existence of the unique
optimal strategy. In addition, the stabilization problem of the system is also
considered.

1. INTRODUCTION

We consider the dynamics of a biological system consisting of two competing
age-structured populations, in which the vital rates of individuals of age a mainly
depend on the size of elders. Let p(a,t) be the age-specific density of a population
at moment ¢t and A the maximum age, then faA p(r, t)dr represents the number of
the individuals with ages larger than a. According to the balance law of continuous
age-structured population system, we derive the following dynamical model for the
evolution of a competing community:

D0 O fpaa) + (), 1)) + (B (o), )]s a1
+ui(a,t), (a,t) € Qq,
D2 L2 pa(a) + ma(E (), 1)) + (B () (e, 0)ps(a 1)

+’U,2(a,t), (a7t) € QQ’

Aq
pi(0,t) = /0 Bi(a, E(p;)(a,t))pi(a,t)da, te€ (0,T);i=1,2,

pi(a,0) :p?(a), a€l0,4;], i=1,2,

a A;
E(p;)(a,t) = a/ pi(r,t)dr +/ pi(r,t)dr, 0<a<l,
0 a

where Q; = (0, A;) X (0,T), A; is the maximum age of the individuals in population
i and T the control horizon. p;(a,t) stands for the density of the population i.
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E(p;)(a,t) (with the weight «) describes the age-specific instant environment within
the population i. u;(a) and m;(E(p;)(a,t)) denotes the natural death rate and the
additional mortality caused by over-crowding, respectively. f;(E(p;)(a,t)), j #
i, shows the competition effect of population j on population ¢, and the control
variable u;(a,t) is the migration rate. 3;(a, E(p;)(a,t)) is the fertility and p?(a) the
initial age distribution. As one can see, in the extremal case of a = 0, the vital
rates of an individual of age a depends only on elders except its age, which reveals
the internal hierarchy of ages among the individuals.

Controllability has been an interesting and challenging topic for infinite-dimen-
sional systems. This is also the case in the study of structured population models,
and a number of excellent results have been achieved by researchers, see for exam-
ple |2, 3, 5 6 8, M2] 13l 211, 29] [30, BI] and their references. Most of the existing
works in the literature focus on linear systems, which are, of course, necessary and
fundamental. However, because realistic models in almost all practical situations
are nonlinear, the investigation of controllability for nonlinear systems is of signifi-
cance, and which is the main concern in the present article. We are also interested
in stabilizing the competing populations, which makes sense in the control of pest
or invading species. One can refer to [4) [I8] [19] 24, 26] 28|, [30] and the references
cited for some related works.

During the previous four decades, the socialization in biological populations has
attracted much attention of ecologists and mathematicians, see [10] 25] for eco-
logical investigations and [T, [7, @, 14}, [15] 16, 17, 20, 22, 23| 27, BI] for analysis
in mathematical modelling. To the best of our knowledge, almost all works on
hierarchical population models are limited in single-species and directed to the dy-
namical behaviors, results in control problems on multi-species systems are quite
rare. Motivated by the observation, we in this article deal with controllability and
stabilization problems for a hierarchical competing model.

This paper is organized as follows: in the next section we present the normal-
ization for the above model and assumptions posed on the parameters. The third
section is devoted to the theoretic proof of the approximate controllability, which
is followed by an appropriate choice in section 4. The stabilization of the zero state
in a finite period is treated in section 5 by means of an optimal control problem.
Some remarks are included in the final section.
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2. MODEL NORMALIZATION AND ASSUMPTIONS

Denote A = max(A;, Az) and Q = (0,A) x (0,7). The natural zero extension
to functions and parameters in the above model reaches the normal system

21 O o)+ (B pr)a,1)) + (B (), 1) (0, )
+ui(a,t), (a,t) €Q,

B+ 2 (@) + ma(Blp) @ 0) + Fa(B ), )
+ UZ(aa t)v (av t) S Qa

A
pi(0,t) = /0 Bi(a, E(pi)(a,t))pi(a,t)da, te€ (0,T);i=1,2,

pi(a,0) =p%(a), ac[0,A4];i=1,2,

a A
E(p;)(a,t) = a/ pi(r,t)dr +/ pi(r,t)dr, 0<a<l.
0 a

To meet the need of forthcoming theoretic analysis, we propose the following
assumptions for the model parameters (i = 1, 2), which are biologically meaningful:

A and T are finite positive constants;
pi(a) > 0 for for all a € (0, A), u; € L [0, A) and fOA ui(a)da = 4o0;

loc

6) 0 < pB;(a,z) < B, for all (a,z) € [0, A] x [0, +00) with constant B; > 0;
7) 0 <p?(a) < P; for all a € [0, A] with constant P;* > 0.

3. APPROXIMATE CONTROLLABILITY

Definition 3.1. System ({2.1)) is said to be approximately controllable on [0, T if,
for any given initial distribution p° = (p{,p9) € (L>°[0, A])?, target p = (p1,P2) €
(L*°[0, A])? and €, 0 < € << 1, there exists u = (uy, u2) € U, such that the solution

p“(a,t) to (2.1) meets
1 (. T) = pll{r2p,ap32 < €.

Let p(® be the solution of the system (2.1]) corresponding to u = (0,0). Without
loss of generality, we suppose that ||[p(®?) (-, T) — p|| > 1. We note that if E(p) =
(E(p1), E(p2)) in the functions m;, f;, B; are fixed as P = (P1, P»), then system
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reduces to
% * % = ~[p(a) + mi(Pi(a, 1) + fi(Pa(a,0)lpr(a, t) +ui(a,t),
(a,1) € @,
Ip2 | Op2 _
Bt e = Ul +maPoe )+ AP In@) F e,
(a,1) € Q,

A
p(0.0 = [ Bila P )piast)da, e O.T)i=1.2
0
pi(a,0) = pY(a), acl0,4],i=1,2.
It is readily seen that the system (3.1) can be divided into two independent subsys-

tems, which are approximately controllable according to a result in the literature
[8]; that is, there is u; such that

. _ £
[P (-, T5 P) = pill 2210, 4] < 3

We hope to extend the controllability of system ([3.1) to system (2.1)) by means of

fixed point approach. To do so, we need some analysis on the linear system (3.1]).
In what follows, we adopt the notation:

Mi(aat;P) = Nz(a) +mi(-Pi(aat)) + fi(Pj(aat))v Z'aj = 1a2,i 7£ .7

Lemma 3.2. For any given P = (P, P») € (L*(Q))?, and all u = (u1,u2) € U,
the solution p“(-,-; P) = (p{* (-, +; P), p52 (-, s P)) to system (3.1) satisfies

IE®;" (55 P)lLee@) + 1E@ 5 Pl @) + 1E@ (55 P)all e @) < Cr,

where E(p); and E(p), stand for the partial derivatives with respect to t and a
respectively, the constant C1 is independent of P and u.

i=1,2. (3.2)

Proof. Tt follows from (3.1) and the method of characteristics that

L P P PSSP
where

b (t; P) = p;i"(0,t; P), (3.4)

I, (a,t, s; P) :exp{ —/OS Mi(a—f,t—T;P)dT}, (3.5)

I, (a,t,s; P) = / exp { — / Mi(a—r,t —r; P)dr}ui(a —7,t—T1)dr. (3.6)
0 0

By (3.3))-(3.4) and the third equation in (3.1]), we claim that the population fertility
bi'" solves the Volterra integral equation

t
b;”(t;P)zFi(t;P)jL/ Ki(t,s; P)bj*(t — s; P)ds, te€(0,7),  (3.7)
0
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where

[ Bia+ t, Pia+ t,0)pY(a)Li(a + t, ¢, ¢; P)da
t

+ |, Bi(a, Pi(a,t))IL,,(a,t, a; P)da

Fi(t; P) = fOA (a, Pi(a, DDIL( ) (3.8)

+ [ Bi(a, Pi(a,t))I1y, (a, t, a; P)da, 0<t<A,

2 Bi(a, Pia, 1)1, (a, t, a; P)da, A<t<T,
Kift, 5 P) = {Bi(s,Pi(s,t))Hi(s,us;P)7 s <t, 59)

0, s >t.

Here we consider the case T' > A only. The other case has a similar process.
From (3.5)—(3.6) and (3.8)—(3.9)), we have
Hi(aatas;P) <1, |Hu7‘,(aata5;P)| < AU,
0 < K;(t,s; P) < B;.
Combining ([3.7) with the above estimations, we derive that b} (t; P) < Cy, with the
constant Cy independent of P, u. Therefore, the expression (3.3]) and the definition
of E(p;) guarantee the uniform boundedness of E(p;*)(a,t; P) and E(p;").(a,t; P).

To estimate E(p;*)(a,t; P), we use (3.3) to obtain that, if 0 < ¢ < a then (with
the symbol P omitted)

t
E(p;*)(a,t) = a/ (b7 (t — r)IL;(r, ¢, 1) + 1L, (r, ¢, 7)]dr
0
ta / PO — OTL(r, £, 8) + T, (1, £, )] dr (3.10)
¢
A
+/ [P0 (r — ) (7, t, t) + Ty, (7, t, t)]dr;
if0<a<t<A, then
(b (t — r)ILi(r,t,7) + Ly, (1, t,7)]dr

E(pi*)(a,t) = a

[p9(r — )L (r, t, 1) + Iy, (r, ¢, t)]dr;

/
—i—/t[b;“(t—r)ﬂ (ry £, 17) + T, (r, £, 1) dr (3.11)
and if t > A, then
E(p} oz/ (b7 (t — r)IL;(r, ¢, 1) 4+ 1L, (r, ¢, 7)]dr

OA (312)
—+ / bu7 t— T (7", t7 T) + Hul (7’, t7 T)]d’l".
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Making appropriate changes of integration variables, we are able to write that, if
0 <t < a, then

E(p™)(a,t) —oz/otb;“(T)eXp{ /Tt M,;(vfr,v)dv}dr
+a/0a_tp?(v)exp - /t M;(v+T, T)dT}d’U
+/A tpl( )eXp / M;(v+ T, T)dT}d’U

t

+ /exp /M d@} (v —s,v)dvds
a—t

+a/ /exp 7/ Mi(0+s,@)dé)}ui(ers,v)dvds

/ / exp / M;(0 + s, 9)d9}ul(v+s v)dvds.

Consequently, for 0 < t < a, we have

%: /Ob“t() (t—Tt)exp /M v—T, ’U)d’U}dT

Jrabf"'(t)fozp?(aft)exp f/ Mi(aftJrT,T)dT}
0

(3.13)

a—t t
_a/ pg(v)MZ—(v—f—t,t)exp{—/ Mi(’U—‘rT,T)dT}d’U
0 0
t
_p?(A—t)eXp{—/ Mi(A—t—FT,T)dT}
0
t
—|—p?(a—t)exp{—/ Mi(a—t-i-T,T)dT}
0
At ¢
—/ po(v)M;(v +t,t) exp —/ Mi(’U—I-T,T)dT}d’U

—t

t
—|—a/ exp M 0—t, 9)d9}ul(v —t,v)dv
—a/ / M;(t exp / M;(0 d@}ul( s,v)dvds
—a/ exp / M;(0+a—t, H)de}ui(v—ka—t,v)dv
0
a—t
+OL/ [U7(t+57t)
0
¢ ¢
_/ ui(v+ s, 8)M;(t + s,t) exp{ —/ Mi(9+s,9)d0}]ds
0 v

t t
—/ exp{—/ M;(0+A—t,0)d0 ru;(v+ A—t,v)dv
0 v

}
+/Otexp{—/vtMi(9+a—t,9)d9}

w;(v+a—t,v)dv
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A—t
[ e+
a—t
¢ ¢
_ / w;(v+ s,v)M;(t + s,t) exp { - / M;(0 + s, G)de}dv]ds.
0 v

One can handle the cases 0 < a <t < A and t > A similarly. The assumptions tell
us that E(p;"(-,-; P)); is uniformly bounded in P and u. O

The following three results will also be used in the proof of the controllability.

Lemma 3.3. The set

o OP; OP; ,
K= {(PlaPZ) € (L™(Q))*: 1Bl o=@+ e~ @+ 5 =@ < Cri= 1,2}
is compact in (C(Q))?, with the constant Cy given in Lemma ,

Proof. Note that Q = [0, A] x [0,T] is compact in R?. The structure of K implies
that every element in K must be a continuous function on @, and every sequence
in K must be uniformly bounded and equi-continuous. The conclusion follows from
the Arzela-Ascoli theorem. (]

Lemma 3.4. The solution p“(-,-; P) for the linear system (3.1 depends continu-
ously on u € U.

Proof. For any given u” = (uj,u}) € U, r = 1,2, the expression (3.3)) implies that,
if @ > t then

IpY (a,t; P) = pi" (a,; P)| = [ (a, t,8; P) — I,z (a,t, t; P)|
t
S/ lul(a— 1t —7) —ui(a—7,t —7)|dr  (3-14)
0
<T | ul = [l
If a < t, then
ul u2 ul u2
p;i*(a,t; P) —p;* (a,t; P)| = [b;" (t — a; P) = b;" (t — a; P)|
“ (3.15)
+ lut(a —7,t —7) —ui(a — 7,t — T)|dT.
0
On the other hand, one can see from (3.7) that
b} (1 P) = b (t: P)

1 2 t 1 2
<|F"(t; P) — F" (t; P)| + / Bi|b}i (t — s; P) — b} (t — s; P)|ds (3.16)
0

< ABj||ul — u2|| (= (g2 + Bi /Ot % (t — 53 P) — bY (t — 5; P)|ds.
Applying the Bellmann inequality, we derive from that
b (1 P) = b (1 P)| < AB,exp{TB} || u! —u? || (1 (3.17)
Substituting (3.17) into (3.15)), one gets that, if a < ¢, then
b} (0,85 P) = pi" (0, P)| < AL+ Biexp{TB}) || ol = oy - (318)
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Finally, combining (3.14)) with (3.18)), we arrive at
D" (5 P) = (5 Pl e (@2 < Ci [l ut —u® ||z (@))2
where the constant C; is independent of u', u? and P. ([l
For the sake of convenience, we list the following existence result [31, P. 452].

Lemma 3.5 (Ky Fan-Glicksberg). Suppose that the following conditions are satis-
fied:

(1) Subset K is nonempty, compact and convez in a locally convexr space X ;
(2) Set-valued mapping G : K — 25 is upper-continuous;
(3) G(z) is nonempty, closed and convez for each x € K.

Then G has at least one fixed point.

Now we are ready to show the following result.
Theorem 3.6. System (2.1)) is approzimately controllable in (L>(Q))?.

Proof. Let X = (L>=(Q))?, and K be given in Lemma Define the set-valued
mapping G : K — 2%, for P € K,

G(P) = {E(pu(-, 7P)) :u € U such that ||pu(-,T;P) —]5”([‘00([0,14]))2 < E},

where p“(a, t; P)) = (pi*(a,t; P)), p5*(a, t; P))) is the solution to the linear system
(3.1). The conclusion in Lemrnaimplies that G(P) € 2K for each P € K.

It is clear that K is convex. Lemma shows that the condition (1) in Lemma
is satisfied. According to the main result in []], G(P) # (). Since the control
variable u = (u1,ug) serves as the nonhomogeneous term, G(P) is convex. More-
over, Lemma assures the closedness of G(P). Hence condition (3) in Lemma
is true.

It remains to prove that G is upper-continuous. Let P" = (P",P}) — P =
(P P2) in (L(Q)%, and E(p") = (B ), B ) — h = (. o) in (L(Q)?
for some sequence {u" = (uy,u})} such that E(p* ) € G(P™). We need to show
h € G(P). By (3.3), we derive that

wr n pY(a — )L (a,t, t; P*) + Iy (a, t, t; PT), a>t,
pi ‘ (CL7 t7 P ) = um ’

b;* (t —a; PM)i(a,t,a; P*) + yn(a,t,a; P*), a<t,

Note that u? € L>®(Q) C L*(Q) and |ul(a,t)] < U;,i = 1,2. There exists a

subsequence (denoted still by {u”}) such that u? — wu; weakly. On the other

hand, it follows from ) that {b } is bounded unlformly One can extract a

subsequence (denoted stlll by {b;"" }) such that {b;" } converges to some b; in the
weak-star sense. Passing into the limit in the right side of -, we define the
function

(3.19)

O(a — )i (a,t, t; P) + I, (a, t, t; P >t
(o [Ha= O EP) @t P ez
bi(t — a)ll;(a,t,a; P) + 1L, (a,t,a; P), a<t.
Consequently, p;(0, t) = b;( fo Bi(a, P(a,t))pi(a, t)da We are sure that the

function given by (|3 is the solution for the system (3
Furthermore, E (p“ ) € G(P™) implies that the control functions u;’ must meet

Ip"" (-, T; P™) = Bl (1.2 (0,412 < €-
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Passing to the limit in the above inequality, we have

Ip(+, T; P) = Dl (Lo (j0,a7)2 < €.

In a word, h = E(p(-,; P)) and h € G(P). Therefore, the mapping given above
satisfies all the conditions in Lemma [3.5] and has at least one fixed point, which
establishes the approximate controllability of system (2.1)). a

4. CHOICE OF CONTROLS

Theorem implies that there is at least one control u = (uj,us) € U, such
that the corresponding state of the system at the moment T approaches a
prescribed target p arbitrarily. Generally speaking, there are many (even infinite)
controls of such type. Which control should we choose to adjust the population
states?

To seek an appropriate control, we consider the following optimal control prob-
lem:

(P1) Find w* = (u},u3) € U, such that J(u*) < J(u) for all v € U, with
U= {(u17u2) € (LQ(Q))Q : ‘ui(aatﬂ < U, ae. (aat) € QvZ = 1v2}7

and

A
wl(a a (a —5.:(a))*da .
Hatydadi+k [ o0 D) = py(@Pda, (41

where k is the penalty parameter, (u,p) is subject to the system (2.1f), and p is the
target.
As in the proof of Lemma [3.4] we can show the following result.

Lemma 4.1. The solutions p* to the system (2.1)) are continuous in u.
Without loss of generality, we in what follows assume that mq(z) = ma(z) = 0.

Theorem 4.2. Any optimal pair (u*,p*) of problem (P1) must be in the form

ur = Fj(klgjl),j = 1,2, where the function F; is given by

0, z<0,
fj(x)z Uj $>Uj,
x, 0<x <Uj,
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and the adjoint variables q; solve the system

00y 4 (B3 s — 0a(0.0) (B (0, E (7)) + Ba] + B
02 Oy 4 o)) e — 00(0.8) Bala, E(E3)) + Ea] + B,

Qj(a’a T) :ﬁj(a) _p;(a7T)aa € (OaA)v .] = 1727
Qj(A,t):O,tE(O,T), j:172a

Ej(a,t) = /O ' pi(r, t)%(r, E(p5)(r,t))dr (4.2)

A
o [ re0 G2 0B )
A

Bila.t) = [ EG)wialrtdr+a [ 1Bl
0 a

i#J, 4, =12,
in which the variables (a,t) are omitted in the main equations.

Proof. Let (u*,p*) be an optimal pair for (P1). Then for any given v € Ty (u*)
(the tangent cone to U at u*), one infers that u* 4+ ev € U for ¢ small enough.
Consequently J(u*) < J(u* 4 ev); that is,

Z/ (a,t) dadt+k2/ pj a,T)—pj(a a)]*da
S;/@[u;(a,t)+5vj(a,t)] dadt—#k;/o [05(a,T) — pj(a))*da,

where p® = (p$, p5) denotes the solution of (2.1)) corresponding to u = u* 4+ ev. By
Lemma [4.1] we derive that

(4.3)

gi { /Q(ujvj)(a,t) dadt +k /OA zi(a,T)[p}(a,T) — ﬁj(a)}da} >0, (4.4)

where z(a,t) = (21(a,t), 22(a,t)) = lim._,o+ e [p(a,t) — p*(a,t)] solves the fol-
lowing system (with (a,t) in the main equations omitted)

O T = fuala) + AEE)) — f (B3P E(2) + o,
Ty 2 U+h((»m—ﬁ@@mﬁﬂm+w, )
10,1 /[ﬁE P 0, Bw) + Bila, Bzl (0, da, 1= 1,2,

zl(a,O) =0, a€[0,4],i=1,2.

We note that, for given p*, the existence of the limit lim._,o+ e~ 1[p°(a,t) — p*(a,t)]
and the well-posedness of linear system (4.5 can be treated by a standard way [3].
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Multiplying the i-th equation in the system (4.5) with ¢;(a,t) and integrating
over (), we obtain that (with a use of (4.2))

2 A 2
> [ sl - sl =Y [ g0 @)
j=1"70 j=17@Q
Combining with , we see that
2
3 / (kg; — ulyv;)(a,t) dadt < 0 (@.7)
j=1"¢

holds for every v € Ty (u*). Therefore, (kg — ui, kqa — uj) € Ny (u*), the normal
cone to U at u*. A use of the characteristics of normal vectors derives the conclusion.
O

Theorem 4.3. The optimal control problem (P1) has one and only one solution.

Proof. Let u' = (ui,ub) € U, i = 1,2 be fixed and arbitrary, with u! # u?. For
€ (0,1), define the real-valued function

H(e) := J(eu' + (1 — e)u?).

Next we show that H’(e) is strictly monotone increasing.
Denote by p and p*t° (with § > 0 small enough) the solutions of (2.1]) corre-
sponding to eu! + (1 — &)u? and (g + &)ut + [1 — (¢ + §)]u?, respectively. Then

H'(e) = lim f{J[(s +8)ut + (1= (e +6))u’] — J(eu' + (1 — e)u?)}

fhm Z/ €+5u +(1—(e+9))u ](a t)dadt

50 0
L E Z/ €+5 (a)]zda

2 A
- ];Z_:/O [p5(a,T) —ﬁj(a)]Qda}
_Z/ 5“ + (1 -9 )(u —u? )](a t)dadt

+k2/ i(a, T)[p5(a,T) - pja)lda,

where (25, 25) is the solution of (4.5) corresponding to u* = eul+(1—¢)u?. Treating
in a similar manner as in the proof of ( @, we have

2
(a,T)[p5(a,T) — pj(a)] da = 2q5)(a,t) dadt,  (4.9)
; / 2t Z / ior



12 Z.-R. HE, N. ZHOU EJDE-2020/58

where ¢° is solution of the system ([4.2)) corresponding to u* = eu! + (1 — ¢)u? and

p* = p°. Combining (4.8]) and (4.9)) yields
2
()= / (i} — ) [kpsgs + (cub + (1 — )ud)}(at) dadt.  (4.10)
j=17@

For any ¢; € (0,1), i = 1,2, with &1 # €2, we have
(1 — e2)[H'(e1) — H'(e2)]

2
= (61 — &) Z/ {(u]1 — u?)[kpilqj-l _ kp?qj‘?z
=17
T (o1~ e)(u} — )] Ha, ) dadt

= k(e —e2) Z /Q[(u; —u})(p5' ¢t — p52¢5?))(a, t) dadt (4.11)
2
+ (61 — &2)? Z /Q(uJ1 —u3)*(a,t) dadt

2
= A+ (g1 — 2)? Z /Q(uJ1 - uf)z(a,t) dadt.
j=1

From the continuity and bounded-ness of p and ¢ (let the upper bounds be C3 and
Cy), it follows that

2
A=k(er—e2)) /Q[(U} —u3) (P @' — 152¢5*))(a,t) dadt
j=1

2
> —bles— 2ol 3 [ llud = 19 65" 05" o) da
j=1"7Q
2
= —kle1 — &2 Z/Q[IU} — w3 Ip5H (g5t — ¢5*) + ¢5° (0 — p?)[](a, t) dadt
=1
2
> —tler - eal{ 3 [ llul — o' la;’ — o} la.t) dad
j=1"¢

2
30 [ =l 55 )t
j=1

2

1/2
> —klex —Ezl{Caz [/ (u} —u?)?(a,t) dadt/ (@5 — ¢3*)%(a,t) dadt]
j=1 7@ Q
- 1 242 9 1/2
+Ci) [/Q(uj - uj) (a,t)dadt/Q(pjl ~ ) (a,t)dadt} }
=1

> —k(61 — 62)2(03\/ CQT + 04\/ ClT) Z/ (u]l — u?)Q(a, t) da dt.
Q

Jj=1
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Inserting the above expression into (4.11)), we see that
(51 - 52) [H/(€1) - H/(52)]

2
> (g1 — £2)[1 — kVT(C51/Cy + C41/C1)] Z/ (u} —u?)?(a,t) dadt.
j=1"¢

If T is small enough, then (g1 — &2)[H’(e1) — H'(e2)] > 0. Therefore H(e) is
strictly convex down, and there exists only one ¢* € (0,1), which minimizes H (¢).
Consequently, the functional J(u) will be minimized at e*u'+ (1 —e*)u?. The proof
is complete. [

5. STABILIZATION OF THE ZERO STATE

Firstly, we consider the stability of the zero solution to the system

% + % = —[ui(a) + fi(E(p2)(a,t)]p1(a,t), (at) € Q,

% + % = —[u2(a) + fo(E(p1)(a,t)]p2(a.t), (a,t) € Q,
A

pi(0,1) :/0 Bi(a, E(pi)(a,t))pi(a,t)da, te (0,T)i=1,2,  (5.1)
pi(a,0) =p2(a), a€0,Ali=1,2,

a A
Ep)at=a [ pnodr+ [ plndn @0eQ
0 a
The linearization of this system about (0,0) is

% + % = —[pu1(a) + f1(0)lp1(a,t), (a,t) € Q,

Ops O
Gt a0 = ~lne(@) + 2(0)lpea,t), (a,0) € Q. 52)
A
pi(O,t)z/ Bi(a,0)pia, )da, t € (0,T):i=1,2,
0
pi(a,0) = p¥(a), a€[0,4], i=1,2

Considering the solutions to (5.2)) in the form p;(a,t) = w;(a) exp{At},i = 1,2, we
have

wi(a) + w;(a) = —[us(a) + fi(0)]wi(a), a € (0,4), i=1,2. (5.3)
Consequently,

w;(a) = w;(0) exp { - /0 Dt () + fl-(O)]dr}. (5.4)

Substituting this expression into the third equation of ([5.2), we derive the charac-
teristic equation

/OA Bi(a,0) exp{ — /Oa[)\ + pi(r) + fi(O)]dr}da =1. (5.5)

It can be readily seen that if there exists an ¢ € {1, 2}, such that

/0 ? 5u(a.0) exp{ - /O “la(r) + i(0))dr }da > 1, (5.6)
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then equation has at least one positive real solution, which means the zero
solution to is unstable.

Next, we investigate the problem of how to keep the zero state stable by means
of appropriate migration strategies. In a finite period [0, T, its specific form is

(P2) Find u* € U, such that J(u*) < J(u) for every u € U, with
2
1
J(u) =5 > / {u3(a,t) + kp}(a,t)} dadt,
j=17¢
and (u,p) is subject to (5.1), and k is the penalty parameter.

As in Theorem [£:2] we are able to describe the optimal policies as follows.

Theorem 5.1. Problem (P2) has a unique solution. If (u*,p*) is an optimal pair
to the problem, then there are variables (q1,q2) solving the adjoint system (with
arguments (a,t) omitted in the main equations)

0 0 - _

St G = I+ AEE)a — 0 (0,061 (. BpD) + Ba] + Bz + ki,

0 0 - _

S+ 2+ R(B@D)a: — (0, 0)[Bala, Bw3) + Bal + By +kp, 07

gi(a,T)=¢q;(A,t)=0, a€c(0,4),te(0,T),j=12,
such that ui = F(q;),1 = 1,2. Here, the functions F, E;, E; are given by ([A.2).

Concluding remarks. We have established the approximate controllability for
the hierarchical competitive system in Theorem |3.6, which means that there
exist migrations (u1,ug) such that the populations distribution (p1(a,T), p2(a,T))
approaches arbitrarily to the prescribed target. With a proper selection of k, The-
orems and demonstrate that the migrations can be uniquely determined
by equations , and the feedback control law in Theorem Further-
more, the control policy may be approximated by means of the conjugate gradient
algorithms [31, P. 29]. Therefore, we have sufficient theoretic and computational
preparations for the population adjustment. A similar understanding applies to the
stabilization of the trivial state.

Acknowledgments. This work was supported by National Natural Science Foun-
dation of China (11871185), and by Zhejiang Provincial Natural Science Foundation
of China (LY18A010010).

REFERENCES

[1] Ackleh, A.S.; Deng, K.; Hu, S.; A quasilinear hierarchical size-structured model: well-
posedness and approzimation. Applied Mathematics and Optimization, 2005, 51(1): 35-59.

[2] Ainseba, B.; Iannelli, M.; Ezact controllability of a nonlinear population dynamics problem.
Differential and Integral Equations, 2003, 16(11): 1369-1384.

[3] Anita, S.; Analysis and Control of Age-Dependent Population Dynamics. 2000, Kluwer Aca-
demic Publishers, London.

[4] Anita, L.-I; Anita, S.; Note on the stabilization of a reaction-diffusion model in epidemiology.
Nonlinear Analysis: Real World Applications, 2005, 6: 537-544.

[5] Barbu, V.; Iannelli, M.; Martcheva, M.; On the controllability of the Lotka-McKendrick model
of population dynamics. J. Math. Anal. Appl., 2000, 253: 142-165.

[6] Boulite, S.; Idrissi, A.; Maniar, L.; Controllability of semilinear boundary problems with
nonlocal initial conditions. J. Math. Anal. Appl., 2006, 316: 566-578.

[7] Calsina, A.; Saldana, J.; Asymptotic behaviour of a model of hierarchically structured popu-
lation dynamics. Journal of Mathematical Biology, 1997, 35(8): 967-987.



EJDE-2020/58 CONTROLLABILITY OF HIERARCHICAL SYSTEMS 15

(8]

(9]
[10]
(11]
[12]
(13]

14]

[15]

[16]
(17]

(18]

(19]
20]

21]

[22]
23]
[24]
[25]
[26]
[27]
28]
[29]
[30]

(31]

Chen, R.; Fu, J.; Distributed controllability for time-varying population system with age
dependence (in Chinese). Journal of Northeast Normal University (Natural Science Edition),
2007, 39(3): 1-7.

Cushing, J. M.; The dynamics of hierarchical age-structured populations. Journal of Mathe-
matical Biology, 1994, 32(7): 705-729.

Dewsbery, D. A.; Dominance rank, copulatory behavior, and differential reproduction. The
Quarterly Review of Biology, 1982, 57(2): 135-159.

Glowinski, R.; Lions J. L.; He, J. W.; Ezact and approximate controllability for distributed
parameter systems: a numerical approach. 2008, Cambridge University Press, Cambridge.
Gu, J. J.; Wang, X. M.; Null exact controllability of predator-prey population dynamics.
Appl. Math. Sci., 2012, 6(2): 55-62.

He, Y.; Ainseba, B.; Ezact null controllability of the Lobesia Botrana model with diffusion.
J. Math. Anal. Appl., 2014, 409: 530-543.

He, Z.-R.; Chen, H.; Wang, S.-P.; The global dynamics of a discrete nonlinear hierarchical
population system. International Journal of Biomathematics, 2019, 12(2): 1950022 (21 pages).
DOI: 10.1142/S1793524519500220.

He, Z.; Ni, D.; Liu, Y.; Theory and approzimation of solutions to a harvested hierarchical
age-structured population model. Journal of Applied Analysis and Computation, 2018, 8(5):
1326-1341.

He, Z.; Ni, D.; Wang, S.P.; Ezistence and stability of steady states for hierarchical age-
structured population models. Electron. J. Differential Equations, 2019 no. 124 (2019), 1-14.
Henson, S. M.; Cushing, J. M.; Hierarchical models of intra-specific competition: scramble
versus contest. Journal of Mathematical Biology, 1996, 34(7): 755-772.

Hirata, M.; Kurima, S.; Mizukami, M.; Yokota, T.; Boundedness and stabilization in a
two-dimensional two-species chemtaxris-Navier-Stokes system with competitive kinetics. J.
Differential Euqgations, 2017, 263: 470-490.

Tannelli, M.; Barbu, V.; Stabilization of the Gurtin-MacCamy population model. J. Evol.
Equ., 2009, 9: 727-745.

Jang, R. J.; Cushing, J. M.; A discrete hierarchical model of intra-specific competition. Jour-
nal of Mathematical Analysis and Applications, 2003, 280(1): 102-122.

Kavian, O.; Traore, O.; Approximate controllability by birth control for a nonlinear population
dynamics model. ESAIM Control, Optimization and Calculus of Variations, 2011, 17: 1198-
1213.

Kraev, E. A.; Existence and uniqueness for height structured hierarchical population models.
Natural Resource Modeling, 2001, 14(1): 45-70.

Liu, Y.; He, Z.-R.; On the well-posedness of a nonlinear hierarchical size-structured popula-
tion model. ANZIAM J., 2017, 58: 482-490.

Liu, X.; Zhang, Q.; Zhao, L.; Stabilization of a kind of prey-predator model with Holling
functional response. J. Syst. Sci. & Complexity, 2006, 19: 436-440.

Lominicki, A.; Individual differences between animals and the natural regulation of their
numbers. Journal of Animal Ecology, 1978, 47(2): 461-475.

Magusoodi, Y.; Grist, E. P. M.; Optimal population stabilization and control using the Leslie
matriz model. Bulletin of Mathematical Biology, 1995, 57(3): 381-399.

Shen, J.; Shu, C. W.; Zhang, M.; A High Order WENQO Scheme for a Hierarchical Size-
Structured Population Model. Journal of Scientific Computing, 2007, 33(3): 279-291.
Timischl, W.; On the process of stabilization in the renewal model: approximations for the
time to convergence. J. Math. Biol., 1986, 24: 71-79.

Wang, S. P.; He, Z.-R.; Approzimate controllability of population dynamics with size depen-
dence and spatial distribution. ANZIAM J., 2017, 58: 474-481.

Yan, Y.; Ekaka-a, E.-O. N.; Stabilizing a mathematical model of population system. Journal
of the Franklin Institute, 2011, 348: 2744-2758.

Zeidler, E.; Nonlinear Functional Analysis and Its Applications. 1986, Springer-Verlag,
Berlin.

ZE-RONG HE (CORRESPONDING AUTHOR)

DEPARTMENT OF MATHEMATICS, INSTITUTE OF OPERATIONAL RESEARCH AND CYBERNETICS,
HaNGzHOU DiAaNzI UNIVERSITY, HANGZHOU 310018, CHINA

Email address: zrhe@hdu.edu.cn



16 Z.-R. HE, N. ZHOU EJDE-2020/58

NAN ZHOU
DEPARTMENT OF MATHEMATICS, INSTITUTE OF OPERATIONAL RESEARCH AND CYBERNETICS,
HaNGzHOU Dianzi UNIVERSITY, HANGZHOU 310018, CHINA

Email address: 1749521930@qq . com



	1. Introduction
	2. Model normalization and assumptions
	3. Approximate Controllability
	4. Choice of controls
	5. Stabilization of the zero state
	Concluding remarks
	Acknowledgments

	References

