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GLOBAL STABILITY OF TRAVELING WAVES FOR DELAY
REACTION-DIFFUSION SYSTEMS WITHOUT
QUASI-MONOTONICITY

SI SU, GUO-BAO ZHANG

ABSTRACT. This article concerns the global stability of traveling waves of
a reaction-diffusion system with delay and without quasi-monotonicity. We
prove that the traveling waves (monotone or non-monotone) are exponentially
stable in L°°(R) with the exponential convergence rate t~1/2e~#* for some con-
stant p > 0. We use the Fourier transform and the weighted energy method
with a suitably weight function.

1. INTRODUCTION

This article is devoted to studying the delay reaction-diffusion system

0 9?
aul (x,t) = dy @ul (x,t) — auy (z,t) + h(uz(z,t — 1)),
(1.1)
0 9?
auz(%t) = dzww(%t) — Bua(z,t) + g(ui(z,t — 72)).

Here wuj(x,t) and ug(z,t) stand for the spatial density of the bacterial population
and the infective human population at point x € R and time ¢ > 0, respectively.
Both bacteria and humans are assumed to diffuse, d; and dy are diffusion coeffi-
cients; the term auq is the natural death rate of the bacterial population and the
nonlinearity h(ug) is the contribution of the infective humans to the growth rate
of the bacterial; Sus is the natural diminishing rate of the infective population due
to the finite mean duration of the infectious population and the nonlinearity g(u)
is the infection rate of the human population under the assumption that the total
susceptible human population is constant during the evolution of the epidemic, and
T1, T are time delays.

Wu and Hsu [23] have already established the existence and qualitative features
of solutions of . For the particular case 7, = 0, ¢ = 1,2, system becomes
the non-delay reaction-diffusion system

2
(1) = di (e 1) — @ (2,0) + huale, 1), -
) .
%UQ(x,t) = dg%w(x,t) — Pua(z,t) + g(ui(z,t)).
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Hsu and Yang [0] studied the existence, uniqueness, monotonicity and asymptotic
behavior of monostable traveling wave solutions of . For 71 = 0 and h(ug) =
Yug in , Freedman and Zhao [3] presented a threshold result for the global
dynamics of the epidemic system

o 2
Eul(xvt) = dl@ul(:l%ﬂ - aul(xat> + ’7“2(35775)’
(1.3)
0 0?
a’dg(aj,t) = d2@u2(l‘7t) - 6U2<.’L‘,t) +g(u1(ﬂc,t - T))

The epidemic model with 7 = 0 was first proposed and analyzed by Capasso
and Maddalena [I]. When dy = 0, system becomes

0 0?

&ul(a"v t) = dl@ul(aja t) - aul(xa t) + 7“2(1:7 t)a

P (1.4)

EUQ(CC, t) = *ﬂUZ(xa t) + g(u1($, t— T))
Thieme and Zhao [20] investigated the existence of spreading speed and minimal
wave speed of in the quasi-monotone case. The results in [20] were then ex-
tended by Wu and Liu [22] to the non-quasi-monotone case by constructing two
auxiliary monotone integral equations. Yang, Li and Wu [25] 26] studied the sta-
bility of traveling wave solutions of in both the quasi-monotone case and the
non-quasi-monotone case by using the weighted energy method. When 7 = 0 in
, Xu and Zhao [24] proved the existence, uniqueness (up to translation) and
globally exponential stability of bistable traveling wave fronts of (1.4)), and Zhao
and Wang [31] proved the existence and non-existence of monostable traveling wave
fronts of .

More recently, Hsu, Yang and Yu [7] studied the existence and exponential sta-

bility of traveling wave solutions for general delay reaction-diffusion systems
2

%ul (x,t) = dy %ul (x,t) + h(uy(z,t), u1 (z,t — 71), u2(z, t — 72)),

0 02 .

Eug(x, t) = dQ@UQ(x, t) + glug(z,t),ur(x,t —11), uz(x,t — 72)).
When system is monotone, by applying the techniques of weighted energy
method and the comparison principle, they showed that the traveling wave solutions
of are exponentially stable provided that the initial perturbations around
the traveling wave fronts belong to a suitable weighted Sobolev space. To the
best of our knowledge, global stability for traveling wave solutions of (L.I)-(L.5)
without monotonicity have not been considered. The purpose of this article is
to establish the global stability of traveling waves of with 71 = 79, without
quasi-monotonicity.

The stability of traveling waves for various evolution equations has been exten-
sively studied. We refer the readers to [4} 5l O] 10} 111, 13} 14}, 15} 18], 19} 211 26] for
reaction-diffusion equations and to [8, 12} 177, 27) 28] 29, B0] for nonlocal dispersal
equations. Note that when the evolution equations are non-monotone, the compar-
ison principle is not applicable. Thus, the frequently used methods for the stability
of traveling waves, such as the squeezing technique, the method of combination
of the comparison principle and the weighted energy method are not applicable.
Recently, the weighted energy method without the comparison principle was used
to prove the stability of traveling waves of nonmonotone equations, see Chern et al.

(1.5)
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[2], Huang et al. [§], Li et al. [9], Wu et al. [2I], Yang et al. [26], Zhang and Ma [2§]
and Zhang et al. [30]. In particular, Yang et al. [26] studied the stability of traveling
waves of without quasi-monotonicity. Zhang, Li and Feng [30] further investi-
gated the stability of traveling waves of by replacing daa—;ul with d(Jxu; —uy).
However, local stability of traveling waves has been obtained only for perturbations
around the traveling wave with properly small weighted norm. Recently, Mei et
al. [I6] established the global stability for the oscillatory traveling waves of local
Nicholson’s blowflies equations by using the anti-weighted energy method together
with the Fourier transform. Zhang [29] applied this method to a nonlocal dispersal
equation with time delay and obtained the global stability of traveling waves. Mo-
tivated by [12 [16], 29], we shall extend this method to the study of global stability
of traveling waves of reaction-diffusion system without quasi-monotonicity.

The rest of this article is organized as follows. In Section 2, we present some
preliminaries and summarize our main results. Section 3 is dedicated to the global
stability of traveling waves of by the Fourier transform and the weighted
energy method, when h(u) and g(u) are not monotone.

2. PRELIMINARIES AND STATEMENT MAIN RESULTS

Throughout this article, we assume that 71 = 79 = 7 in , that the initial
data satisfies
ui(z,8) = uio(z,s), r€R, se[-7,0], i=1,2. (2.1)
Now we state some basic assumptions on the nonlinearities g and h.

(H1> g€ Cz([OaKl]aR)7 g(O) = h(O) = Ov K2 = g<K1)/6 > 07 h e CQ([07K2]?R)a
h(g(K1)/8) = aK1, h(g(u)/B) > au for u € (0, K1), where K7 is a positive
constant.

(H2) |¢'(u)] < ¢’'(0) and |h/(v)] < A/(0) for u,v € [0, +00).

From (H1), we see that the spatially homogeneous system of (1.1) admits two
constant equilibria
(up—,uz2—) =(0,0) =:0 and (ui4,uzs)= (K1,Ks)=:K.

A traveling wave solution (in short, traveling wave) of is a special trans-
lation invariant solution of the form (uq(z,t),us(z,t)) = (¢1(x + ct), p2(z + ct)),
where ¢ > 0 is the wave speed. If ¢; and ¢, are monotone, then (¢1, ¢2) is called
a traveling wavefront. Substituting (¢;(z + ct), d2(x + ct)) into and letting
& = x + ct, we obtain the following wave profile system with boundary conditions

ey (§) = digy (§) — agr(§) + h(d2(§ — e7)),
e (§) = day (§) — Ba(&) + g(pr1(€ — c7)), (2.2)
(¢1,¢2)(—00) = (u1—,u2—), (¢1,¢2)(+00) = (U1, u24).

It is clear that the characteristic function for ([2.2) with respect to the trivial
equilibrium 0 can be represented by

Ar(Ne) = file, ) — fale, A)
for ¢ > 0 and A € C, where
fi(e, A) == (A% — eX — a)(daX? — X — B),
f2(e,A) =1 (0)g' (0)e™7.
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For convenience, we denote

Ali:c:t\/02+4d1a7 /\ét:C:t \/02+4d26’ X = min{AT AF).
2d1 2d2

It is clear that fi(c, \T) = fi(c,\y). According to [23, Lemma 2.1], we have the
following result.

Lemma 2.1. There exist a positive number c, such that the following items hold.

(i) If ¢ > ¢4, then the equation A1(\, ¢) = 0 has two positive real roots Ay =
A1) and Mg := Aa(c) with 0 < Ai(c) < Aa(c) < AS,.

(i) If ¢ = cu, then A = A1(cs) = Aa(cx) and if ¢ > ¢y, then Ai(c) < A2(c) and
Aq(,¢) >0 in (A1(c), A2(c)).

When ¢'(u) > 0 for u € [0, K;] and h'(v) > 0 for v € [0, K3], system is a
quasi-monotone system. The existence of traveling wave fronts has been obtained
by Wu and Hsu, see [23, Theorem 2.3]. When the condition ¢'(u) > 0 for u € [0, K;]
or h'(v) > 0 for v € [0, K2] does not hold, system is a non-quasi-monotone
system. The existence of traveling waves can also be obtained by using auxiliary
equations and Schauder’s fixed point theorem [22] 26], if we assume the following
conditions:

(H3) There exist K* = (KT, Ki) > 0 with K~ < K < K* and four continuous
and twice piecewise continuous differentiable functions g* : [0, K 1+ ] >R
and h* : [0, KJ] — R such that

() K& = g (K)/8, h*(3g* (KT)) = akE, and h*(2g*(w)) > au for

B
u e (0,K7);
(ii) g*(u) and h*(v) are non-decreasing on [0, K;f] and [0, K], respec-
tively;

(ii)) (¢%)'(0) = ¢'(0), (A*)'(0) = 1'(0) and
0 < g™ (u) < g(u) < g*(u) < ¢'(0)u for u € [0, KT,
0 < h™(v) <h(v) <hT(v) <R (0)v for v € [0, K.

Proposition 2.2. Assume that (H1) and (H3) hold, 7 > 0, and let c, be de-
fined as in Lemma . Then for every ¢ > c., system (L.1)) has a traveling wave

(01(8), $2(€)) satisfying (¢1(—00), p2(—00)) = (0,0) and
Ky <liminféi(§) < limsupéi(§) < K7,

E—+o0
0 < liminf ¢ (¢) < limsup ¢o(¢) < K.
§—+oo &—+o0

Notation. C > 0 denotes a generic constant, while C; (i = 1,2,...) represents a
specific constant. Let || - || and || - ||oo denote 1-norm and co-norm of the matrix (or
vector), respectively. Let I be an interval, typically I = R. Denote by L(I) the
space of integrable functions defined on I, and W*1(I)(k > 0) the Sobolev space of
the L'-functions f(x) defined on the interval I whose derivatives %f(n =1,...,k)
also belong to L'(I). Let L. (I) be the weighted L'-space with a weight function
w(x) > 0 and norm

11l oy = / w(@)|f(@)]dz .



EJDE-2020/46 GLOBAL STABILITY FOR NON-MONOTONE TRAVELING WAVES 5

Let WEL(I) be the weighted Sobolev space with norm

|wwmf2/ LR LoV

1=0

Let T > 0 be a number and B be a Banach space. We denote by C([0,T]; B)
the space of the B-valued continuous functions on [0,7], and by L'([0,T]; B) the
space of the B-valued L!-functions on [0,T]. The corresponding spaces of the B-
valued functions on [0, 00) are defined similarly. For any function f(x), its Fourier
transform is

fvwn:ﬂm:Af4Mﬂmm

and the inverse Fourier transform is
~ 1
-1 ixn d
FUR@) = 5= [ e P

where i is the imaginary number, iZ = —1.
To obtain stability of traveling waves of (1.1]), we need the following assumptions.
(H4) dy > da, o > B and max{h'(0),¢'(0)} > .
(H5) The initial data (u10(x, s), us0(x,s)) > (0,0) satisfies

liril (u1o(x, 8), uzp(x, s)) = (u1+, ug+) uniformly in s € [—7,0].
xr—r oo

We consider the function
As (N, ¢) = doA? — eX — B+ max{h/(0), ¢’ (0)}e .

It is easy to see that there exist A* > 0 and ¢* > 0, such that Ay(A*,¢*) = 0

and M\ a=,er) = 0. When ¢ > ¢*, the equation Az(),c) = 0 has two positive
real roots )\h( ) and /\g(c) with 0 < )\li () < A < )\g(c). When X € ()\i(c), )\g(c)),
As(X,¢) < 0. Moreover, (M) (c) < 0 and (A3)(c) > 0.

Since (Ai)'(c) < 0, there exists a positive number ¢ such that when ¢ > ¢f > ¢*,

da:i. Define the weight function w(§) > 0 as

w(§) = e ¥,
where A > 0 satisfies )\h( ) < A < min { A _dﬂz h(c)}. Now we present the main

result on global stability of traveling waves.

Theorem 2.3. Assume that (H1)—(H5) hold. For any given traveling wave (¢ (x+
ct), pa(z + ct)) of (L) with speed ¢ > max{c.,c?} connecting (0,0) and (K1, K2),

whether it is monotone or non-monotone, if the initial data satisfy
wio(,8) — ¢i(x + ¢s) € Cunit[~7,0] N C([—7,0; WEL(R)), i=1,2,
0s(uio — ¢3) € L*([~7,0]; LL(R)), i=1,2,
then there exists 7o > 0 such that for any T < 19, the solution (u1(z,t),uz(z,1t)) of
(LI)-@3) converges to the traveling wave (¢1(x + ct), po(x + ct)) with

sup [u;(z,t) — ¢i(w + ct)| < Ct™12e M, t>0,
r€eR
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where C and p are two positive constants, and Cunit[r, T is the space of uniformly
continuous functions,

Cunit[r, T) := {u € C*([r,T] xR) : lim w(x,t) exists uniformly in t € [r, T,

r——+00

lim wug(z,t) = Um ug.(z,t) =0 uniformly fort € [r, T]}

T—r+00 T—r+00
3. GLOBAL STABILITY OF TRAVELING WAVES

In this section we prove Theorem [2.3] Let (¢1(z+ct), pa(z+ct)) = (¢1(€), ¢2(€))
be a given traveling wave with speed ¢ > ¢, and define

Ui(§,1) = ui(z,t) — gi(z + ct) = wi(§ — ct,t) — ¢5(§), i = 1,2,
Ui (&, s) = uio(x, ) — ¢i(x + ¢s) = up(€ —cs,s) — P(€), i =1,2.
Then from and (2.2)), U;(&,t) satisfies
Uit + cUre — diUige + Uy = Py(Ua(§ — e, t — 7)),
Ust + cUse — daUsee + Uz = Po(Ur(§ — et — 7)), (3.1)
U:(&,s) =Uip(&,s), (&s)eRx[-7,0],i=1,2.
The nonlinear terms are
Pi(Us) := h(2 + Uz) — h(¢2) = I ($2) U2,
Py(Uh) := g(¢1 + Uh) — g(¢1) = ¢' (1)U,
for some &1 between ¢; and ¢; +U;, with ¢; = ¢;(§ —cr;) and U; = U;(E—cri, t—T75).

We first prove the existence and uniqueness of solution (Uy(&,t),Ua(€,t)) to the
initial value problem (3.1)) in the space Cypnit[—T, +00) X Cunit[—T, +00).

(3.2)

Proposition 3.1. Assume that (H1) and (H2) hold. If the initial perturbation
satisfies

(U10(&,5),Ua0(§, 8)) € Cunie[—7, 0] X Cunie[—T, 0]
for ¢ > c., then a solution (Uy,Us) of the perturbed equation is unique, erists
globally in time, and belongs to Cynit[—T, +00) X Cunit[—T, +00).

Proof. When t € [0, 7], we have t—7 € [—7,0] and U;(§—c7,t—7) = Ujp(§—cT,t—7),
¢ = 1,2, which imply that (3.1]) is linear. Thus, the solution of (3.1]) can be explicitly
and uniquely solved:

Uﬂ&ﬂze%f/ G1(n,t)Ur0(€ —n,0)dn
t [e'e]
+ / e—o(t=s) / Gi(n,t — 8)Py(Usg(§ —m — ¢, 8 — 7)) dn ds,
o > (3.3)
Ua(t) =™ [ Galn. V(€ ~ n.0)dn

t [oe]
+ / e Alt=s) / Ga(n,t — 8)Po(Uro(§ —n —c7,5 — 7)) dn ds
0 —0

for t € [0, 7], where G;(n,t) is the heat kernel

1 n + ct)?
Gz(nvt) = \/meXp((lldit))’ :172
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Since Ujo(§,8) € Cunit[—7,0], i = 1,2, namely, lim¢ 1 Uio(§,8) = Uio(o0,s)
and limes oo Uio e(€,5) = limes i 00 Uioee(§,5) = 0 uniformly in s € [—7,0], we
immediately prove the following uniform convergence

lim Ul(f,t)

§—+oo
(oo}
— e_at/ Gi(n,t) dim Uio(€ —n,0)dn
o {—+oo
t oo
t [ [ Gime—s) tim Pu(Uanle 5 eros =) dyds
; . §—r+o0
= efatUw(OOaO)/ G, t)dn
‘ o0
+/ e*a(t*S)Pl(Uzo(oo,s—T))/ Gi(n,t —s)dnds
0 — 00

t
= e~ *Uyp(c0,0) +/ e~ Py (Uzo(00, 5 — 7))ds
0

=:¢1(t), uniformly for t € [0, 7],
and
lim Us(€, 1)

§—+o0

_ B / Ga(n,t) lim Uso(€ — n,0)dn
o E—+o0

t [e%¢]
+/ e—B(t—S)/ Gao(n,t—s) lim Py(Uip(é —n—cr,s— 7)) dnds
0 o =+

— ¢ PUnn(ox,0) [ Galnt)dn
+ oo
Jr/ efﬁ(t*S)PQ(Ulo(OO,S*T))/ Gao(n,t — s)dnds
0 —o0

t
= e PUsy(00,0) + / e PPy (Urg(o0, s — 7))ds
0
=: go(t), uniformly for ¢ € [0, 7],
where we used that ffooo Gi(n,t — s)dn =1 for i = 1,2. Furthermore, we obtain

. k
521300 65 Ui (§7t)
— e /_OO dpGr(n,1) Jdim Uio(§ =, 0)dn
t oo
+ / R / 9yGi(n,t —s) lim Py(Uso(€ —n — et s — 7)) dnds
. e £—+o0
- e‘atUlo(oo,O)/ O G (1, t)dn

+ oo
+ / e~ ) P Uy (00, s — 7'))/ 0,G1(n,t = 5) dnds
0 — 00

=0, wuniformly for t € [0,7], k = 1,2,
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and

. k
gl}rfoo 0¢ Us(§,1)
bt / 03Ga(n.1) lim _Uso(€ — 1,0y
t o0
+ / o~ B(t=5) / Oy Ga(m,t =) lim Py(Uro(§ —n—cr,s—7))dnds
0 — 00
— ¢ P Un(o0,0) [ OhGalm.t)dn

t e’}
+ / e P3Py (Uyp(00, s — T))/ 8§G2(77,t —s)dnds
0 —o00
=0, uniformly for ¢t € [0,7], k=1,2.
Here we used that

Gi(f+oo,t —5) =0, 0,Gi(n,t— s)‘ =0,7=1,2.

n==o0
Thus, we have proved that (Uy,Us) € Cunit[—7, 7] X Cunit[—7, 7).

Now we consider for t € [r,27]. Since t —7 € [0, 7] and U;(&,t —7) is solved
already in ([3.3)), P1(Uz(—cr,t—7)) and Po(Us(—cr,t—7)) are known for with
t € [0,27], namely, the equation is linear for ¢ € [0,27]. As showed before, we
can similarly prove the existence and uniqueness of the solution (U;(€,t), Uz(&,t))
to for t € [0,27], and particularly (Uy, Us) € Cunit[—T, 27] X Cunit[—T, 27].

By repeating this process for ¢ € [n7, (n+ 1)7] with n € Z,, we prove that there
exists a unique solution (Uy, Uz) € Cunit[—T, (n+1)7] X Cunie[—7, (n+1)7] for (3.1),
and step by step, we finally prove the uniqueness and existence global in time of
the solution (Uy, Us) € Cynit[—T,00) X Cynit[—T, 00) for . ]

Now we state a stability result for the perturbed equation (3.1]), which automat-
ically implies Theorem [2.3]

Proposition 3.2 (Stability of traveling waves). Assume that (H1), (H2), (H4) and
(H5) hold. If

Uio € Cunit[—7,0] N C([—7,0]; W2L(R)), i = 1,2,

and 0sU;g € LY ([—7,0]; LL (R)) for i = 1,2, then there exists 7o > 0 such that for
any T < Ty, when ¢ > min{c,, c?}, it holds

sup |U; (&, )] < CtY2e ™, t>0,i=1,2, (3.4)
£ER

for some p >0 and C > 0.

To prove Proposition[3.2] we first investigate the time-exponential decay estimate
of U;(&,t) at £ = 400, i =1,2.

Lemma 3.3. There exist 79 > 0 and a large number xg > 1 such that when T < 719,
the solution U;(€,t) of (3.1) satisfies

sup  |Us(€,t)] < Ce™™' £>0,i=1,2,
£€[zo,+00)

for some py >0 and C > 0.
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Proof. Denote

z;r(t) = U, (00, 1), z%(s) :=Up(oo,s), se€[-7,0],i=1,2.

Since (U1, Us) € Cunit[—T, +00) X Cunig[—T, +00), we have
lim U;(&,t) = 2 (¢)

§—+o0 '

exists uniformly for ¢, and

lim Up(€,8) = lim Uge(€,6) =0
Hm (&, 1) im ee(§,1)

uniformly for t. Let us take the limits in (3.1)) as £ — +o0o. Then we have

+
B arf W) (- 7) = Qulef (- 7))
d +
LB g )= (- 7) = Qala (L - 7)),

2 (s) = zf(s), se[-70],i=1,2,

(3
where
Q1(23) = h(ugs + 23) — h(uzt) — W' (uz4)zy ,
Qa2(2) = glury +277) — g(ury) — ' (ury) 2"
Then by [9, Lemma 3.8], there exist positive constants 79, p1 and C such that when
T < 70,
Ui(oo,t)| = |2 ()] < Ce ™, ¢>0,i=1,2,
provided that |z < 1,4 =1,2.
Furthermore, by the continuity and the uniform convergence of U;(&,t) as £ —
400, there exists a large xg > 1 such that

sup |Us(&,8)] < Ce ™t £>0,i=1,2,
&€lzo,400)

provided that sup¢e(y, +o0) [Uio(€, )| < 1 for s € [=7,0]. Such a smallness for the
initial perturbation (Uyg, Usg) near £ — +oo can be easily verified, since

hrf (uro(z, 8),uz0(z, 8)) = (K1, K2) uniformly in s € [—7,0],
r—r+00

which implies

gEIlloo Uio(§,5) = ggffoo[uio(ﬁs) -] =K; - K;=0
uniformly for s € [—7,0], i = 1,2. The proof is complete. O

Next we establish the a priori decay estimate of supge(_og 407 [Ui(€,1)]. We shall
use the anti-weighted technique [2, 8] together with Fourier transform to treat this
problem. First of all, we shift U;(£,t) to U;(€ + xo,t) by the constant z¢ given in
Lemma [3:3] and then introduce the transformation

‘/Z(gvt) =V w(f)UZ(g +.’£0,t) = eiAgUi(f + ffo,t)a 1= 172
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Substituting U = w™/2V in yields
Vit + p1(e)Vie — diVige + pa(c)Vi = P (Va(§ — er,t — 7)),
Vai + ps(c)Vag — daVage + pa(c)Va = Po(Vi (€ — er,t — 7)),
(&,1) € R x [0, 400),
s) = Vw(©Uio(§ + 20, 8) = Vio(§,5), SER, s€[-7,0], i=1,2,

(3.5)

where
pi(c) :==c—2di\, pafc) :==ch—di )’ + a,
p3(c) i=c—2da)\,  palc) :=ch — da)* + B,
Pi(Va) = e M Pi(Us), Po(Vi) = e Py(U7).
By (3.2), P,(V3) satisfies
Py (Va(€ — eyt — 7)) =e Py (Us(€ — e7 4 20,1 — 7))
=e MK ($2)Ua(€ — eT + w0, t = 7) (3.6)
=e T (¢2)Va(€ — er,t — 1)
and Py(V;) satisfies
Py(Vi(€—ert — 7)) = e g (p1)Vi(E — eryt — 7). (3.7)
Furthermore, by (H2), we have
[PL(Va(€ = eryt — 7)) < B(0)e T |Vo(€ — et — 7)),
|Py (Vi (€ — eryt — T))| < g0 e 7|V (€ —er,t — 7).

Taking (3.6) and (3.7 ) 1nto 1 b)), we see that the coefficient h’(gbg) and g (gbl)
on the rlght 81de of (3.5) is variable and can be negative. Thus, the classical
methods, such as the monotone technique and the Fourier transform cannot be
applied directly to establish the decay estimate for (Vi,V2). A new method should
be introduced. The main ideas of this method can be described as follows.

(i) We replace A’ (¢2) in the ﬁrst equation of (| with a constant A/(0), and

¢'(¢1) in the second equation of (3.5) with a constant ¢'(0), and then consider the
followmg linear delayed reaction- dlffusmn system

Vit + p1(0Vit — diVite + pa()ViT = B(0)e  TV;H (6 — er,t — 1),
Var 4 ps(c)Vat — daVike + pa(c)Vy" = ¢'(0)e TV (€ — eyt — 1), (3.8)
ViH(€ s) = Vw(QUio(§ + xo, s) = Vi (€,5), i=1,2,

where £ € R, t € [0,+00) and s € [—7,0]. Then we investigate the decay estimate
of (V;7, V") by applying the Fourier transform to (3.8);
(ii) We prove that the solution (V4,V2) of (3.5) can be bounded by the solution

V75 ) of @3
Lemma 3.4 (Positiveness). When (V;§(&,s), Voh (€, 5)) >
[=7. 0], then (V" (€,1), V5" (€,%)) = (0,0) for (£,t) € R x [0,
Proof. When t € [0, 7], we have t — 7 € [—7,0] and

W(0)e Vo (€ —er it —7) = W (0)e TV, (€ — er, t — )dy > 0. (3.9)

(0,0) for (§,s) € R x
+00).
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Applying to the first equation of (3.8)), we obtain
Vit +p1(0)Vig — diVige + p2(0)Vi" 20, (&) € R x [0,7],
Vii(€,s) >0, £€R, se[-0].
By the comparison principle, we have
Vit€t) >0, (&t)eRx[0,7]. (3.10)
Similarly, we obtain
Vi + p3(0)Va — d2Vage + pa(0)V3" >0, (€,1) € R x [0,7],
Vob(£,8) >0, €€R, se€[-T,0].
Using the comparison principle again, we obtain
Vo (&, t) >0, (&t) eRx[0,7]. (3.11)

When t € [n7,(n+ 1)7], n = 1,2,..., repeating the above procedure step by step,
we can similarly prove

(V" (&), V5 (€,1) 2 (0,0), (§,t) € R x [n7, (n+ 1)7]. (3.12)
Combining (3.10), (3.1T)) and (3.12), we obtain (V;"(¢,t), V5 (€,t)) > (0,0) for
(&,t) € R x [0,400). The proof is complete. O

Now we establish the following crucial boundedness estimate for (Vi, V2).

Lemma 3.5. Let (V1(£,t),Va(€,1)) and (Vi (€,t), Vo' (€,1)) be the solutions of (3.5)
and (3.8), respectively. If

|Vz0(£as)‘ S sz)r(fas) fO?” (E,S) €R x [_7—’ 0]7 1= 1’27 (313)
then
Vi€, )| S VT (& 1) for (&) ER X [0,+00), i =1,2.

Proof. First of all, we prove |V;(&,t)| < V;7(&,t) for t € [0,7], i = 1,2. In fact,
when t € [0, 7], namely, t — 7 € [—7,0], it follows from (3.13) that

|Vi(€ —er,t —7)| = |Vio(§ — cT,t — 7)]
SVig(€—erit—1) (3.14)
=V (& —crt—7) for (&t) € Rx [0,7].
Then by |W(d2)| < #'(0) and |g'(¢1)| < ¢'(0) and (3.14), we obtain
W (0)e Vo (& —ert — ) £ B ($a)e M Va(€ —er,t — T)
> W (0)e A TV5 (€ = eryt = 7) = [ (o)]e AT |Vo(€ — erit — 1) (3.15)
>0 for (&t) e R x[0,7]
and
g0)e V(€ —ert — ) £ ¢ (¢1)e M TVI(E — eyt —T)
>0 for (&t) € R x[0,7].
Let
v (6,1) = VN6 t) = Vi(E, 1), v (6t) = V(6 )+ Vi t), i=1,2.
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We are going to estimate vi (£,t). From (3.3), (3:6), (3-8) and (3.13), we sce that

vy (€,t) satisfies
vy + pr(e)ve — divge + pa(c)uy =0, (§1) € Rx[0,7],
01_0(578) :‘G—E(fas) 7‘/10(578) 207 g ER? ERS [77_30]'
By the comparison principle, we obtain
vy (§1) 20, (§t) e Rx[0,7],
namely,
Vi(&,t) SVIT(E 1), (&) e Rx[0,7].
Similarly, one has
Vgy + p3(C)vge — davgee + palc)vy >0, (§1) € R x[0,7],
02_0(57 S) = ‘/Q'fd(g, 8) - ‘/20(57 S) Z 07 f S Rv ERS [_Ta 0]
Applying the comparison principle again, we have
vy (§,8) >0, (&) e Rx[0,7],
ie.,
Va(61) <V (6,8), (§,1) eRx[0,7].
On the other hand, v (&, t) satisfies
o), + pl(c)vi"E - dwi”§§ + pale)v] >0, (&) € R x[0,7],
V(€. 8) = ViH(€,8) + Vio(§,8) 20, E€R, se[-7,0].
Then the comparison principle implies that
v (1) =ViT (€ + Va6 6) 20, (§) € Rx[0,7];

that is,
- Vit (&) < VA6 1), (&t) e Rx [0, 7).

Similarly, vy (&,t) satisfies
vy, + pg(c)v;r5 — dgvé"55 + pale)vy >0, (&) € R x[0,7],
v30(&,8) = Vo (§,8) + Vao(§,8) 20, E€R, s€[-7,0].
Therefore, we can prove that
vy (§:8) = Vo (6,1) + Va(6,) 20, (&,1) e Rx [0,7],

namely
— V5T (&, 1) < Va6 1), (&) eRx[0,7].

Combining (3.16)) and (3.18)), we obtain
Vi(e, 1) S ViT(€,t) for (§,1) € R x [0,7],

and combining (3.17)) and (3.19)), we prove
[Va(&, 1) < V5T (€,1) for (§,1) € R x [0, 7],

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

Next, when ¢ € [r,27], namely, t — 7 € [0, 7], based on (3.20) and (3.21) we can

similarly prove
ViE, ) S ViT(&,t) for (§,1) eRx [r,27], i=1,2

Repeating this procedure, we then further prove

Vi(&, 1) < ViT(&,1), (1) ERx [nr,(n+1)7], n=1,2,...
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which implies
Vi€, t)| < VF(&,t) for (&) e R % [0,00), i =1,2.
The proof is complete. O

In the following, we derive the stability of traveling waves for the linear system
by using the weighted method and by carrying out the crucial boundedness
estimate on the fundamental solutions. Now let us recall the properties of the
solutions to the delayed ODE system.

Lemma 3.6 ([12) Lemma 3.1]). Let z(t) be the solution to the scalar differential
equation with delay
d

%Z(t) =Az(t)+ Bz(t—71), t>0,7>0,

(3.22)
z(s) = zo(s), se][-7,0].
where A, B € CN*N N > 2 and zy(s) € C'([~7,0],CN). Then
0
2(t) = eAtHT Bt () —|—/ eAl=9)Bilt=T=5) [0 () — Az(s)]ds,
where By = Be™47 and eP'! is the so-called delayed exponential function in the
form

0, —0o<t< -7,

1, —7<t<0,

I+ B4, 0<t<r,
eBit = I+ By 4 + BRST T<t<or

I+B1%+Bl2%+-“+Bi”M, (m—1)1 <t <mr,

m!

where 0,1 € CN*N and 0 is zero matriz and I is the identity matriz.

Lemma 3.7 ([I12, Theome 3.1]). Suppose u(A) := M < 0, where py(A)
and poo(A) denote the matriz measure of A induced by the matriz 1-norm || - |1
and oo-norm || - ||eo, respectively. If v(B) = w < —u(A), then there exists
a decreasing function e, = (1) € (0,1) for 7 > 0 such that any solution of system
(13.22) satisfies
lz(t)|| < Coe 577, ¢ >0,
where Cy is a positive constant depending on initial data zo(s), s € [—7,0] and
o =|u(A)| —v(B). In particular,
leteP || < Coe™=, £ >0,

where eB1t is defined in Lemma .

It can be seen from the proof of [I2, Theome 3.1] that

04 1 -
pi(A) = lim %: max [Re(ajoZMI}»

6—0+ 1<j<N oy
J#i
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N

oy M AOAl =1 SET

poold) = limy, T = x| Relai) + 7&.“‘”'
i#£]

Next, we shall estimate the decay rate for the solution V¥ (&, ¢).
Lemma 3.8. Let the initial data Viar(f, s), 1 =1,2, be such that
Vi e C([-7, 0 WY(R)), 0,V§ € LY([-7,0];L*(R)), i=1,2.
Then
[V (#)| ooy < CtY2e7#28 for ¢ > max{c,, c*}, i = 1,2,
where > 0 and C > 0.

Proof. Taking Fourier transform in (3.8]) and denoting the transform of V¥ (£,¢) b
V+(n,t), we obtain

Vit (n,t) = —(di|nl* + p2(c) +ip1(c)n) Vit (n, t) + K’ (0)e " MDY (. ¢ — 1),
Var (n,t) = —(da|n|* + pa(c) +ips(c)n) Vs (n,t) + g’ (0)e=TAHDVF (5t — 7),
Vi (n,s) = Vg (n,s), neR, se[-7,0]i=12

?

(3.23)
Let
A(n) = (_<dl|772 + pa2(c) +ip1(c)n) 0 )
0 —(d2|nl* + pa(c) +ips(c)n) )’
0 h/(o)e—cr()\+in)
B(T’) = <gl<0)e—c7'(>\+i7]) 0 .
Then system (3.23) can be rewritten as
Vit (n,t) = AV *(n,t) + B V*F (¢ = 7), (3.24)
where V¥ (n, ) = (Vi (n, ), V5 (n. )"
By Lemma the linear delayed system (3.24)) has solution
V() =e AT 2D (), —7)
0
+ /_T eA(n)(t—s)efl(n)(t—s—-r) [3S%+(77, s) B A(W)VJ (777 s)]ds (3.25)

0
=T, (1) + / To(n,t — s)ds,

-7

where By (n) = B(n)e™M7. Let V*(&,t) := (VT (&,1), V5" (€,1))T. Then by taking
the inverse Fourier transform in (3.25]), one has

VEE ) = FLIE ) + 0 FHU)(E t — s)ds

—T

_L " AW B (0 )y

/ / N AWM (3) B (n)(1=5-7)

x [5sVo (n,5) = AV (n, )] dn ds.

(3.26)
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From the definition of u(-) and v(-), we have
p1(A(n)) + poo (A
(A = 1(A(n)) ' (A(m))
=max {—di7* — p2(c), —dan® — pa(c)}
= —don® — A+ da)? — B,

since d > do, a > 3 and N2 < dj‘igz, and

v(B(n)) = max{h'(0), ¢'(0)}e ™.
By considering A € (A (c), Ay(c)), we obtain u(A(n)) < 0 and

H(AW)) + v(B() = ~da® = A+ daA* = B+ max{h'(0),¢'(0)}e 7 < 0.

Furthermore, we obtain
[u(A(n)| = v(B(n)) =dan? + eX = d2A? + § — max{h'(0), g'(0) }e~ "
= - AQ()‘7 C) + d2772a

15

where Ag(\,¢) = d\? — e\ — B+ max{h/(0),¢'(0)}e=*°" < 0 for ¢ > max{c,,c'}.
It then follows from Lemma that there exists a decreasing function e, = &(7) €

(0,1) such that

||6A(n)(t+7)631(7])t” < Cle—s.r(\,u(A(n))\—y(B(n)))t < Cle—srpote—sfan’t)

where C} is a positive constant and pg := —Ay(\,¢) > 0 with ¢ > ¢f. By the

definition of Fourier transform, we have

2
sup [[Vg* (n, =) || < / V6" (€, =n)lldg = > 1IVig (=)l rry-
neR R i—1

Therefore,

— 1 > i T 9
sup||.7-" 1[11](5’@“ :SUPHT/ ei&m A (t+ )eBl(n)tVO+(n, —T)dTIH
EER £ER T J_—o
<c / e=erdite=ernat |k (. 1)l

o0
<Ce =t |V, —)| [ ey
neRr —00

2
<Ce ' 2 Y TV (=)l w)s

i=1
with po := e, ug-
By using the property of Fourier transform, we obtain

up |din? Vi (n, )| = up |di FIVi)(n, 1))
= dil|0ee Vi (5 D) | ()
<AV D) lwea gy

and

sup | (in)V; " (n,t)| = sup | F[0:V;T](n, 1)
neR nerR

(3.27)
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+
< / Vi (€, )| de

= [10eV;" ()l 21 ).
for ¢ = 1,2. Thus,

supllA( Wt ()l <CZIIV£ )z (w)-
=1

Similarly, we can derive that
sup [FHT2)(E = s)|
—sup | [ AP DD, (3, 5) — ATy (3.5
£ER —o0
s} R .
<C [ e et 0,0 15) ~ AT (r,)]d (3.28)

[e'S)
< Cemermtesmine sup 0,1 (.5) — AV (s)] [ ey
neR —00

< Cemsrhot(t — 5) 7128 (s),
where

5(5) = ||68V0+('75)HL1(R) + ||VO+('5 S)HW2~1(R)-

Furthermore, one has

/ (- )2 ()

-7

0 £)1/2
< (1+t)_1/2/ 8+ ;1/25(5)(18 (3.29)

< Ct 2110V ()| 1 (=m0 £t (R)) + Ve (8] 11 (=021 (m)) ) -

Substituting (3.27)), (3.28) and (3.29) in (3.26)), we obtain the the decay rate
ZHV HLOO(]R) <Ct 1/26 uzt

This proof is complete. [

Let us choose that VJ (¢, s) such that
Vig € C(l=m, 0, W21 (R), 0,V € LY([=7,0; L' (R)),
Vig (§,9) = [Vio(&,9)l, (§,8) ERx [-7,0], i =1,2.
Combining Lemmas and we obtain the convergence rates for V (&, t).
Lemma 3.9. If Vo € C([-7,0]; W21(R)) and 95V;o € L*([—,0]; L*(R)), then
IVi(t)]| oo (m) < Ct=1/2emat,

for some po >0, i =1,2.
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Since Vi(&,1) = Jw(€)Ui(€ + wo,t) = e MUi(€ + w0, 1) and /w(§) = e > 1
for £ € (—00,0], it follows that

(Sup }|Ui(§+fﬂo,t)| < Vi) | oo ry < Ct™ 1267120,
£e(—o0,0

Thus, we obtain the following estimate for the unshifted U (¢, ).

Lemma 3.10. It holds that

sup  |U;(&,t)] < Ct_1/2e_“2t, 1=1,2,
£€(—o0,z0]

for some pg > 0.

Proof of Proposition[3.3. By Lemmas and [3.10] we immediately obtain (3.4)
for 0 < p < min{pq, o} O

Acknowledgements. G.-B. Zhang was supported by the NSF of Gansu Province
(18JR3RA093), and by the NSF of China (11861056). The authors are grateful to
the anonymous referees for their careful reading of this paper and for their valuable
suggestions.

(1

(2]

(3]
(4]
(5]
(6]

(7]
(8]

(9]
[10]
(11]

(12]

(13]
(14]

[15]

REFERENCES

V. Capasso, L. Maddalena; Convergence to equilibrium states for a reaction-diffusion system
modeling the spatial spread of a class of bacterial and viral diseases, J. Math. Biol., 13 (1981),
173-184.

I.-L. Chern, M. Mei, X.-F. Yang, Q.-F. Zhang; Stability of non-monotone critical traveling
waves for reaction-diffusion equations with time-delay, J. Differential Equations, 259 (2015),
1503-1541.

H. I. Freedman, X.-Q. Zhao; Global asymptotics in some quasi-monotone reaction diffusion
system with delays, J. Differential Equations, 137 (1997), 340-362.

S. A. Gourley; Linear stability of traveling fronts in an age-structured reaction-diffusion
population model, Q. J. Mech. Appl. Math., 58 (2005), 257-268.

S. A. Gourley, Y. Kuang; Wavefronts and global stability in a time-delayed population model
with stage structure, Proc. R. Soc. Lond. Ser. A, 459 (2003), 1563-1579.

C.-H. Hsu, T.-S. Yang; FEuxistence, uniqueness, monotonicity and asymptotic behavior of
traveling waves for a epidemic model, Nonlinearity, 26 (2013), 121-139. Erratum: C.-H. Hsu,
T.-S. Yang; Nonlinearity, 26 (2013), 2925-2928.

C.-H. Hsu, T.-S. Yang, Z.-X. Yu; Euxistence and exponential stability of traveling waves for
delayed reaction-diffusion systems, Nonlinearity, 31 (2018), 838-863.

R. Huang, M. Mei, K.-J. Zhang, Q.-F Zhang; Asymptotic stability of non-monotone traveling
waves for time-delayed nonlocal dispersion equations, Discrete Contin. Dyn. Syst., 36 (2016),
1331-1353.

Y. Li, W.-T. Li, Y. Yang; Stability of traveling waves of a diffusive susceptible-infective-
removed (SIR) epidemic model, J. Math. Phys., 57 (2016), 041504.

C.-K. Lin, C.-T. Lin, Y.P. Lin, M. Mei; Fxponential stability of nonmonotone traveling waves
for Nicholson’s blowflies equation, SIAM J. Math. Anal., 46 (2014), 1053-1084.

G. Lv, M. Wang; Nonlinear stability of travelling wave fronts for delayed reaction diffusion
equations, Nonlinearity, 23 (2010), 845-873.

Z. H. Ma, R. Yuan, Y. Wang, X. Wu; Multidimensional stability of planar traveling waves for
the delayed nonlocal dispersal competitive Lotka-Volterra system, Commu. Pure Appl. Anal.,
18 (2019), 2069-2092.

M. Mei, C.-K. Lin, C.-T. Lin, J. W. H. So; Traveling wavefronts for time-delayed reaction-
diffusion equation: (I) local nonlinearity, J. Differential Equations, 247 (2009), 495-510.

M. Mei, C.-K. Lin, C.-T. Lin, J.W.-H. So; Traveling wavefronts for time-delayed reaction-
diffusion equation: (II) nonlocal nonlinearity, J. Differential Equations, 247 (2009), 511-529.
M. Mei, C. Ou, X.-Q. Zhao; Global stability of monostable traveling waves for nonlocal time-
delayed reaction-diffusion equations, SIAM J. Math. Anal., 42 (2010), 2762-2790.



18 S. SU, G.-B. ZHANG EJDE-2020/46

[16] M. Mei, K.-J. Zhang, Q.-F. Zhang; Global stability of traveling waves with oscillations for
Nicholson’s blowflies equation, Int. J. Numer. Anal. Model., 16 (2019), 375-397.

[17] S. Pan, W.-T. Li, G. Lin; Ezistence and stability of traveling wavefronts in a nonlocal diffusion
equation with delay, Nonlinear Anal., 72 (2010), 3150-3158.

[18] H.L. Smith, X.-Q. Zhao; Global asymptotical stability of traveling waves in delayed reaction-
diffusion equations, STAM J. Math. Anal., 31 (2000), 514-534.

[19] T. Su, G.-B. Zhang; Stability of traveling wavefronts for a three-component Lotka-Volterra
competition system on a lattice, Electron. J. Differential Equations, 57 (2018), 1-16.

[20] H. R. Thieme, X.-Q. Zhao; Asymptotic speeds of spread and traveling waves for integral
equations and delayed reaction-diffusion models, J. Differential Equations, 195 (2003), 430-
470.

[21] S.-L. Wu, H.-Q. Zhao, S.-Y. Liu; Asymptotic stability of traveling waves for delayed reaction-
diffusion equations with crossing-monostability, Z. Angew. Math. Phys., 62 (2011), 377-397.

[22] S.-L. Wu, S.-Y. Liu; Ezistence and uniqueness of traveling waves for non-monotone integral
equations with application, J. Math. Anal. Appl., 365 (2010), 729-741.

[23] S.-L. Wu, C.-H. Hsu; Ezistence of entire solutions for delayed monostable epidemic models,
Trans. Am. Math. Soc., 368 (2016), 6033-6062.

[24] D. Xu, X.-Q. Zhao; Erratum to Bistable waves in an epidemic model, J. Dynam. Differential
Equations, 17 (2005), 219-247.

[25] Y. Yang, W.-T. Li, S.-L. Wu; Ezponential stability of traveling fronts in a diffusion epidemic
system with delay, Nonlinear Anal. RWA., 12 (2011), 1223-1234.

[26] Y. Yang, W.-T. Li, S.-L. Wu; Stability of traveling waves in a monostable delayed system
without quasi-monotonicity, Nonlinear Anal. RWA., 3 (2013), 1511-1526.

[27] Z.-X. Yu, F. Xu, W.-G. Zhang; Stability of invasion traveling waves for a competition system
with nonlocal dispersals, Appl. Anal., 96 (2017), 1107-1125.

[28] G.-B. Zhang, R. Ma; Spreading speeds and traveling waves for a monlocal dispersal equation
with convolution type crossing-monostable nonlinearity, Z. Angew. Math. Phys., 65 (2014),
819-844.

[29] G.-B. Zhang; Global stability of non-monotone traveling wave solutions for a nonlocal dis-
persal equation with time delay, J. Math. Anal. Appl., 475 (2019), 605-627.

[30] G.-B. Zhang, Y. Li, Z. Feng; Exzponential stability of traveling waves in a nonlocal dispersal
epidemic model with delay, J. Comput. Appl. Math., 344 (2018), 47-72.

[31] X.-Q. Zhao, W. Wang; Fisher waves in an epidemic model, Discrete Contin. Dyn. Syst. Ser.
B, 4 (2004), 1117-1128.

St Su
COLLEGE OF MATHEMATICS AND STATISTICS, NORTHWEST NORMAL UNIVERSITY, LANZHOU, GANSU
730070, CHINA

Email address: 188094226340163. com

GUO-BAO ZHANG (CORRESPONDING AUTHOR)
COLLEGE OF MATHEMATICS AND STATISTICS, NORTHWEST NORMAL UNIVERSITY, LANZHOU, GANSU
730070, CHINA

Email address: zhanggb2011@nwnu.edu.cn



	1. Introduction
	2. Preliminaries and statement main results
	Notation

	3. Global stability of traveling waves
	Acknowledgements

	References

