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EXISTENCE OF WEAK SOLUTIONS TO SUPERLINEAR
ELLIPTIC SYSTEMS WITHOUT THE
AMBROSETTI-RABINOWITZ CONDITION

XIAOHUI WANG, PEIHAO ZHAO

ABSTRACT. In this article, we study the existence of the weak solution for
superlinear elliptic equations and systems without the Ambrosetti-Rabinowitz
condition. The Ambrosetti-Rabinowitz condition guarantees the boundedness
of the PS sequence of the functional I for the corresponding problem. We
establish the existence of the weak solution for the superlinear elliptic equation
by using (PS). form of the Mountain pass lemma, and the existence of the
weak solution for the superlinear elliptic system by using (PS)} form of the
Linking theorem.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

In this article, we investigate the existence of the nontrivial weak solution for
the superlinear elliptic problems. We first consider the p-Laplacian equation

—Apu = Af(z,u) in Q,

u=20 on 09, (1.1)

where p > 1, A > 0, Q C R” is a bounded domain, f: Q x R — R is a continuous
function, and for 1 < p < oo, the p-Laplacian operator is

Apu = div(|DulP~2Du)  for u € WHP(Q).

We shall say the function f satisfies the well-known Ambrosetti-Rabinowitz (AR)
condition, if there are constants # > p and r > 0 such that

0<0F(z,t) < f(z,t)t forall |t| >r and z € Q,
where .
F(z,t) :/ f(z,s)ds.
0

Since 1973 when Ambrosetti and Rabinowitz [2] established the Mountain pass
lemma under the AR condition, many researchers have studied the superlinear el-
liptic problems under the AR condition. The AR condition guarantees the bound-
edness of the PS sequence of the functional I given by the corresponding problem,
which plays a key role in the application of the critical point theory. Although
the AR condition is convenient, it is very restrictive and excludes a lot of nonlinear
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problems. Therefore, many researchers have been studied various problems without
the AR condition.

In 2004, Schechter and Zou [20] established the existence of nontrivial weak
solution for the problem without the AR condition when p = 2. In this
paper, for a general p (1 < p < 00), we will establish the existence of the nontrivial
weak solution for the p-Laplacian superlinear elliptic boundary value problem
without the AR condition. The AR condition implies that there exist positive
constants ¢; and ¢y such that

F(x,t) > c1]t|” — o for all (z,t) € Q x R.

Although this condition is weaker, it still eliminates many superlinear problems.
A much weaker condition implies that superlinearity is
either

= +o00 a.e. in ,

or
F(x,t)

 Jim TR =400 a.e. in .

Our first objective is to establish the existence of the nontrivial weak solution
for the p-Laplacian superlinear elliptic equation under the weaker condition
than the AR condition in this paper. Let us state the main result for the elliptic
equation as follows.

In the next theorem we use the following assumptions:

(H1) f € C°Q xR,R), f(z,0) =0,
f(a,t)

150 Jelp—2¢

uniformly a.e. in €Q;
(H2) There exist positive constants a and b such that

[f(z, )] < a+blt]"™" V(x,t) € Q xR,

where

SEifl<p<nm
€lp), pr=4"7" ’
€ Lp), {—!—oo if p>mn;

(H3) Either

im =400, or lim ———= = +o0,
t—foo  [t|P t——oo |t[P

uniformly a.e. in Q;
(H4) There exist 1 > p and r > 0 such that

pF(z,t) —tf(x,t) <C(Jt°P +1) forall |t| > r and = € Q.

Theorem 1.1. If f satisfies (H1)—(H4), then for each A > 0, problem (1.1) has at
least one nontrivial solution.

Secondly, we consider the non-cooperative elliptic system
—Au=H,(z,u,v) z€Q,
—Av=—H,(z,u,v) z€q, (1.2)
u(z) =v(z) =0 =z e€dQ,
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where QO C R™ (n > 3) is a smooth bounded domain, H : O x R? — R is a C*
function, H, denotes the partial derivative of H with respect to the variable w.
We write z := (u,v), we suppose H(z,0) = 0 and H,(x,0) = 0, then z = 0 is a
trivial solution for this system. We will also establish the existence of the nontrivial
solution for the elliptic system in this paper. Roughly speaking, we are mainly
interested in the class of Hamiltonians H such that

R
H(z,u,v) ~ [ul’ + [v[? + R(z,u,v) with lim (z,u,0) _

|z| =00 ‘U|p + |’U‘q o

Where1<p<2*::%andq>1.

For elliptic system, we shall say H satisfies the AR condition, if there exist
u>2, v>1and R > 0 such that

1 1
—Hy(x,2)u+ —Hy(z,z)v > H(x,z) whenever |z| > R,
i v

with the provision that v = p if ¢ > 2.

In 1995, by using variational method, Costa and Magalhaes [6] established the
existence of the nontrivial weak solution for the subcritical non-cooperative elliptic
system without the AR condition. In 2004, Lam and Lu [I4] obtained the ex-
istence of the nontrivial weak solution for the critical and subcritical superlinear
cooperative elliptic system without the AR condition. In 2003, De Figueiredo and
Ding [7] obtained the existence of the nontrivial weak solution for the supercrit-
ical superlinear non-cooperative elliptic system when 2 < p < 2* under the AR
condition.

As we mentioned above, many researchers have studied the existence of the non-
trivial weak solution for the superlinear elliptic systems, such as, the subcritical
non-cooperate elliptic system without the AR condition, the critical and subcriti-
cal superlinear cooperative elliptic system without the AR condition and the super-
critical superlinear non-cooperative elliptic system under the AR condition. Our
another aim in this paper is to prove the existence of the nontrivial weak solution
for the supercritical superlinear non-cooperative elliptic system without the AR
condition, that is, we are going to study the system without the AR condition
when p € (2,2*) and g € (2%, +00).

We would like to mentioned that the main difficulty is to establish the bounded-
ness of the (PS)?* sequence for the non-cooperative elliptic system without the AR
condition.

Let us state the main result for the elliptic system, using the following assump-
tions:

(H5) There exist p € (2,2") and ¢ € (2%, +00) such that
|Hy (2, u,v)| < 7o (1 + [Pt |v|%_1)7
|H, (2, u,v)| < 7o (1 + fuPt 4 |v|q*1)7

for all (z,z). In all hypotheses on H the 7; denote positive constants
independent of (z, z);

(H6) lim,_,o H(z,2)/|2z| = 400 uniformly in £;

(H7) There exist p > 2 and Ry > 0 such that

uH(x,z) — zH,(x,z) < C(|z|P +1) whenever |z| > Ry;
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(H8) For p and g as above,
H(z,z) 2 m(ful’ + [v]!) =72 forall (z,z2);

(H9) H(x,0,v) > 0 and H,(z,u,0) = o(|u|) uniformly with respect to z, as
u— 0.

Theorem 1.2. Suppose H satisfies (H5)—(H8). Then the superlinear elliptic system
(1.2) has at least one nontrivial weak solution.

The rest of this paper is organized as follows. In section 2, we will discuss
the superlinear elliptic equation by a variational method, and establish the
existence of the nontrivial weak solution for this superlinear elliptic equation. Fur-
thermore, we will investigate the superlinear non-cooperative elliptic system
by variational method in section 3, and establish the existence of the nontrivial
weak solution for this superlinear non-cooperative elliptic system.

2. SUPERLINEAR ELLIPTIC EQUATION

In this section, we establish the existence of the nontrivial weak solution for the
superlinear elliptic boundary value problem (1.1]) of p-Laplacian type.

2.1. Preliminaries. Throughout this section, let {2 be a bounded domain in R™.
For 1 < p < +oo, we denote by [ul = ( [, |Vu|pda:)1/p the norm in the Sobolev
space Wy P(Q), by || -]« the norm in W~#'(Q) which is the dual space of W, (),

by |lull, = ( [ [ulPdz) P the usual LP norm, by |F| the n-dimensional Lebesgue
measure of a set £ C R™. Moreover, we use “ — ” and “ — ” denote the strong and
weak convergence respectively, “ < ” and “ << ” denote imbedding and compact
imbedding respectively. We denote the subsequence of a sequence {u,} as {u,} to
simplify the notion unless specified. And X denotes a Banach space.

Definition 2.1. We shall say that the convex function A : X — R is uniformly
convex on the set (convex) S C X, if for any €; > 0, there exists d(e;) > 0 such

that

A(TY) < 4@ + 3A0) - ),

for z,y € S with || —y|| > €;. If A is uniformly convex on every ball of X, we shall

say that A is locally uniformly convex, i.e., if for any es > 0, there exists d(ez) > 0

such that z, y € X, |A(z)| <1, |A(y)| <1 and |A(z — y)| > €2, then

x+y
2

Remark 2.2 ([I8]). X is uniformly convex if and only if its norm is locally uni-
formly convex.

|A(

)’ <1 —(5(62).

Remark 2.3 ([I8]). The Banach space W **(€) with norm [u = ( Jo |VulPda) Y
is uniformly convex.

Remark 2.4 ([3]). Every uniformly convex Banach space is reflexive. That is, the
Banach space W, * (1) is reflexive.

Remark 2.5. [24] Let X be a reflexive Banach space, {z,} is a bounded sequence
in X. Then {z,} has weak convergent subsequence. That is, the bounded sequence
in reflexive Banach space Wol"p (Q) has weak convergent subsequence.
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Definition 2.6. Let I be a functional defined in Banach space X. We say that I
is weakly lower semicontinuous, if for any sequence {x, } such that z,, — x weakly,
then we have

liminf I(x,) > I(z).

n—oo
Definition 2.7. An operator I' : X — X* satisfies the (S ) condition, if for every
sequence {z,,} C X such that x,, = = and

lim Sup<I/(:Z?n), Tn — 1'> <0,

n—-+o0o

we have x,, — x strongly.

We would like to mentioned that the (S1) condition is used to prove that the
weak convergent sequence obtained is actually strongly convergent. Next, we verify
that the relevant functional satisfies the (S;) condition.

Proposition 2.8. Let X be a Banach space. We denote I(x) = ||z||P, where p > 1,
r€ X, thenl: X —RisCl and I' : X — X* satisfies the (S1) condition.

Proof. 1t is easy to verify that I : X — Ris a C! functional. Let {z,,} be a sequence
in X such that z,, — = and

lim sup{I’(zy,), Tn — z) < 0.

n—-+o0o
Claim: z,, — 2 in X. Indeed, since {x,,} is weakly convergent, it is bounded. That
is, there is a large enough R > 0 such that ||x,|| < R. In view of Remark we
obtain that I is locally uniformly convex. Then I is locally bounded, and therefore,
I(x,) is bounded. For a subsequence {z,}, we assume that I(z,) — c. Since || - ||
is continuous and convex, we know that I is weakly lower semicontinuous. Also by
the definition of weakly lower semicontinuous, we have

I(z) <liminf I(x,) = c.

On the other hand, since [ is convex, its graphic lies above the tangent hyper-
plane at z,,, that is,
I(@) > I(aa) + (I (e,), @ — ).

Using that

lim sup(I’ (), 2 — @) < 0,

n—-+o0o
we deduce that I(z) > ¢. Then I(z) = c. Also we have that Z2t2 — 2 and again
by weakly lower semicontinuity, we obtain

c¢=I(z) <liminf ] (2.1)

T+ xy,
If we suppose that {z,} does not convergence strongly to x, then there exists an
e > 0 and a subsequence {z,} that verifies ||z — x,|| > €. Using the uniform

convexity of I over ball B(0, R), we obtain that there exists a d(e) > 0 such that

1 1 T+ x,
51(50) + 51(%) —I( 9 ) = d(e).
Taking n — 400, we have
limsup[(erzn) < c—d(e),

which contradicts (2.1)). Then the desired conclusion follows from the claim. [
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Definition 2.9. Let (X, |- x) be a real Banach space with dual space (X*, |||/ x~),
and I € C1(X,R). For ¢ € R, we shall say I satisfies the (PS). condition, if for
any sequence {x,} C X such that I(z,) — c and I'(x,) — 0, we have that {z,} is
strongly convergent in X.

Theorem 2.10 (Mountain pass lemma [24]). Let X be a real Banach space, I €
CY(X,R) satisfies

(1) 1(0) <0;

(2) There exist constants p, a > 0 such that I(u) > o, when |lul| = p;

(3) There exists an e € E'\ B, such that I(e) < 0.

Denote ¢ = inf.epr maxo<i<1 I(y(t)), where
I'={y e C([0,1]; X) : 7(0) = 0,7(1) = e}.
Then ¢ > 0 and there is a sequence {x,} C X such that
I(z,) = ¢, I'(z,)—0.
Furthermore, if [ satisfies the (PS). condition, then c is the critical value of I.
2.2. Existence of a nontrivial weak solution to the elliptic equation. In

this subsection, we establish the existence of the nontrivial weak solution for the
elliptic equation. We firstly introduce the energy functional corresponding to the

elliptic equation (|1.1)).
If @ C R™ is a bounded domain and f satisfies (H1) and (H2), then we define

functional in W, (1),
1
In(u) = 7/ |VulPdz — )\/ F(z,u)dz. (2.2)
pJa Q

For any A € R!, a straightforward computation yields that I, € Cl(W&’p(Q),R),
and

(Iﬁ\(u),w:/Q\Vu\p_QVqudx—)\/Qf(ac,u)vd:v, (2.3)

for any u € W, (). Next, we prove that the functional I satisfies the mountain
pass geometry as follows.

Lemma 2.11. If A > 0 and f satisfies (H1)-(H3), then
(1) Ix(u) is unbounded from below in Wy (Q);
(2) w=0 is a strictly local minimum for Ix(u).

Proof. For any M > 0, it follows from (H3) that there is a C; > 0 such that

F(x,t) > Mt? — Cpy for all ¢ > 0 and all z € Q. (2.4)
Indeed, for any M > 0, there is a sq > 0 such that
F(z,t)

tp > M whenever t > sg.

That is, F'(z,t) > Mt? whenever t > sq. -
Furthermore, thanks to F' being continuous on € x [0, sg], we have
max {F(x,t) — Mt"} < Cyy.
z€€Q,0<t<s0

Also since

F(z,t) — Mt* + max {F(x,t)— Mt"} >0,
z€N,0<t<sg
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we obtain F(z,t) > MtP — Cyy, for any x € Q and 0 < ¢t < s9. To sum up, we

obtain ([2.4). Taking ¢ € W, *(Q) with ¢ > 0, and ¢ > 0. Then for any A > 0, we
have

1
N / Vo[Pda — A / Fla, t6)dz
p Q Q
1
< Lo - )\t”M/ S da + \Cpr|Q)
p Q
1
- tp(ngpr - AM/ ¢de) FACK|9.
p Q
If M is large enough such that

1
Lol = an [ grds <o,
p Q

then lim;_, 1 o I (t¢) = —oo, which is equivalent to (1).
On the other hand, for any € > 0, by using (H1) and (H2), it is easy to see that
there exists a C. > 0 such that

|f (2, )] < €e|tfP~! + CJt|71 for all (2,t) € Q x R.
That is,
|F(z,t)] < €|t|P + C.Jt|?  for all (z,t) € Q x R, (2.5)
where ¢ € (p,p*). Indeed, in view of (H1), for any € > 0, there is a ¢ > 0 such that

|/ (z,1)]

jt[p=t

< e forany [t| <.

That is, | f(z,t)| < e|t[P~! for any [¢| < 4.
Furthermore, from (H2), we have

[f(a,t)] < a+blt|7 < alt|T™! +bjt[97" = (@ + b)[¢[1~" for [t| > 1,
|f(z, )] < a+ bl = (aft|" "+ 0)[t[77F < (ald]' "+ b)[t|?" for 6 < [t < 1.

Therefore, for any € > 0, there is a C. > 0 such that
|f(z,t)] < etfP~t + Ceft|” ! for all (x,t) € Q x R, (2.6)

where C. = max{(a + b),a|6|'"7 + b}. It follows from (2.5) and the Poincaré
inequality that

1
lell < - llell®

where
[ wl]l”

weW g (9),uz0 [[ullp”

0< A\ =
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And therefore, for any A > 0 and ¢ > 0 small enough such that % — :\\—f > 0, the

Holder inequality implies

I (u) = %HUII” Y /Q F(z,u)de

1
> fHqu—)\e/ |u|pdac—)\C5/ |u|?dx
b Q Q
1 - /
> f|\u||p—)\e/ |u|pdx—xce|sz|%(/ updz)"”
p Q Q
1 pY pP—q 1 q/p
> (= = ) ullP = ACQ T (—]ull?
> (= 50 )l = ACl ™% (-l (2.7)
1 e ACe | p=g
= (= = 35 lull” = 75197 )
p 1 Al
1 e AC, p—gq _
= (= = 55 = S0l )l
Nt )\'f p
1/1 e
> (2= p
> 5 (= 5l

provided |lu|| = p is sufficiently small such that

AC P—q 1/1 e
€ > ap ~ _(Z _ =
Tl < 5 (-5)

when ¢ € (p, p*). Therefore u = 0 is a strictly local minimum for I (u). O

Lemma 2.12. Assume f satisfies (H1)-(H3) and 0 < Ao < po- Then I)(u) pos-
sesses uniform mountain pass geometric structure around u = 0 for A € [Ao, pol,
i.e., there is an e € WyP(Q) such that Ix(e) < 0 for any X € [Ao, po], and there
exist constants p, a > 0 such that I(u) > o for any X € [N, po], and u € Wy P(Q)
with ||ul| = p.

Proof. Fix ¢ > 0 small enough, in view of (2.7), we have

1/1  poe
B 2 5 (5~ 5
A2 5 (0 =5

for any A € [Xo, o] and u € W, P(Q). Thus there is a p = p(uo, €) > 0, taking

_]. 1 /J()E) p
a=5 (=50 )l

we have Iy(u) > a, for any A € [Ao, o] and u € W, P(Q2) with ||u = p. Let us take
¢ € W&’p(ﬂ) with ¢ > 0, and M > 0 large enough such that

1
Ll =2 [ oz <o,
p Q

As a consequence of (2.4)), for any ¢ > 0, we have

1
D (t6) < 717 = Mot M / $Pda + 2Car|Q)
Q

1
<P (ﬂqﬁnp - )\OM/ng”dx) + A9
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Furthermore, taking e = tp¢ with ¢y large enough such that I),(e) < 0, for any
0 < Ao < A, we have
I)\(e) < I)\o(e) < 0.

This means that Ix(e) < 0. O

By Lemmas [2.11} and the Mountain pass lemma (Theorem , there is a
(PS). sequence {u,} C W, () satisfies

Ii(up) — ¢, Ii(uy) — 0. (2.8)

Next, we prove that the (PS). sequence is actually bounded.

Lemma 2.13. Assume [ satisfies (H1)—(H4), then the (PS). sequence {u,} C
WP () for the functional Iy defined in (2.2) is bounded.

Proof. Suppose towards a contradiction that

l|tn || = +o0. (2.9)
Denote
Un,
Wy, = —.
[[unl|

It is obvious that w, € Wy?(Q) with [|Jw,| = 1, and therefore, it follows from the
Remark [2.5|that there exists a w € W"(€) such that w,, — w in reflexive Banach
space WiP(Q). Since Q is bounded, the Sobolev’s compact imbedding theorem
implies that

wy, —w in LY(Q) and L'(Q),
and therefore wy, (z) — w(z) a.e. in Q. Set Qy = {z € Q,w(z) # 0}. Then

n_l}gr_loom = nll)rfoown =w#0 in Q.
And in view of (2.9)), we have |u,| — 400 a.e. in Q. By (H3), it is easy to see that
F
lim Lu") =400 a.e. in €,

n——+o00 |’u,n|p
which implies
lim Fla, un)
n—+oo |un|p
It follows from (H3) that there is a Ny > 0 such that
F(z,up)

|un |P

|wp|? = 400 a.e. in Q. (2.10)

> 1, (2.11)

for any x € Q and |u,| > Np. Since F is continuous on Q x [—Ng, Ng], there is a
M > 0 such that

|F(z,u,)| < M for all (z,u,) € Q x [—No, Nol. (2.12)

Combining (2.11) with (2.12), we deduce that there is a constant C such that
F(z,u,) > C for all (x,u,) € Q xR, which shows that

Fla,u) —C (2.13)

[unllP

Thanks to (2.8), we have

c=I\(uy) +o(l) = %Huan — /\/QF(x,un)dx +o(1).
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So we obtain

nl? = pe —I—p)\/ Fla, un)da + o(1). (2.14)
Q
In accordance with (2.8) and (2.14)), we obtain
/ F(z,up)dx — +o0. (2.15)
Q

Next, we claim that |Qy| = 0. In fact, if || # 0, then by using (2.10]), (2.14)
and the Fatou’s lemma, we have

F
+oo = lim inf L?j)mﬂpdm — / lim sup ———
Q

Qo Moo | o m—r+oo l|wn P

:/ liminf(iF(x’un)|wn|p—7C )da
Q

o Prtoo [t |P ”un”p
< liminf/ (M|wn|p — L)dw
n=too Jo, N |un (P [[un [P
< liminf (L(%un) [w, P — ¢ )
W% Jo TualP -
L F(z,uy,) . C '
=liminf [ ——=|w,|Pdz —limsup [ ——dz
n=too Jo o (unl? n—+oo Jo [[un|?
F(z, un . |0
= liminf/ Mhoﬂ”dw — lim sup it
n=too Jo o |ual? n—s+oo [|[unllP
= liminf M|wn|pda:

n—+too Jo o |un|P

)d
= lim inf fQ 2, tn)d
n—-oo pc+p)\fF x,uy)dz + o(1 )
Therefore, it follows from and (| - ) that +oo < =-. Thisis a contradlctlon
which implies that || = 0 Hence we obtain that w(z ) =0 a.e. in 2. From (2.8)),

we have

1
In(un) = =||u||? — )\/ F(z,u,)dz — c.
p Q

Then s ) .
/\(un) - )\/ (maun) |wn|”dm,
[[n [P o |ual?
that is,
F(x,up) 1
(z,u |wy, [Pde — —,
|Un|p PA

Again by (2.8)), we have
<HW0#M=H%W—A/f@ww%M=WG%
Q

where o(1) — 0, as n — oo. Then
1_)\/ unf(xaun)| Pz = (D(un),un) [l funll _ [5Gl

|un]? lunllP — lunllP Jun =

that is,
/ unf(x7un) ‘w |pd£L‘ - l
— Wy, .

Q

|, [P A
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Therefore,
/ MF(:E>un) — Unf(xaun) |w \pdx N ﬁ _ i
Q [t |P " PA A
However, the hypothesis (H4) implies
F n)— Un s Un . n P 1
lim sup pE (@, tn) = un f (@, u )|wn|p < hmsupC’umnV’ =0.
‘un‘p Iun‘p
Therefore,
Loy,
pAx AT
which leads to a contradiction. Hence {uy} is bounded, i.e., there is a C' > 0 such
that ||u,| < C < +oo. O

Lemma 2.14. Assume f satisfies (H2). Then the (PS). sequence {u,} C Wy'* ()
for the functional I defined in (2.2) has a convergent subsequence.

Proof. Let {u,} C Wy*(2) be a (PS). sequence for the functional Iy. Using
Lemma [2.13] we deduce that {u,} is bounded. Therefore, there exists a u €
WP (€2) such that

U, — u  in Wy P(Q). (2.17)
Furthermore, the Sobolev’s compact imbedding implies w,, — v in L7(Q).
Denote €, = ||I}(un)]|«. It is easy to check that €, — 0 and

[(I5 (un,),v)| = ’/ |V, P2V, Vo dr — )\/ flryup)vde| < eplv|l,  (2.18)
Q Q
for any v € W) "*(2). Thanks to (H2), we have

/Q(f(:r,un) — f(z,w)(uy — u)dz — 0. (2.19)

In fact, it follows from the Holder inequality that
| () = fa0)) = )]
1/p 1/q
< ([ @) = f@wrde) ([ fun = ultde)
Q

Q

Since |Ju,|| < C (see Lemma [2.13)) and f is continuous on Q x [~C,C], there is a
M > 0 such that

|f(z,un)| < M for all (z,u,) € Qx [-C,C].

Therefore,

([ ) - supas) ™ < ([ eanpas)”” = oangr

1/q
(/ [y, — u|qu) — 0,
Q

since u, — u in L4($2). Hence

1/p q 1/q
/Q(f(m,un) — f(z,u)(uy —u)dz < 2M|Q / (/Q T dm) — 0,
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as n — +oo. Taking v = u, — u in (2.18), and it follows from that
(I'(up), up, — u) = /Q |Vt P2V, V(u, — u)dz
= (I (up), un — u) + /Q f(x,up)(uy, — u)dz
< enllun —ul| + /Q flx,un)(uy — u)dz — 0.

By using the (S;) property of I}, we conclude that u, — u in Wol’p(Q). O

roof of Theorem [1.1]. Firstly, in view of Lemmas and the Mountain pass
lemma (Theorem [2.10), there is a (PS). sequence {u,} C W, (Q) that satisfies

I(u,) — c and I'(u,,) — 0.

Secondly, in accordance to Lemma we deduce that {u,} converges strongly
to some function u € VVO1 P(Q). Clearly, u is a weak solution for the problem (L3).
This completes the proof. (I

3. EXISTENCE OF THE NONTRIVIAL WEAK SOLUTION FOR THE SUPERLINEAR
ELLIPTIC SYSTEM

In this section, we establish the existence of the nontrivial solution for the su-
percritical superlinear (i.e., p € (2,2*), ¢ € (2*,4+00)) elliptic system ([1.2]) without
the AR condition.

3.1. Preliminaries. The key point is to show the boundedness of the (PS)¥ se-
quence of the energy functional. We denote by | - |; the usual L*(©2) norm for all
t € [1,00]. For ¢ > 2%, let V, = H}(2) N L9(Q2) and the Banach space V, equipped
with the norm [|v|ly, = (|Vv[3 + \v|g)% Let E, be the product space Hj(Q) x V,
with elements denoted by z = (u, v) and the norm in E; by ||z||q = (|Vu|§+|\v||‘2/q)%

We also denote |z| = |u| + |v|. E; has the direct sum decomposition
E, :Eq_ ®FEY, z=2z2 +2zT,

where E; = {0} xV, and ET = H(Q) x{0}. For simplicity, write z* = u, 2~ = v.
If @ C R™ is a smooth bounded domain and H satisfies (H5), then we define the
functional on E, as

I(z) == %/Q (IVul® — [Vo|?) dz —/QH(x,z)dx. (3.1)

By a straightforward computation, we obtain that I is a C' functional, and

(I’(z),w>:/QVquodzf/QHu(x,z)gader/QHv(x,z)dzd:v. (3.2)

It is not difficult to verify that the critical point of I is the solution of the elliptic

system (|1.2]).
Next, we show that the Frechet derivative of the functional I is weakly sequence
continuous .

Lemma 3.1. Assume (H5) holds. Then I' is weakly sequence continuous, that is,
I'(z,) = I'(2), as zp, — 2.
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Proof. Suppose z, — z in E,. We claim that I'(z,) — I'(z), that is,

(I'(zn), w) = (I'(2), w),

for any w = (¢,¢) € E,. Since 2, — z, we have u, — v in H}, and v,, — v in V.
Thus (un, ¢) = (u, ), that is,

/Vuanod:c%/Vquodx.
Q Q
Similarly, we have
/anvwdx—)/Vvvwdx.
Q Q
Therefore,

/ (Vup, Vo — Vu,Vip) de — / (VuVy — VoY) dz
Q Q

Next, we verify the following two equalities

lim H (z, zn)pdx = / H,(z,2)pdx, for any p € Hj(Q), (3.3)

n— oo

lim [ H,(z,z,)vde = / H,(z, z)dx, for any ¢ € V. (3.4)

n— oo Q

It follows from the Sobolev’s compact imbedding theorem and the Interpolation
theorem that

un, — u in L' for any t € [1,2%),
v, — v in L' for any t € [1,¢q).
By (Hb5), we have

— q_
[Hu(@, )2l < 70 (Il + lunl? ol + [al 3]

and

[ (1l =l + ol o

N 1/
§/|go|dx+ /|un|(p_1)ﬁdx /|<p|pdx)
1/2*
/|vn| (-1 2*dm

dx
= lol1 + un 2 elp

Thanks to ¢ € H}(Q) — L?", and

<5f1>2 f<571>2fi1<<§f1>2<q~

Then we obtain . Furthermore, is obvious for 1 € L*°. In fact,

‘/Ha:znl/)dx—/szwdm—‘/ (2, 2n) — Ho(z, 2))bda

< |1/J|OO/Q |H,(x, zp,) — Hy(z, 2)|de — 0.
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Generally, for ¢ € V,, there is ¢, € L* such that ¢, — ¢¥(m — oo) in L9, since
L is dense in L9. In the light of (H5), we have

[Ho(2,u,0)] < o (14 [ufP~ 4 ol 771) .
And z, is bounded in E;, then

H’U &N d
-y / H (2, 20) (6 + (6 — o)t
< |/QHU(JC,Zn)¢mdx| +’/§2Hv(mvzn)(¢_¢m)dx‘
< |/Q Hy (2, 20)Ymdz| + e1 (| = Ymli + |unlb 7Y = Ymlp + [0aldH = mly)

< | /QHv(xa Zn)¢7ndx| +e2 (Y = mli + Y — ¢m|p + [ — ¢m‘q) .
Therefore, we obtain (3.4). Then (I'(zy), w) — (I'(2),w) for all w € Ej,. O

Next, we introduce the Linking theorem, which is the basic tool for the existence
of the nontrivial weak solution for the elliptic system.

Let E be a Banach space with the norm || - ||. Suppose E has the direct sum
decomposition E = E'@® E?, where E' and E? are both infinite dimension. Assume
(el) and (e2) are the basis of E! and E? respectively. Let

X, :=span{el,...,el}® E?, X™:= E' ®span{e?,... 2},
and (X)L denote the supplement of X™ in E. For a functinal I € C'(E,R), let
I, = I’X denote the restriction of I to X,,.
Definition 3.2. Let E be a Banach space, and I € C!'(E,R). We shall say
{2} C Eis a (PS)} sequence, if z; € X,,, satisfies
I(zj) = ¢, I, (2) =0,

as n; — oo. Furthermore, we shall say I satisfies (PS)} condition, if any (PS)}
sequence has a convergent subsequence.

Definition 3.3. Let F be a Banach space, ), Qo and S are the closed subset of
with Qo C Q. We say (@, Qo) links with S, if

(1) QNS =10
(2) For any continuous map v : Q — E satisfies v |g,= id |Q07 we have
@) NS #0.
Remark 3.4 ([24]). Let (Q, Qo) link with S. Define the subset family of E as
r= {’Y € C(QaX) Y |Q0: id |Q0}'
If I is a C* functional on E, set

c=inf sup I(z), (3.5)
7€l zey(Q)

then under suitable conditions, we can demonstrate c¢ is the critical value of I.
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Theorem 3.5 (Linking theorem [24]). Assume E is a Banach space, Q,Qo and
S are the closed subset of E with Qo C Q, and (Q, Qo) links with S. Moreover,
assume I € C*(E,R) satisfies

(1) sup,eq I(w) <7 < +o0;

(2) There exists a constant 8 > « such that

sup I(z) <«, inf I(z) > p.
z€Qo zes

Then there is a sequence {x,} C E such that
I(zp) = ¢, I (z,)—0,
where ¢ is defined in (3.5)).

3.2. Existence of a nontrivial weak solution for the elliptic system. Now

we set B’ = B, B> = E* and e} = ¢, €2 = ¢ for all n € N, and therefore,

E, = E' ® E?. We will show that the functional I defined in (3.1) satisfies the
linking geometry.

Lemma 3.6. Suppose H satisfies (H5) and (H9). Then there exist constants r and
p > 0 such that
inf I(OB) > p,
where Bf = B.(0)N E*.
Proof. Recalling (H5) and (H9), for any € > 0, there is C. > 0 such that
H(z,u,0) < elul> + Cclul?".

In fact, it follows from (Hb5) that

|H,(z,u,0)] <o (1 + \u|p_1) . (3.6)

Furthermore, in the light of (H9), we have H,(x,u,0) = o(Ju|) as u — 0. Then for
any € > 0, there is a constant ¢ > 0 such that

|H,(z,u,0)| < elu| whenever |u| <@.
And there exists C' > 0 such that
|Hu(z,u,0)] < 5o (1+ [ufP™!) < ClufP™"  whenever |u| > .

To sum up, we have
|H, (2,u,0)| < e|lu] + CclulP~.

That is,
|H (2, u,0)| < elul>+ CelulP < e|u|?+ C.lul?.
Therefore,
I(u) := 1/ |Vu|*dx — / H(z,u,0)dz > 1/ \Vul?de — e|ul? — C.|u|%.
2 Ja Q 2 Ja
Then we obtain the conclusion. O

Assume e € ET with [Ve|3 = 1, and let
Q={(se,v): 0<s<ry, ||v]lg < T2}

Lemma 3.7. Suppose H satisfies (H8) and (H9). Then there are constants ri,rqy >
0 with r1 > r such that
I(z) <0 forall z € 0Q.
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Proof. In view of (H9) and H(z,0,v) > 0, we have
1
I(z) :== —f/ |Vo|2dx — / H(z,0,v)dz <0,
2 Ja Q

when z € E; . By (H8), we obtain

2 1
I((se,v)) = %/Q|Ve|2dx—§/Q|Vv\2dzf/QH(x,se,v)dz
2

S 1
<5 = 3IVeB = [ (allsel? + Jof") = ) de
2 2 o
21 9
< — — |Vl —c1 [ (Isef’ + [v|?) dx + co.
2 2 o
Since p > 2, we obtain the conclusion. ([

Next, we establish the boundedness of the (PS)} sequence, which plays an im-
portant role in the existence theory of the nontrivial weak solution.

Lemma 3.8. Assume H satisfies (H6) and (H7). Then the (PS)} sequence {z,} C
E, is bounded, where z, = (Un,Up).

Proof. Without loss of generality, suppose ||z,||; = +00. By
20l = [Vunls + Va3 + o3,

we assume that

Vu,
[Vugla = 400, Vo] —a<l1.
V2
Setting Y,, = H;Tn\lq’ then Y,, € E, with ||Y,,||; = 1. Therefore, there is Y € E, such

that ¥;, = Y in E;. Then we have Y, (z) — Y (z) a.e. in 2. Denote
Qo ={z €, Y(x)#0}.

Then we have

i lim Y, =Y #0 a.e. in Q, (3.7)

n
n——+4oo HZTLH(] B n—-+oo
which implies |z,| = +00 a.e. in Qg. It follows from (H6) that

H . .

lim MD@\Q =400 a.e. in Q.
n—-+oo |Zn|2

Again by using (H6), there is Ny > 0 such that, for any x € Q, we have

H(z, z,
|(a:,§) >1 whenever |z,| > No. (3.8)
Zn

Since H is continuous on € x [—Ng, Ng| x [—No, Ng], there exists an M > 0 such
that

|H(z,2n)] < M, (3.9)
for any (z, 2,) € Q x [~No, No] X [~No, No]. From (3.8) and (3.9)), we deduce that
there exists constant C' such that

H(z,2,) >C forall (z,2,) € QxR xR,
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This implies that

[EAIF

Since

1

I(z,) = 5/9 (|Vun|2 — |an\2) dx — /QH(x,zn)dac =c+o(1),

we have
/ (IVun > = |Vup|?) do = 2¢ + 2/ H(z, zp)dz + o(1).
Q Q

In view of [Vuy|y — 400, we have [, H(x, z,)dz — +00. Therefore,

H
+oo = lim inf M\Ynﬁlaj - / lim sup L?dx
Q

Qp Moo |Zn|2 o n—+oo HZan

= / lim inf (Mﬂfn\z - L)dw
Q

o \ [z 2 EAE

H - C
( (I’i MYQP'_ 2>dx
Q ~ lznl ll2n I

H(z, zn
< liminf <M|Yn|2 - Lz)dm
Q ”anq

n—+oo |Zn|2

H C
zliminf/ (xi’zzn)dxflimsup/ —dT
n—+oo Jo o |[|znll7 n—+oo Jo 2l

H elle’
— lim inf JE@M%MW|L
n—+o0 Jo ”Z’ﬂHq n—-+00 ||Zan

H
= lim inf LZ;)
n—+oe Jo HZM\

Jo H(z, 2 )d.
= lim inf 2
n—+oo [Vul3 +[Vv[3 + |U|2
fﬂ H(zx,z,)dz

1
= liminf D)
WS 204 2 J H(m, za)de + 2V 1 B Fo(l) | 2
0

< liminf
n—-+oo

dzr

which leads to a contradiction. Then |Qg| = 0, and therefore, Y (x) =
Since

1
I(z,) = 3 /Q (|Vun|2 — |an|2) dx — A H(x, z,)dx,

we have
I 1 H
(an - - _ (x7§n) ‘Yn|2dx7
”Zn”q 2 o |zl
that is,
H(z,z, 1
H@ zn) gy 2g, L
|2n|? 2

Moreover, thanks to

(I'(zn),zn>:/Q|Vun|dx—/Q|an|2dm—/QHZ(m,zn)znd;v.

17
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we have
H.(z, z,; n g <I’(Zn)722n> leq\lf’(zn)ll 'QHanlq _ \\1’(Zn2)\| N
lznl3 llzn 3 [EAF [EAF
that is,
TLHZ bad 1%
/ SR G YNIGY
Therefore,
H n) nHz )~
/,u (2, 2n) z2 <gcz)|Yn|d:L’—>ﬁ—1.
0 |2n| 2
Then it follows from (H7) that
o n) nHz AN n2 1
lim sup pH (@, 2n) = 2 H. (2, 2 )|Yn|2 < limsupCMD/ﬂ2 =0

|2 |2 |2 |2

that is, £ —1 < 0. Hence, y < 2. This is a contradiction. Therefore, {z,} is
bounded in Fj,. g

Lemma 3.9. Let {z,} C X,, be a (PS)} sequence. Then there exists z € E; such
that along a subsequence, z, — z with I'(z) =0 and 1(z) > ¢

Proof. Since {z,} C X, is a (PS)} subsequence, it follows from Lemma that
the (PS)} sequence is bounded, that is, {z,} is bounded. Thus, {z,} has weakly
convergent subsequence, might as well suppose z, — z in I;. Then for any 1 <
s < 2*, the imbedding theorem implies that 2z, — z in (L*(Q))2. As a result,

zn(x) = 2z(x) a.e. in Q.

Moreover, by using Lemma we know I’ is weakly sequence continuous. Hence,
we obtain I'(z) = 0.
Let w = (¢, %) = (up — u,0) in (3.2) and by I (z,) — 0, we have

(Y, Vuy, — Vu)re = I (2,) (un — u,0) /H (%, 2n) (Up, — u)dx

By using (H5), Holder’s inequality and (12% < 2 < 2%, we have

|/ Hy(z,2)(un —u)dx|

Q

< / Yo (1 + un [P+ Ivnlg_1> [tn, — uldz
Q

< 0 (Jttn = uly + [l un = uly + [0l i =l 20, ) = o(1).
Therefore,
(Vuy, Vu, — Vu) . = o(1),
that is,
V|3 = [Vul3.
Then u, — u in H}().
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Let p,, : £, — X,, denote the projection. Observe that P,z — z in E, for all
z € E,. Moreover, using again (H5) and Holder’s inequality, we deduce

’/QHU(Jc,zn)(v —an)dx’

< C(jv— Pl + |un|g_1\v — Pylp + |vn|g_1|v — Pyvlg) =0

On the other hand, lettin w = (p, ) = (0, v, — P,v) in (3.2)), and by I, (z,) — 0,
we obtain

I (2,)(0,v, — Pyv)
/ Vo,V (v, — Pyv)dz + /Q H,(z, z) (vy, — Ppv)dz
- /Q Vo, V(v —v+v— Pyo)de + /Q H,(z, z)(vp, —v +v — Pyv)dz
—(Vup,Vu, — V)2 — /Q Vu,V(v — pp)dz + /Q Hy(z, zp) (v, — v)dx

—|—/QHU(w,zn)(v — Pyv)dx

—(Vup,Vu, — Vo)r2 + /Q Hy,(z, z5) (v, —v)dz 4+ o(1).

Then
(Vop,Vu, — Vo) 2 = / Hy(x, z4) (v, — v)dz + o(1)
Q

= / H,(z,z,)(2n —z)dx—i—/ H,(z,zy)(up —u)dx + o(1)
Q Q

:/Hz(ac,zn)zndx—/Hz(x,zn)zdx—i—o(l).
Q Q

It follows from the Lebesgue’s theorem and the weak sequential continuity of H,
that

|Vo|2 — limsup |V, |2 = hmmf / H,(x, zp)zpde — / Hz(x,zn)zdx)
Q Q

n— oo

> / liminf (H,(x, z,) 2, — Hy(x, 2,)2) dz = 0,
Q

n— oo

that is,
|Vv|§ > limsup|Vfun|§7

n—oo
which together with the weak lower semicontinuity of the norm implies that

Vvl < limsup |Vuy|a.

n—oo

So |[Vup|2 = |Vola, that is, v, — v in H}(Q2). Observe that

1 1
1(2) = I(z) = 5 (1Yl = [Venl3) = 5 (19013 = [Ven )

+/QH(;U,zn)dx—/QH(x,z)dx
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The Lebesgue’s theorem then yields
I(z) — C = liminf szndx—/sz

n—0o0 Q

n—oo

/hmme;vzndx—/sz =0.
Q

Then we have I(z) > C. O

Proof of Theorem[I-3 From the above discussion, it follows from Lemmas [3.6] and
[3.7 that I has the hnkmg geometry. Let @, := Q N X,, and define

¢n = inf sup I(z),
VELn z€Y(Qn)

where I',, == {y € C(Qn,Xy) : 7 |og,, = id}. Then

p<cn <ki=supl(v(Q)).
Therefore, by the Linking theorem, there is z,, € X, such that

1 1
I(z,) —cp| < = d Il (z)| < =.
I(z0) =l <~ and I (z0)]| < ~

So we obtain a (PS)} sequence {z,} C E, with ¢ € [p,k]. Lemma implies
zn, — z with I'(z) = 0 and I(z) > ¢. As a result, the Theorem is obtained. O
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