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SUPERCOOLED STEFAN PROBLEM WITH A NEUMANN TYPE
BOUNDARY CONDITION

ADRIANA C. BRIOZZO

ABSTRACT. We consider a supercooled one-dimensional Stefan problem with a
Neumann boundary condition and a variable thermal diffusivity. We establish
a necessary and sufficient condition for the heat flux at the fixed face z = 0, in
order to obtain existence and uniqueness of a similarity type solution. More-
over we over-specified the fixed face x = 0 by a Dirichlet boundary condition
alming at the simultaneous determination of one or two thermal coefficients.

1. INTRODUCTION

We consider the following Stefan problem that describes the freezing of a super-
cooled liquid,

wy = (D(w)wy)z, 0<z<s(t),t>0 (1.1)
D(w(0,t))w,(0,t) = ¢*(¢) >0, ¢>0 (1.2)
D(w(s(t),t))w,(s(t),t) = —éé(t), t>0 1

t (1.
w(s(t),t) =wo, t>0 (1.
w(z,0) =g(z) <wy, O0<z<1 (1.
s(0) =1, (1.
where w = w(x,t) represents the temperature of the material and s = s(t) is the
moving interface to be determined, c is the specific heat, [ is the latent heat of
fusion of the medium, wq is the phase change temperature and g = g(z) is the
initial temperature of the material. We impose a Neumann type condition at the
fixed face = 0 characterized by a heat flux ¢* = ¢*(¢) > 0 [1], which corresponds
to a supercooled liquid. We assume that the thermal diffusivity D is given by
a

Dw)=+——5

(w) b+ w)?
and we assume that the positive parameters a, b and the initial temperature g satisfy

the following condition

(1.7)

l
b+w07ég, —b<g(z) <wy, for0<uz<l. (1.8)

2010 Mathematics Subject Classification. 35R35, 80A22, 35K55.

Key words and phrases. Stefan problem; supercooling; non-linear thermal diffusivity;
similarity solution; determination of thermal coefficient.

(©2020 Texas State University.

Submitted January 9, 2020. Published May 22, 2020.

1



2 A. C. BRIOZZO EJDE-2020/49

In [5] a supercooled one-phase Stefan problem with temperature-dependent thermal
conductivity and a Dirichlet condition at fixed face was studied. Existence of a
similarity type solution was obtained through the unique solution of an integral
equation and it was showed that finite time blow-up occurs.

Free boundary problems with diffusion coefficient given by or with temper-
ature dependent conductivity were considered in [2] [, [6] [7], 16}, 19| 23], B30].

Free boundary problems which involves the freezing of a supercooled liquid can
be seen in [12] [13] 14, 17, 18, 22} 24]. The problems with phase change occur
in several and important biological, industrial and technological processes among
others [8, @, 10, 111 [I5] 20} 2T), BI]. A large bibliography on the subject is given in
[29].

The organization of the paper is as follow: In Section 2 the Stefan problem is
reduced through reciprocal transformations [25] 26, 27] to another one free bound-
ary problem which admits a similarity type solution. We prove that there exists
a similarity type solution if and only if a Neumann-type boundary condition given
by with ¢*(t) = Qo/s(t) is considered, where Qo > 0 and s(t) is the free
boundary. In Section 3 we prove that the similarity solution to (L.I)-(L.6) can
be obtained through the unique solution of an integral equation. In Section 4 we
establish an over-condition of Dirichlet type at the fixed face z = 0 in order to
determine one or two unknown thermal coefficients according to whether the free
boundary (unknown) or the movil boundary (known) is considered.

2. NECESSARY AND SUFFICIENT CONDITIONS FOR THE EXISTENCE AND
UNIQUENESS OF SIMILARITY TYPE SOLUTION

To obtain an equivalent Stefan problem to (1.1))-(1.7)) which admits a similarity
type solution we give preliminaries results [Bl 25 26, 27 [28§].

Lemma 2.1. Under the reciprocal transformation

va (2.1)

t) = ———
U(x, ) b + w(x,t)’
problem - is equivalent to the Stefan problem
U = Uy, 0<z<s(t),t>0, (2.2)
ug(0,¢) = —r(t), t>0,
l
«(s(t),t) = —=s(t), t>0, 2.4
ur(s(t).0) = =), 1> (24)
u(s(t)t) =, >0, (2.5)
u(z,0) iﬂj 0<z<l1, (2.6)

1, (2.7)

where

(=28 Lo Ve 28)
\/E b+ wo
The proof of the above lemma is standard; we omit it here. Now we introduce
the transformation

o(y,t) = ulz,t), y(z,t) = /Ox u(f)”t) L O<wz<s(t),t>0.  (2.9)
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Lemma 2.2. From (2.9)) the free boundary problem (2.2)—(2.7) is equivalent to

v =y (), 0<y<Y(t),t>0, (2.10)
vy(0,t) = —r(t)v(0,t), t>0, (2.11)
v, (Y(t),t) = BIY (t) +r(t)], ¢>0, (2.12)
o(Y(t), ) =v, t>0 (2.13)
v(y,0) =G(y), (2.14)
Y(0) =yo, (2.15)
where
s ap
Y(t) = y(s(t),t) = /O i >0 (2.16)
is the free boundary and
1
f= Gy W= b+ [ atnan) (217)
G) =yt o) = [ ol 0)in. (2.18)
Proof. From , using - we have
Uy = %, Ugy = % Zé, U ?r(t)vervt.
Then, from (2.2]) we obtain .

To prove (2.12)), we differentiate Y (¢) in (2.16]) and take into account the condi-

tions —, to obtain
o 1 ) SO _yy(n,t)
YO~ g O ) Ty
1. s(t)
=250 [ w0y
1,
= ;s(t) — ugz(s(t),t) + u.(0,1)
1 l .
- (; - @)s(t) — ()
or equivalently
V() = (C(btzj%)l)é(t) — (). (2.19)

Therefore, from ([2.19) and (2.4) we obtain (2.12). From (2.3), (2.6), (2.7) and
[2.17)-(2.18) follow immediately the conditions (2.11)), (2.14) and (2.15). (Il

Now, for the free boundary problem ([2.10)-(2.15)) we propose a similarity type
solution given by

T(z) =v(y,t), z= v (2.20)

(t)

We have the following results.
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Theorem 2.3. The free boundary problem (2.10)-(2.15) admits a solution of type
(2.20) if and only if there exist constants p and R such that

YY) =p, V>0, (2.21)

Y()r(t) =R, Vt>O0. (2.22)

Then the free boundary problem (2.10)-(2.15)) is equivalent to the problem
T"(2)+T'(2)(pz+ R) =0, 0<z<1, (2.23)

T'(0) = —RT(0), (2.24)

T(1) =7, (2.25)

T'(1) = B(p+ R), (2:26)

(2:27)

T(=)=Gy), 0<y<wyo,
Yo

whose solution is given by

T(z) = V_Rfoz or ( ~ Bty )dn+ eXp(_%j), 0<z<1, (2.28)
exp(—22) = R [} exp (— 4(n+ £)2)dn
and the coefficient p must be determined from the equation
—Ryexp (- 4(1+ 5)2)
exp(—— Rfo exp(—f(n—I— )2 )dn

Moreover, the function ¢(z) := G(zyo) is a solution of (2.23)).

= B(p+ R). (2.29)

Proof. Taking into account (2.20) we have

e, Y
vy =—-T (Z)ZW .

T 1)
v T YRy

Then is equivalent to
T"(2) + [r()Y (t) + Y)Y (£)2]T"(2) = 0
Moreover from we have T"(0) = —r(t)Y (t)T(0) and, by (2.12)), we obtain
T'(1) = BY ()Y (1) + Y (t)r(t)) -

Therefore, we can obtain a similarity type solutlon T = T(z) if and only if there

Uy:

exist constants p and R such that (2.21]) and (2.22] hold
The conditions ([2.26]) and (|2.27)) follow from d (2.14), respectlvely It is
easy to see that the solution to |i is given by 1-) and equation 1 29))

for p follows inmediately from ([2.26)).
Moreover, taking into account (2.27)) we obtain that the function ¢(z) = G(zA),

0 < z < 1 solves ([2.23). O
Corollary 2.4. The heat flux at fized face x =0 of problem (1.1)-(L.6) satisfies

() = ];*(/t?, R>0. (2.30)
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Remark 2.5. The solution to the supercooled Stefan problem with tempera-

ture condition at fixed face given by w(0,t) = —B, a phase-change temperature
w(s(t),t) = 0 and a variable diffusivity given by D(w) = % = (a+})w)2 obtained
in [0] satisfies
Qo
D(w(0,t))w,(0,t) = —, 2.31
(w(0. s (0.8) = 2 (231)

where @) is a positive constant which depends on the data.

In what follows for each R > 0 we will analyze the existence of the solution pu to
(2.29). We have the following results.

Lemma 2.6. There is no solution u > 0 for (2.29).
Proof. If we suppose that there exists u > 0 which satisfies (2.21)). Then

Y (t) =/2ut +y2 >0, t>0, Y(t)>0. (2.32)
Taking into account (2.19)) and (2.21)) we have
(c(b+w0) —Z)S(t) _ktR
eva Y (t)
and from the boundary conditions of problem ([2.2))-(2.7)) we deduce $(¢) < 0 which
implies ¢(b+ wo) — I < 0. Moreover we obtain

o eautR)
s(t)y=14+ m( Yo + 2ut — yo), t>0, (2.34)

and there exists tg > 0 such that s(tg) = 0 where

(2.33)

2y b -1
to = 7”7@ Y0 > 0, m =Yoo — —/J/(C( + 'U)O) )
2u (b4 R)eva
Then we have a contradiction: s(tp) = 0 implies Y (o) = 0, but Y (¢) > 0 for all
t > 0. Therefore there is no solution p > 0 for (2.29). O

Next, we study the existence of solution to equation (2.29)) for u < 0. For this,
it is suitable to define

o= —n> 0. ()= o) = fle)=\/3, (2.35)
U(z) = /OI exp(2?)dz. (2.36)

Then equation (2.29) can be rewritten as
exp(j°(0) — f*(0))

1+ 2f(0)exp(—f2(o) U (0) = U(f(0)] p(R—0) (2.37)
in the unknown o > 0, where
= = R (2.38)

TRy IR — cR(b+ wo)’
Lemma 2.7. The real function

_ exp(i2(0) — 2(0))
Bl = oy exp (- PN Gi(0)) — U(7(@)) (2.39)
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satisfies
F0)=1, F(+o0) - oco. (2.40)
If R # 222, then
Fi(R) = M. (2.41)
FI(\/ )
If R =222, then
Fi(R7) =400, F(R")=—c0, (2.42)
where
F(x) = ea:p(—a:Q)/ exp(2?)dz (2.43)
0
is the Dawson’s function and x1 is such that F'(x1) = 0.
Moreover:

(a) If R < 222 there exists oo > R such that

Fi(0) >0, o<og
o
! <0, o>o09p

and Fy(oy ) = +oo, Fi(of) = —c0.
(b) If R > 222 then there exists 0o < R such that

0, 0O
Fl(O'){> s <o <oy

<0, og<o
and in both cases Fy(0y ) = +o0, Fi(of) = —oc0
(c) If R =222, then
>0, c<R
Fl(J){
<0, o>R

Proof. We have
_ exp(s2(0) = £2(0))
1=2f(0)F(f(0)) + 2f(0) exp(—f3(0))U(j(0))
_ exp(j2(0) — f*(0))
F'(f(o)) +2f (o) exp(—f3(0))U(j(0))

Taking into account that Dawson’s function satisfies [3]

Fl(O')

. 1
xEIEOO IF(I) T2
lim f(e) exp(— (o)) U (o)) = "2

Then we have F;(0) = 1. By applying L'Hopital’s rule we show that Fj(400) =
—00.
We know that
>0 if0<ax<uz
F(z)=1-2zF(z){ =0 ifz=um
<0 ifx>ux,
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where 21 ~ 0.924, F(z1) ~ 0.541. Then if R < 2z?%, this is \/R/2 < 1, we have

F'(/R/2) > 0 and
exp(—R/2)

F'(VR/2)
Since F; does not cancel and Fj(400) = —o0, there exists og > R such that

F() >0, o<og
o
! <0, o>oy,

Fi(R) =

Fi(og) =400, Fi(og)= —o0.

If R > 227 this is \/R/2 > z1, we have F1(R) < 0. Then, there exists o9 < R
such that

Fi(o) >0, 0<o<og
o
' <0, o0p<o,

Fi(og) =400, Fi(og)=—00
If R =222, then F'(1/R/2) =0 and

Fi(R7) =400, Fi(R")=-c0 (2.44)
In this case,
>0, 0<R
Fi(o)
<0, o0>R,
and the claim holds. O

Lemma 2.8. The function
Fy(o)=p(R—0), o>0 (2.45)
satisfies
(a) If b4+ wo > 1/c then F»(0) = pR < 0 and Fj(oc) = —p >0
(b) Ifb+wy <l/c then F2(0) =pR > 1 and Fi(o) = —p <0,
and F3(R) = 0.

Lemma 2.9. (a) If b+ wo > l/c there is no solution pu < 0 to (2.29).
(b) If b+ wo < l/c there exists unique —R < [ < 0 solution to (2.29)

Proof. Taking into account properties of functions F; and F5 it is easy to see that
there exist at least one 0 < @ < R solution of only in the case p < 0 this is
b+ wy < l/C

To prove uniqueness of the solution to we rewrite it as

Mi(o) = Ms(o) (2.46)
for 0 < o < R, where
My (o) = exp(j*(0)) +p(R — 0)2f (0)U(f(0)),
Ms(0) = p(R — o) [exp(f*(0)) +2f(0)U (j(2))]-
This functions satisfy
M;(0) = 400, M;i(R)=1, M, (s) <0,
M3(0) = 400, Ms(R)=0, Mj(c) <0, Ms(c)> M(0o)
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if and only if F»(0) > Fy (o) when o approaches 0, which is satisfied by the previous
lemma.
Then there exists unique 0 < @ < R solution of (2.37)) and therefore there exists

unique —R < fr < 0 solution to (2.29)). O

Theorem 2 10 Under assumption , if b+ wo < l/c, for each R > 0 then
problem (12.23] - ) has a unique solutzon given by

T(z):Cl[U(lj;Qg) U(\/%ﬂ YD, 0<z<1 (2.47)

with

Cy fyy=2/i (2.48)

= s

exp(— ) + R\ [ Z [U(ZER) — U(S2 )]

2
eXp( QM)V
exp(— JFR\/ lH_R (\/%)]
where —R < 1 < 0 is the unique solution of -

Dy = (2.49)

Theorem 2.11. Assuming (L.8), b+ wo < l/c and r(t) = R/Y (t), with R > 0,
there exists a unique similarity type solution to (2.10))-(2.15)) given by

v(y,t) = T(L)

Y(t)
B Iyl + R R (2.50)
-alv(=5) -v(=z)] + o
0<y<Y(t), t>0,
where
Y(t)=\/2mt+ 12, 0<t< _2‘1/10 (2.51)

is the free boundary and —R < [t < 0 is the solution of equation (2.29)).

The proof of the above theorem follows from Theorems [2.3/and [2.10] and (2.20)).
With these results we have proved that the free boundary problem (2.10)-(2.15),
with a particular heat flow in the fixed face x = 0, has a unique similarity type
solution. Then, taking into account the transformation we can enunciate the
following result.

Theorem 2.12. If we assume (L.8), b+ wo < l/c and ¢*(t) = ygsilft)) with R > 0,
then there exists a unique solution to problem (2.2)-(2.7)) which is given by

R
f2ﬁ

_ gz 4
Ao o R
S e
V=22t 3 V2R
for 0 <z < s(t) where the coefficient —R < i < 0 is the unique solution of (2.29),
and the free boundary is

]_ _
s(0) = --\fu+2mt, 0st< 23;0. (2.53)

(e, t) = C: [U( )} +D, (252
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Moreover the constant yo defined by (2.15|) satisfies
Yo = (b +wo)e—1)

07 T eva(i+ R)
Proof. Taking into account (2.9) and Theorem we obtain (2.52)-(2.53). From

(2.54)

the above theorem and (2.19)) we have
(i+Reva [ [
t)—1=—r "UNVT ([ Jomt -
s(t) b+ woye 1) (\/ it + yg yo)

2
From (2.16)), it follows that s(f’gﬁ) = 0, then (2.54) holds. O

Corollary 2.13. Under the claim of Theorem the free boundary given by
(2.53) satisfies

lim  s(t) =0, lim  §(t) = —o0 (2.55)
t—(F52)- t— (52 )~

so finite time blow-up occurs.

Remark 2.14. The higher value of R decreases the value of 7, this implies that
the free boundary s = sgr(t) given by (2.53) decreases, for each ¢ > 0. This is
Sg, (t) > sg,(t) when R; < Ra.

3. SOLVING THE EQUIVALENT INTEGRAL EQUATION

In the previous section we have shown that if u = u(z, ) is a solution to problem

(2.2)-(2.7), then it must be solution in variable x, of the integral equation (2.52))
and the free boundary s = s(t) is given by (12.53)). Reciprocally we will demonstrate
that if w is solution of integral equation (2.52)) then (u, s) is the solution of the free

boundary problem (2.2))-(2.7).
Theorem 3.1. Let b+ wy < l/c and ¢*(t) = yOTR(t) , for R >0 and yo defined by

2.15). If u = u(x,t) is a solution of the integral equation (2.52) with s given by
2.53|) and function

Pl wtin | p
Vie,t)= Y2 (3.1)
/=2
where [t is the unique solution of (2.29), satisfies the following conditions

v . —V—H/2
(2,t) = : (3.2)
O VIt + 33 (L UV () - U(AER)] + D)

V(0,t) = =7 ) (3.3)

ov A/ —R/2 . o —
E(xnﬁ) = m(—ux(xat)\/ 20t + yg — v/ =20V (x,1)), (3.4)
vis(t.0 = ELL. (35)
V(e.0) = V=R, \/(;a ;g(z))dz N ﬁTp _ (3.6)

Then (u, s) is a solution of the free boundary problem (2.2))-(2.7).
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The proof of the above theorem follows by taking into account the above devel-
opments and elementary computations. Following the ideas developed in [5], we
will prove that the integral equation has a unique solution, showing that it
is equivalent to a Cauchy differential problem

Theorem 3.2. The integral equation (2.52)) has a unique solution for 0 <t <t; <
y3/(—2[) where t1 is an arbitrary positive time.

Proof. We define V (z,t) by (3.1). Then (2.52)) is equivalent to the Cauchy differ-
ential problem

A VR (3.7)
0 ot + g (CL[U(V (@, ) = U(E=)] + D) |
Vo, = -2 (3.8)

/_Qﬁ’

with a parameter 0 < t < t; < —y2/(2q), the coefficients Cy, D; are given by

(2.48)), (2.49). The claim follows by the same method as in [5]. O
Theorem 3.3. The free boundary problem (1.1] . with b+wy < l/c and ¢*(t) =

R/(yos(t)), for R > 0 and yo defined by (2.17)), has a unique similarity type solution
(w, 8) which is given by

Vo oy i (3.9)

b, O<z<s(t),0<t<t; <-—22
u(z,t) v<s(t), 0<t<t 2

where s(t) is the free boundary given by (2.53)), u is solution of the integral equation
(2.52) and —R < 1z < 0 is the unique solution of equation (2.29). Moreover we have
that finite blow-up occurs at t = —y2/(2[).

w(zx,t) =

4. DETERMINATION OF THERMAL COEFFICIENTS

Taking into account the results obtained in previous sections we have that the
solution given by Theorem [3.9] satisfies

w(0,t) = f{1+exp(R2/2,u)R 2 (U (TEEbig) —U(A=)]} -0

v v—2n (4.1)
- (b + wO) - b7
where
2 +R R
N =1+exp(R*/20)Ry ) 2% [U(IA52) —~U(A=)] <1

it is to see that the temperature at fixed face is not time dependent and it satisfies
w(0,t) < wo.
Therefore, if we add to problem (|1.1))-(1.7)) a Dirichlet condition of the type

w(0,t) = w; < wo (4.2)

we have an overspecified condition at fixed face z = 0 that allows us to determine
one or two unknown thermal coefficients chosen among [, ¢, b, wg, w; as a function
of data depending if s = s(t) is a free boundary (unknown function) or a moving
boundary (known function) , which satisfy the problem —.
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From (2.37) and (4.1]) we have that the unknown thermal coefficients and o = —p
(the coefficient which characterize the free boundary s = s(t)) must satisfy the
system of the equations

w; +b 2 e
S =1 (- E)[U(52) - U], (43
exp(2 — R
(R0 (4.9
L+ 75 exp(—35) [U(358) - U(755)]
or the equivalent system of equations
w; +b
=N 4.
S N0, (15)
l
F =——(R— 4.
where N (R, o) is the right hand of (4.3) which satisfies
exp(§ — R)
N(R,0) = —=———— 4.7
(Ro) = T (@7

Firstly, we assume that s = s(t) is the free boundary, then from previous sections

we have that
1 2
s(t) = —1\/ys — 20t
Yo

with unknown o. Therefore, through — we can determine ¢ and one un-
known thermal coefficient chosen among [, ¢, b, w;.

From the results given in Section 3 is easy to see that there exists a unique @ so-
lution to . Therefore, from we determine an unknown thermal coefficient
chosen among [, ¢,b. We get the following formula for them:

Case 1: Unknown (.
_c(b+wo)M(R,7)

I= M(R,7) -1 (48)
where ©)
. RF1 g
Case 2: Unknown c. o ( ) |
I [M(R,7)—1
= 2 4.10
= ot wo) MR 0) (#10)
Case 3: Unknown b. B
I [M(R,7) —1] Cw (4.11)

"~ ¢M(R,5)N(R,5) "
Case 4: Unknown w;. For the case where the unknowns coefficients are o and w;
we obtain a unique solution & from (4.6) and w; is determined from (4.5 and is
w; = (b + wO)N(R, E) —b. (4.12)

Now, if we assume that s(t) is known and it is defined by

1 1
s(t) = —\/yd +2ut = —\/y? — 20t
Yo Yo
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for a given —R < u < 0 (0 < ¢ < R), then two unknown coeflicients can be
chosen among [, ¢, b, wp, w; which must satisfy equations (4.3)-(4.4). We get the
following cases and formulas for them:

Case 5: Unknowns w; and .

_c(b+wo)M(R,0)

w; = N(R,0)(b+wo) —b, 1= M(R.0)—1 (4.13)

Case 6: Unknowns wg and [.

Case 7: Unknowns b and [.

b= —wi]\;(g (g’f)lwo, I = C(b]\; (l;f)f(_Rl’ 9) (4.15)

Case 8: Unknowns w; and c.
w; = N(R,0)(b+wo) —b, c—= (é[f;f)]‘\’} (R’lj_) (4.16)

Case 9: Unknowns wg and c.
wo = ]\% —b, c= (é[ﬁ(f:)’ J(\’} (R’li) (4.17)

Case 10: Unknowns b and c.
b= W’ ¢= (zi[f 1(3174)(;{,1(];) (4.18)

Conclusions. We studied a supercooled one-phase Stefan problem for a semi-
infinite material with temperature-dependent diffusivity at the fixed face x = 0 and
a Neumann type condition at fixed face. We established a necessary and sufficient
condition for the heat flux ¢*(t) = Qo/s(t) where s(t) is the free boundary, in
order to obtain existence and uniqueness of the solution of similarity type, local in
time. This explicit solution was obtained through the unique solution of an integral
equation with the time as a parameter. Moreover it is showed that finite time
blow-up occurs. At last, an over-specified boundary condition of Dirichlet type
is considered at the fixed face and one or two thermal coefficients are obtained,
depending if s = s(t) is a free boundary (unknown function) or a moving boundary
(known function. Formulae for these thermal coefficients are given.
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