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DECAY OF ENERGY FOR VISCOELASTIC WAVE EQUATIONS
WITH BALAKRISHNAN-TAYLOR DAMPING AND MEMORIES

FEI WANG, JJANGHAO HAO

ABSTRACT. In this article, we consider a viscoelastic wave equation with Balakrishnan-
Taylor damping, and finite and infinite memory terms in a bounded domain.

Under suitable assumptions on relaxation functions and with certain initial

data, by adopting the perturbed energy method, we establish a decay of en-

ergy which depends on the behavior of the relaxation functions.

1. INTRODUCTION

In this article, we study the following viscoelastic problem with Balakrishnan-
Taylor damping, a nonlinear source term and finite and infinite memories:

t
|ug|Puge — M(t)Au — Auyy — Auyg + / g1(t — s)div(a; (x)Vu(s))ds
0

+ / " 2(5) div(as (2)Vault — $))ds + 7 (£)h(ur)
0

= |u|P"tu, in Q x (0,00), (1.1)
u(z,t) =0, on 9N x (0,00),
u(z, —t) = up(z,t), in Qx (0,00),
ug(x,0) = uy(z), in Q,
where M(t) = a+b||Vu||3 + o [, Vu-Vu,dz, a, b, o are positive constants, € is a
bounded domain of R"™ (n > 1) with smooth boundary 0%, g; and go are positive

non-increasing functions defined on R™, a1(x) and ag(z) are essentially bounded
non-negative functions, h is a non-decreasing function, p and p satisfy

l<p<—""| forn>3
n—2
1<p<oo, forn=1,2,

9 (1.2)
O<p<——, forn>3,
n—2

0<p<oo, forn=1,2.

From the physical point of view, equation (1.1)) is related to the panel flutter
equation and spillover problem with memories and damping. The case of o = 0,
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in the absence of the Balakrishnan-Taylor damping, equation can be used
to describe the motion of viscoelastic materials. It is well known that viscoelastic
materials have a wide application in science and engineering because they have
the capacity of storage and dissipation of mechanical energy, which is modeled by
the convolution terms (as in (L.I)). Many authors have considered the behavior
of the partial differential equations (PDEs) with convolution term, see for example
[5L 141 [7), (16, [8, 4, 18] and references therein. Guesmia and Messaoudi [7] discussed
the problem

uy — Au + /0 g1(t — s)div(as(z)Vu(s))ds

+/O g2(s) div(az(z)Vu(t — s))ds =0, in Q x (0, 00), (1.3)
u(x,t) =0, on IN x (0,00),
u(x, —t) = ug(x,t), in Q x (0,00),

ut(x,0) = ug (), in Q.

Under suitable conditions on aj, as and for a wide class of relaxation functions g;
and go, they established a general decay result, from which the usual exponential
and polynomial decay rates are only special cases. Guesmia and Messaoudi [§] were
concerned with the long-time behavior of the solution of the Timoshenko system

p1pu — k(@ + )z + b(x)h(pr)
+ / 9()(@(x) s (t - ))ads = 0, in (0,L) x (0, 00),
0

P21t — kathoe + k1(pz + 1) =0, in (0,L) x (0,00), (1.4)
¢(0,1) = ¥2(0,t) = @(L,t) = ¢s(L,t) =0, in (0,00),
oz, —t) = @o(t), pi(x,0) = p1(z), in (0,L) x (0,00),

¥(z,0) = Yo(z),Ye(2,0) = Y1(x), in (0,L).

They showed that the dissipation generated by these two complementary controls
guarantees the stability of the system in case of the equal-speed propagation as
well as in the opposite case. Mustafa [I8] studied the following equation with the
Dirichlet boundary condition

Ugt —Au—|—/0 divia(z)g(t —7)Vu(r)ldr +n(t)b(z)h(u:) =0, in Qx(0,00), (1.5)

and established an explicit and general decay rate result, using some properties of
convex functionals.

The model in hand, with the Balakrishnan-Taylor damping (o # 0) and in
the absence of Awuy, the strong damping Au, and p = g1 = go = h = 0, was
proposed by Balakrishnan and Taylor [I], and Bass and Zes [2]. The model is
used to solve the overflow problem, that is, to set up an appropriate feedback
control function, which consists of a limited number of modes, to achieve a high
performance of the closed-loop systems. So far, there are many stability results
for the problem having the Balakrishnan-Taylor damping and memory term see for
example [3, @] 111, 17, 23], 24]. Mu and Ma [I7] considered the wave equations with
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Balakrishnan-Taylor memory terms and source terms:

t
ug — (a + b||Vul|* + a/ Vu - Vu, dz) + / g1(t — s)Au(s)ds
Q 0

= fi(u,v), t >0, x€Q,

¢
v — (a + b|| Vo> + a/ Vv - Vo, dx) + / g2(t — s)Av(s)ds
Q 0

= fa(u,v), t >0, z € Q,
u(z,t) = up(z), u(z,0)=wui(x), x €,
v(z,0) = vo(z), w(2,0)=0vi(z), =€,
u(z,t) =v(z,t) =0, (z,t) €l x[0,00),

(1.6)

and proved that for a certain class of relaxation functions and certain initial data,
the decay rate of the solution energy is similar to that of relaxation functionals which
is not necessarily of exponential or polynomial type. In addition, they considered
problem with the added terms A%u + A%y, and A%v + A2vy,, namely,

t
uge — (a + b||Vul* + O‘/ VuVug dr) + A%u+ A?uy + / g1(t — s)Au(s)ds
Q 0
:fl(uvv)a t>0,l’EQ,
t
v — (a + b|| Vo> + J/ VoV, dz) + A%v + A2, + / g2(t — s)Av(s)ds
Q 0

= fa(u,v), t>0, x€Q,
u(z,t) = up(z), wu(z,0) =wui(x), x€Q,
v(z,0) = vo(z), v (x,0)=wv1(x), x€€Q,
u(z,t) =v(z,t) =0, (z,t) €l x[0,00).

(1.7)

They established the blow-up of the solution for when relaxation functionals
and initial data satisfy some conditions even in presence of strong damping.

There are some methods developed to analyze the stability of the PDEs such
as Lyapunov’s energy method (see [I0} [19]), Riesz basis approach (see [21] [13]),
frequency multiplier technique (see [I5} 20]), Carleman estimates (see [6]) and so
on. Motivated by [7, 8, [I8], we consider . Our major contributions in this
article are the following;:

(1) We put together several useful models of viscoelasticity: dispersion term
|ug|”, the Balakrishna-Taylor damping [, VuVu, dz, strong damping term Auy,
infinite and finite time history memories [;° ga(s) div(az(z)Vu(t — s))ds, fot g1(t—
s) div(ai(z)Vu(s))ds, and a nonlinear source term |u|P~1u.

(2) Give the model in which is a unified treatment.

(3) Our technical treatment offers, as far as we know, the sharpest assump-
tions/conditions for the study of the viscoelastic wave equation.

The rest of this article is organized as follows. In section 2, we present preliminary
material needed for our work. In section 3, we prove the global existence and the
uniform decay of energy.
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2. PRELIMINARIES

In this section, we present some materials needed for our main results. Through-
out this article, we use the following assumptions and notation. We shall write || - ||
and || - ||, to denote the usual L?*(Q) norm and LP(2) norm respectively, (-,-) de-
notes the usual inner product in L?(2). We denote by ¢ and ¢; (i € NT) various
positive constants, which may be different at different occurrences.

Weuse the following hypotheses.

(A1)
(A2)

(A5)

(A6)

(A7)

v(t): Ry — R™ is a non-increasing continuous function.
gi(s): Ry — R* (i = 1,2) are differentiable non-increasing functions such
that

oo

o0
g:(0) >0, a-— ||a1||oo/ g1(s)ds — Ha2||oo/ g2(8)ds :=1> 0.
0 0

There exists a positive differentiable non-increasing function & : Ry — RT
satisfying

91(t) < =E()gr(t), =0
There exists a positive constant x and an increasing strictly convex function
G : Ry — R, of class CY(Ry) N C?(R") satisfying

— A0 — : 1oy
G(0)=G'(0)=0,  lim G'(t) = +ox,

such that
Gh(t) < —rga(t), t>0, (2.1)
" = ) w020 .
/ g TSP T g < T 22)

h(s): R — R is a non-decreasing function with sh(s) > 0 for all s € R

and there exists a convex and increasing function H : Ry — Ry of class
CY(R;)NC?(R™T) satisfying H(0) = 0, and H is linear on [0, 1] or H'(0) =0
and H” > 0 on (0, €1] such that

myls| < |h(s)| < Myls|, if |s| > e, (2.3)
h*(s) < H™(sh(s)), if |s| < ey,

where €1, m; and M; are positive constants.
There exists a positive constant mg, such that

||VUO(.,S)||2 < mop, SE R+. (25)

a;(z) : Q — R (i =1,2) are in C1(Q) such that, for positive constants s
and e5 and for T'y, T's C 9Q with meas (T'; > 0),

inf (a1(z) + az(x)) > €2,
zeN

a; =0 or ilglfai(x)2263, 1=1,2.

i

As in [7], let d = min{ez, €3} and let a; € C1(Q) (i = 1,2), be such that
0 < ai(z) < aifx),

. d
ai(z) =0, ifa;(x) < 1 (2.6)
>
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Assumption (2.4) was introduced for the first time in [12].

Lemma 2.1 (Sobolev-Poincare inequality). Let g be a number with 2 < q < oo for
n=12 and 2 < q < % forn > 3. Then there exists a constant c, = ¢.(£2,q)
such that

lullg < e Vull2,  u € Hy(Q).

From this lemma and (|1.2)) we know that there exists some positive constant n
such that for any u € H{(f2) one has

pt1
lullpfy < nUlIVull3) ™ (2.7)

Using the Faedo-Galerkin method, we can obtain the following local solution.
We omit the proof.

Theorem 2.2. Suppose that (A1)—(AT7) hold, and let (ug,u1) € HE(Q) x L*(Q) be
given. Then there exists a unique weak solution u of (L.1)) such that

we C([0,T), Hy(2) N LP*H(Q),  wy € C([0,T); Hy(2)) N LPH2(€),
for some T > 0.
Now, for (1.1), we consider the functionals

I(t) ::/Q [a —ai(x) /Ot g1(8)ds — as(x) /000 gg(s)ds] |Vu|?dz + b||Vul|3

(2.8)
+ (g1 0 Vu)(t) + (92 @ V) () — [Jull511,
and
1 t o) ) b 4
J(t) =5 [a —ai(z) | gi(s)ds — az(x) gg(s)ds} [Vul?dz + 2| Vull}
Q 0 0 (2.9)
1 1 1 o
+ 5(91 o Vu)(t) + 5(92 © Vu)(t) — mHUHngr
We define the energy functional of problem as
1
. +2
B = s lull 3 + 19wl + 700 (2.10)
where
t
oV = [ @) [ ot~ V(o) - Vu(s) dsda,
Q 0
(g2 ©@ Vu)(t) = / ag(:z:)/ g2(8)|Vu(t) — Vu(t — s)|* ds dx.
Q 0
Lemma 2.3. E(t) is a non-increasing function for t > 0, and
’ 1d 2 2 2 1 / 1 /
E'(t) = — o (5 ZIVul) = [Vuilld + 5 (g1 © Vu)(t) + (5 © Vu)(t
(2.11)

1 2 — (2 U X
— 500 [ @) Vuds = [ Htuhu)ds <o

where

(g’loVu)(t)z/al(x)/o g,(t = )[Vu(t) = Vu(s)|? ds da,

Q

@@vww:/

A as(x) /000 g5 (8)|Vu(t) — Vu(t — s)|* ds dx.
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Proof. Multiplying the first equation in (1.1)) by u;, integrating over Q and using
integration by parts and hypotheses (A1)—(AT), we obtain ([2.10]). O
3. GLOBAL SOLUTION AND ENERGY DECAY RESULTS
Lemma 3.1. Suppose that (A1)—(A7) hold. Let (ug,u1) € HE(Q)x L3(Q), I1(0) >0

and
n(Qg’jll)E(O))% <1

Then I(t) > 0 for allt > 0.
Proof. Since I(0) > 0, by continuity, there exists T, < T such that I(¢t) > 0 for all

t €[0,7.). Using that a — |la1 e [y~ g1(s)ds — [|azllec [y~ g2(s)ds =1 > 0, for any
t € 0,Ty), we have

J(t) :21;;_’_11)/9 (a —ay(x) /Ot g1(s)ds — az(x) /000 92(s)d8)|Vu|2dm

(
22 bVl + S (000 V() + (9 © Vu)(0) + 1)
4( 1) 2T+ )W ? p+1
p 2
> Z|V )5
From the above inequality, and (2.7)—(2.11)), we have
2 1 2 1 2 1
vul3 < 22D ) < 20D gy 200 gy (3.1)
p—1 -1 p—1
and
p+1
a2 < n(lVul3) ™
2(p+1) = 2 2
< e
<n(S =g BO) T UIVul <1vul3 (3.2)

< /Q (a —ay(x) /Ot g1(s)ds — az(x) /000 gg(s)ds) |Vul|*dz.

This shows that I(¢) > 0 for all ¢t € [0,7%). By repeating this procedure, we can
extended T, to T'. This completes the proof of Lemma O

Theorem 3.2. Suppose that (A1)—(A7) hold. If (ug,u1) € Ha(Q) x L3(Q), then
the solution of (1.1)) is global and bounded.

Proof. Using (2.11]) and Lemma [3.1] we have
E(0) > E(t) =

p+2 luellff3 + 5 ||Vut||§ + J (1)

1 p—1
> we||PT +— Yu||? + 1| Vul|2.
> p+2|| [ Vel 2T 1) [Vullz

Therefore,

luellf3 + [Vuell3 + [Vull3 < cE(0),
where ¢ is a positive constant that depends on [, p and p. This completes the
proof. O

By using the Holder inequality and the properties of the functions a; and «s,
we easily obtained the following Lemma. We omit the proof.
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Lemma 3.3. The following inequalities hold,

/Qal(x)(/ot gt — 8)(u(t) — u(s))ds)zd:c < ¢(gr o Vu)(t), (3.3)
/ o (a) / 1(t — $)(Vu(t) —Vu(s))ds)zdx <clgroVu)t),  (3.4)
/ |Vay (z / q1(t — s)(u(t) — u(s))ds)de < ¢(gy o Vu)(¢), (3.5)
/ Vo (x / g1(t — 8)(Vu(t) — Vu(s))ds)zdm < ¢(g1 o Vu)(t), (3.6)
/Qag(x)(/ooogg(s)( (t) —u(t—9)) ) dx < c(g2 ® Vu)(t), (3.7)
/Qag(ac)(/ooo 92(8)(Vau(t) — Vau(t — s) ) dz < (g2 ® Vu)(t), (3.8)
/Q|Va2(x)|(/ooog2(s)( (t) — u(t — s)) ) dz < ¢(go ® V) (1), (3.9)
/ V()| ( /  0o(8)(Vult) — Vult — s))ds) dz < (g ® VU)(H).  (3.10)

Q 0

We define the perturbed energy functional

L(t) = ME(t) + e (t) + x1(t) + x2(t), (3.11)

where M and € are positive constants that will be specified later, and

P(t) = /|ut\putudx+ |Vl + /Vu Vu,galaﬂ—i—f||Vu||27

p+1
xa(t) = / o () (A + Aug —

1\ut\put)/0 1 (t = $)(u(t) — u(s)) ds dz,

Xg(t):/ﬂag(x)(Au—&—Aut— 1|ut|”ut)/ooogg(s)(u(t)—u(t—s))dsdm.

Lemma 3.4. There exist two positive constants 1 and B2 such that the relation

BrL(t) < E(t) < B2L(t),
holds for € small enough while M is large enough.

Proof. By using Young’s inequality, Holder inequality and Lemma we obtain

1
m / |ut|putu dI|

1 1
< p+ + p+2
= p+2|| tH p+2 (p+1)( )H ||p+2
< pt2 s V[P t2
= || th+2 ( +1)(,0 )H UH
p+2 /2
P2y Cx (2(P+ 1)E 0 P 2
|| th+2 ( + 1)(,17"'2) (p_ 1)l ( )) HVUHQ,
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|/a1 ) At /g1 (t — 5)(u(t) — u(s)) ds dz|
<| [ Vor()vate >/tgl<t—s>< (t) — u(s)) ds da|
+|/a1 YWult /91 t—s)(Vu(t) — Vu(s)) ds dz|

< 8[| Vull3 + (91 o Vu)(t),

| [ or@aut) [ e = )u(t) = u(s)) dsde] < 3|Twlf + (a1 0 Vao),

1 , t
m/gal(l’)‘ut\ ’ut/o gl(tfs)(u(t)fu(s))dsdﬂ
< 53 @ ([ 9 =900 - uw)as)
*ﬁ 0 (@)l +2da

2
ol (A
+2 P (p+D(p+2)\(p— 1)l

L 50)" (e V00,
1/a2 ) Au(t /ng $)u(t) — u(t — 8)) ds de| < 8| Vul} + 5(92 © V) 1),

|/a2 Aut/ g2(s)(u(t) — u(t — 5)) ds d| < 8| V|3 + (g2®Vu)()

: g N —ult — s s ax

m/ﬂ‘)@(mﬂuﬁ ut/o g2(s)(u(t) — u(t — s)) ds dz|
! ! > p+2
< m<ﬁ/ﬂa2($)(/o 92(8)|u(t) —u(t_5)|d8> dx
as(x)|u P2 de
+ [ sl ds)
f e N p+2

= p+2” f||p+2+m/o g2(8) | Vu(t) — Vu(t — s)||5ds.

Now, using (3.1)) and (A6) we obtain
[Vu(t) = Vu(t - )| < 2[Vu®)[f5 +2[[Vu(t - 5)]13
< 4sup [[Vu(s)[3 + 2sup [[Vu(r)|3
s>0 T7<0
< 4sup [[Vu(s)[3 + 2sup || Vuo(7) |3
s>0 7>0

< 8(p+1)
~ (p— 1)

/ ()| ug|Puy /000 92(s)(u(t) — u(t — s)) ds dz|

E(0) +2m3 := Ny,

p+1
p+2NP/QC

< —lu t||Z+2+( -

P e AL
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Therefore, |L(t) — ME(t)| < cE(t). The prof is complete. O
Lemma 3.5. Suppose that (1.2)) and (A1)—(A7) hold. Then

w(t) = /|ut|putudx+f||Vu||2 /Vu Vi do + ||vu||2

p+ p+1
along the solution of (1.1), and for any 1 > 0,

W(t) <

p+2 v 2—b \V/ 4 i/h2 d
p+1||ut||p+2+|| |3 — bl u”2+51 A (ue)dx

C C
+ g (o Vu)(t) + 5—(g2 © Vu)(t) + ullpts (3.12)

- [la= @) [ s~ aato) [ aatsras - colvular
Proof. By taking the time derivative of ¢(t) and using problem (L.1), we obtain
V(0 =gl 23 + [Vl - al Tl = vu(o)
— /Qu(t) /Ot g1(t — s)div(a(x)Vu(s)) dsdx — y(t) /Q u(t)h(ug)dx (3.13)
- /Q u(t) /0 b 92(s) div(az () Vu(t — s)ds)da + [Ju(t)|21].
For the fifth term, by using Young’s inequality and Hoélder inequality, we obtain
_ / u(t) / Lot — ) div(a (2)Va(s) ds de
/ Vu(t / g1(t — s)ay(x)Vu(s)ds dx
_ /Q a1 (z) /0 gi(t — 8)(Vul(s) — Va(t))dsVu(t)dz
+ /Ot gi(s)ds /Q ay (z)|Vu(t)2da

< SIVu@)l + zigl/gal(x)(/o g1t = 5)(Vu(s) = Vu(t))ds)*dx

+ [ 0 [ m@vu o

<fuv<>||2+—/gl V(g o Vu)(t +/g1 / ()| V() Pde

0

ay (x)|Vu(t)2de.

< SIVUOIB + 510V + [ (s

@\

(3.14)
Similarity, for the sixth term we obtain

— /Q’y(t)u(t)h(ut)dx < ce1||Vu(t)||3 + g/QhQ(ut)dx. (3.15)
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For the seventh term, we have

—/Qu(t)/o g2(s) div(as(x)Vu(t — s)) dsdx

o (3.16)
€ c
< ZIVuOl} + 502 0 V) + [ a(5)ds [ axla)|Tult) P,
2 261 0 Q
By using (3.14)-(3.16)) in (3.13]), estimate follows. O

Lemma 3.6. Suppose that (1.2) and (A1)—(AT7) hold. Then

+1\ut\put)/0 g1(t — 8)(u(t) —u(s))dsdz, (3.17)

along the solution of (1.1), and for any e2,e3 > 0,

) z/Qal(x)(AzH-Aut— - !

t
Xi(t) < — [/ g1(8)ds — C€2:| / oy (2)|Vug [P da + c(ea +3) [ |Vul*dz
0 Q Q

1 ¢ c

-— 91(8)ds/ ar (@)]ue 2 dz + — (g1 0 Vu)(t) + e3(g2 © Vu)(t)

p+1Jo Q €3
4 1

- £(g’1 oVu)(t)—o (p+ )E(O)E’(t) + 83/ h(us)dz.

€9 p—1 Q
Proof. Taking the derivative of x; and using (1.1]), we obtain
X1 (t)

= —/ ozl(x)M(t)Au/ g1(t — s)(u(t) — u(s)) dsdx
Q 0
+ /Q al(as)/o gi1(t —s) div(al(a?)Vu(s))ds/O g1(t — 8)(u(t) — u(s)) dsdx

t

+ /Q o1 () / g5(s) div(as () Vu(t — 5))ds / a1 (t— ) (u(t) — u(s)) ds dz

0 0

s (2)1(1) ) / g1(t — 5)(u(t) — u(s)) ds dx
(@)l / (= ) (u(t) — u(s)) ds de

|
S— 5— 5—
o}

a1 (x)(Au + Aug — !
p

Sl ) [ (e = 9)u(t) — u)ds da

t
1
—|—/ gl(s)ds/ o1 (z)(Au + Auy — |we|Put)ur de.
0 Q p+1

Therefore,

N :/anvungvmvu(t)/o 1(t — ) (u(t) — u(s)) ds dz

t 1 t
—/ gl(s)ds/ o1 |V |Pde — —— gl(s)ds/ ay|ug|P 2 dx
0 Q p+1Jo Q

—l—/QoquVuH%Vu(t)/O g1(t — 8)(Vu(t) — Vu(s)) dsdx
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Vay (a —ay /Ot g1(s)ds — ag /000 92(8)> Vu(t)

t—s)(u(t) —u(s))dsdx

arfa-a | n(s)ds — as [ ) vt

t —s)(Vu(t) — Vu(s)) dsdx

+

Q
Py
—~

+

Q
fany
—~

0’/ VuVuy de) Vo Vu(t) / g1(t — s)(u(t) —u(s)) dsdx
Q

a/ VuVus dx)og Vu(t / g1(t — 8)(Vu(t) — Vu(s)) dsdx
Q

<
o)
=
E

() / g1(t — )(Vu(t) — Vu(s))ds

Y

g1(t — s)(u(t) —u(s)) dsdx
ozlal(x)(/o g1(t — ) (Vu(t) — Vu(s))ds)*dx
a2V ( /000 92(8)(Vu(t) — Vu(t — s))ds)

=Y

g1(t — s)(u(t) — u(s)) dsdx

( /0 " 0a(8)(Vult) — Vu(t — s))ds)

=)
¥
Q
=

~+

g1(t — s)(Vu(t) — Vu(s)) ds dx

a1vh(uy) /0 g1(t — s)(u(t) — u(s)) dsdzx

—/Qa1|u|p_1u/ g1(t — s)(u(t) —u(s))dsdx

- [ varvu [ it — $)(u(0) - u(s)) dsda
/a1Vu/ gL (t — 8)(Vu(t) — Vu(s)) ds da
AL / gh(t = 5)(ult) - u(s)) ds da
/a1Vut/ g (t — $)(Vu(t) — Vu(s)) ds da

p—|—1 a1|ut\Put/ g1 (t — s)(u(t) — u(s)) dsdx

11
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t
_/ gl(S)dS/uthVudx
0 Q

t ¢
—/ gl(s)ds/ quutVuda:—/ gl(s)ds/utVa1Vutdx.
0 Q 0 Q

Using Young’s inequality, Poincare inequality and that [Vai| < cai(x), we obtain

B1D- O

With a similar proof as that of Lemma we can obtain the following Lemma.
Lemma 3.7. Suppose that (1.2)) and (A1)-(A7) hold. Then

x2(t) = /Qag(x)(Au—i— Auy — pj- 7 | |Pu) /OOO g2(s)(u(t) —u(t — s)) dsdzx

along the solution of (1.1), and for any 2,3 > 0,
Xa(t) < — [/ g2(s)ds — CEQ] / o ()| Vug|2dz + 3(g1 0 Vu)(t)
0 Q
R b
p+1Jo

gg(s)ds/ag(x)|ut|p+2dﬂc+c(€2—|—€3)/ |Vu|*dx
Q Q

4(p+1)
p—1

(3.18)

n é(gz © Vu)(t) — (g} ® Vu)(t) — o E0)E'(t)

_c
€2
—|—53/ R (us)dz.
)

Assumption (A2) guarantees that for any ¢y > 0, we have

to [e'e]
go = min{/ gl(s)ds,/ g2(s)ds}.
0 0
A differentiation of L, together with Lemmas and give

1 M c
L'(t) < - FES Q[go(al + ag) — €] |ug|P P dx + (7 - g)(gi o Vu+ gy ® Vu)

= [ (o0 = esa)(an + az) = & + M) VuuPPdo + <l
Q

ce ¢ 8(p+1
+(f+—+53)(gloVu+g2@Vu)—a(p7)
€1 €3 p—1

3

+ (2e3 + Z—)/ h%(ug)dx — be||Vul|s — [(1 — €1)e — ces] / |Vu|?da.
1" Ja Q

E(0)E'(t)

We choose € small enough and M large enough such that

ce 2c
S <e<(go—cea)(ar +ag), M>=.
l—e¢e1 €2

Therefore, there exist positive constants 1, k2, k3, and x4 such that for all t > ¢,
we have

L'(t) < —k1E(t) + r2(g1 o Vu + g2 ©® Vu) + Kg/ R%(us)dx — Ky B (t).
Q

We define F'i(t) = L(t) + kaE(t). Thus, we have

F{(t) < —Kk1E(t) + k2(g1 o Vu + g2 ©® Vu) + 53/ h? (us)dz. (3.19)
Q
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Now, we are ready to prove our main results by adopting and modifying the
arguments in [22]. Firstly we give the following Lemma.

Lemma 3.8. If condition (2.2 holds, then for any ey > 0, we have
G'(e0E(t))(g2 ©® Vu) < —cE'(t) + ceo E(t)G' (s0 E(t)). (3.20)

Proof. Since E(t) is non-increasing and the assumption (A6), we have
/ ag(x)(Vu(t) — Vu(t — s))*dax
Q

§2Ha2||00/ |Vu(t)|2dx+2||a2||oo/ |Vu(t—s)|2da:
Q Q

cE(0), if0<s<t, <A
cE(0) + ¢ [, [Vuo(s — t)|*dx, if s > ¢, ’
in which A is a positive constant.
Let €9, 1, 02 > 0. Then
(92 @ Vu)(t)
= / az(x)/ 92(8)(Vu(t) — Vu(t — s))? ds dx
Q 0
- /OO G*1<f 5295(5)/ as(2)(Vu(t) — Vau(t — s))2d:z:>
51Gl(€0E( )) Q
501G (e E(t) fQ as(x)(Vu(t) — Vu(t — s))%dx
G (75292 fQ as(x ) Vu(t — s))2dz) ds

1

< 5295 t) — Vu(t — s))%d
<sarzm ¢ ( 234(5) [ ax()(Tu(t) - Tut - 5)d)
y Ab1G'(e0E(t))g2(s) ds

GTH(—Adgy(s))

Let G* be the dual function of the convex function G defined by
G*(t) =sup{ts — G(s)}, t€ R;.
s>0

Obviously, G’ is increasing and defines a bijection from Ry to R., and then, for
any t € Ry, the function s — ts — G(s) reaches its maximum on R at the unique
point (G')~1(t). Therefore

G*(t) =t(G")7Ht) = G((G")H(1), teRy.
Using the general Young’s inequality: sis2 < G(s1) + G*(s2), for
o = G*l(—azg;(s)/ o(@)(Vu(t) — Vult — 5))Pdz),
Q

o ASG B (0)na(s)
TG L(—Ad2gs(s))

we obtain

(g2 © Vu)(t)
1 % A(SlG/(aOE(t))gQ(S) s 52
< saerm ), O G Aby(s) T 51C = E)

(95 © Vu)(t).
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Using that G*(s) < s(G")7!(s) and the definition of E’(t), we obtain
(92 © Vu)(t)

> Aga(s) n—1, A0 G (0 E(t)g2(s)), , 20,
</ T And (@) ©) T Ang(s) T 50 =E®)

Condition (2.2) implies

E'(t).

g2(s)
SUp ——————~ = M2 < +00.
sery GH(=g5(s))
Then, using that (G')~" is non-decreasing, for §, = & we obtain

(g2 @ Vu)(t)

< Aga(s) N—1 , 2
< /O Gy (€ (madd G (o B(e))ds

G (=g (s) a A(SlG’(EOE(t))EI(t)'
1
maA

Choosing 6 = and using that

/ L@ds =mg < 400,
o G~

H(=g3(5))
we obtain
(9 ® Vu)(t) < —2"0 B/(1) + maco E(L)
g2 U = G=0E) m3€o .
Thus, (3.20) holds. O

We define the following partition of {2
Qpi={zeQ:|ul>ea}l, Qo :={zeQ:|ul <ea}l.
Now we state our main result of this article.

Theorem 3.9. Assume that (1.1) and (A1)-(A7) are satisfied. Then there exist
positive constants €q, 19, ¢ and ¢’ such that the solution of (1.1)) satisfies

E(t) < c"(GQ)—l(/Ot c’{(s)ds» >0, (3.21)

where

GQ(t) :/t Hll(s) dS,

G (s) = s, if holds,
BT sG (e0s), if holds,
Hi(s) = Gi(s), if H is linear on [0, €1],
ne G1(s)H'(10G1(8)), otherwise,

¢(t) = min{&(¢),v(t)}-
Proof. Case (2.1)) holds. At this point we use (2.10) to obtain

1 2
(92 © Vu)(t) < =—(g © Vu)(t) < ——E'(t). (3.22)
Case (2.2)) holds. We have (3.20).
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For the two cases, from (3.20)) and (3.22)) we deduce that
G1(E())

B 92 © Vullt) < —cE' () + caoGh (B(1)). (3.23)
Therefore, multiplying by %, and using we obtain
WF{@) <—rk1G1(E(t)) + /ﬁgc;ll(?i(;))(gl o Vu)(t) — kacE'(t)
Gi(E®) [ 2
+ H3IET /Q h (Ut)d.%’ + IigCSQGl(E(t)).
Choosing ¢ small enough, we arrive at
AL 0+ ack (1) < = Ga(B@) + ra T g1 0 Tu)()
(3.24)
GUE®D) [ a0
+I<63 E(t) Ah( t)d .
Let
Fg(t) = wFl(t) + HQCE(t).

E(1)

By recalling that ¢t — %f;)) is non-increasing, we deduce that F5(t) ~ E(t) and

by exploiting (3.24]), we conclude that for ¢ > to,
G1(E())
E(t)

Gi(E(?))

FY(t) < —cGr(E(®)) + K2 (900 Vu)(®) + my i /Q B2 (ug)da. (3.25)

We use (A3) to obtain
C(t)(g1 0 Vu)(t) < &(t)(g1 0 Vu)(t)

:/al(:t)/ E(t)g1(t — s)(Vu(t) — Vu(s))* ds dx
Q 0
< /Q 01 (2) /O E(t— $)g1 (t — 5)(Vu(t) — Vu(s))? ds dz

< —c(gy o Vu)(t)
< —cE'(t).
Multiplying by ((t) and using that t — % is non-increasing, we obtain
SO0 < = <0G (ED) + i L (0 o V()
- nchg(t) /Q R (u;)dx (3.26)
< —c(t)G1(E(t)) — cE'(t) + (1) /Q R (us)da.

Using that ((¢) is a non-increasing continuous function, £(¢) and 7(t) are non-
increasing, and ((t) is differentiable, with ¢’(¢) < 0, then the functional

F5(t) := ((t)Fa(t) + cE(t)
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satisfies F3(t) ~ E(t), and
Fy(8) < ~cC()GH (B(0) +e<(0) | 12()d (3:27)
Case 1. H is linear on [0, ¢1]. In this case, there exists k5 > 0 such that
C(t)/§2h2(ut)daz < n57(t)‘/ﬂuth(ut)dx < —rsE'(t),

which together with (3.27)) implies

(F3(t) + cE(t)) < —cC(t)G1(E(1)), (3.28)
which gives J(t) := (F5(t) + cE(t))do ~ E(t) and
J'(t) < —cdoC(t)Gr(J(t)) =: —'C(t)H1 (T (t)). (3.29)

We choose dg small enough so that

J() < B() and Ga(T(t)) — ¢ [ C(s)ds > 0.

By integrating (3.29) over (tg,t) and noting that G5 is non-increasing, we deduce
that

J(t)SGgl(Gz(J(to))—&-c’/O ¢(s)ds — ¢ ; C( /C )ds).

Consequently, the relation between of J(t) and E(t) yields

E(t) < "Gy / ((s)ds).

Case 2. H'(0) =0and H” > 0 on (0,¢]. In this case, we first estimate [, h?(us)dx
on the right-hand of (3.27). Noting that H~! is concave and increasing, and using
Jensen’s inequality, (A5) and (2.10]), we deduce that

/QhQ(ut)dzz o h2(ut)dz+/ h?(ug)dx

SMl/ uth(ut)dx—l—/ h?(uy)dx
Q4

) (3.30)
S —MlE/(t) + Hﬁl(uth(ut))dx
Q-
< —ME'(t) + cH(S(t)),
where S(t) = m Jo uth(uy)dz. Hence becomes
Fi(t) < —C(t)G1(E(t)) — cMiC(t)E' (t) + cC () HTH(S(1)). (3.31)
Now, we define Fy(t) := F3(t) + cM1{(t)E(t). Then, we have
Fi(t) < —cC(t)G1(B(t)) + c¢()H(S(1)). (3.32)
We define

Fs(t) == H'(reG1(E(1)))Fu(t) + r6E(L), (3.33)
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where 79 > 0 and kg > 0 to be determined later. Then, using E’(t) <0, G} (t) > 0,
H"(t) > 0, and (3.31)), we obtain

Fy(t)
= 10G(E()E' () H" (10G1(E(t))) Fi(t) + H'(10G1(E(1))) Fy(t) + ke E'(t)
< H'(roG1(E()))Fi(t) + ke E'(t) (3.34)
< —cC()GLE()H (10G1(E(1))) + cC(t) H ™ (S(t)) H' (10G1 (E(1)))
+ ke E'(t).
Let H, be the convex conjugate of H in the sense of Young, then
H*(s)=s(H")""(s)— H((H')"'(s)), s€RT, (3.35)
and H* satisfies
AB< H*(A)+ H(B), A,B>0. (3.36)

Furthermore, using (3.35) and H’(0) = 0, (H’)~! is increasing, and H is also
increasing yield

H*(s) < s(H')"'(s), s>0. (3.37)
Taking H'(19G1(E(t))) = A and H*(S'(t)) = B in (3.34), applying and
(3-37), and noting that 0 < H'(70G1(E(t))) < H' (T0G1( (0))) due to H' is in-

creasing, we obtain
Fy(t) < = «C(t)G1(E () H'(0G1(E(1))) + c¢(t) H" (H' (1eG1(E(1))))
+cC(t)S(t) + reE'(t)
< = cC(t)GL(E()H (10G1(E(1))) + eC() oG (E () H' (10G1(E(t)))
— cE'(t) + ke E'(t).

Consequently, with a suitable choice of 79 and kg, we obtain

F5(t) < —cC()GL(E®) H' (1eG1(E(t)) =: —c((t) H1(E(t)). (3.38)
Thus, by defining R(t) = d3F5(t) ~ E(t), and by computation, we have
R/(t) < —cd5C(t)G1(R(t)) H (10G1(R(t))) =t —c'C(t) H1(R(t)). (3.39)

We choose §3 small enough so that
to
R() < E(#t) and Gs(R(to)) — ¢ / C(s)ds > 0.
0

By integrating (3.39) over (to,t) and noting that G2 is non-increasing, we deduce

R(t) < G5 (Go(R(to) + c’/ ¢(s)ds — ¢ C( / ¢(s)ds).

0
Consequently, the equality relation between of R(t) and E(t) yields

E(t) < "Gyt / ¢(s)ds).
This completes the proof. ([
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