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POSITIVE SOLUTIONS OF SCHRODINGER-POISSON SYSTEMS
WITH HARDY POTENTIAL AND INDEFINITE
NONLINEARITY

YONGYI LAN, BIYUN TANG, XIAN HU

ABSTRACT. In this article, we study the nonlinear Schrodinger-Poisson system

—Au+u— +il(z)ou = k(z)|uP"2u z e R3,

u

Hal?
—A¢ =l(z)u? = eR3,

where k € C(R3) and 4 < p < 6, k changes sign in R? and lim SUP| 4|00 K(T) =

ks < 0. We prove that Schréodinger-Poisson systems with Hardy potential and

indefinite nonlinearity have at least one positive solution, using variational

methods.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

In recent years, the Schrodinger-Poisson system
~Au+V(x)u+l(x)pu = f(z,u) x€R>

—A¢ = l(z)u® zeR? (L)

have been widely investigated, because of its importance in quantum mechanics
models and in semiconductor theory. For more details about its physical aspects,
see [4,[7] and the references therein. There have been several results about nontriv-
ial solutions, radial and nonradial solutions, ground states, multiplicity of solutions,
and concentration of solutions, depending on assumptions of the potential V. Most
of the literature focuses on the study of with V = 1, see e.g. [3} 5, 8, 11}, 15, 22].
Azzollini and Pomponio [3] proved the existence of a ground state solution when
f(x,u) = |u/P~'u with p € (3,5), V = 1, and I(xz) = 1. Ruiz [15] proved the
existence and nonexistence of nontrivial solutions by using a constrained mini-
mization method. Cerami et al. [5] obtained the existence of ground states and
bound states, under suitable assumptions. Huang et al. [II] considered the case
when f(z,u) is a combination of a superlinear and linear terms. More precisely,
f(z,u) = k(z)|ulP~ u + ph(x)u, where 4 < p < 6 and u > 0, k(z) € C(R?), k
changes sign in R?, and lim| ;|00 k() = koo < 0. They proved the existence of at
least two positive solutions. In [22] the authors obtained the existence of ground
state and multiple solutions using critical growth by variational methods. Existence
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of multiple positive solutions of Schrodinger-Poisson type equations with indefinite
nonlinearity was proved in [8] using the mountain pass theorem. For V' # 1 with
inf,egs V(x) > 0, there are also many results (see [0} 10} [16] 17, I8, 2I]). For
other interesting results on the Schrodinger-Poisson system, we refer readers to
[12, 13, 14, 19, [20] and references therein.

In this article, we consider the system

—Au+u— +1l(z)pu = k(x)|ulP>u 2z € R?,

o
ok
~A¢ = l(x)u? xR

(1.2)

where 0 < u < i := % = %, 4 < p<6, k(r) € C(R®), k changes sign in R3,
and lim sup|,|_, o k(%) = koo < 0.

To the best of our knowledge, the literature does not have results on the existence
of positive solutions to with Hardy potential. The aim of this article is to
show the existence of positive solutions of problem . Our approach combines
variational techniques based on critical point theory and some analysis techniques.

Hereafter we use the following notation: For 1 < s < 400, L*(R3) is the Lebesgue
space endowed with norm

Julls = [ Jul*d.
R3

H'(R3) is the Sobolev space endowed with the scalar product and norm

2
= : M e 2. 24,2,
(u,v) := /]R3 (Vu Vo + uwv ,u|x|2) dz; |l : /]RS (|Vu\ +u’—p )dx.

|2

By Hardy inequality [9], we easily derive that this norm is equivalent to the usual

norm, in H(R?),
1/2
fulo= ([ 1Val? +u?dz) .
R3

DY2(R3) is the completion of C§°(R?) with respect to the norm

1/2
lullprs = (/R VuPdz) "

on(l) is a quantity that approaches zero as n — oc.
Recall that by the Lax-Milgram theorem, for each u € H'(R3), there exists a
unique solution ¢, € DV2(R?) of

—A¢ =I(z)u?, 2zeR> (1.3)
Using this in (1.2)) gives
— Autu— u# (@) buu = k()P %y, @ € R, (1.4)
x

Moreover one has

bula) = = [ MW,

T dn Jys Je—yl
[ullprauey = [ 1Voude = [ i) a.
R3 R3
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There is a one-to-one correspondence between the solution of (1.3]) and the critical
points of the functional defined in H!(R?) by

I(u) = %/R (|Vu|2 +uf? - “|Z|22) de + i /R 1(2) ¢ (2)u?(z) dz

| (1.5)
- = k(x)|ulP dz.
HRCH
Then I’(u) is defined by
(I'(u),v) = / (Vu Vv +uv — uuin) dz +/ l(x)pyuv dz
R3 |.’17| R3 (16)

- / E(z)|u[P~?uv d.
R3

A pair of functions (u, ¢) is called a positive solution of problem (1.2)) if it satisfies
(1.2) and u > 0, ¢ > 0 for a.a. z € R3.
Let us introduce some hypotheses on k(z) and I(x):

H1) k € C(R?) and k changes sign in R3;
) Imsup|,| o0 k(2) = koo < 0;

) L€ L2(R?), I(z) > 0 for all z € R® and [ # 0;

) I=0ae. in Q0 := {z € R3: k(z) = 0} and QO coincides with the closure
of its interior.

(
(H2
(H3
(H4

The main result of this article is the following theorem.

Theorem 1.1. Assume that (H1)-(H4) hold, and 4 < p < 6. Then problem (1.2)
has at least one positive solution in H'(R3) x D12(R3).

In the following discussions, ¢ or ¢; (¢ = 0,1,...) we denote positive constants.

2. PROOF OF THEOREM [L.1]

The proof is presented in three steps.

Step 1: The (PS) condition. Let {u,} be any sequence in H!(R?) such that I(u,)
is bounded and I'(u,) converges to zero; that is,

1) = gl + 5 [ 1006, @@ do = [ ballunldo e, (2)
2 4 R3 p R3
and
un
<I/(un),<ﬂ>:/ (VUmVsaJrunsofu f) do:+/ U)o, tnep Az
R3 || R3

(2.2)
~ [ k@l 2o do 0,
]Rfi

for any ¢ € HY(R3) as n — oo.
We now prove that {u,} is bounded in H!'(R?). By contradiction, we assume
|lun|| — oco. Let v, = wy,/||unl|, then ||v,|| = 1 for each n € N. Then there exists a
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v € HY(R3) such that for each bounded domain Q C R3,
vy — v in HY(R?),
Up — v ae. in R3,
vy — v in Li (R?), where 2 < s < 2" =6,
lvnl] < wa(x), for some wq(x) € L(Q).

So, for any ¢ € H'(R?), we have

Unp
/11%3 (anVgo + v — MW) dr —

We claim that v(x) = 0 a.e. in R3. In fact, since u,, = ||uy||v,, (2.2)) becomes

/ (anvsﬁ + Unp — M%) dz + HunHQ/ U(x) by, vnp dx
R3 || R3

(ww +op— M”—‘i) de.  (24)
R3 |z

(2.5)
— |un|P~2 /]R3 k(x)|vn P 2vppde — 0, as n — oo.

Next we prove the claim for z in QF, Q= and Q°. From (H1), we see that Q* # ()

and Q™ # (.
First, let z € Q. Since k € C(R3), there exists § > 0 such that
k(y) >0, Vye€ Bs(x). (2.6)
We define a continuous function ¢, € C(R?) (m > 2) such that (,,(y) > 0 for any
y € R? and
() =4 Y E B () (27)
0, ify e R3\ Bsa(x).

Taking ¢ = v(, in (2.5)), we know that supp ¢ C Bs/2(z) for any m € N and m > 2.
In view of (2.3)), we have

k(W) |on ()P0 (y)o(y) = k()loy)P2o(y)e(y) for y € Bsa (),
and
k(y)on ()P o(y)] < Clua®)P~ ey € L' (Bsa(a))-
Therefore, by the Lebesgue dominated convergent theorem, we have
/ k() lon ()P0 (y) o (y) dy — kW)@)IP*o(y)e(y) dy.  (2.8)
Bgs/2(x) B2 (x)
Dividing by ||un|[P~2 and passing to the limit as n — oo, in view of the

boundedness of v,,, we obtain

0= lim [ k(y)lva(y)P 2va(y)e(y)dy

n—0o fp3
= k@) o(m)P~*v(y)e(y) dy
/135/2(@ (2.9)
-/ K)o dy + B () [0 Gn d,
B(%_El?)g(z) BJ/?(x)\B(%_Elz)(s(z)

for any m € N and m > 2. Passing to the limit in (2.9)) as m — oo, we obtain

/ k(y)o(y) P dy = 0.
Bs/2(x)
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It follows from that v = 0 a.e. in By)o(x). Since 2 € QT is arbitrarily, we can
obtain that v = 0 a.e. in QF.

A similar argument shows that v = 0 a.e. in Q7. Next, we prove that v = 0
a.e. in Q0. If [Q°) = 0, the claim is true. If |Q°] # 0, we take ¢ € C(R3) with
supp C Q0 in . From the definition of Q° and the assumption that [ = 0 a.e.
in Q°, it follows that

/R3 k() [on ()P v (y)e(y) dy = / k() [on ()P v () (y) dy = 0, (2.10)

supp ¢

1) o, vnpdy = / 1) o, vup dy = 0, (2.11)

R3 supp ¢

for any n € N. By (2.4), (2.10), (2.11)), passing to the limit in (2.5)) as n — oo we

obtain

/ (VUV(p +vp — uv—ﬂ) dz = 0. (2.12)
R3 ||
From (2.12) and v = 0 a.e. in QT UQ~, we obtain
/ (VUV<,0 +vp — uv—ﬂ) dz =0. (2.13)
Qo ||

Therefore, v = 0 a.e. in Q°. Hence, v, — 0 in H*(R3).
In the second place, choosing ¢ = v, in ([2.2), dividing [2.1) by ||u,||? and
dividing (2.2)) by ||u,||, we obtain

1 1 1

— + f||un||2/ ()b, (2)02 (7)) do — 7/ k(x)|un [P~ 202 dz — 0, (2.14)

2 4 R3 P Jrs

1+ HunHQ/ U(z) by, (x)vi(:z:) dz — / k(x)|un|p72vi dz — 0, (2.15)
R3 R3
as n — 00.
From ([2.14)), (2.15) and the assumption of 4 < p < 6, it follows that

li k(y)un ()[P~202 () dy = —L— < 0.
A RO P en(y) dy = 77—

Moreover, in view of (2.14)), we deduce that

lim [ k(y)|un(y) P02 (y) dy > 0.

n—oo Jps3

which yields a contradiction. Hence {u,} is bounded in H'(R?).

Now we prove that {u,} has a convergent subsequence. Since {u,} is bounded
in H'(R3). Going if necessary to a subsequence (still denoted by {u,}), we may
assume that

Up —u in H'(R®), wu, »u a.e R?
Vu, = Vu in L*(R®), wu, —u in L*(R?),
up —u in L (R?), where 2 <s < 2" =6.
We define w,, = k(z)|un|[P~2u, and w = k(x)|u/P~%u. Then w, — w a.e. in R3.
Since {uy,} is bounded in LP(R?) for 4 < p < 6 and k is bounded in R3, it follows
that {w,} is bounded in L7-1 (R3), so there exists M > 0 such that

p—1

(/E lwn () — w(z)| 7T dx)T <M, (2.16)
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and there exists @ € L7 7 (R3) such that w,, — @ in L5-1(R3) with 4 < p < 6.
Moreover w = @ a.e. in R3; indeed, let f € (L7-1(R3))* = LP(R3), for any & > 0
there exists r > 0 such that

&P

P 2.1
/{meRa:.M}' ()P dr < 5o (2.17)

Moreover, for any ¢ > 0 there exists § > 0 such that for every E C R? and
meas F < §, one has

)P d 2.18
[ @ s < 5 (218)
From Hoélder’s inequality and -7-, for every E C R? and meas E < 4, we

have
| / F(@)(wn(@) — w(z)) de]
| 1/p 2 =1
( 2 de) (/E|wn(ac)—w(x)|1> dr)

< M / f@Pdot [ F@)lP da)
En{z€cR3: |z|>r} En{zeR3: |z|<r}
.y fayrar)
x X
2MP En{zeR3: |z|<r}

<M cP P 1/p <
- <2Mp + 2MP> =&

1/p

< m(

hence { [ps f(2)(wn(x) —w(x)) dz, n € N} is equi-absolutely-continuous. It follows
easily from Vitali Convergence Theorem that

» f@)(wp(z) — w(z))de — . f(@)(w(z) — w(z))dx = 0. (2.19)

therefore w = @ a.e. in R3.
Note that, for any 1 € H'(R?), one has

() P22 dir — / k() ulP~2uP 2y dx, (2.20)
R3 R3
and

nw
||

/R3 (Vunv¢ +upth — p dr — / VuVp + up — u| d;) dz (2.21)

as n — oo.
Now we prove that

/]1&3 1(x) b, (x)u? dz — 1(x) by (z)u? de, (2.22)

R3

as n — oo and that for all » € H(R3),

/]Rg Hx)pu, (x 1/1dm—>/ u?1p de. (2.23)
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We borrow the strategy from [5]. In fact, by the continuity of embedding, we have
un — u in H'(R?) that

U, —u in LS(R3),

ui —u? in LIOC(}RB)

2.24
Gu, = ¢u in DV(R?), (224
¢un - ¢u in Lloc( 3)
Thus, given € > 0, we have
|/ ) (Pu,, (x (bu(x))ui d:c| <e, (2.25)
for n large enough. And for any fixed v,
] 1(2)ba () (un — u)(@) dac‘ <e, (2.26)
R3

for n large enough. Moreover, by (2.24) and (2.24)4, we can assert that for any
choice of € and p > 0, the relations

1/3
(/ luZ — u?? da:) <eg, (2.27)
B,(0)

(/ : [ ¢u|6d:c)1/6 <e, (2.28)

P

hold for n large enough.

Noting that {u,} is bounded in H!(R3). It is deduced from this and the con-
tinuity of the Sobolev embedding of D1:2(R?) in L°(R3) that {¢,, } is bounded in
DY2(R3) and in LS(R®). Since I € L?(R3), then lu? and lu® belong to L%/°(R?)
and that for any € > 0 there exists p = p(e) such that

1/2
(/ () |? dm) <e forp>p. (2.29)
R3\B,(0)
Thus, from (2.22)), (2.25), (2.27) and (2.29)), we obtain
| [ 1060, (a1 - / () u(a ) da
R3 R3

’/R 2)dun (@ dw\ﬂ/ﬂ@ )(bu, (@ (bu(:v))qux‘
< I, lls /u )|6/5d33) te

5/6
<c([ @ - [ i) - ) ) e
R3\ B, (0) B, (0)
2 35 o 2(6/5

<cl([. @) -l
R3\ B, (0)

2/515/6

+\l|§/5(/ |ui—u2|3dx) } +e < Ck,

B,(0)

for n large enough.
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By a similar argument, we conclude from (2.23) (2.26)), (2.28]) and (2.29)) that

) / Pun (T)untp(a) dz — / l(iﬁ)(/)u(x)ul/)(x)dx‘

< \ /R Ua)du(@)(un dx\ +) /R @) (@, (@ q’)u(x))unw(x)dx’
< Nl 1o / @G0, @)~ dula)l? dz) ™ e
< Ck,

for n large enough

From ) and ([2.21) with (2.23] -7 one has
<I (un),@
Up 1)

:/RB (wnw+un¢ M a2 )d +Aal(x)¢un(x)un¢(x)dx

- / k(z)|un |p72un1/) dz
]RS

— (VuVlﬁ +up — u| 1/)2) de + [ U(x)pu(x)u(z) dx
Ra

R3
—/ k(x)|ulP~?uy dz
R3
= (£, (u), ¥).

Since I'(u,) — 0 in H_ll(]R?;), we have (I'(uy),1) —0 for any v € HY(R3). So
(I'(u),v)=0 for any ¢ € H'(R?), and

(I'(u), u) = 0. (2.30)

We denote v, = u, —u. Then v, — 0 in H'(R?). By using this and (2.22)), we
deduce that

lim U(x) by, (z)v2 (x) dz = 0. (2.31)
n—00 Jp3

From the Brézis-Lieb lemma, we derive

lunl* = llon 1 + [Jull* + o(1),

/]Rg k(x)|uy, [P dz = /R3 k() |on]? dz + /RS k(@) ul? de + o1),

for n large enough.
It follows from (2.22)) that

(T (), ) = (I (), ) + [0 |2 + / @), ()02 () d — / k(@)|un P dz + o(1).
R3 R3
By using this, (2.30]), and 7 we deduce that
. . 2 _p _
Tim. (Hun ul| /R k(@)|un — 4l dx) 0. (2.32)

Next, without loss of generality we can assume that ko, < —1. By (H2), there
is Ry > 0 such that

k(x) < =1 if |z| > Ry. (2.33)
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Moreover, since k € C'(R3) and 4 < p < 6, we obtain
/ k(z)|u, —ulP dz — 0, (2.34)
|z[<Ro

as n — oo. It follows from (2.32)—(2.34)) that

0< lim [ju, —ul?
n—oo

=liminf [ k(z)|u, — u|’ dz (2.35)

n—oo  Jp3

< lim k(z)|un — u|P dz = 0.
"0 J|z|<Ro

Thus we have u,, — u in H!(R3), which means that I satisfies (PS) condition.

Step 2: Mountain-pass geometric structure. It follows from (H3) that
/ () Py (x)u?(x) dz > 0.
R3

From (H1) and (H2), we have k is bounded in R3. It follows from the continuity of
the Sobolev embedding of H*(R?) in LP(R?) that
1

1) = gl + 7 [ 1@oueri@dr— [ ko)l

1
> S lull® = Cllul”.

Choosing p = |Ju|| small enough such that %||u||? — C||ul[? > 0, we obtain I(u) > 0.
Choose ¢ € H'(R?) with supp ¢ C Q% such that ¢(z) > 0 with strict inequality
holding on a subset of positive measure, for all x € 2. Then we have

2 4 p
I(sp) = %II@IIQ + SZ /Rs (2) ¢y (2)* (x) dz — % /Rs k(z)|p|? dz — —oo,

as s — +0o. Thus there is u1 := s € H'(R3) with ||u;] > p such that I(u;) < 0.
Therefore I has a mountain pass geometry.

Step 3: Critical value of I. For u; in step 2, we define

D= {y:C[0,1] = H'(R*)]7(0) = 0, 7(1) = w1},
¢ = inf max I(y(t))-
It turns out that the Mountain Pass Theorem holds. Then ¢ > 0 is critical value of
1.
Since I(u) = I(Ju|) in H(R?), we conclude that u > 0 a.e. in R with I(u) > 0
and it is a solution of (|1.3]). The strong Maximum Principle implies that v > 0 in
R3.
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