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NON-PERTURBATIVE POSITIVITY AND WEAK HOLDER
CONTINUITY OF LYAPUNOV EXPONENT OF ANALYTIC
QUASI-PERIODIC JACOBI COCYCLES DEFINED ON A HIGH
DIMENSION TORUS

KAI TAO

ABSTRACT. When analytic quasi-periodic cocycles are defined on a high di-
mension torus, their Lyapunov exponents have perturbative positivity and
continuity. In this article, we study a class of analytic quasi-periodic Jacobi co-
cycles defined on a two dimension torus. We show that in the non-perturbative
large coupling regimes, the Lyapunov exponent is positive for any frequency
and weak Holder continuous for the full-measured frequency.

1. INTRODUCTION
We consider the quasi-periodic Jacobi operator Hy o xv.q in £2(Z),

(Hyw0.00)(n) = —a(z2 + (0 + Dw2)(n + 1) — a(z2 + nwa)d(n — 1)

+ Mv(x1 + nwy)d(n), n € Z, (1)

where v : T — R is a real analytic function called the potential, a : T — C is
a complex analytic function and not identically zero, A is a real positive constant
called the coupling number, z = (z1,22) is the phase, and w = (wi,w2) is the
frequency. Their characteristic equations Hy o, yv,a® = F'¢ can be expressed as

<¢(n + 1)) = M(z+ nw, E, \,a) ( o(n) ) 7

¢(n) d(n—1)
where
_ 1 M(xy +nw) — B —a(xe + nws)
Mz + nw, B, v, a) = a(xs + (n+ 1)ws) (a(xg + (n 4 1ws) 0 ) '

In this article, we always fix the analytic functions v and a, and suppress them
from symbols. Then, we have the following analytic quasi-periodic Jacobi cocycles
(M p,w) € C¥(T?, M3(C)) x R? where M5(C) is the set of 2 x 2 matrices with
complex entries:

(Myp,w) : C* xT? - C* x T*  with (v,z) = (Mx g(z)v, 2 + w),
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where . (1) (22)
Aw(xy) — E  —a(ze
M = — .
)\,E(ﬁ) CL(.’EQ + OJQ) (G(ZL'Q + w2) 0 )
Because the complex function a has only finite zero points in the complex plane,
the matrix M, g and the Jacobi cocycles make sense almost everywhere.
Let M(z, E,\) := My g(x) and define
0
My(z,B,.wN) = [[ M@+ jw E,N
j=n—1
0

()"U(‘Tl +jUJ1) -F —d(l'g + jw2)>
j=n— 1ax2+]-|-) 9) \a(z2 + (j + Dwz) 0 ’

which is called the transfer matrix of (1.1)). Set

1
Ln(B.wX) = 5 [ 1081 Ma(z, Bow Ml
T2

From the Kingman’s subadditive ergodic theorem, we have
1
L(E,w,A) := lim L,(E,w,\) = lim —log||My(z, E,w,\)||
n—o0 n—oo N

for almost every z € T2, which is called the Lyapunov exponent of ((.1]).
Note that L(FE,w, ) is non-negative, as

/ log | det M (x, E, \)|dz = 0.
T2

In this article, we first show that the Lyapunov exponent is always positive when
the coupling number is large.

Theorem 1.1. For any k > 0, there exists A\g = \o(v,a, k) > 0 such that for any
w, if |]A\| > Ao and E is in the spectrum of (1.1)), then

(1= £)log|Al < L(E,w,A) < (1+ &) log|A.

Because of the uniform hyperbolicity, the Lyapunov exponent is always positive
when F is in the resolvent set.

Secondly, we study the continuity of L(F,w, \) in the energy E. It is well known
that L(E,w, ) is a C* function of E on the resolvent set. So we only need to
consider F € &, which contains the spectrum and will be defined in . What’s
more, we need to assume that wy and we are both the Diophantine number (DN for
short). Here when we say that a irrational number w € (0,1) is the DN, it means
that w satisfies the Diophantine condition

lnw]| > for all n #£ 0. (1.2)

n |
It is well known that for a fixed & > 1, almost every w € T satisfies (1.2). Thus,
the set of w we assumed has full measure in T2. Then, we obtain the weak Holder
continuity of L(E,w, \) in E.

Theorem 1.2. Let E € &, both wy and wy be the DN, and |\ > Mg where Ao
comes from Theorem with Kk = Then L(E,w,)\) is a continuous function
of E with modulus of continuity

h(t) = exp (—c|logt[7),

L
100
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where T = 7(a) and ¢ = c(\v,a) are positive constants.

Remark 1.3. Actually, the d-dimension Diophantine number (DN) is always de-

fined by
c

(Inaf + -+ + Ina)*
for all (ny,...,nq) € Z¥\{0} and A > d, which is also almost everywhere in T¢.
Obviously, this 2-dimension DN is a subset of our frequency.

n-w| = [[niws + -+ + nawall >

The research on Lyapunov exponents has been a hot topic in several fields for
a long time. In 2001 Goldstein and Schlag [8] developed two powerful techniques,
the Large Deviation Theorem and the Avalanche Principle. These two techniques
are widely applied in the literatures, to study the Schrédinger operator

(Hy u2®)(n) = ¢(n+1) + ¢(n — 1) + dv(z + nw)p(n), n €z,

where the potential v is a real analytic function on T¢. Obviously, it is a special
case of (L.1) with a =1, and M} (z, E,w,\), L*(E,w, ) and L (E,w, \) have the
corresponding definitions. When d =1 and w = w this is the Strong DN:

Co
[nw|| 2 e
[n|(1 + log |n|)=
which is also almost everywhere in T for « > 1. They obtained that L*(E,w, A) is
Holder continuous in E in the positive Lyapunov exponent regimes. When d > 2
and w is the d-dimension DN, they obtained the perturbative result that there
exists a A§ := A§(v, A,w) such that for any [A| > X3, L5(E,w, \) is positive for all
E and weak Holder continuous in E. Readers may have doubts when the Lyapunov
exponent is positive for d = 1. Actually, Sorets-Spencer [14] proved in 1991 that
for any nonconstant real analytic potential v, there exists Aj = Aj(v) such that
for any |A| > A§, the Lyapunov exponent is positive for any w. In 2002, Bourgain-
Jitomirskaya [6] proved the joint continuity of L*(E,w, \) in (F,w) at every (E,wp)
if wy is irrational and L*(E,wg, A) is positive. Then in 2005, Bourgain [3] extended
this continuity and the result of the positive Lyapunov exponent in [I4] from T to
T<.
All above results depend on the fact that the determinants of the Schrédinger
transfer matrices are always 1. For the analytic quasi-periodic GL(2,C) cocycles

g = (700 ),

vo1(z)  woa(z)

for all n # 0,

where v;; (i, = 1,2) are analytic function on T¢, Jitomirskaya-Koslover-Schulteis
[10] and Jitomirskaya-Marx [I1] proved the weak Holder continuity of the Lyapunov
exponent in v;; over the analytic category for 1-dimension Diophantine frequency.
Avila-Jitomirskaya-Sadel showed the continuity for any 1-dimension frequency in
[1]. The author extended it to d > 2 for d-dimension Diophantine frequency in [I6].
He also studied the following general analytic quasi-periodic Jacobi operators

(ﬁg%,\wa(b) (n) =—alz+ (n+Dw)p(n+1) —a(z+nw)p(n—1) + Av(z + nw)d(n)

for n € Z, and proved in [I7] that when d = 1 and w = w is the strong DN, the
continuity of the Lyapunov exponent in E can be Hélder.

In summary, the Lyapunov exponent of the SL(2,C) cocycles is always positive
for any w and any d in the large coupling regimes. But when the cocycles become
GL(2,C), we have the same result only for d = 1. Therefore, the first highlight of
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our paper is that it is the first conclusion of the positive Lyapunov exponents of a
class of GL(2,C) cocycles defined on T? for any frequency. Secondly, we prove the
weak Holder continuity for the more generic full-measured frequency (see Remark
. Furthermore, both results are non-perturbative.

We organize this article as follows. In Section 2, we develop Bourgain-Goldstein’s
method, which was applied to the quasi-periodic Schrédinger equations in [4], to
prove Theorem [I.I] With its help, we obtain the large deviation theorem and
Theorem [[.2] in Section 3.

2. POSITIVE LYAPUNOV EXPONENT

It is well known that if v is real analytic function on T, then there exists some
pvy > 0 such that
v(z) = Z{/(k)e%ikz, with [o(k)| < e~Pelkl,
kEZ
So, it has a holomorphic extension

v(z) = Z o(k)emik=

keZ
on the strip [3z| < £5, satisfying
()] <D [o(k)|em MBSz < B e Mer M <
keZ kez

Easy computations show that the spectrum of our operators must be in the interval
& = [-2max|a| — |A|Cy, 2max|a| + |A|Cy]. (2.1)
zeT xzeT

In the rest paper, we always fix the frequency w and suppress it for ease from

now on. Define the analytic transfer matrix

0
Mgz, B, \) = [ M@+ jw BE,N),
j=n-—1

where

Then for fixed A, E and x5, the function

1

UZ(',I’Q,E,)\) - - log HMg(lvE7>‘)”

n
has a subharmonic extension ug (z, 2, E, ) (uf(2) for short) on [3z| < £, which
is bounded by log (4 max,cr |a| + 2|A|C,) for any E € &. If we choose

Crnax = 4max |a| + 2C,,
z€T

then for any x1, 2, w and E € &, it holds, for any |A| > 1,
up(x1) < log Crax|A|- (2.2)
Set

1
LaEN) = [ og M (e B dz,

L*(E,\) := li_}In Le(E, N,
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which also exists by the Kingman’s subharmonic ergodic theorem. It is straightfor-
ward to check that

log || My (z, B, N)|| = log [| My (z, B, A)|| + Y logla(zs + (j + Dws)l,
j=1

LZ(E,)\) = Ln(Ev )‘) + D,

LY(E,\) =L(E,\)+ D,
where

D := /log la(x)| dz = / log |a(z)| dx, (2.3)

T T
which exists by the analyticity of a. Obviously, to obtain Theorem we only
need to prove that for any |A| > Ag(v, a, k),

(1= 5)log Al < L"(\ ) < (1+ 5) log|Al

Actually, the second inequality is trivial by (2.2]) with large |A|.
Now, we start the proof of the first inequality. First, we recall the following
lemmas from [4] and [I8].

Lemma 2.1 ([4, Lemma 14.5]). For every 0 < 6 < p, there is an € such that

inf sup inf |v(x+iy) — FE1] > e
E1 s5/2<y<s2€[0,1]

Lemma 2.2 ([I8, Corollary 2]). Let u : 2 = [—00,+00) be an upper semicontin-
uwous function. Then u(z) is a subharmonic function on €2, if and only if for any
Jordan subdomain Q' satisfying Q' C Q and any z € ', it satisfies

u() < [ ulOduclz00.),
o
where p(z, 0, ) is the harmonic measure of O at z € Y.

Remark 2.3. Here we emphasize that this harmonic measure depends only on the
region Q' and the point z, not on the subharmonic function u(z). It is the key of
our method applied in this section.

Without loss of generality, we assume A > 0. Fix 0 < § < p and ¢ satisfying
Lemma 2.1l Define

Ao = 200C maxe 0% > 0
and let A > Ag > 0. Then, for any fixed E, there is 0/2 < y1 < § such that
E
inf iy1) — —| > e
x11€I%0,1] ‘U(-Tl + Zyl) A | ¢

Therefore,

00

inf |Xo(x1 +iy1) = E| > Ae > 200Cmaxe” * 71> 200Cmax. (2.4)
T

For n > 1 we define

. 1 n—1
M;ifl(ZylaI%Ev)‘) (0) = (w’ll’Ll) . (25)
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Then
wi\  (Mviyy +nw) — B —a(ze 4+ nws)\ (wi
wh ) \a(ze + (n+ 1)ws) 0 wy™! (2:6)
_ (/\v(iyl + nwy) — E)w? b (g 4 nws)wy ! .
N a(za + (n+ ws)wi ™! '
Now we use induction to show that for any n > 1,
lw}| > [w|, and |w}| > (Ae = 2Cmax)| W™ > (Ae — 2Cmax)"- (2.7)
From definition (2.5), we have w{ = 1 and w9 = 0. Then
|wl| = |M(iys + wi) — E| > Xe > 200Cax, and [wi| < Crax < |wi],
which satisfy (2.7)) for n = 1. Let n = ¢ with
lwh| > |wh|, and |wl] > (A = 2Cmax) Wi > (Ae = 2Cmax)". (2.8)

From and , we have
[wit] > (e = 2Cmax)wh > (e — 2Cmax) 1,
w5 < 2Cmax|wi] < 198Cmax|wi] < (Ae = 2Cimax)wi| < [wi ™,
which also satisfy for n =t + 1. Thus, holds for any n > 1. Then
1M (iy1, 2, E,A)|| > (Ae — 2Cmax)”  and  ug (iy1) > log(Ae — 2Chax)-

We denote by H = {z : Sz > 0} and H, = {z = z +iy : 0 < y < §} strips of the
complex plane. We denote by u(z, &, H) the harmonic measure of £ at z € H and
ws(iy1, Es, H,) the harmonic measure of & at iy1 € H,, where &€ C 0H = R and
& C OH, = RU [y = §]. Note that 1)(z) = exp (27”2') is a conformal map from H,
onto H. From [7], we have

Hs (iyla gs» Hp) = N(¢(Zy1)u 1/1(55% H)7

. Y dt
= EH)= | ——————.
w(z =z +iy, €, H) /g(t—x)2+y27r
Easy computations show that
p,_ 10my: 105 dus(x) v
slY = 7171 — - d .
M [y 10] P < P) an d.’I; |y:0 < 3'52 + y%
So, the subharmonicity and Lemma [2.2] yield
log(Ae — 2Chax) < us(iy1) < / us (z1)ps(dz1)
[y1=0]U[y1=15]

/ () () + / v i)

P
10

106 .
S/ o (1) s dzl)—|——[ sup u (z1+zy1)]
y1= 0 P y=5
10(1 é
S/ @ (1) ps(dzy) + 7+K)log)\.
Yy1= 0 p
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Hence, by the definition of Ay and § < p, we have

/ us (1) ps(dzy) > log(he — 2Cmax) —
R
10(1 + k)6

10(1 + k)6 log A

> (1- )log A+ log e (2.9)

> (1 — g) log A.
Set
(ui)h(ml) =ul(xzy1+h), heT.
Then, from Remark and (2.4), it is easy to see that also holds for
(u@)"(x1). So, for any h € T, we have

/ ul (z1 + h)ps(dey) > (1 - g) log \. (2.10)
R
Define

1
L% (22, E, ) ::/ﬁlog||Mﬁ(:c1,x27E,)\)||dx1.

T
Using (2.10) and integrating for h € T, we obtain

1
L% (29, B, \) :/ ul (21 + h)dh
0

1
> (/ us(dxl)) (/ us (21 +h)dh)
R 0 (2.11)
1
:/ /qu(zlJrh)us(dxl)dh
o Jr
> (1- g)logx\, Yn > 0.
Therefore,

L& (w9, B, N)dwy > (1 — g) log\, Yn >0, (2.12)

e = [

T
which completes the proof as n — +oc.

3. LARGE DEVIATION THEOREMS

As mentioned in the introduction, Goldstein and Schlag [§] introduced the large
deviation theorem and the avalanche principle. These two methods are standard
tools to study the continuity of the Lyapunov exponent. The avalanche principle
read as follows.

Proposition 3.1 ([8, Proposition 2.2]). Let Ai,..., A, be a sequence of 2 X 2-
matrices whose determinants satisfy

< 1. .
121]&%(71 |det 4] <1 (3.1)
Suppose that
in [[4;] > 5> n (32

1
1glja<xn[10g [ Aj 1]l + log [|Aj]| — log [|Aj+14;]]] < 5 log . (3.3)
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Then

n—1
log [|Ap, - -+ Ay| +Zlog|\A 1= log | A 44]l| < C* (3.4)
j=1

where C' =", 4™ /nl.

Because of assumption , the key in the references mentioned in Section 1 is to
obtain a suitable large deviation theorem for some SL(2,C) matrices related to the
cocycles studied. In this paper, we also prove the corresponding statement, Lemma
[3:2] Then, the other part of the proof of the weak Holder continuity, including how
to apply the large deviation theorem and the avalanche principle, can be found in
[10} [16].

To state our large deviation theorem for the SL(2,C) matrices, we define the
unimodular matrices

a
M (z, B, ) = M, (z, E,)\) _ M2 (z, E, \) .
|det M, (z, E,\)[/2 | det M2(z, E,\)|*/2
Because of the analyticity, this definition makes sense almost everywhere. It is
straightforward to check that

det M%(z, E, \) H a(xg + jwa)a(zs + (j + 1)wa),

and u
log || My (z, E, A)||
a 15, . . (3.5)
= log || MS(z, E,\)|| — 3 Z log |a(za + jws2)a(xs + (§ + 1)wa)|.
5=0

Our desired large deviation theorem reads as follows.

Lemma 3.2 (Large Deviation Theorem). Let E € &, both wy and ws be the DN,
and || > Ao where \g comes from Theorem with k =
ng = ng(Av, a,w) such that for any n > ng,

ﬁ. Then there exists an
2 1 u 1 u 1
meas {z € T : |E log || MY (z, E,N)|| — <ﬁ log | My (-, E, N)|))] > 10 log A}
< Cexp(—clog An10).
where

o 4n -
C:ZH’ c=2"2log?2
=1

which are called the absolute constants, and o = o(«) is positive.

To prove this lemma, we use the subharmonicity, which comes from the ana-
lyticity of v and a, and is the most important hypothesis in the following four
lemmas.

Lemma 3.3 ([9, Lemma 2.1]). Let u : Q& — R be a subharmonic function on a
domain Q C C. Suppose that OQ consists of finitely many piece-wise C' curves.
Then there exists a positive measure p on S such that for any Q1 € Q (i.e., Qy is
a compactly contained subregion of Q)

u(z) = / log [z — Cldu(C) + h(2),
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where h is harmonic on Q1 and p is unique with property. Moreover, p and h
satisfy

(1) < C(Q2, Q1) (supu — sup u),
Q Q1

[ = supu|pee(q,) < C(€2, 01, Q2)(supu — supu),
Ql Q Q1

for any Qs € .

Lemma 3.4 ([2, Corollary 4.7]). Let u be a subharmonic function defined in the
annulus <7, = {z : |Sz| < p}. Suppose furthermore that u(z) = [log |z — ¢|du(¢) +
h(z) with ||| + ||hl|z~ < C. Then, the fourier coefficient of u satisfies

C

QRS Ik

Lemma 3.5 ([5, Lemma 2.3]). Suppose u is subharmonic on <, with sup, |u| < n.
Furthermore, assume that u = ug + w1, where
luo — (o)l (r) < €0 and |lui|lpr(m) < €.

Then for some constant C, depending only on p,
n
[l Baro(ry < Cp(eo 1og(g) + \/nTrl)

Remark 3.6. BMO(T) is the space of functions of bounded mean oscillation on
T, see [13]. Identifying functions that differ only by an additive constant, the norm
on BMO(T) is

1
Ifllorio = sup / 1 — (f)1lda,

where

1
=1 /I f(@)dz.

Lemma 3.7 ([I7, Theorem 2.7]). Let u be a subharmonic function defined in the
annulus <7,. Suppose furthermore that u(z) = [log |z — ¢|du(¢) + h(z) with ||u|| +
|||z~ < C. Then for any DN w, we have
n
meas {z : |Zu(a: + jw) — n{u(-))| > dn} < exp(—cdn), (3.6)

j=1
where ¢ = ¢(C,w).
Remark 3.8. It is obvious that the subharmonic function log |a(z)a(z 4+ w2)| has a

upper bound C, on the annulus 7, = {z : |3z| < p,}, and then Lemma holds
because

n
meas {x : |Zlog |la(z2 + jwz)a(w2(j + 1)wa)| — 2nD| > dn} < exp(—cdn), (3.7)
j=1
where D is defined by (2.3). Combining this with (3.5]), we obtain that the following
large deviation theorem for w¢, which is the sufficient condition for Lemma [3.2

1 1 1
; T2 : | = log ||M%(z, E — (= log ||M%(-, E —1
meas {z € | log M5 (z, B, A) || = (- log M5 (- B, NI > 55 og A} (3.8)

< Cexp(—clog )\nllO).
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Now, we start the proof of . Fixing 22, E € & and A > \g with k = 5,
we expand u? into its Fourier series of z; and denote the Fourier coefficient as
ﬁ(rll(k, z2, Ev >‘)7 ie

ul(z, B,\) =Y i (k, x, B, A)e>™ k1,
keZ

o (k,xe, E,\) = / up (21,2, E, /\)e_%ik“dxl.
xz1€T

Combining Lemmas and we obtain that there exists a C/ . such that

/
sup |dg (k,x2)| < Cnax Yk # 0. (3.9)
z2€T |k|

Here we suppress the fixed A > Ag and E € & from symbols for ease, if there is no
doubt. Note that

ul (z1 + jwi, Ta + jwa) = (ul (-, 2 + jwa)) + Zﬁz (k, g + juo) 2T ik@1FIwn),

k0
Then

T

N| Z[UZ(M +jwr, @2 + jwz) = (U (22 + jw))|
j=1
X

- N’ Z Z iy, (k, T2 +ng)€2ﬂlk(z1+le)’

=1 keZ\{0}

< %’ Z Z ¢ (k, z2 +jw2)62‘n’ik(x1+jwl)|

1 . wik(x jw
oy 20 Dk @a + )t 1= () + (b)

From (3.9), we have

||( ||2 Z Sup‘u k T2 +.7w)|2 ( max) K_
k[>K 7

On the other hand, by the Cauchy inequality,

. X 2
|2 < N- ‘Z Z @ (k, g + jws)e 2mik (w1 +jwi)
J=10<|k|<K

N N
,Q(Z Z ‘ﬁ%(k,szrij”?)‘Z Z pAmik(z1+jw)

Ji=10<|k|<K j=1 O<|k\<K
< N- <Nsup Z 169 (k, 22 + juws)] )‘ Z Ze4mk(ﬂc1+3w1)
7 o<|k|<K 0<|k|<K j=1

(Cr/nax ’ Z Z 47rzk(a:1+jw1)

0<|k|<K j=1
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Easy computations show that

Z Qmﬂ,w’ exp 2mkw) (1- exp(27riNkw)){ < 1
— exp(2wikw) = 2|kw]”

Combining th1s with (L.2] -, we have

1 KaJrl
<N (! E < :
0<|k|<K

Set K = N? where 0 = 1/(2(a + 1)). Then |(a)]> < CN~2 and |(B)]2 <
(C]'nax) N~9. For any fixed zo € T, we define
N
()] = [uf (21 + jwi, w2 + jwa) — (Ul (-, 22 + jws))].
j=1
Then
meas{z; € T : [u(z,)] > N*"3} < N™5. (3.10)

We define & as the exceptional set for (3.10). Let u(x1) = uo(x1) + w1 (z1) where
up(x1) = 0 on B and uy(z1) =0 on T\A. Thus

[uo(@1)|poeery < N'7F and  fJur (1) ||y < N'°F
From Lemma [3.5] we have

|ullsmocry < C,N'~7
Recall the John-Nirenberg inequality ([I3]),
meas{z € T : |u(z)— <u>|>~} < Cexp(— L),
l[ullBpo
4" — 9— —

with the absolute constants C' > °° c=2"2log2. Let v = 10ONlog)\

n=1 nl"*

Lemma 3.9. There exists an No := No(Av,a) such that for any N > Ny, E € &,
x9 € T and DN w1, it holds
N

meas {z; € T: —| Z (21 + jwi, T2 + jw2) — (Ul (-, 22 + jwa))]| > log A}

L
100
< Cexp(—cN7 log )\).

Obviously, comparing this with our desired (3.8]), we need to obtain the following
lemma, which studies the deviation between u? and its shifts.

Lemma 3.10. There exists a constant Coy = Ca(\v,a) such for any Co < C’g,
6 >1 and N = Cydn, it holds

sup meas {2 € T : —|Z (z + jw) — up(x) |>5}<2Nexp(f%) (3.11)
xz1€T j=1

Proof. Since det M*(z) = a(x2 + w2)a(z2), it follows that

a\—1 — ; 0 d(x2)
(M) (@) = S T on)ate) (—a(x2 +w)  Av( +w1)—E)’

a\—1 Cmax
zue%l\(M) (@) < (s T w2)a (@)
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So,
M3 (2 + w)|| < |M*(z + nw)|| | M ()] |(M*) ()|
a Chax
< Cnax M @) e T
and
IME(2)| < Conax M2 (2 + )] = Cinax .
|a(x2 + (n — 1)ws)a(xs + nwa)|

Therefore,

—C1 +logla(za)a(ws + w2)| <log [[My(2)| —log || My (z + w)|
< Cy —logla(za + (n — 1)we)a(xz + nwa)|,
where (7 = 2log Cpax. Similarly,
k—1

kC, 1 . _ .
-+ ;0 —logla(zs + (j + Dwz)a(zs + juwo)]
< up(x) — up(z + kw) (3.12)
Koy 2 , ‘
< Tl = logla(ws + (n+j = Dwn)a(ws + (n+ jlws)].
§j=0
Let
ko,
Y ={zseT: -+ Z —logla(xy + (j + Lwa)a(xe + jwa)| < —6}
n =0 n

and N = Cy6n where C1Cy < % Then, for any 1 < k < N,

k—1
_ _ . _ ) on N
Y- C¥ ={zeT: j;ologm(xg + (§ + Dwo)a(za + jwa)| < 3 =g
For D > 0,
k—1 n
! " . .
Y- C¥ ={aeT: Zlog la(xze + (j + Dwa)a(ze + jws)| — 2kD < —7}.
j=0
From (3.7, we have
meas %~ < meas @/k_”
= on
< meas{z2 €T : | Zlog la(za + jwa)a(xzs + (5 + ws)| — 2kD| > 7}
7=0
0
< exp ( — c% k:)
con
=ew (=)

For D < 0, let 8C3|D| < 1, to make ﬁ + D > 0. This implies that % +2kD >0
for 1 <k <N and

_/ _n
v o,
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k—1
‘ _ ‘ N
::{m6T:§£bgh@y+0+lwﬂdm+0mﬂ—2M)<—&Z:ahz}

From again, it follows that meas %, < exp( ©@n) . Above all, there exists a
constant Cg = CQ()\U, a) such for any Cs < Coand 1< k<N = Csyon,

&
meas %, < exp (— %) (3.13)
Similar calculations show that for the set
N =y , _
= {xz eT: - Elog la(ze + (n+j — Dwe)a(za + (n + jlws)| > 6}
§=0
we have 5
meas %" < exp ( — %)
Combining this with (3.12)) and (3.13]), we have that for any 1 < k < N,
0
meas {xz € T : |uft(z + kw) — ult(z)| > 6} < 2exp (- %)
Then, this lemma is obtained by the drawer principle:
{3 €T: —|Z (z + jw) — uit(z)]| > 6}
C szl{xg € ']1‘ ud(z+ jw) — ul(x)] > 8} O

Remark 3.11. Obviously, we also obtain the deviation between the integrations
of z1 for u? and its shifts: there exists a constant Cp := C2(Av,a) such for any
Cy < (Cy, 6 >1and N = Cyin,

N
meas {2 € T : %\ ZKuZ(-,xz + jwa)) = (ui (-, 22))]| > 0} < 2N exp (— “fT”).

Now, combining Lemmas [3.9) and F’:qu and Remark [3.11] there exists an Ny :=
No(\v,a) such that for any N = Cy2%82n > Ny, E € & and DN wy, we have

100
1
meas {z € T? : [ul(z) — (u%(-,z2))| > % log A}

o log A
< Cexp(—cN7logA) + 4N exp ( - E%n) (3.14)
< Cexp(—cNT10 log \).

At last, we need to exchange (u% (-, z3)) by (u%(-)). It comes from Section Two. By

, and , for any A\ > )\o(v,a, ﬁ), we have

199 210
27 Jog A < <29
500 108} < (a1, 22)) < 5o log A,
199 210
27 Jog A < < = og A
500 18 < A{upn () 500 108

Therefore,

[{u (-5 22)) — (u ()>|<1T)010g;A

and then we obtain (3.8)) by combining this with -
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