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POSITIVE SOLUTIONS FOR A NONLINEAR SYSTEM OF
FOURTH-ORDER ORDINARY DIFFERENTIAL EQUATIONS

QIUYUE WANG, LU YANG

ABSTRACT. In this article, we consider the existence of positive solutions for
a nonlinear system of fourth-order ordinary differential equations. By con-
structing a single cone P in the product space C[0,1] x C[0,1] and applying
fixed point theorem in cones, we establish the existence of positive solutions
for a system in which the nonlinear terms are both superlinear or sublinear. In
addition, by the construction of the product cone K1 x Ko C C[0,1] x C|0, 1]
along with the product formula of fixed point theory on a product cone, we
investigate the existence of positive solutions involving nonlinear terms, one
uniformly superlinear or sublinear, and the other locally uniformly sublinear
or superlinear.

1. INTRODUCTION AND MAIN RESULTS

In this article, we consider the existence of positive solutions for the nonlinear
system of fourth-order ordinary differential equations

u () + ru” () — arult) = fu(t,ult),v(t)), ¢ € (0,1),
oW () + B (8) — au(t) = folt, u(t),v(t)), te (0,1),
uw(0) = u(1l) =u"(0) =u"(1) =0
v(0) =v(1) =2"(0) =2"(1) =0
where f; € C([0,1] x RT x R*,RT), Rt = [0,+00) and §;,; € R (i = 1,2) satisfy
the following conditions:

B < 2m?,  —BZ/A<a;, ai/mt+ BT < 1.

(1.1)

) =0,
) =0,

These conditions involve a two-parameter nonresonance condition, see [5] 6].

In recent years, there have been extensive attention on the existence of positive
solutions for second-order ordinary differential equations and systems, see [3], 4} [§]
and the references therein. For example, in [§], by applying the product formula
of fixed point theory on product cone and fixed point theory in cones, He-Yang
discussed the existence and multiplicity of positive solutions for a system of non-
linear Sturm-Liouville equations. Clearly, when 5, = By = 8, a1 = as = «,
filt,u,v) = f(t,u) and fa(t,u,v) = f(t,v), system reduces to the following
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fourth-order ordinary differential equation

w®(t) + fu’ () — aw(t) = f(t,w(t), te€(0,1),

(1.2)

w(0) = w(l) = w”(0) = w’(1) = 0.
Equation is used to describe the deformation of an elastic beam supported
at the end points. Much has been studied for , see [9, [6l [, 2] and references
therein. For instance, in [9], by employing the fixed point theory in cones, Li
presented the existence of positive solutions for under the conditions that
f(t,w) is either superlinear or sublinear with respect to w at w = 0 and w = +oc0.

Motivated by the works mentioned above, we shall deal with the existence of
positive solutions for system . The purpose of this paper is to extend the
result in [9] from two different aspects.

Firstly, we consider the existence of positive solutions for system with su-
perlinear or sublinear nonlinearities. For this problem, we can change the existence
of positive solutions for system into that of nontrivial fixed points for the
corresponding compactly continuous mappings on a single cone P (see ) in
product space C[0,1] x C]0, 1] and then choose proper open sets P. C P in which
the superlinearity or sublinearity can be applied directly. By using the fixed point
theory in cones, we obtain the existence of positive solutions for system . Our
main results are the following.

Theorem 1.1. Assume that fi and fo satisfy the condition

$2 2
i 't7 3 . . . . 't, s
limsup max M <1< liminf min M

, 1.3
utv—0+ t€I0,1] AU+ Agv utv—toote[0,1]  Aru + Agv (13)

where \; = m* — Bim? — oy (i = 1,2). Then system (L.1)) has at least one nonzero
nonnegative solution. Moreover, if f1(t,0,v(t)) £ 0 and fa(t,u(t),0) £ 0 for all
(u,v) € P\{(0,0)}, then system (1.1) has at least one positive solution.

Theorem 1.2. Suppose that fi and fo satisfy the following assumptions:

yo2 2
1 i ta ) . ] t, ,

, 1.4
u+v—07t t€[0,1] AU+ Aqu utv—+oo t€[0,1] AU + Agv ( )

where \; = m* — Bim? — oy (i = 1,2). Then system (L.1)) has at least one nonzero
nonnegative solution. Moreover, if f1(t,0,v(t)) Z 0 and fa(t,u(t),0) £ 0 for all
(u,v) € P\{(0,0)}, then system (1.1) has at least one positive solution.

Secondly, we investigate the existence of positive solutions for involving
nonlinear terms in which one is uniformly superlinear or sublinear and the other
is locally uniformly sublinear or superlinear. In this case, it is very difficult to
directly construct proper open sets in the single cone P on product space owing
to the different features of nonlinear terms. In order to overcome the obstacle, we
will construct a product cone K7 x Ko which is the Cartesian product of two cones
{K;}2_, C C[0,1] (see (2.2)) and then choose proper open sets D = Dy x Dy C
Ki x K, such that the different features of nonlinearities can be exploited better.
Applying the product formula for the fixed point index on product cone and the
fixed point index theory in cones, we establish the existence of positive solutions
for system . Our main results are the following.
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Theorem 1.3. Assume that fi and fo satisfy the following conditions:

t7U7U . . t u,v
lim sup max M < A1 < liminf min M
w0+ t€[0,1] u u—+o00 te(0,1] u

uniformly with respect to v € RT;

t.u,v t,u,v
liminf min M > Ag > limsup max M
v—0+ te[0,1] v v +oo t€[0,1] )

(1.6)

locally uniformly with respect to u € [0, M| for all M > 0, where \; = 7* — B —
(i =1,2). Then system (1.1)) has at least one positive solution.

Theorem 1.4. Suppose that fi and fo satisfy the following assumptions

t t
liminf min hilt,uv) > Ap > limsup max Niltwv) (1.7)
u—0t t€(0,1] u u——+oo t€[0,1] u
uniformly with respect to v € RT;
t t
lim sup max Jaltsuv) < Ag < liminf min oltuv) (1.8)
v—0+ t€[0,1] v v—+00 te[0,1] v

locally uniformly with respect to u € [0, M] for all M > 0, where \; = 7* — 37 —

(i =1,2). Moreover, if there exists a locally bounded function g = g(u) such that
lim sup max fi (¢, u,v) = g(u) (1.9)
v—+oo t€[0,1]

locally uniformly with respect to u € [0, M| for all M > 0, then system (1.1) has at

least one positive solution.

Remark 1.5. If one of the following two conditions is valid

(i) f1 and fo satisfy assumptions (L.5)) and ; or

(ii) f2 and f; satisfy assumptions 7 and ,
then system has at least one positive solution, which can be seen from the
proofs of Theorems In particular, when 37 = B2 = 3, a1 = ay = a,
fit,u,v) = f(t,u) and fa(t,u,v) = f(t,v), equation has at least one positive
solution if f; satisfies condition or fo satisfies condition , which is just
the result in [9].

The rest of this article is organized as follows: in Section 2, we present some
preliminaries; in Section 3, we prove Theorems [1.1 in Section 4, we give some
applications.

2. PRELIMINARIES

In this section, we construct two classes of cones in which one is a single sub-
cone P C C[0,1] x C[0,1], and the other is the Cartesian product K; x Ky of
subcones {K;}? ; C C[0,1]. And then we can change problem into the fixed
point problem in the constructed subcones. At the same time, we give some useful
preliminaries for the proofs of our main results. Let

1 1
Hia 25(—@‘4—\/534-40@)7 Hi,2:§(_6i_\/5?+4ai)y =12,

and G; ;(t,s) (j = 1,2) be the Green’s function of the linear boundary value problem
—u"(t) + piju(t) =0, te(0,1),
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u(0) = u(l) =0,
then for h; € C]0, 1], the solution of linear boundary value problem
u® () 4 B (t) — azu(t) = hi(t), te (0,1),
u(0) = u(1) = u"(0) = " (1) =0,
can be expressed as

//G“tf )Gia (T, 8)hi(s) ds dr.

Lemma 2.1 ([9)). The function G, ;(t,s) (1 = 1,2;j = 1,2) has the following
properties:

(i) Gij(t,s) >0 forallt,s e (0,1);

(ii) ”( ,8) < C; ;G (s, 8) for allt,s € [0,1], where C; ; > 0 is a constant;

(iii) G, ;(t,s) = 0;,;G;;(t, t)G; ;(s,s) for all t,s € [0,1], where §;; > 0 is a
constant.

It is well known that C0, 1] is a Banach space with the maximum norm |Ju| =
maxco,) [u(t)| and C*[0,1] := {u € C[0,1]| u(t) > 0, V¢t € [0,1]} is a closed
convex cone in C[0,1]. In addition, let

M; ;= G, i(t,t i = i G, i(t,t
i = max, iq(tt),  mi o min i.q (1),
1
CZ-Z/ Gia(7,7)Gio(T,T)dT,
then M; j, m; ;, C; >0 (’L =1,25=1 2)
Lemma 2.2 ([9]). Let h; € CT[0,1] (i = 1,2), then the solution of ([2.1) satisfies

u(t) > 03,104,2C;

B2 Gy () |u), Ve e o, 1]
e GRS (8]

For A € [0,1], u,v € C*[0,1], we define the mappings Tx1(-,-), Th2(:"
CH[0,1] x C+[0, 1] — C*+[0, 1] and Tx(-,-) : C+[0, 1] x C+[0, 1] — C+[0, 1] x C+[0, 1]
by

Tyt (u,0)(8) = / / G (£, 7)Ga (7, 8)hn (5, u(s), v(s)) ds dr,

Ty 2(u,v)(t) :/0 /0 Go.1(t, 7)Ga,2(T, 8)hx 2(s, u(s),v(s))dsdr,
T (u,v)(t) = (Tx1(u, v)(t), Tr 2(u, v)(t)),

where
hai(s,u(s),v(s)) = Afi(s,u(s),v(s)) + (1 — A) f1(s,u(s),0),
ha2(s,u(s),v(s)) = Afa(s,u(s),v(s)) + (1 — A) fa(s,0,v(s)).
It is obvious that the existence of positive solutions of system is equivalent to
the existence of nontrivial fixed points of 77. We will find the nontrivial fixed point

of T1 by using the fixed point theory in cones. On this purpose, we introduce the
following sub-cones:

Ki={ueCT0,1]:u(t) > o;|ul|, Vt € [1/4,3/4]} i=1,2;

(2.2)
P = {(u,v) € CT[0,1] x CT[0,1] : u(t) + v(t) = o||(u,v)||, Vt € [1/4,3/4]},



EJDE-2020/45 POSITIVE SOLUTIONS FOR A SYSTEM OF FOURTH-ORDER ODES 5

where g; = mi7161,157;7201'/(01‘,101‘,2]\41'71), g = min{al,ag} > 0 and ||(U,U)H =
lw]l + ||v|l. For simplicity and convenience, we will use the following notation:

K., ={ueK;:|ull<r}, P={(uv)eP:|uv)|<r}
0K,, ={u e K; : |ul]| =r;}, OP.={(u,v) € P:|(u,v)| =r},
K, ={ueK;:|ul| <r},Vr >0, P.={(u,v)€P:|(u,v)]|<r}, Vr>0.
To calculate the fixed point index of T}, we need the following results.

Lemma 2.3. (i) T) : K1 X Ky — Ky x Ky is completely continuous;
(ii) 71 : P — P is completely continuous.

Proof. (i) For (u,v) € K1 x Ky, let hy(t) = hx1(t, u(t),v(t)), then T 1(u,v)(t) is
the solution of equation (2.1)) with ¢ = 1. By Lemma we have

1 .1
Th1(u,v)(t) = / / G1,1(t,7)G1,2(7, 8)h1(s) dsdr
o Jo
01,101,2C1
~ C11C12M 4
which implies that T 1(u,v)(t) = o1 Tx1(u,v)|, t € [1/4,3/4]. Similarly,
T)\’Q(U7/U)(t) > 0’2||T)\’2(U7/U)||, t e [1/4,3/4]

Hence, Ty (K1 x K3) C K1 x Ko. By the Arzela-Ascoli theorem, we know that
Ty : K1 x Ko — K1 X K5 is completely continuous.
(ii) By (2.2) and the proof of Lemma (i), we immediately obtain the desired

conclusion. |

Remark 2.4. In fact, let T'(\, u,v)(t) = Ta(u,v)(¢), then T([0,1] x K, x K,,) is
a compact set by the Arzela-Ascoli theorem.

Gra(t, )l Txa(u,v)[l, vt €[0,1],

Next, we will recall some concepts about the fixed point index, which will be
used in the proofs of our theorems. Let E be a Banach space and K C F is a
closed convex cone in E. Assume ) is a bounded open subset of F with boundary
0 and KNON#(. Let T: KNQ — K be a completely continuous operator. If
Tu # u for every u € K N9, then the fixed point index (7, K NQ, K) is defined.
One important fact is that if i(T, K N Q, K) # 0 then T has a fixed point in K N§Q.
The following results are useful in our proofs.

Lemma 2.5 ([7]). Let E be a Banach space and K C E is a closed convex cone in
E. Forr >0, denote K, = {u € K : ||Ju| <r}, 0K, = {u € K : |lu|]| = r}. Let
T: K — K be a complete continuous mapping, then the following conclusions are
valid:
(i) if pTu # u, Yu € 9K, and p € (0,1], then i(T, K,,K) =1;
(ii) 4f mapping T satisfies the following two conditions:
(a) infyeok, [|[Tul > 0;
(b) pTu # u, for allu € K, and p > 1,
then (T, K, K) = 0.

Lemma 2.6 ([4]). Let X be a real Banach space, P; C X be a closed convex cone,
W, be a bounded open subset of X with the boundary OW; (i = 1,2), P = P; X Py
and W = Wy x Wy. Assume that T : PN W — P is completely continuous
and there exist compactly continuous mappings A; : B;NW; — P; (i = 1,2) and
H:(PNW) x[0,1] — P such that
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(a) H(-,1) =T and H(-,0) = A, where A(u,v) := (Aju, Agv) for all (u,v) €
PNW;
(b) Asu; # w; for all u; € PN OW;; and
(¢) H(w,7) #w for all (w,7) € (PNOW) x (0,1].
Then we have

i(T,POW,P)=i(Ay, PLN Wy, Py) - i(Ag, Py N\ Wa, Py).

3. PROOF OF MAIN RESULTS

For Theorems and we choose a bounded open set Pp\P,. in the single
cone P on product space and calculate the fixed point index (73, P\ P, P).

Proof of Theorem[I.]]. Firstly, by condition (1.3, there are ¢ € (0,1) and 7 > 0

such that
2

Zf, (t,u,v) < (1 —e)(Au+ Agv), (3.1)
for all ¢ € [0,1], and all (u,v) € {(u,v) € (RT)?| u+v €[0,r]}. We claim that
pIi(u,v) # (u,v), Vue (0,1], V(u,v) € OP,. (3.2)

In fact, if this is not true, then there exist pg € (0, 1] and (ug, vg) € OP,, such that
woT1 (ug, vo) = (ug, vg); that is, (ug, vg) satisfies the system of differential equations

u$? (t) + Bruf(£) — arug(t) = po fi(t,uo(t), vo(t)), Vit € (0,1),
v () + Bavg () — anvo(t) = pofalt, uo(t), vo(t)), ¥t € (0,1),
u(0) = up(1) = uf (0) = uf(1)
v0(0) = vo(1) = v((0) = v (1)
It follows from (3.1) and ( . ) that
“”( £) + Brug (t) — aquo(t) + o5 (t) + Bavf (1) — azuo(t)
< it uo(t), vo(t)) + fa(t, uo(t), vo(t))
< (1T =e)(Aruo(t) + Agvo(t)).

Furthermore,

(3.3)

)

(1) =0
(1) = 0.

1 1
/ Otto(8) + Aav(8)) sin(rt) dt < (1 — 2) / Ovtto(8) + Aavo(£)) sin(rt) d.
0 0
Noticing that fol()\luo(t) + Aavo(t)) sin(nt) dt > 0, we get 1 < 1 — ¢, which is a

contradiction.
Secondly, from , there exist € > 0 and m > 0 such that

Z filt,u,v) = (1 +¢e)(Aru + Aav), (3.4)

for all ¢ € 0,1] and all (u,v) € {(u,v) € (R¥)?| w+v >m}. Combining this with
(3.4), it follows that

2
Zfi(t,u,v) > (1+e)(Mu+ Av) —C, Vtel0,1], V(u,v) € RT x R, (3.5)
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where C' = m(1 +€)(A1 + A2). Now, we are in position to prove that there exists a
R > r such that

( i)nfap HTl(U,U)H >0 and MTI (U,’U) 7& (ua U), V,U/ 21, V(’U/,’U) € 8PR (36)
u,v)€IdPRr

In fact, if there are pg > 1 and (ug,vg) € P such that puoT(ug, vo) = (uo, vo), then
combining (3.3]) with (3.5)), we deduce that

us? (1) + Brug (£) — aruo(t) + v (8) + Bavf (1) — azvo(t)
> filt,uo(t), vo(t)) + falt,uo(t), vo(t))
> (1 +€)()\1U0( ) + )\gvo(t)) —C.

Then

1 1
/0 (Muo(t) + Aavp(t)) sin(wt) dt > (1 + 5)/0 (Muo(t) + Aawo(t)) sin(wt) dt — %,

which along with the definition of cone P implies that

V20
gg min{)\l, )\2}

Thus, for all 4 > 1 and (u,v) € OPg, uTi(u,v) # (u,v) as R > R. In addition, if
R > m/a7 then by Lemma and ([3.4) we have that for all (u,v) € 9P,

1Ty (u, 0) || = (T, (u, 0) + Th 2 (u, v))(1/2)

112
[ [ S G2 s o s

1o, vo)ll < =R (3.7)

2
> Z(Si,léiQCiGi,l(l/Qv 1/2) /1 Gia(s,8)fi(s,u(s),v(s))ds
i=1

3/4 2
/ m {61 152 2cmz 1My, 2} Zfl S, U )dS

3/4
> m {(5z 10;2Cm; 1m; 2 (1 + E)/ (AMu(s) + Agv(s)) ds
= 1/4

> 111 {(5115220 m; 1My 2} min{Ay, Ao }(1 +€)oR/2,

which implies that lnf u 1;)66PR 177 (u v)|| > 0. So, we choose R > max{r, R,m/o}.

Finally, by (3.2 , 3.6) and Lemmas we have
Z'(TlaPR\PT;P) = Z(ThPRaP) _i(ThPrvP) = -

Hence, system ([1.1]) has at least one solution in P\{(0,0)}. Moreover, if f(t,0,v(t))
Z 0 and fo(t,u(t),0) #Z 0, V(u,v) € P\{(0,0)}, then system (|1.1)) has at least one
positive solution. [

Proof of Theorem[I.3 Firstly, from hypothesis (1.4), there exist £ > 0 and r > 0
such that

Z filt,u,v) = (14 e)(Aru + Aqv), (3.8)
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for all t € [0,1] and all (u,v) € {(u,v) € (RT)?| u+v € [0,7]}. Next, we can show
that

( i)nfap |7y (u,v)|| >0 and pTi(u,v) # (u,v), Yu =1, Y(u,v) € OP.. (3.9)
u,v) €0

In fact, if there are pg > 1 and (ug,vg) € 9P, such that (ug,vo) = poT1(uo,v0), by
(3-3) and (3.8) we obtain
ug) (8) + Brug () — auo(t) + v§” (£) + Bav (1) — azvo(t)
= fi(t,uo(t),vo(t)) + falt, uo(t), vo(t))
> (1 + E)()\l’ILQ(t) + )\Q’Uo(t)) .
Then
1 1
/ (Ao (t) + Aavo () sin(mt) dt > (1 + E)/ (Auo(t) + Aavo(t)) sin(nt) dt.
0 0
Thus, 1 > 1+ ¢, which is a contradiction. In addition, by Lemma and (3.8)) we
obtain that for all (u,v) € 0P,
171 (u, 0) || = (T1,1(u, v) 4+ T 2(u, v))(1/2)
> m}n2{5i,16i,20imi,1mi72} min{)\l, /\2}(1 + €)O'T/2,
=1,

which implies that inf, ,yeap, [|T1(u, v)|| > 0.
Secondly, in view of hypothesis (1.4)), there are ¢ € (0,1) and m > 0 such that

> filtyu,0) < (1= &) (Mu+ Agv), (3.10)
i=1

for all t € [0,1] and all (u,v) € {(u,v) € (RT)?| u+ v > m}. Furthermore, by the
continuity of f1 and fs, there exists C' > 0 such that

2
> filtu,v) < (=) (Mu+Aw) + C, V€ [0,1], V(u,v) € RT xR, (3.11)
i=1

Now, we can prove that there is a R > r such that
uTy(u,v) # (u,v), Y€ (0,1], Y(u,v) € OPg. (3.12)
In fact, if there exist ug € (0,1] and (ug, vg) € P such that poT} (ug,vo) = (ug, vo),
then by (3.3]) and (3.11) we can obtain that
ub? () + Brug (t) — aruo(t) + v§ (1) + Bovf (1) — azuo(t)
< it uo(t), vo(t)) + fa(t, uo(t), vo(t))
< (]. — 5)()\1U0(t) —+ )\QUO(t)) + C .
Then
1 1 2C
/ (Aug(t) + Aovo(t)) sin(mt) dt < (1 —€) / (Aug(t) 4+ Aavo(t)) sin(nwt) dt + —
0 0

Combining this with the definition of cone P, we obtain
V20
ge min{)\l, )\2}

Therefore, for all p € (0,1] and (u,v) € dPg, pT1(u,v) # (u,v) as R > R*. Hence,
we choose R > max{r, R*}.

I (a0, v0) < — R (3.13)
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Finally, from (3.9)), (3.12) and Lemmas we obtain
i(Ty, PR\P,, P) = i(Ty, Pp, P) — i(T}, P,, P) = 1.

Thus, (L.I) has at least one solution in P\{(0,0)}. Moreover if f1(t,0,v(t)) £ 0
and f2(t u(t),0) # 0, for all (u,v) € P\{(0,0)}, then system (1.1]) has at least one
positive solution. 0

To prove Theorems|l.3/and we choose a bounded open set D = (Kg, \K,,) x
(KR, \K-,) in product cone K x Ky and verify that a family of operators {7 } xe[o,1]
satisfy the sufficient conditions for the homotopy invariance of fixed point index on
oD.

Proof of Theorem[I.3. For convenience we present the proof four steps that deter-
mine 7, R1, 79 and Ry in turn.

Step 1. From assumption , there are € € (0, A1) and r1 > 0 such that
A1t u, v)+(1=N) f1(t,u,0) < (A —e)u, Vt e [0,1], V(u,v) € [0,r1]xRT. (3.14)
We claim that
plni(u,v) #u, VYue(0,1], V(u,v) € 0K,, x K. (3.15)

In fact, if it is not valid, then there exist ug € (0,1] and (ug,v9) € 0K, x K, such
that MOTA 1(wo,v0) = wo, that is, (ug, vo) satisfies the differential equation

$O(t) + Bruf (1) — aquo(t) = pohaa (t,uo(t), vo(1)), € (0,1),
up(0) = uo(1) = ug(0) = ug(1) =0,

(
where hy 1(t, uo(t), vo(t)) = Af1(t, uo(t),vo(t)) + (1 — ) f1(t, uo(t),0). In combina-
tion with , it follows that

uS? () + Brugy () — aruo(t) < (A1 — e)uo(t),

(3.16)

and then .

1
)\1/ uo(t) sin(mt) dt < (A1 —¢€) [ up(¢) sin(nwt) dt.
0 0

Noticing that f01 uo(t) sin(nt) dt > 0, we have Ay < Ay —¢, which is a contradiction.

Step 2. By hypothesis (|1.5)), there exist € > 0 and m > 0 such that

A1t u,v) + (1= X)) f1(t,u,0) = (A + €)u, (3.17)
for all ¢ € [0,1] and all (u,v) € [m,+o00] x RT, which implies that
A1t u,v) + (1 =X f1(t,u,0) = (M +e)u—C, (3.18)

for all t € [0,1] and all (u,v) € R* x RT, where C' = (\; +&)m. Now, we can prove
that there exists a Ry > r1 such that

I 1(u,v) #u  and inf ||T1(u,v)|| >0, (3.19)
u€OKR,

for all 4 > 1 and all (u,v) € 0Kg, x K.
First, if there are (ug,v9) € K x K and po > 1 such that 10T 1(uo,v0) = uo,

then by (3.16) and (3.18), we obtain

u$? (t) + Bruf(t) — aruo(t) = (A1 + €)uol(t) — C.
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It follows that

1 1
2
)\1/ uo(t) sin(mt) dt > (A1 + 5)/ uo(t) sin(mt) dt — —C,
0 0 m
that is,
1
2C
t) si t)dt <
/0 ug(t) sin(mt) —
Furthermore, in view of the definition of cone K, we know that
V2~
[[uoll < = R. (3.20)
0,€

Therefore, as R > R, w1 (u,v) #ufor all p > 1 and (u,v) € 0Kg x K.
In addition, if R > m/c,, then by Lemma[2.1jand (8.17)), for all (u,v) € 0Kpx K,

1751 (u, 0) ]| = T 1 (u, 0)(1/2)

:/O /O Gr1(1/2,7)Gra(r, )M (s, u(s), 0(s)) + (1 = A) f1 (5, u(s), 0)] dsdr
> 01,101,2C1G1( / G125, 8)[Mfi(s, u(s), v(s)) + (1 — A) f1(s, u(s),0)] ds

3/4
> 611612Cm, m, , / IV (s, u(s), 0(s)) + (1 — N fa (s, u(s), 0)] ds
> 51,1617201m1)1m172()\1 + E)O’lR/2,

which implies inf,cox , | Tx (1, )| > 0. Hence, we choose Ry > max{ry, R, m/o,}.

Step 3. In view of condition (1.6]), there exist € > 0 and ry > 0 such that

Afa(t,u,v) + (1= X) f2(t,0,v) = (A2 + €)v, (3.21)
for all ¢t € [0,1] and all (u,v) € [0, Rq] % [0,r2]. We claim that
uTy2(u,v) v and elglf | Ta,2(u,v)|| >0, (3.22)

for all 4 > 1 and all (u,v) € Kg, x 0K,,. In fact, if there are up > 1 and
(ug,v0) € Kg, x 0K, such that puoTh 2(uo,vo) = vo, then (ug,vy) satisfies the
differential equation

“o+@v0—%wm:mmxmmwom»temm,
v(0) = v(1) = " (0) = v"(1) =
(

where Ry o (¢, uo(t),v0(t)) = Afa(t, uo(t), vo(t)) +
tion with (3.21)), it follows that

v (1) + B2 (£) — avo(t) = (Ao + €)vo(t),

(3.23)

1—X)f2(¢,0,v0(t)). In combina-

which implies that

)\2/0 vo(t) sin(mt) dt > (A2 + 5)/0 vo(t) sin(mrt) dt.
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By fol vo(t) sin(wt) dt > 0, we get A2 > Ay +e, which is a contradiction. In addition,
by and Lemma we know that for all (u,v) € Kg, x 0K,

T2 (u, v)|| = Ta2(u,v)(1/2) = 02,1622Com, ;m, , (A2 +€)o,7,/2.
So, infueak,, [|Th2(u,v)[| > 0.

Step 4. By hypothesis ([1.6)) and the continuity of fs, there exist ¢ € (0, A2), n >0
and C' > 0 such that

Afa(t,u,v) + (1= A) fa(t,0,v) < (A2 — €)v, (3.24)
for all t € [0,1] and all (u,v) € [0, R1] X [n,4+00); and
)‘fQ(tvuaU) + (1 - )‘)fQ(ta 0, U) < ()‘2 - E)U + 07 (325)

for all ¢t € [0,1] and all (u,v) € [0, R;] x RT.
Now, we are in a position to prove that there is a Ry > 75 such that
uTao(u,v) #v, Yue (0,1], Y(u,v) € Kg, x OKRg,. (3.26)
In fact, if there are po € (0,1] and (ug,v0) € Kg, x K such that 19T 2(uo,v0) = vo,
then by (3.23)) and (3.25)), similar to the proof of (3.20)), we obtain
V20
2
Thus, as R > R, uTx2(u,v) # v for all p € (0,1] and (u,v) € Kr, x 0Kg. Hence,
we choose Ry > max{rq, R'}.
Let D = (Kgr,\K,,)x(Kr,\K,), then from the expressions (3.15)), (3.19)), (3.22)

and (3.26), it is easy to verify that {Th}\c[o,1] satisfy the sufficient conditions for
the homotopy invariance of fixed point index on dD. Moreover, by Remark and

Lemmas 2.5/2.6] we have
i(Tl, D, Kl X KQ) = Z.(To’l, KR1\K77’17 Kl) . i(TO’Q, KRQ\TTQ, KQ) = —1.
Hence, system (1.1]) has at least one positive solution. O

Proof of Theorem[1.J Similar to the proof of Theorem we will determine 71,
R1, r9 and Rs in turn.
Firstly, from assumption ([1.7]), there are £ > 0 and r; > 0 such that

A1t u, v)+(1=N) f1(t,u,0) = (A+e)u, Vt € [0,1], Y(u,v) € [0,71]xRT. (3.28)

By (3.28) and the similar arguments in Step 3 of the proof for Theorem we
deduce that

wn(u,v) # u, ig}f{ ITa1(u,v)|| >0, V=1, V(u,v) € 0K,, x K. (3.29)
ue T

=: R (3.27)

lool| <

Secondly, by hypotheses (1.7]) and (L.9)), there exist € € (0, A1), m > 0and C > 0
such that

AMi(tu,v) + (1= A fi(t,u,0) < (A — e)u, (3.30)
for all t € [0,1] and all (u,v) € [m,+00) x RT; and
A1t u,v) + (1= A) f1(t,u,0) < (M —e)u+ C, (3.31)

for all t € [0,1] and all (u,v) € RT x RT.
In view of (3.30)-(3.31)) and similar arguments to those in Step 4 of the proof for
Theorem [I.3] we can prove that there is a Ry > 1 such that

w1 (u,v) #u, Ve (0,1], V(u,v) € 0Kg, x K. (3.32)
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Thirdly, by assumption (|1.8)), there are ¢ € (0, A2) and ro > 0 such that
Aa(t,u,v) + (1 — A) fa(t,0,v) < (A2 — €)v, (3.33)

for all ¢ € [0,1] and all (u,v) € [0, Rq] X [0,72]. From (3.33)) and similar arguments
as those in Step 1 of the proof for Theorem [I.3] we can show that

uTy2(u,v) #v, Vu € (0,1], Y(u,v) € Kg, x 0K,,. (3.34)
Finally, in view of condition , there exist € > 0, n > 0 and C > 0 such that
Afa(t,u,v) + (1= N) fa(t,0,0) = (A2 + €)v, (3.35)

for all t € [0,1] and all (u,v) € [0, R1] X [n,4+00); and
Afa(t,u,v) + (1= N) fa(t,0,v) = (A2 +e)v = C, (3.36)

for all t € [0,1] and all (u,v) € [0, R1] x RT. By using (3.35)-(3.36) and the similar
arguments as those in Step 2 of the proof for Theorem [1.3] we can deduce that
there exists a Ry > r9 such that

phzo(u,v) #v and inf ||Ty2(u,v)|| >0, (3.37)
vEOKR,

for all u > 1 and all (u,v) € K, x OKg,.

Let D = (Kg,\K,,) x (Kgr,\K,,), then by (3.29), (3.32), (3.34) and (3.37)), it
is easy to verify that {Th}xe[o,1) satisfy the sufficient conditions for the homotopy
invariance of fixed point index on dD. Furthermore, by Remark and Lemmas

we have
i(Tl,D,Kl X KQ) = ’L'(T071,KR1\K77»17 Kl) . Z'(jjog,}(R,‘,\I(i»,ﬂz7 KQ) = —1.

Therefore, system (|1.1) has at least one positive solution. [l

4. APPLICATIONS
In this section, we present some corollaries to Theorems [L.1

Corollary 4.1. Assume f; € C([0,1] x RT x RTR™) and fi(t,u,v) = g;(t, \ju +
Aov), where g; € C([0,1] x RY,RY) (i = 1,2) satisfying the following conditions:
there exists a 6 € (0,1) such that

g1(t,w) (t,w)

lim sup max <6 and limsup max 92 <1-6; (4.1)
w—0+ t€[0,1] w w—0+ t€[0,1] w
there exists a ¥ € (0,1) such that
t t
liminf min gt w) >1¢ and liminf min galt, w) >1-17. (4.2)
w—+00 te(0,1] w w—r+o00 te(0,1] w

Then system (L.1)) has at least one monzero monnegative solution. Moreover, if

g1(t, Aav(t)) £ 0 and g2(t, \u(t)) £ 0, Y(u,v) € P\{(0,0)}, then system has

at least one positive solution.

Proof. 1t is easy to verify that f; and f satisfy condition (1.3)). Hence, by Theorem
we immediately get the desired conclusion. (I

Similarly, applying Theorem we have the following result.
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Corollary 4.2. Suppose f; € C([0,1] x RT x R* RT) and f;(t,u,v) = g; (¢, \ju +
Aov), where g; € C([0,1] x RY,RY) (i = 1,2) satisfying the following conditions:
there is a 6 € (0,1) such that

t t
liminf min gt w) >0 and liminf min galts w) >1-6; (4.3)
w—0t t€[0,1] w w—0t t€[0,1] w
there is a ¥ € (0,1) such that
t t
lim sup max it w) <vY and limsup max galt, w) <1-19. (4.4)

w—+oo t€[0,1] w w—~4o0 t€[0,1] w

Then system (1.1) has at least one nonzero nonnegative solution. Furthermore, if

g1(t, A2v(t)) Z 0 and g2(t, Mu(t)) £ 0, for all (u,v) € P\{(0,0)}, then system (L.1))
has at least one positive solution.

By Corollaries 4.2 it is easy to get the following result on the existence of
positive solutions for equation (L.2)) (see also [9, Theorem 1.1]).

Corollary 4.3. Let A\ = % —3r2 —«a. Assume that f € C([0,1] x RT,R*) satisfies
one of the following conditions:

4 4
lim sup max fltw) < A < liminf min N ,w); (4.5)
w—0+ t€[0,1] w w—+00 te(0,1] w
or
liminf min fltw) > A > limsup max f(t,w)- (4.6)
w—0t te[0,1] W w—+oo t€[0,1] W

Then (1.2) has at least one positive solution.

Proof. Let B1 =fo =0, 01 =as =«, § =9 =1/2 and
1
g1(t, AM(u+v)) = ga(t, Mu+v)) = §f(t’ u+v),
then it is not difficult to verify that g; and g, satisfy conditions (4.1)) and (4.2)) (resp.

(4.3) and (4.4))) as f satisfies condition (4.5)) (resp. (4.6)). Therefore, by Corollaries
4.1]14.2] system (1.1) has at least one nonzero nonnegative solution denoted by

(uy,v,). Moreover, equation (1.2)) has at least one positive solution w = u,+v,. O
Next, we give corollaries related to Theorems [I.3] and

Corollary 4.4. Suppose that fi(t,u,v) = g1(t,u) +p1(u,v), fo(t,u,v) = ga(t,v) +
p2(u,v), where g; € C([0,1]xRT,RT) and p; € C(RT xRT,R*) (i = 1,2) satisfying
the following conditions:

lim sup max g(t,u) <A1 < liminf min 2t (t,u); (4.7
u—0+ t€[0,1] u u—+00 te[0,1] U
lim inf min 92(t:v) > Ao > limsup max gg(t,v); (4.8)
v—0* t€[0,1] v v—+oo t€[0,1] v
lim sup M =0 uniformly w.r.t. v € R; (4.9)
u—0+ u
lim sup pa(,v) =0 locally uniformly w.r.t. w € [0,M] (VM >0), (4.10)
v—+400 v

then system (1.1) has at least one positive solution.
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Proof. Tt is clear that f; and fy satisfy all conditions in Theorem Then, by
Theorem the desired conclusion yields. O

Similarly, in view of Theorem we obtain the following conclusion.

Corollary 4.5. Assume that fi(t,u,v) = g1(t, u) + p1(u,v), falt,u,v) = g2(t,v) +
p2(u,v), where g; € C([0,1]xRT,RT) and p; € C(RT xRT,R*) (i = 1,2) satisfying
the following conditions:

t t

lim inf min iltw) > Ay > limsup max M; (4.11)
u—0t te[0,]] U u—stoo t€[0,1]] U
4 4

lim sup max 92(t,v) < A2 < liminf min M; (4.12)
v—0+ t€[0,1] v v—+00 t€[0,1] v
lim sup M =0 uniformly w.r.t. v € RT,

u——+00 u

limsup py (u, v) = p(u)  locally uniformly w.r.t. uw € [0,M] (VM >0), (413)

v—+00

where p(u) is a locally bounded function;
lim sup P2(1,v)
v—0+ v

then system (L.1]) has at least one positive solution.

Remark 4.6. In particular, when p;(u,v) =0 (i = 1, 2), Corollaries reduce
to the existence results of positive solutions to equation (|1.2)) (see Corollary .

=0 locally uniformly w.r.t. we [0,M] (VM >0), (4.14)
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