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PHASE PORTRAITS OF BERNOULLI QUADRATIC
POLYNOMIAL DIFFERENTIAL SYSTEMS

JAUME LLIBRE, WEBER F. PEREIRA, CLAUDIO PESSOA

ABSTRACT. In this article we study a new class of quadratic polynomial dif-
ferential systems. We classify all global phase portraits in the Poincaré disk
of Bernoulli quadratic polynomial differential systems in R2.

1. INTRODUCTION

Quadratic polynomial differential systems appear frequently in many areas of ap-
plied mathematics, electrical circuits, astrophysics, in population dynamics, chem-
istry, neural networks, laser physics, hydrodynamics, etc. Although these differen-
tial systems are the simplest nonlinear polynomial systems, they are also important
as a basic testing ground for the general theory of the nonlinear differential systems.

There are more than a thousand papers written on the quadratic polynomial
differential systems. For example there is a bibliography of some of these compiled
by Reyn which has 426 items plus 55 preprints and 10 Reports published in TUDelft
series of reports in 1989. See the books of Ye Yanqian et al. [24], Reyn [20],
and Artés, Llibre, Schlomiuk and Vulpe [2] dedicated to the quadratic polynomial
differential systems. See also the classical surveys on these systems by Coppel [6],
and Chicone and Jinghuang [5].

Consider the differential equation

dy _
dr
with £ € R\ {0,1} and A, B non zero real functions. This differential equation

is called Bernoulli differential equation. Associated to the Bernoulli differential
equation we can define the Bernoulli differential system given by

A(x)yk + B(x)y, (1.1)

i = p(),
§ = a(x)y® + b(2)y.
Note that this system is equivalently equation (1.1).
In this article we consider Bernoulli polynomial differential system of degree 2
in R?, i.e. p(x) is a polynomial with degree at most 2, k = 2, a(x) is a constant
non zero, and b(x) is a non zero polynomial of degree at most 1 (otherwise the

(1.2)
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system ([1.2) will be of separable variables). Thus our objective is to classify all
phase portraits of the system

& =ax?+bxr+c,

y=dy* + (ex + f)y, (13)

with d(e? + f?) # 0.

The topological phase portraits in the Poincaré of many classes of quadratic
polynomial differential systems have classified. One of the first classes analyzed was
the classification of the quadratic centers which started with the works of Dulac [§],
Kapteyn [IT} [12], Bautin [4], Schlomiuk [21], Zotadek [26], Ye and Ye [25], Artés,
Llibre and Vulpe [3],. . . The class of the homogeneous quadratic systems by Lyagina
[14], Markus [15], Korol [I3], Sibirskii and Vulpe [22], Newton [17], Date [7] and
Vdovina [23],... The class of Hamiltonian quadratic systems, see Artés and Llibre
[1], Kalin and Vulpe [I0] and Artés, Llibre and Vulpe [3], etc. Our main result
reads as follows.

Theorem 1.1. The phase portraits in the Poincaré disk of system (L.3|) are topo-
logically equivalent to one of the 22 phase portraits presented in Figures|IH4l, except
Figures 1(d) and 2(b).

The proof of above theorem is given in the end of Section [f]

2. DEFINITIONS AND USEFUL RESULTS

Let U an open subset of R? and X : U — R? a vector field. If (zg,%) € U is
a singular point of X, we say that (zq,y0) is a hyperbolic singular point when the
real part of both eigenvalues of DX (zg, o) are different of zero. If DX (z¢,yo) has
exactly one of the eigenvalues different of zero, we say that (o, yo) is semi-hyperbolic
singular point of X. The point (¢, yo) is called a elementary singular point of X if
(20, ¥o) is a hyperbolic or a semi-hyperbolic singular point of X, otherwise (xq,yo)
is called a non-elementary singular point of X.

In this work to classify topologically the singular points of X, we use the defini-
tions of node and saddle points (with their stability), also elliptic, hyperbolic and
parabolic sectors (attracting or repelling) as in [19]. For analyzing the topological
behavior of the flow near a hyperbolic singular point of X, we use the classical
theory of dynamical systems and if we want to analyze the behavior of the flow
near a semi-hyperbolic singular point we use [I9, Theorem 1 page 151].

Now we say that a non-elementary singular point (zg, o) is a nilpotent singularity
of X if DX (z¢,yo) has both the eigenvalues equals to zero, but DX (zg,yo) is not
zero. Information on this nilpotent singular points can be find in [9, Theorem 3.5].
Now, if DX (xg,yo) is the null matrix then (x,yo) is a linearly zero singularity.

To study the local phase portraits of the linearly zero singular points, we do
blow-ups consisting of a change of coordinates of the form z — z, y — xy, and
x> a2y, y — y ( for more details, see [, page 91]).

3. POINCARE COMPACTIFICATION

In the study of trajectories of polynomial vector fields, is essential to understand
the behavior of solutions escaping to infinity and a important tool for this is the
compactification technique. In short, this method consists of extend analytically
the vector field to a compact manifold, in fact to a sphere. We identify R™ with
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northern and southern hemispheres through simple projections, then the vector
field X in R™ can be extended to a vector field X in S”. This method is called
the Poincaré compactification. We describe below this method when n = 2, more
details, see [9].

Let X be the polynomial vector field defined on R? by system

i=Px,y), 5=0Q(uy),
where P and @) are polynomials in the variables x and y with real coefficients. The
the degree of the polynomial vector field X is defined by d = max{deg P, deg Q}.

We denote by S? = {(21,22,23) € R% 22 4+ 22 + 22 = 1} and S! = {(21, 20, 23) €
S?;z3 = 0}. We identify R? as the plane 23 = 1, i.e., the tangent plane 7 of S?
at the north pole (0,0,1), and using the central projection of 7 in S, we obtain a
tangent vector field defined on S?\S! such that the infinity points of 7 are projected
in S*.

In general, this vector field is unbounded near S! and symmetric about the center
of S2. But this vector field admits an unique analytical extension to S?, after of
a multiplication by an appropriate factor. This analytical extension is called the
Poincaré compactification of X and denoted by p(X). For study p(X), due the
symmetry, is sufficient to consider its restriction to the closed northern hemisphere
H of S2. We call the Poincaré disk the orthogonal projection of H into the disk
{(21722523) € RS?’Z% + Z% < 1723 = O}

In each hemisphere we have that p(X) is C*-equivalent, but not C*-conjugated,
to X. Then the singular points of X correspondent singularities of p(X), but may
be that p(X) has singularities in S!. A singular point of p(X) which belongs to
S2\ St (respectively S') is called finite (respectively infinite) singular point of X.
Moreover, we have that St is invariant under the flow of p(X).

To obtain expressions of p(X) in local coordinates, we consider the charts of the
sphere S2. For j = 1,2,3 define U; = {(z1, 22, 23) € S%;2; > 0}, V; = {(21, 22,23) €
S%z; <0} and ¢; : U; — R%,¢; : V; — R? given by

o1(2) = —n() = 2B oy o (e = FB) oy 2 BB

Z1 Z9 zZ3
If we denote by (u,v) the value of ¢; or ¢; at the point z we can prove that the
expression of p(X) in the chart (Uy, ¢1) is given by
1 w 1 u 1 w
- .d A A
= —uP(—,— = =1, =— P(=,-).
i o[ —up 1), o= —eripL )
The expression of p(X) in the chart (Us, 2) is
. drn U 1 u 1 . i1 1
= P —. — ] — —_—, — = — —_,
i [P ) —uQ(t )], 5= gt h),
and the expression of p(X) in the chart (Us, p2) is
’[LZP(U,’L}), UZQ(’U”U)
Finally, for each j = 1,2,3, the expression of p(X) in the chart (Vj,1;) is the
expression of p(X) in the chart (U;, ;) multiplied by the factor (—1)?~1.

Using this notation we observe that if (u,v) € U; is an infinite singular point of
X if, and only if, the expression of p(X) in the chart (Uj, ;) vanishes in (u,v) and
v=0.

Observe that if z is an infinite singular point of X then —z is also an infinite
singular point of X. In this case, from the expressions of p(X) in local coordinates
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it follows that the behavior of the flow near —z can be determined by the behavior
of the flow near z, because the flow near —z differs by the flow near z by the factor
(=1)4=1. Then the study of p(X) in the charts (V},1;), 7 = 1,2,3, is superfluous.
Moreover, notice that if z is an infinite singular point of X with z € Us, z # (0, 1,0)
then z € U; U V;. It follows that to study all the infinite singular points of X, it is
sufficient to study the singularities of p(X) in U; and the origin of Us.

4. MARKUS-NEUMANN-PEIXOTO THEOREM

The study of the phase portrait of a given planar vector fields can be reduced
to the determination of the separatrices (see definition below) and a finite number
of special orbits. This result is known as Markus-Neumann-Peixoto Theorem, for
more details see [I5], [16], 18] or [9] p. 33].

Let X an Y be C'-vector fields defined on the open sets U and V' of R?, respec-
tively. Denote by (U, ®) and (V, ¥) the flow of X and Y, respectively. We say that
(U, ®@) and (V, ¥) are topologically equivalent if there exists a homeomorphism of U
in V which carries the orbits of X in orbits of Y, preserving the orientation of the
all orbits, and in this case we also say that their phase portraits are topologically
equivalent.

We consider the following vector fields

e V=R?and Y(z,y) = (1,0),Y(z,y) € R?,
e V =R?\{(0,0)} and Y such that, in polar coordinates, is given by 7 =

0,0 =1,
e V =R?\ {(0,0)} and Y such that, in polar coordinates, Y is given by
r=r60=0.

We call the flow of the three vector fields above of strip flow, annulus flow and nodal
flow, respectively. Now, suppose that U = R?, if the flow (R?,®) is topologically
equivalent either to a strip flow or annulus flow or a nodal flow it is called parallel.

Denote by 7(p) the orbit of p € U, and by «a(p) and w(p), the respective a-limit
and the w-limit of p. The orbit y(p) is a separatriz if

e (p) is a singular point, or
e ~(p) is a periodic orbit and there is no neighborhood of v(p) consisting of
periodic orbits, or
e ~(p) is homeomorphic to R and there is no neighborhood W of ~(p) with
the following two properties:
— ¢€W = a(q) = a(p) and w(q) = w(p),
— the boundary of W is composed by «a(p),w(p) and by two another or-
bits y(p1),7(p2) such that a(p1) = a(p2) = a(p) and w(p:) = w(ps) =
w(p).

We denote by ¥ the union of all separatrices of a given flow (U, ®) , X. is called
extended separatriz skeleton,. Note that it is a closed invariant subset of U and
each connected component of U \ ¥ is an open invariant set, called a canonical
region. There exist only three possibilities for the flow in each canonical region,
more precisely we have the following result.

Proposition 4.1. In each canonical region the flow is parallel.

The union of the extended separatrix skeleton with one orbit in each canonical
region is called completed separatriz skeleton. Consider the extended separatrix
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skeleton C; and Cy of the flows (R%, ®) and (R?, ¥), respectively. Then, if there
exist a homeomorphism of R? in R? which map orbits of C; into orbits of Cs
preserving the orientation, we say that C; and Cy are topologically equivalent.

Now we can to present the Markus-Newmann-Peixoto theorem which implies
that, to draw the phase portrait of a given planar vector field, it is sufficient deter-
mine its completed separatrix skeleton.

Theorem 4.2 (Markus-Neumann-Peixoto). Consider the continuous flows (R?, ®)
and (R%, W) and suppose that they have only isolated singular points. Then (R?, ®)
and (R%, W) are topologically equivalent if, and only if, its completed separatrices
skeleton are topologically equivalent.

5. LOCAL PHASE PORTRAIT OF FINITE AND INFINITE SINGULAR POINTS

In this section we determinate the local local phase portrait of the finite and
infinite singular points of system .

As in section 3| we denote by p(X) the Poincaré compactification of system (L.3).
Here the singular points of p(X) in S! will be denoted by ¢;. Remember that, if
¢; is a singular point of p(X), then —¢; is also. Moreover, as the degree of system
is two, the behavior of the flow near —g; is the same of near ¢; but reversing
the sense of the orbits. Thus we will describe the local phase portrait of the infinite
singular points g;.

In terms of the number, multiplicity and type of the roots of the polynomial
p(r) = ax? + bz + ¢ of system , we distinguish five cases.

Case 1: p(z) has two distinct reals roots. In this case, we can write system
(L.3) as
i=(x—a)z—PB), §=dy*+(ex+ )y, (5.1)
with d(e? + f2) # 0 and a # 3. The singular points of system (5.1]) are:
e+ f e+ f
p1=(,0); p2=(B,0); p3= (a,— yi ), pa = (5,— pi )

Denote by A, p;, i = 1,...,4, the eigenvalues of the linear parts of system (5.1))
at the singular point p;.

The next three results determine the local phase portrait of the finite singular
points.

Proposition 5.1. Suppose that system has four singular points, i.e., (e +
feB+f) #0.
(a) Ifea+ f >0, a— B3>0 and ef + f > 0, then p1 is an unstable node, ps
and ps are saddles, and py is a stable node;
(b) Ifea+ f >0, a— B8 >0 and ef + f <0, then py is an unstable node, p3
and py are saddles, and po is a stable node;
(¢) Ifea+ f <0, a— B >0 and e + [ > 0, then ps is an unstable node, p
and ps are saddles, and py is a stable node;
(d) Ifea+ f<0,a—p >0 andef+ f <0, then p3 is an unstable node, py
and py are saddles, and po is a stable node;
(e) Ifea+f>0,a— B <0 andeB + f >0, then ps is a stable node, p; and
ps are saddles, and ps is an unstable node;
(f) Ifea+ f>0,a— B <0 and eS+ f <0, then p3 is a stable node, p; and
po are saddles, and py is an unstable node;
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(g) Ifea+ f <0, a— B <0 and ef + f >0, then py is a stable node, p3 and
py are saddles, and po is an unstable node;

(h) Ifea+ f<0,a—p <0 andef+ f <0, then p; is a stable node, ps and
p2 are saddles, and py is an unstable node.

Proof. We have that \y = ea+f, u1 = a—08, Ao =eB+f, po = B—a, \3 = —ea—f,
s =a—p, Ay =—ef — f and ug = B — . Therefore, the rest of the proof follows
of the fact that all the singular points are hyperbolic, and then its local phase
portraits are known. (I

Proposition 5.2. Suppose that system has exactly three singular points, i.e.,
(ea+ f)(ef+ f) =0 and (ea+ f)? + (eB+ f)? # 0.
(a) Ifea+ f=0,a— B3>0 and ef+ f >0, then py is a saddle-node, ps is a
saddle, and py is a stable node;
(b) Ifea+ f=0,a— >0 and eSS+ f <0, then py is a saddle-node, ps is a
stable node, and py is a saddle;
(¢) Ifea+ f=0,a— 3 <0 and ef + f > 0, then p1 is a saddle-node, py is
an unstable node, and p4 is a saddle;
(d) Ifea+ f=0,a— <0 and eB + f <0, then py is a saddle-node, ps is a
saddle, and py is an unstable node;
(e) Ifea+ f >0, a— 08>0 and ef + f =0, then p; is an unstable node, py
18 a saddle-node, and ps is a saddle;
(f) Ifea+ f <0, a—0 >0 and ef + f = 0, then py is a saddle, ps is a
saddle-node, and ps is an unstable node;
(g¢) Ifea+f >0, a— B <0 and e+ f =0, then py is a saddle, py is a
saddle-node, and ps is a stable node;
(h) Ifea+ f<0,a—p<0andef+ f =0, then p1 is a stable node, py is a
saddle-node, and ps is a saddle.

Proof. First we suppose that ea+ f = 0, so the eigenvalues associated with singular
points p; = («,0) are Ay = 0 and p; = a— 8. Now, doing the change of coordinates
(z,y,t) — (u + a, v, a—fﬁ), system (|5.1)) becomes

u=u+

" i ﬂu2 =u+ P(u,v),

v = aiﬁqur af,BUQ = Q(u,v),
and so p; correspond to origin. Note that u = 0 is the solution of equation u +
P(u,v) = 0 and Q(0,v) = ﬁvz. Hence, by [19] Theorem 1 page 151], we have
that p; is a saddle-node. For the others two singularities ps and py, it follows that
Ao =ef+f, uo=0—a Ay =—ef — fand uy = 8 — a. Therefore, the rest of
the proof of statements (a), (b), (¢) and (d) follows taking into account the signs
of the eigenvalues because these points are hyperbolic.

The proof of case e + f = 0, i.e., statements (e), (f), (g) and (h) is analogous
to the previous case. O

Proposition 5.3. Suppose that system (5.1) has exactly two singular points, i.e.,
ea+ f=0and e+ f=0. Then the singular points are saddle-nodes.

Proof. The eigenvalues associated with singularities p; = («,0) and py = (8,0) are
A =0, p1 =a—08, A2 =0and us = 5 — a, respectively. In this case, since o # [3,
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we have e = 0. Now, doing the change of coordinates (x,y,t) — (u + a, v, Tiﬁ)’
system (j5.1)) if e = 0, becomes

/
u =u-+

gt Pl o = o = Quo),

and so p; corresponds to the origin. Note that u = 0 is the solution of equation
u+ P(u,v) =0 and Q(0,v) = ﬁvz. Hence, by [19, Theorem 1 page 151], we have
that p; is a saddle-node. Analogously we have ps is a saddle-node. O

The next result determine the local phase portrait of the infinite singular points.

Proposition 5.4. Let p(X) be the Poincaré compactification of system .

(a) If1—e #£ 0, then p(X) has siz singularities +q;, +qo and qs in the equator
S'. Moreover, q, is a saddle (resp. stable node) and qo is a stable node
(resp. saddle) if 1 —e <0 (resp. 1 —e > 0), and g3 is either a stable node
when d > 0, or an unstable node when d < 0.

(b) If 1 —e =0, then p(X) has four singularities +q1 and +qs in the equator
St. Moreover qi is a saddle-node and g3 is either a stable node when d > 0
or an unstable node when d < 0.

Proof. The systems associated with p(X) in the charts Uy and Us are
' = (=1+e)u+du® + (B +a+ f)uv — afuv?,

v = —v+ (a+ B)v? — afv?, (5:2)
and

' = —du+ (1 —e)u® — (B4 a+ f)uv + afv?,

v = —dv — euv — fv3, (5:3)
respectively.

In the chart U; for v = 0 we have the singular points ¢; = (0,0) and ¢2 = (%e, 0)
of system . The eigenvalues associated with ¢; and ¢ are A1 = e—1, A1 = —1
and Ag; = 1—e, Mgy = —1, respectively. Now in the chart Us, g3 = (0, 0) is a singular
points of system (5.3, and its eigenvalues are A\3; = Az = —d. Therefore, the proof
of the statement (a) follows by studying the signs of the eigenvalues.

For case 1 — e = 0, system becomes, after a time rescaling,

u' = —du?® — (B + a+ f)uv + aBuv? = P(u,v),
v =v— (a+ B)v? + afv® = v+ Q(u,v).
Note that in this case ¢ = ¢2 and, in the chart Uy, ¢ correspond to the singular
point at the origin of system ({5.4]) with eigenvalues \1; =0 and A\j2 = 1. Asv =0

is the solution of equation v + Q(u,v) = 0 and P(u,0) = —du?. By [19, Theorem
1 page 151], we have that ¢; is a saddle-node. Hence statement (b) follows. O

(5.4)

Case 2: p(z) has a double real root. In this case we can write system (|1.3)) as

= (x—a)? §=dy*+ (ex+ f)y. (5.5)

The singular points of system (5.5)) are:

eax+ f
i)
We denote by \;, u;, ¢ = 1,3, the eigenvalues of the linear parts of system

at the singular point p;.

p1 = (a,0) and p3 = (oz, — (5.6)
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The next result determines the local phase portrait of the finite singular points.

Proposition 5.5. Consider system (5.5)).

(a) If ea+ f # 0, then the singular points p; and p3 are distinct and both are
saddle-nodes.

(b) If e + f = 0, then py = ps and it is a singular point with two parabolic
sectors and two hyperbolic sectors.

Proof. First we suppose that ea + f # 0, then Ay =0, u1 = ea + f, A3 = 0 and
us = —(ea+ f). Doing the change of variables (z,y,t) — (u + a,v ), system

(5.5) becomes

_S5
' fHae

2

, u
= =P
u Tt ac (u,v),
v ——v+f eaeuv—i—f aer =v+ Q(u,v),

and so p; corresponds to the origin. Note that v = 0 is the solution of equation
v+ Q(u,v) =0 and P(u,0) = fjaeu? Hence, by [19, Theorem 1 of page 151], we
have that p; is a saddle-node.

Now doing the change of variables (z,y,t) — (— dv+a,u+ev— Itee s ),

d f+ae
system ([5.5)) becomes

d ed ed
/ 2 2
P
U =u— eu — euv— ev =u+ P(u,v),
d
v = ev2 = Q(u,v),

and so ps corresponds to origin. Analogously to the previous case, we have that p3
is a saddle-node.

When ea + f =0, by (5.6) we have p; = p3 and A\; = 1 = 0. Hence, doing the
change of variables (z,y) — (u + «,v), system (5.5) with f = —«e becomes

u =u?, v = euv + dvi (5.7)

As (0,0) is a linearly zero singular point of system (5.7)), we will doing a blow-up
in the direction u. More precisely, doing v = & and v = £ in system (5.7) and
after a time rescaling, we obtain

PF=z ¢ =(-1)j+dj. (5.8)

When e — 1 # 0 system has two singularities p; = (0,0) and p3 = (0, 156)
with respective eigenvalues =1, o =e—1, A3 =1 and p3=1l—e Ife—1>0
(resp. e — 1 < 0), then p; is an unstable node (resp. saddle), and ps is a saddle
(resp. unstable node).

For e — 1 = 0, py is the unique singularity of system , and by [19, Theorem
1 page 151], we have that p; is a saddle-node.

Now we do a blow-up in the direction v. More precisely, doing u = Ty and v = g
in system and after a time rescaling, we obtain

F=—di+ (1 —e)i? ¢ =dj+exy. (5.9)

We have to study only the singular point g3 = (0,0) of system (5.9). This
singular point has eigenvalues +d, and so 3 is a saddle. In summary, going back
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through the blow ups, p; is a singular point with two hyperbolic sectors and two
parabolic sectors. ([

The local phase portraits of the infinite singular points in this case are the same
obtained in Case 1. In fact, the Poincaré compactification of system in the
charts U; and Us; are given by systems and doing o = 3, respectively.
Therefore, we have the same result as Proposition 5.4 whose the proof is analogous.
The result is the following.

Proposition 5.6. Let p(X) be the Poincaré compactification of system .

(a) If1—e #£ 0, then p(X) has siz singularities +q1, +qo and +qs in the equator
St. Moreover, q1 is a saddle (resp. stable node) and qo is a stable node
(resp. saddle) if 1 —e <0 (resp. 1 —e > 0), and g3 is either a stable node
when d > 0, or an unstable node when d < 0.

(b) If 1 —e =0, then p(X) has four singularities +q, and +qs in the equator
St. Moreover qi is a saddle-node and qs is either a stable node when d > 0
or an unstable node when d < 0.

Case 3: p(z) has only one real root. In this case, we can write system (1.3]) as
t=x—0a, §=dy*+ (ex+ f)y. (5.10)
The singular points of system (5.10)) are:

ex +
p1 = (a,0) and pQZ(OQ* g f)
Denote by A;, i, i = 1,2, the eigenvalues of the linear parts of system (5.10) at the
singular point p;. The next result determines the local phase portrait of the finite
singular points.

Proposition 5.7. Consider system .
(a) Ifea+ f >0 (resp. ea + f < 0), then the singular point p1 is an unstable
node (resp. saddle) and po is saddle (resp. unstable node).
(b) If ea+ f =0, then p1 = pa and it is a saddle-node.

Proof. When ea+ f # 0, we have \y = 1, uy = ea+ f, Ao =1, s = —(ea + f).
Therefore the proof of statement (a) follows from the signs of the eigenvalues.

Now if ea + f = 0, by we have p; = py and A\; = 1 and p; = 0. Hence
doing the change of variables (z,y) — (u+ a,v), system with f = —ae
becomes

(5.11)

W =u, v =euv+ dv?.
Hence by [19, Theorem 1 page 151], we have that p; is a saddle-node. Statement
(b) is proved. O

The next result determines the local phase portrait of the infinite singular points.

Proposition 5.8. Let p(X) be the Poincaré compactification of system .
(a) If e £ 0, then p(X) has siz singularities +q1, *q2 and tqs in the equator
S'. Moreover, +q1, +qo are saddle-nodes and qs is stable (resp. unstable)
node when d >0 (resp. d <0).
(b) If e = 0, then p(X) has four singularities q1 and +qz in the equator S*.
Moreover qy is a singular point with two hyperbolic sectors and two parabolic
sectors, and qs is either a stable node when d > 0, or an unstable node when

d < 0.
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Proof. The system associated with p(X) in the charts U; and U; are

v = eu+du® + (f — Duv + aur?,

5.12
v = —v? 4+ av’, (5.12)
and
u' = —du—eu® + (1 — fluv — av?,
, ) (5.13)
v = —dv — euv — fv*,
respectively.

In the chart Us, g3 = (0, 0) is a singular point of system , and its eigenvalues
are Az; = Ag2 = —d. Therefore g3 is stable (resp. unstable) node when d > 0 (resp.
d <0).

We suppose e # 0. In the chart U; for v = 0 we have the singular points
q1 = (0,0) and g2 = (—5,0) of system (5.12). The eigenvalues associated with ¢
and ¢ are A1 = e, A12 = 0 and Ay = —e, Aga = 0, respectively. By [19, Theorem
1 page 151], we have that ¢; is a saddle-node. Analogously, after the change of
variables (u,v,t) — (x + %y -5, ff) applied to system , we obtain that
@2 is a saddle-node. This proves statement (a).

For the case e = 0 in the chart U; we have that g1 = g2 = (0,0) is a linearly zero
singular point. We do a blow-up in the direction u. More precisely, doing u = &
and v = Zy in system and after a time rescaling, we obtain

F=di+ (f - 1)ig+ ad®y?, 7§ = —dj— fi* (5.14)

When f # 0, system has two singularities ¢; = (0,0) and g2 = (0, —%) with
respective eigenvalues 5\1 =d, 1 = —d, 5\2 = % and fi = d. Note that ¢ is always
a saddle. Now ¢ is either a saddle if f < 0, or an unstable (resp. stable) node if
f>0and d >0 (resp. f>0andd<0).

Now when f = 0, ¢; is a unique singularity of system ,and as in the
previous case it is a saddle.

We do a blow-up in the direction v. More precisely, doing v = Zy and v = ¢ in
system and after a time rescaling, we obtain

F=fr+di?, § = -7+ o (5.15)

We study only the singular point g3 = (0,0) of system . This singular point
has eigenvalues s = f and i3 = —1, and so ¢3 is either a saddle if f > 0, or a
stable node if f < 0, or (by [19, Theorem 1 page 151]) a saddle-node if f = 0.

In short, going back through the blow-ups we get that ¢; is a singular point with
two hyperbolic sectors and two parabolic sectors. So statement (b) is proved. O

Case 4: p(x) is constant. In this case, we can write system (|1.3) as
=1, y=dy*+ (ex+ f)y. (5.16)

Note that this system does not have finite singular points. The next result deter-
mines the local phase portrait of the infinite singular points.

Proposition 5.9. Let be p(X) be in the equator on the Poincaré compactification

of system (5.16]).
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(a) If e £ 0, then p(X) has siz singularities +q1, *q2 and tqs in the equator
S'. Moreover, q, is a topological saddle (resp. stable node) if e > 0 (resp.
e < 0), g2 is a topological saddle (resp. stable node) if e <0 (resp. e >0),
and q3 is stable (resp. unstable) node when d >0 (resp. d < 0).

(b) If e = 0 and f # 0, then p(X) has four singularities £q1 and *qs in the
equator S'. Moreover q is a saddle-node and qs is either a stable node
when d > 0, or an unstable node when d < 0.

(¢c) If e =0 and f = 0, then p(X) has four singularities g1 and +qs in the
equator S'.  Moreover qi is a singular point with two hyperbolic sectors
and two parabolic sectors and qs is either a stable node when d > 0, or an
unstable node when d < 0.

Proof. The system associated with p(X) in the charts U; and U, are

u' = eu+du® + fuv —uv?, v = -0 (5.17)
and
u' = —du—eu® — fuv + 0%, v = —dv — euv — fv?, (5.18)
respectively.
In the chart Us, g3 = (0,0) is a singular points of system , and its eigenval-
ues are A\3; = Agp = —d. Therefore g3 is stable (resp. unstable) node when d > 0
(resp. d < 0).

We suppose e # 0. In the chart U; for v = 0 we have the singular points
¢1 = (0,0) and g2 = (—e/d, 0) of system . The eigenvalues associated with ¢;
and ¢ are A1 = e, A;2 = 0 and Ay = —e, Aga = 0, respectively. By [19, Theorem
1 page 151], we have that ¢; is a topological saddle if e > 0, and stable node if
e < 0. Analogously after the change of variables (u,v,t) — (z — gy —<y,—%)in
system , we obtain that ¢o is a topological saddle if e < 0, and a stable node
ife>0.

For case e = 0 in the chart U; we have that ¢ = g2 = (0,0) is a linearly zero
singular point. We do a blow-up in the direction u. More precisely, doing u = &
and v = Z7 in system and after a time rescaling, we obtain

P =di+ fry— 229, ¢ = —dj— fi*. (5.19)
When f # 0, system (5.19) has two singularities g; = (0,0) and ¢, = (0, —%)
with respective eigenvalues A o= d, = —d, Ao = 0 and jto = d. Note that ¢;
is always a saddle. Now doing the change of variables (&,7,t) — (@, — %, ) to
system ([5.19)), it becomes
d 2 1
T —Fff + ga@ - ?fﬂﬁ - ga%{ V=0 552.

Hence by [19, Theorem 1 page 151], we have that ¢» is a saddle-node.

Now when f = 0, ¢; is the unique singularity of system , and as the
previous case it is a saddle.

We do a blow-up in the direction v. More precisely, doing v = zy and v = ¢ in
system and after a time rescaling, we obtain

= fE4di, § =5 (5.20)

We have to study only the singular point g3 = (0,0) of system (5.20). This
singular point has eigenvalues A\3 = f and i3 = 0, and so ¢3 is a saddle-node, by
[19, Theorem 1 page 151], if f # 0.



12 J. LLIBRE, W. F. PEREIRA, C. PESSOA EJDE-2020/48

If f =0 we do a new blow-up to system in the direction # (# = @ and
J = U0) obtaining, after a time rescaling
i =da, v =—dv— % (5.21)
System has two singular points (0,0) and (0, —d) with respective eigenvalues
[d, —d] and [d,d], so (0,0) is a saddle, and (0,—d) is a node (stable if d < 0 and
unstable if d > 0).
Now doing a blow-up in direction § (Z = @0 and § = ), system becomes
after time rescaling
i =a+da?, v = -9 (5.22)
We have that (0,0) is a saddle of system (5.22).
Going back through the blow-ups we conclude that g; is either a saddle-node if

f # 0, or a singular point with two hyperbolic sectors and two parabolic sectors if
f=0. O

Case 5: p(z) has two complex conjugated roots. In this case we can write
system (|1.3)) as

b= —2ar+a*+ 5% y=dy* + (ex + f)y. (5.23)

Note that a £ i are the roots of 22 — 2ax + o2 + 42 = 0, and so system ([5.23)

does not have finite singular points. The next result determine the local phase
portrait of the infinite singular points.

Proposition 5.10. Let p(X) be the Poincaré compactification of system .

(a) If e # 1, then p(X) has siz singularities +q1, g2 and tqs in the equator
S'. Moreover, qi (resp. qo) is either a saddle (resp. stable node) if e > 1,
or a stable node (resp. saddle) if e < 1, and qs is stable (resp. unstable)
node when d >0 (resp. d <0).

(b) If e = 1, then p(X) has four singularities +q1 and £qs in the equator S'.
Moreover qq is a saddle-node, and qs is either a stable node when d > 0, or
an unstable node when d < 0.

Proof. The system associated with p(X) in the charts U; and U, are
v = (e — u+ du® + 2o+ fluv — (a® + H)uv?,

5.24
v = —v+ 200% — (a? + B*)?, (5.24)
and
u' = —du+ (1 —e)u® — 2o+ fluv + (a® + B*)v?, (5.25)
v = —dv — euv — fv2, .
respectively.
In the chart Us, g5 = (0, 0) is a singular points of system (5.25)), and its eigenval-
ues are A\3; = Ago = —d. Therefore g3 is stable (resp. unstable) node when d > 0
(resp. d < 0).

We suppose e # 1. In the chart U; for v = 0 we have the singular points
q1 = (0,0) and g2 = (152,0) of system (5.24). The eigenvalues associated with
q1 and g2 are \y;1 = e — 1, \j2 = —1 and Ay; = 1 — e, Ayo = —1, respectively.
Therefore, the proof of statement (a) follows from the signs of the eigenvalues.

For case e = 1 in the chart U; we have that ¢g; = g2 = (0,0), and the eigenvalues
are A1 = 0, A3 = —1. By [19, Theorem 1 page 151], we have that ¢; is a saddle-
node. Hence statement (b) follows. O
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6. MAIN RESULTS

In this section we classify all global phase portraits in the Poincaré disk of system
(1.3). The first result is about the existence of limit cycles.

Proposition 6.1. Systems (|1.3|) do not have limit cycle.

Proof. Observe that the first equation of system (|1.3) does not depend of the vari-
able y. Hence, solving this differential equation, the solutions are not a periodic
functions and so system (|1.3)) does not have periodic solutions. (]

Theorem 6.2. Consider system (1.3)). If p(x) = ax?+bx +c has two distinct reals
roots, then the phase portrait is topological equivalent to one of the phase portraits

of Figure[1

Proof. In this case system can be written in the form (5.1). We have that
x =a, z =0 and y = 0 are invariant straight lines of system (5.1). These three
straight lines intersect in the singular points p; = («,0) and ps = (5,0), and
determine four infinite singular points +¢; and 4¢3 corresponding to the origin of
the charts Uy, Vi, Uz and V; in the Poincaré compactification, respectively. By
Theorem +q3 are always a nodes. Moreover we can have additionally two
infinite singular points +¢- and either one, or two finite singular points p3 and p4.

First we suppose system has four finite singular points. By Theorem [5.1
p1 and po are saddles or nodes.

When they are saddles, ps and py are nodes and, by statements (3) and (6) of
Theorem these nodes live in opposite half-planes determined by the invariant
straight line y = 0, and we obtain that 1 — e > 0. In fact, consider the statements
(3) of Theorem [5.1] we have that ea + f < 0 and —ef — f < 0 and so e(a— 3) < 0.
Now, as a — 8 > 0, it follows that (a« — 8) —e(a— ) = (a — B)(1 —e) > 0, i.e.
1—e> 0. Since 1 — e > 0, by Theorem [5.4] we always have six infinite singular
points, +¢; are nodes and +¢, are saddles. Therefore in this case using Theorem
the phase portrait of system is equivalent to Figure [1| (a).

If p; and py are nodes, as in the previous case, ps and ps are saddles and live
in opposites half-planes determined by the invariant straight line y = 0. However
in this case we can have 1 —e # 0 and 1 — e = 0. Hence, by Theorem there
are either six infinite singular points (i.e., +¢q; and +¢s are nodes or saddles), or
four infinite singular points (i.e., +¢q; are saddle-nodes). Thus the phase portrait
of system is equivalent to one of Figure [1] (b)-(c).

If p; is saddle (resp. node) and ps is node (resp. saddle), then by statements
(1), (4), (5) and (8) of Theorem [5.1] ps is a node (resp. a saddle) and py is a saddle
(resp. a node) and they live in the same half-plane determined by the invariant
straight line y = 0. Moreover as in the previous case there are either six infinite
singular points (i.e., £¢; and +¢s are nodes or saddles), or four infinite singular
points (i.e., +¢q; are saddle-nodes). Note that when +¢; is a saddle, we have a
heteroclinic connection between a finite saddle and £+¢q;. Otherwise we do not have
heteroclinic orbits. Thus in this case the phase portrait of system is equivalent
to one of Figure [1| (d)-(f).

Suppose system has three finite singular points. By Theorem these
singular points are a saddle-node, a saddle and a node. Moreover the saddle-
node is p; or py. If we have a saddle in the variant straight line y = 0, then by
statements (1), (4), (6) and (7) of Theorem and by Theorem the infinite
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singular points +¢; are nodes and +¢o are saddles. Thus the phase portrait is
equivalent to Figure (1] (i).

Now if we have a node in the invariant straight line y = 0, then by statements
(2), (3), (5) and (8) of Theorem [5.2]and by Theorem we can have either four or
six infinite singular points. When there exist only four infinite singular points +¢;
are saddle-nodes and the phase portrait is equivalent to Figure [1] (j). When there
exist six infinite singular points and +¢; are nodes (resp. saddles), then +¢o are
saddles (resp. nodes) and phase portrait is equivalent to one of Figure 1] (g)-(h).

Finally we consider the case that system has two finite singular points. By
Theorem these singular points are saddle-nodes. Now as ea+ f =ef+ f =0
and « # 3, we obtain e = 0. Hence by Theorem [5.4] system has six infinite
singular points, +¢; and +¢3 are nodes and +¢- are saddles, then the phase portrait
is equivalent to Figure [1f (k). O

Theorem 6.3. Consider system (5.5)). If p(x) have one real double root, then the
phase portraits are topological equivalent to one of Figure[d

Proof. In this case system can be written in the form . We have that
x = «a and y = 0 are invariant invariant straight lines of system . These
straight lines intersect at the singular point p; = (a,0) and determine four infinite
singular points +¢; and +g3 corresponding to the origin of the charts Uy, Vi, Us
and V5 in the Poincaré compactification. By Theorem [5.4] £¢5 are always nodes.
Moreover we can have additionally two infinite singular points 4¢-, and one finite
singular point ps.

By Proposition if ea + f # 0, we have two finite singular points, both are
saddle-nodes. If 1 — e # 0, by Theorem we have six infinite singular points.
When 1 —e < 0, +q; are saddles, g5 are nodes and we have a connection between
the separatrices of a hyperbolic sector from p; with one of these infinite saddles
and the phase portrait is topologically equivalent to Figure[2| (a). Now if 1 —e > 0,
+q¢1 are nodes, +¢- are saddles, and the phase portrait are topologically equivalent
to Figure [2[ (b). For 1 — e = 0 by Theorem we have four infinite singular
points and +¢; are saddle-nodes, so the phase portrait is topologically equivalent
to Figure 2| (c).

In the case e + f = 0 by Theorem p1 is the only finite singular point
and it is a singular point with two parabolic sectors and two hyperbolic sectors.
Now by Theorem we have six infinite singular points when 1 — e # 0 and four
infinite singular points otherwise. Hence the phase portrait is equivalent to one of

Figure [2[ (d)-(e). O

Theorem 6.4. Consider system (5.10). If p(x) has a unique real root, then the
phase portraits are topological equivalent to one of Figure[3

Proof. In this case system can be written in to the form . We have
that z = a and y = 0 are invariant straight lines of system . These straight
lines intersect at the singular point p; = («, 0) and determine four infinite singular
points £¢; and +g¢3 corresponding to the origin in the charts Uy, Vi, Us and V5 in
the Poincaré compactification, respectively. By Theorem q3 is always a node.
Moreover we can have additionally two infinite singular points +¢» and one finite
singular point ps.
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(7,26) (7,22)

(a) (r;s) = (6,25)

(d) (r,s) = (7,26) (e) (r,s) = (6,25) (f) (r,s) = (6,21)

(7,24) (h) (6,23) (i) (r,s) = (7,24)

YA

(J) (7”78) = (6’ 19) (k)(r,s) = (6’21)

FIGURE 1. Phase portraits of case 1. Here r denotes the number
of canonical regions of the phase portrait and s its number of sep-
aratrices.

By Theorems [5.7] and 5.8 if e + f > 0 and e # 0, then p; is a node, py is a
saddle, +¢q; and +¢o are saddle-nodes. Hence the phase portrait is topologically
equivalent to Figure [3| (a). Analogously if ea + f < 0, p; is a saddle, p, is a node
and the phase portrait is topologically equivalent to Figure [3| (b).

If e+ f = 0, then there exist a unique finite singular point p;, and by Theorem
[b.7 it is a saddle-node. When e # 0 by Theorem [5.8 we have six infinite singular
points, the saddle-nodes +¢; and +¢5 and the nodes +¢3. Then the phase portrait
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=W

(d) (r,s) = (6,19) (e) (r,s) = (4,13)

(r,s) = (5,16)

FIGURE 2. Phase portraits of case 2.

is topologically equivalent to Figure [3| (c). Now when e = 0, by Theorem we
have four infinite singular points, i.e., +¢; are singular points with two hyperbolic
sectors and two parabolic sectors and +¢3 are nodes. Hence the phase portrait is
given by Figure 3| (d). O

A

(c) (r,s) = (5,18) (d) (r,8) =(3,12)

FIGURE 3. Phase portraits of case 3.
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Theorem 6.5. Consider system (5.16). Then the phase portraits are topological
equivalent to one of Figure [}

Proof. In this case system can be written in to the form . We have that
y = 0 is an invariant straight line of system . This straight line determines
two infinite singular points +¢; corresponding to the origin of the charts U; and V}
in the Poincaré compactification, respectively. In this case, we do not have finite
singular points and by Theorem the singular points +¢3, corresponding to the
origin of the charts U; and V5, always are nodes. Moreover, when e # 0 we have six
infinite singular points, i.e., we have additionally two infinite singular points =+g¢s.
If e > 0, then +¢; are topological saddles and +¢> are nodes. For e < 0, +¢; are
nodes and +¢- are topological saddles. Hence the phase portrait is topologically
equivalent to one of Figure {4 (a)-(b).

Now when e = 0 by Theorem [5.9] we have four infinite singular pints. Moreover,
+q; are saddle-nodes if f # 0, or singular points with two hyperbolic sectors and two
parabolic sectors if f = 0. Therefore the phase portrait s topologically equivalent
to one of Figure 4| (¢)-(d). O

{p
&

(a) (r;s) = (2,13) (b) (r,5) = (3,14)

©
W

(c) (r,5) = (3,10) (d) (r;s) = (2,9)
FIGURE 4. Phase portraits of case 4.

Theorem 6.6. Consider system (5.23)). Then the phase portraits are topological
equivalent to one of Figures[4] (a), (b) and (d).

Proof. The proof of this theorem is analogous to Theorem [6.5] However in this case
we do not have an infinite singular point with two parabolic and two hyperbolic
sectors, and so we have only three phase portraits given in Figures {4 (a), (b) and

(d).
Proof of Theorem[I-1. The proof follows from Theorems [6.3] [6.4] and [6.6] By

Theorem [4.2) phase portraits with distinct numbers (r,s) are not topologically
equivalent. Note that (r,s) are distinct in all Figures except in Figures (1] (a)
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and (e); Figures [1] (b) and (d); Figures [1] (f), (k) and Figure [2] (b); Figures [1] (g)
and (i); Figure|l| (j) and Figure d); Figure [2[ (a) and Figure [3| (a).

The phase portraits of Figures|l|(a) and (e) are topologically distinct, because in
(a) we have a saddle connection between the finite saddles and in (e) do not. The
phase portraits in Figures [I| (b) and (d) are topologically equivalent by Theorem
The phase portrait of Figure [1] (f) is topologically distinct of Figures [1] (k)
and Figure [2| (b), because Figure f) we have only four infinite singular points.
Now, doing a rotation by a angle of 7/2 radians, after a reflection through the
y-axis and reversing the orientation of the orbits, is easy to see that the phase
portraits of Figures[1| (k) and Figure [2| (b) are topologically equivalent. The phase
portraits of Figure (g) and (i) are topologically distinct, because in Figure [1f (i)
we have a connection between a finite and infinite saddle, and in Figure [1| (g) do
not. The phase portraits of Figure|l| (j) and Figure|2| (d) are topologically distinct,
because in Figure [1| (j) we have three finite singular points and in Figure [2| (d)
we have one finite singular point. The phase portraits of Figure [2| (a) and Figure
(a) are topologically distinct, because in Figure [2] (a) the finite singular points
are two saddle-nodes and in Figure [3| (a) the finite singular points are a node and
a saddle. O

Acknowledgments. J. Llibre was supported by the Ministerio de Economia, In-
dustria y competitividad, Agencia Estatal de Investigacion grant MTM2016-77278-
P (FEDER), the Agéncia de Gestié d’Ajusts Universitaris i de Recerca grant
2017SGR1617, and the H2020 European Research Council grant MSCA-RISE-2017-
777911. F. Ferreira was supported by Sao Paulo Research Foundation (FAPESP)
grant 2013/34541-0. C. Pessoa was supported by Sao Paulo Research Founda-
tion (FAPESP) grants 18/19726-5 and 19/10269-3 and by CAPES PROCAD grant
88881.068462/2014-01.

REFERENCES

[1] J. C. Artés, J. Llibre; Quadratic Hamiltonian vector fields, J. Differential Equations 107
(1994), 80-95.

[2] J .C. Artés, J. Llibre, D. Schlomiuk, N. Vulpe; Geometric configurations of singularities of
planar polynomial differential systems. A global classification in the quadratic case, to appear
in Springer.

[3] J. C. Artés, J. Llibre, N. Vulpe; Complete geometric invariant study of two classes of qua-
dratic systems, Electronic J. of Differential Equations 2012, No. 09 (2012), 1-35.

[4] N. N. Bautin; On the number of limit cycles which appear with the variation of coefficients
Sfrom an equilibrium position of focus or center type, Mat. Sbornik 30 (1952), 181-196, Amer.
Math. Soc. Transl. Vol. 100 (1954), 1-19.

[5] C. Chicone, T. Jinghuang; On General Properties of Quadratic Systems, The American
Mathematical Monthly, 89, No. 3 (1982), 167-178.

[6] W. A. Coppel; A Survey of Quadratic Systems, J. Differential Equations, 2 (1966), 293-304.

[7] T. Date; Classification and analysis of two—dimensional homogeneous quadratic differential
equations systems, J. of Differential Equations, 32 (1979), 311-334.

[8] H. Dulac; Détermination et integration d’une certaine classe d’équations différentielle ayant
par point singulier un centre, Bull. Sci. Math. Sér. (2), 32 (1908), 230-252.

[9] F. Dumortier, J. Llibre, J. C. Artés; Qualitative Theory of Planar Differential Systems,
Springer, 2006.

[10] Yu. F. Kalin, N. I. Vulpe; Affine—invariant conditions for the topological discrimination of
quadratic Hamiltonian differential systems, Differential Equations 34 (1998), no. 3, 297-301.

[11] W. Kapteyn; On the midpoints of integral curves of differential equations of the first de-
gree, Nederl. Akad. Wetensch. Verslag. Afd. Natuurk. Konikl. Nederland (1911), 1446-1457
(Dutch).



EJDE-2020/48 BERNOULLI QUADRATIC SYSTEMS 19

[12] W. Kapteyn; New investigations on the midpoints of integrals of differential equations of the
first degree, Nederl. Akad. Wetensch. Verslag Afd. Natuurk. 20 (1912), 1354-1365; 21, 27-33
(Dutch).

[13] N. A. Korol; The integral curves of a certain differential equation, (in Russian), Minsk. Gos.
Ped. Inst. Minsk (1973), 47-51.

[14] L. S. Lyagina; The integral curves of the equation y' = (ax? + by + cy?)/(dz? + exy + fy?)
(in Russian), Usp. Mat. Nauk, 6-2(42) (1951), 171-183.

[15] L. Markus; Global structure of ordinary differential equations in the plane, Trans. Amer.
Math. Soc., 76 (1954), 127-148.

[16] D. Neumann; Classification of continuous flows on 2-manifold, Proc. Amer. Math. Soc. 48
(1975), 73-81.

[17] T. A. Newton Two dimensional homogeneous quadratic differential systems, SIAM Review
20 (1978), 120-138.

[18] M. M. Peixoto; Dynamical Systems. Proccedings of a Symposium held at the University of
Bahia, 389-420, Acad. Press, New York, 1973.

[19] L. Perko; Differential Equations and Dynamical Systems, 3a. edition, Springer-Verlag, New
York Inc., 2001.

[20] J. W. Reyn; Phase portraits of planar quadratic systems, Mathematics and its Applications,
583, Springer, 2007.

[21] D. Schlomiuk; Algebraic particular integrals, integrability and the problem of the center,
Trans. Amer. Math. Soc., 338 (1993), 799-841.

[22] K. S. Sibirskii, N. I. Vulpe; Geometric classification of quadratic differential systems, Differ-
ential Equations, 13 (1977), 548-556.

[23] E. V. Vdovina; Classification of singular points of the equation y' = (apx® + a1zy +
azy?)/(box? + brwy + bey?) by Forster’s method (in Russian), Differential Equations 20
(1984), 1809-1813.

[24] Ye Yangian el al.; Theory of limit cycles, Trans. of Mathematical Monographs, 66, Amer.
Math. Soc., Providence, RI, 2 edition, 1984.

[25] Wei Yin Ye, Ye Yangian; On the conditions of a center and general integrals of quadratic
differential systems, Acta Math. Sin. (Engl. Ser.), 17 (2001), 229-236.

[26] H. Zol@dek; Quadratic systems with center and their perturbations, J. Differential Equations,
109 (1994), 223-273.

JAUME LLIBRE
DEPARTAMENT DE MATEMATIQUES, UNIVERSITAT AUTONOMA DE BARCELONA, 08193 BELLATERRA,
BARCELONA, CATALONIA, SPAIN

Email address: jllibre@mat.uab.cat

WEBER F. PEREIRA
DEPARTAMENTO DE MATEMATICA, UNIVERSIDADE ESTADUAL PAULISTA, CAMPUS SAO JOSE DO RIO
PrETO, IBILCE, R. CRISTOVAO COLOMBO, 2265, 15.054-000, SA0 JoSE DO Rio PRETO, SP,
BrAzIL

Email address: weber.pereira@unesp.br

CLAUDIO PESSOA
DEPARTAMENTO DE MATEMATICA, UNIVERSIDADE ESTADUAL PAULISTA, CAMPUS SA0 JOSE DO RIO
PreTO, IBILCE, R. CrRISTOVAO COLOMBO, 2265, 15.054-000, SA0 JosSE po Rio PrRerO, SP,
BrAzIL

Email address: c.pessoa@unesp.br



	1. Introduction
	2. Definitions and useful results
	3. Poincaré compactification
	4. Markus-Neumann-Peixoto theorem
	5. Local phase portrait of finite and infinite singular points
	Case 1: p(x) has two distinct reals roots
	Case 2: p(x) has a double real root
	Case 3: p(x) has only one real root
	Case 4: p(x) is constant
	Case 5: p(x) has two complex conjugated roots

	6. Main Results
	Acknowledgments

	References

