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COMPLEX GINZBURG-LANDAU EQUATIONS WITH A
DELAYED NONLOCAL PERTURBATION

JESUS ILDEFONSO DIAZ, JUAN FRANCISCO PADIAL,
JOSE IGNACIO TELLO, LOURDES TELLO

ABSTRACT. We consider an initial boundary value problem of the complex
Ginzburg-Landau equation with some delayed feedback terms proposed for
the control of chemical turbulence in reaction diffusion systems. We consider
the equation in a bounded domain Q@ C RN (N < 3),

0

ai; — (1 +ie)Au+ (1 +iB)|ulPu — (1 — iw)u = Flu(z,t — 7))
for ¢t > 0, with

F(u(z,t — 7)) = eiX0 {‘ﬁul /Q u(z, t — 7)dx + vu(z, t — 1)},

where p, v > 0, 7 > 0 but the rest of real parameters €, 8, w and xo do
not have a prescribed sign. We prove the existence and uniqueness of weak
solutions of problem for a range of initial data and parameters. When v = 0
and g > 0 we prove that only the initial history of the integral on Q of the
unknown on (—7,0) and a standard initial condition at ¢ = 0 are required to
determine univocally the existence of a solution. We prove several qualitative
properties of solutions, such as the finite extinction time (or the zero exact
controllability) and the finite speed of propagation, when the term |u|?u is
replaced by |u|™1u, for some m € (0,1). We extend to the delayed case some
previous results in the literature of complex equations without any delay.

1. INTRODUCTION

It is well-known that feedback delayed term can be introduced to control very
complex phenomena (see for example the expositions in [4, [I8] 29]). Our main in-
terest in this paper concerns a model, of complex Ginzburg and Landau equations
type, introduced for the control of turbulence in oscillatory reaction-diffusion sys-
tems made through a combination of global and local delayed feedback. We recall
that, after the pioneering work of Ginzburg and Landau [19] in 1950 in superconduc-
tivity, Ginzburg-Landau equation has been systematically used to study different
types of phenomena in superconductor theory. A rich variety of mathematical mod-
els of PDEs have also been inspired by the original model of Ginzburg and Landau
to study a large number of physical phenomena, (see for instance Kuramoto [23],
Levy [24], Temam [28] and references therein).
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In 1996, Battogtokh and Mikhailov [5], introduced a nonlocal delayed term in
the generalized equation in order to control the system and suppress turbulence (see
also Battogtokh, A. Preusser and Mikhailov [6]). The equation appears in the study
of some chemical reactions and models the concentration of various reacting species.
D. Battogtokh and A. Mikhailov analyze numerically this model and control the
turbulence thanks to the delayed term. The idea is to adjust two real parameters:
the feedback intensity p and the delay time 7. The results were made rigorous later
in a series of articles, which we indicate below. This work is a natural companion
of those rigorous studies. For instance, a first rigorous approach was presented in
Casal and Dfaz [14], where the control of turbulence in oscillatory reaction-diffusion
systems is made through a combination of global and local feedback by means of
a pseudo-linearization technique (see also Casal and Diaz [13| [I4], Casal, Diaz and
Stich [15] [16] and Casal, Diaz, Stich and Vegas [I7]). In this paper, we consider
weaker assumptions on the initial data and parameters than in the above mentioned
papers and others results in the literature (see, e.g. [2]).

Although our results can be stated under a great generality, here we consider
only the framework motivated by the control problem goal. As a first model we will
consider the case of a global delayed problem in which two real parameters play a
fundamental role: the feedback intensity, i, and the delay time, 7. The problem
is reduced to find a complex valued field v in Q := Q x (0,7T), where Q C R is a
bounded domain for N < 3 with regular boundary 02 and ¢t > 0.

ou

5 — (1 4ide)Au+ (1 +if)|ul*u — (1 —iw)u = F(u(z,t — 7)), in Q,

Ju
i 0 ondQ2x(0,T), (1.1)

u(z,0) =up(z) on Q,
F(u(s)) = Fo(s) se€(—T,0),
where the global delayed feedback term is
Fu(z,t — 7)) = Fy(u(z, t — 7)) + iFy(u(z,t — 7))

—ue’xo{m' / b —T)dx},

here w, B, ¢, 7, p and xo are given real numbers without prescribed sign, ug(z) and
Fy(s) are given complex functions and 7 is the outward normal vector to 9€2. We
point out that, in contrast with most of the delayed problems, here the initial past
history is composed of a pointwise information at ¢ = 0 (the usual initial condition
u(z,0) = up(x) on Q) and only a partial information on the function u(s) when
s € (—7,0): only the integral of the unknown is prescribed s € (—7,0). Under
suitable conditions on ug(z) and Fy(s) we prove (in Theorems and that
there exists a unique solution of .

A second model concerns the case, already used in [B [6 4], in which the delayed
feedback term involves the unknown

Flu(z,t — 7)) = 61X0{|Q| / T)dz + vu(z,t — )} (1.3)

In that case it is clear that the required initial past history must be more com-
plete and so the new formulation is the usual one for delayed problems. As a
matter of facts, as we mentioned later, the nonlinear perturbation can be easily

(1.2)
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treated under a more general growth condition of the type (1 4 i3)|u|™ lu, for all
m > 0. In particular, when m € (0,1) we comment how to apply the techniques
introduced in a series of works concerning the pure Schrédinger equation with a
non-Lipschitz perturbation to our case (see [7, 8, 10, [11]). See also the study, for
complex Ginzburg-Landau equations without any delayed term, made in [2]. Thus
our second problem can be formulated as

gu _ (14ie)Au+ (1 +if)|u|" u — (1 —iw)u = Fu(z,t — 7)), in Q,

ot
% —0, ondQx(0,T), (1.4)

u(z,s) = Up(z,s), se€[-71,0], ze.

In the special case of m € (0,1) and F given by with u = 0 (i.e., with
only local delayed feedback terms) we prove that several qualitative properties
as the finite speed of propagation or the finite extinction time property obtained
previously in the literature for complex formulations problems without delayed term
(see [2,[7, [8, 10, 11]) can be easily extended to the mentioned delayed formulation.

This article is organized as follows: the existence of solutions for problems (|1.1))
and is obtained in Section 2. The proof of the existence of solutions use an
iterative argument as well as a Galerkin method when ¢ € [0, 7) jointly with suitable
a priori estimates which allow to justify the passing to the limit. The uniqueness
of solutions is given in Section 3 for N < 3. Finally the study of some qualitative
properties, for m € (0,1) and F given by with g = 0, will be collected in
Section 4 where some energy methods will be applied.

Notation. W*?(D) and H*(D) denotes the standard Sobolev spaces which consist
of real scalar (or vector) valued functions defined on D (an open subset of R or
RN*1). Sobolev spaces of complex valued functions are denoted by WP (D) and
H*(D) with calligraphic letters, as well, as continuous functions C(D) defined over
a domain D. We use || - || and (-,-) for the usual norm and the inner product of
L?(D) (or L£2(D)) respectively. Given a general Banach space B, || - ||z denotes
the norm of Banach space B. Its topological dual space will be denoted by B’. By
(-,-)B’,B Wwe denote the duality product between B’ and B.

2. EXISTENCE OF SOLUTIONS

We first introduce the notion of weak solution of problem (|L.1J).

Definition 2.1. Let 7' < oo, and assume ug € £4(Q) NH' () and Fy € L2(—7,0).
A function u : Q x (—7,T) — C is called a weak solution of problem (1.1)) if

ue C([0,T] : £L2(Q)) N L2(0,T : HY(Q)) N L£*0,T : LXQ)) N L2 (—7,0: L}(Q)),
ug € L2(0,T : (H'(Q))),
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for every t € (0,7T)
0
<au7 ©) (M Q) xH(Q)

=(1—iw) /Q updr — (14 if) /Q lulPupdz — (1 + ie) /Q Vu - Vedx 21)

+ F(u(t — 7)) /Q Gz, e HL(Q),
u(z,0) = ug(z) in L3(Q)
and
F(u()) = Fo() in £%(=7,0),
where F(u(t — 7)) is given by (L.2).

In the case of problem (|1.4) a stronger notion of weak solution must be intro-
duced.

Definition 2.2. Let T < oo, and assume that Uy € C([—7,0] : £2(Q)), Up(+,0) €
LMTHQ)NHL(Q) (m > 0). A function u : Qx (—7,T) — C is called a weak solution

of if
u € L20,T: HY Q)N Lm0, T : £™TH(Q)) N L2(—7,0 : L2(Q)),
up € L2(0,T: (H'(Q))),
for every ¢ € (0,7)

9]
<a% ‘P>7—L*1(Q)><H1(Q)

= (1—iw)/gu@d:v—(1—}—2’5)/Q|u|m_1ug5dx—(1—&—2’6)/QVu-V¢d:v 22)

—|—/ F(u(x,t —7))@dz, Yo HY(Q)
Q

u = Uy in C([-7,0] : L2()),
where F(u(z,t — 7)) is given by (L.3).

It is useful to rewrite the complex Gingzburg-Landau problem (I.1)) in terms of
the real components (u1,usz) of the solution w, i.e. u = u; + dug. The associated
real system in Q) is

0
% = Au; — eAuy + (u% + u%)(—ul + Bug) + uy + wus + Fy(u(z,t — 7)), in Q,

0
prch eAuy + Aug — (u? + ud)(Bug + ug) + ug — wuy + Fo(u(z,t — 7)), in Q,
ui(x,t) = Re(Up(z,t)) and wui(x,t) =Im(Up(x,t)), in (—7,0) x Q,
Bul BUQ
— == Q T).
57 = on 0, ondQx(0,T)
for F; and Fy defined in (1.2) as the real and imaginary part of F respectively.
The main result of this section is stated as follows.

Theorem 2.3. (i) Assume Fy € L2(—7,0) and let ug be such that ug € L*(Q) N
HY(Q). Then there exists at least a weak solution to (L.1)) in (0, 00).
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(ii) Assume Uy € C([—7,0] : L2(Q)), Up(z,0) € L™T(Q) N HL(Q). Then, there
exists at least a weak solution to (L.4) in (0,00).

Remark 2.4. Although there are some works in the literature dealing with a
partial information on the initial history (see, e.g. [I] and its references) we point
out that the initial information required in problem is weaker than in those
series of works.

To prove the existence of weak solution of ([L.1) we first obtain some a priori
estimates in the following lemma.

Lemma 2.5. Let T < oo and assume Fy € L2(—7,0) and let ug be such that
ug € LX) NH(Q).
Let uw € £2(0,T : £L*()) be a weak solution of (L.1). Then
u € L2(0,T : L2()). (2.3)

Moreover the norm of u in this space, as well as in the spaces L2(0,T : H1 () and
L2(0,T : LXQ)) has a bound only depending of Fo,uq, u, 7, 3 and T.

Proof. Let u be a weak solution of (1.1). Let ¢ = w in (2.1) and let t € (0,7).
Taking the real part of the resultant equation,

2dt/ |u|?dx
:/ Mzdm—/ \u|4dx—/ |Vu\2d:p+Re{(/adac)Fo(t—T)}.
Q Q Q Q

Applying Holder and Young inequalities we obtain

Re{(/ﬂﬂdz)Fo(t—T)} < ;/Q|u(t)|2dm+|g||Fo(t7)|2. (2.5)

Then, from the last inequalities and equation (2.4)), it results that

Q|
2y < 2 27 47 2 | 2
th/ |u|*dx /|u| dx /Q|u\ dx /Q\Vu| dx + 5 |Fo(t —7)|=.

That is

d
)y

< 3llu®)z2 () — 2Mu®lzs@) = 2IVult)Z2 o) + 12U Fo(t — 7).

(2.4)

(2.6)

Step 1. We first prove that u € £(0,7 : £2(2)). Since £*(Q) — £2(2), we have

)ty = [ a1 > ([ JuOPds? = s 7

and thanks to (2.6), we obtain

d
aHU(t)H%?(Q)

) (2.8)

< 3Jlu(t)]|Z2q) — ] () 220y — 2IVu() || 220y + Q][ Fo(t — 7).
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Denoting f(t) := [[u(t)[|72 (o) (= 0), and dropping —2[|Vu(t)[|72 (o in the last equa-
tion, it results
d

dt
Let K; be a positive constant defined by
Ky = & [lug 2a(e) + \Q|/ e (s — 7) %ds]. (2.10)
0

Then by Gronwall’s lemma, we obtain that f(t) < K; for t € (0, 7).

Step 2. In this step we prove , ie u € EOO(O T L£2(Q)). If t € [1,27) we
argue in a similar way but takmg o(-) =u(-t) in we obtain now that

2dt/ [ dx—/ [ul dw-/ IUI4da:—/ Vul*dz
+Re{(/9adx)<“|€m /Qu(x,t—r)dg;>}_
Then

MeiXO
o /Q (@, t —7)dz| < |Q||/ 7)dz| < |Q|1/2 u(t — ) 22

and therefore |
Re{(/adx)(“‘?;o/u( )dx)}
m'\/udm/ u(a,t — 7)da
|m|m”2/Wu|dx [i2( [ 1ute - npas) ]

—u /Q|u(t)|2dx /Q|u(t7)|2dx>1/2.

Finally, by Young’s inequality,
re{( [ adm)(ﬂgm [t = iz}
/ lu(t)Pdz + — / lu(t —7)*da.

Then, from the last inequalities and equation (2 , it results that

th/ lu|?dz < = /|u|2dx7/ |u(t |4dxf/ |Vul dz+—/ lu(t — 7)2dz.

That is

d
%HUU)H%?(Q)

< Bllu(t)1 220y — 2Mu®)l| 24y — 2IVub)l|Z22 ) + #2]lut = 7)1 220
Notice that if ¢ € (7,27) then t — 7 € (0,7) we have

f(t) <3f(t) - \Q|f2( )+ QI Fo(t =), Vte(0,7). (2.9)

(2.11)

(2.13)

lult —7) 220 < K.
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Therefore, using again Gronwall’s inequality we arrive at
lu)lz2() < Ko, (2.14)

for some K5 > 0 depending only on Fy, ug, u, 7,€2 and T'. Iterating this argument
we obtain that u € £5°(0,7T : £2(Q2)) and, in particular, u €£2(Q) (for all T < o).

Step 3. Here, we obtain Vu €L£2(0,T : (E (Q)N). Again we start arguing on
(0, 7). By integrating inequality ([2.6] . over (0,t), for t € (0,7) we obtain

t
[ o) s <3 [ o2t =2 [ ol

t t
—2 / V()2 s + 19 / (Fo(s — 7)[%ds

Thus
t
JROCEIE
<1 0)/|% —th §t 2 rond (2.15)
< S I1u(0)[IZ2(q) 2||u()\|£2(9)+2 ; ()72 ds '
! 4 9 [ 2
- ||U($)Hg4(g)ds+7 [Fo(s —7)|%ds.
0 0
Since

t t 2
9 [ (o) tsays = ([ o)l aqoyds)
we obtain that

t
/0 IV u(s) 220y ds <
Analogously, when t € (7,T), By integration over (0, t), becomes
t
d
) s <3 [ o2 =2 [ 0l s
/Odt £2(9Q) ) 2@o)d £4(Q)

t
9 / V()2 gy s + 122 / (s — 7) 2 g s,

|

| 3 2
5 IEblIZ2((—r0).0) + 5”“”%2(@) - @”“”%Q(Q)ds'

and since

t—1 0 t—7
/0 a(5) |12y s = / ()12 g s + / ()12 s,

we obtain the desired estimate by using the previous step.

Step 4. From (2.15)), we obtain

/ ()| g

2 t—T1
< IO B+ 5 [ It [ )

so that u € £2(0,T : £4(£2)). Finally, from the above estimate and (2.14)) we have
the last assertion of the lemma. O

(2.16)
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Lemma 2.6. Let T < oo and assume ug € L*(Q) N HY(Q), Fy € L2(—7,0). Letu
be a “strong” solution of (1.1). Then

w€ HN0,T: L2(Q) N L®0,T : H(Q) N L>(0,T : LXQ)).
Moreover, there exists K > 0 such that

//|ut| doe + - /\u ) dx + = /\Vu()|2dx

(2.17)
<K |F0(s)|2ds+ 7/ lug(2)|*da + f/ |Vug(z)|*da

for almost every t € (0,T).

Proof. The proof is similar to the proof of Lemma (step 1). We assume that u
is a “strong” solution of 1) (i.e., such that u € H(0,T : £2(2))) and we take
@ = u in the identity (2.1} . By taking the real part of the resultant equation, then,
for all t € (0,7)

/|ut|dx—%§/||2 dt4/||4d —%§/|Vu|dac
+Re{</ﬂﬂtdaz>Fo(t—7')}.

Re {( [ awde)Fut =)} <1 [ aidal Fofe =)

<iop2( [ moPds) -l

Since

by Young’s inequality,

Re{(/ﬂutdx)Fot—T /| () Pdw + | |Fo(t — 7)|2.

Then, from the last inequalities it results

1
f/ |ug|2dx

24y — 22 dgy— 41 20 + M5
<3 | WP 57 [ jurta dt4/|v|d+ [Fot — )P,

after integration we obtain the estimate result on (0,7) with K = |[©}|. By
iterating, we obtain the desired estimate on (07 T). O

Proof of Theorem[2.3 To prove part (i) we use Galerkin’s method. We consider
the set of pairs (A, ¢r)rk>1 of eigenvalues and eigenfunctions of the —A operator
with Neumann boundary conditions such that

/ pipjde = 9; ;.
Q

Let V,,, be the complex vector space spanned by {¢1,...,¢m}. For all v € V,,,
v = Z;nzl v/;. The approximate problem on the interval (0,7) is the following:
to find

um€£2(0 T:Vm Uy, Zuj )e;,
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satisfying

/ 6umd =(1 —iw)/ um@dr — (1 —|—i6)/ |t |2 U P

(2.18)
-1+ ze)/ Vum - Vodr + Fo(t — 1) / @dx,
Q Q
for all p € L?(0,7 : V), and
U (0) = Upo = Zugmapj with uém = / uo(x)pjde. (2.19)
Q

j=1
The approximate problem becomes a coupled system of m non homogeneous ODEs
on the coefficients u/, (). The standard results on the existence and uniqueness of
local solutions with a right hand side in L2(0,7) apply to - Moreover,
the a priori estimates found in Lemmata [2.5] and [2.6] also holds for this special solu-
tions and thus we know that there exist some positive constants K; (only dependent
on the norms of ug in £4(2) NH(Q) and the norm of Fy(t) in £2(—7,0)) such that

[|wm (t )HEQ(Q <K,

1wl 22((0,7)x ) < [THK1

1/2

|1/2

[V |l 22 0.1y x 0y < [K2)'2,
[m (D)l 21y < K3,

/ /\8“m| iz < Ky,

For N < 3, we have that H*(Q) C £F(Q) for k = 2 and 4 is a compact embedding.
Then, thanks to Aubin-Lions Lemma we claim that there exists a subsequence
{u;}en of {tm }men, such that
uj —u*, in £2(0,7: L3(Q));
uj —u*, in £40,7: LYQ));
Ou; | 9w

. 2 .2 .
5 5 o L0, 7 : L2(Q));
uj —u*, in L2(0,7: H(Q)).

Then we take limits in the weak formulation to obtain the existence of so-
lutions to in (0,7). Moreover, as consequence of Aubin-Lions Lemma, we
also obtain that u € C([0,7] : £L2(Q)). By an iterative argument on the intervals
(n7,(n+ 1)7) with n > 1 we obtain the existence of solution on the whole interval
(0,T), for all fixed T > 0.

The proof of part (ii) is entirely similar when m > 1 (it suffices to apply Holder
and Young inequalities in their general version with the corresponding exponents
p,0’ € (1,+00), 1/p+ 1/p’ = 1). Notice that, in fact u; — u*, in L2(—7,7 : L2(Q))
and since u € C([0,7] : £2(Q)) and Uy € C([—7,0] : £L2(2)) we conclude (as in of [29
Theorem 1.1]) that u € C([—7,7] : £2(Q)) and that u = Uy in C([—7,0] : L2()).
Finally, to treat the case m € (0,1) it is enough to start by considering the initial
interval (0,7) and to apply the existence results given in [2] for a right hand side
f(z,t) in £2(0,7 : £2(Q)) and then to proceed by iteration on the rest of intervals
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(n7,(n + 1)7) with n > 1. Notice that although the formulation of the equation
considered in [2] was slightly different
Ju
at
their key assumption v € (=%, §) allows to extend their main arguments to our
framework in which the diffusion coeflicient is (1+1¢) and the absorption coefficient
is (14 if) (i-e. always with a positive real part). O

— eV Au+ e u|™ = f(x,t)

3. UNIQUENESS OF A SOLUTION

In this section we prove the uniqueness of a weak solution of (1.1f) and (1.4). The
proof follows a contradiction argument using the estimates obtained in the previous
section. We recall that in all the paper we are assuming that N < 3.

Theorem 3.1. Assume the conditions on Fy, ug, and Uy given in parts (i) and

(it) of Theorem[2.3 Then problems (1.1)) and (L.4) have at most one weak solution
for the following cases:
e me([l,o0), if N=1,2,
e me[l,b),if N=3,
e me (0,1), if N=1,2,3 provided 8 satisfies
1-m
< —
61 < 57y
Proof. Let us start by considering problem (1.1)). We assume there exists two
solutions u = uy + iue and v = vy + fvy. We consider U = Uy + iUs defined by
U=u—v=u; —us+i(uz — vs), then it satisfies

(3.1)

o _ (1 —iw)U — (1 +iB) (Ju|™  u — [o]™ ) + (1 + i) AU
ot | (3.2)
—l—,ue”‘”(L)_l/ U(z,t —7)de+vU(t—7), inQx(0,T),
Q
U#)=0, onte(-r,0), (3.3)
g—g =0, on9dQx(0,7). (3.4)
Thus, on the initial interval (0, 7) the weak solution U of (3.2)—(3.4) satisfies

)
(52U Plw-r2@pamg (@)

— (1 —iw) /Q U@da:—(1+i6)/g(|u\m_1u— o] 10) pda

—(1+ie)/VU~V<pdx, Vo € HL(Q).
Q

Thanks to Lemmas [2.5]and we replace ¢ by U in the definition of weak solution
and take the real part of the identity to obtain

21 2 o 2 _ . m-=1, m—1 7
atz/ﬁw\ d:cf/Q|U\ dz Re{(l+zﬂ)/ﬂ(|u| u— || v)Ud:c}

—(1+ie)/ VU |*dz,
Q

for every ¢ € (0,7). We now consider two cases: m € (0,1) and m € [1, 3].

(3.5)
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Case 1: m € (0,1). Note that, for any two complex numbers z,y and m > 0 we
have that (see [25, Lemma 2.2] and [2] 12])
Re[(Jz]™ 2 — [y|" " 'y) (@ — g)] = |21 + [y T = (J2™ 7"+ [y|™ ) Re(a)
ie.
Rel(lz["ta — |y|™ ty) (@ — )] = |2+ [y = (2] + [yl ly| cosw
where w = arg(zy). In view of Young inequality we obtain
Re[(Jz]™ "z — [y 'y)(z — )] > 0.
In the same way we have
(2|2 — |y 'y) (@ — g)] = (2" = [y H]elly| sinw.
Thanks to [25], Lemma 2.2, we have that

m(Jo[™ e — |y )(f—ﬂ)]S%Re[(\mlm o — [y y)(@ - 7))

then, thanks to (3.1)we have |8| < m—1] and then

2ml/2

Re[(1 +if)(J«[™ = [y y)(z — )]
= Re[(|z|" 'z — [y|™ ) (@ - §)] — BIm[(jz[™ e — |y y) (@ - §)] > 0.
Therefore

Re {(1 +iB) / (™ — |v|m_1v)de} <0,
Q
and (3.5 becomes

< — .
(m/ U2dz /\U| de — (1 +ie) /|VU| de, (3.6)

Case 2: m > 1. In this case the real part of (1 +i3) [, (Ju|™ 'u — [v|™ tv)Udx
satisfies

Re{(1+i8) / ("t =)o} < 0@, m) [ (= 4 o0
Q Q

Substituting in it results,
/ U2dz < C(8, )/(1+ 1 +|v\’”_1)|U\2d:1c—/ VU 2da.

Since u and v are weak solutions of the problem, and u,v € £>°(0,T : H(2)) and
HL(Q) € L), it results that

/(1 ™ 4 o) U 2da
Q

m—1 m _2
< (lullzoo 0, 1:2m+1 () + \|U||coo(o,T;m+1(Q)))’"“|/Q\U| |

Sc‘/ U™+ dz
Q

O [ \wpde<d [ orael™ = [ \vupds. (3.7)
ot
Q Q Q

2 _
m+1

Then
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So, if m = 1 we have

0
7/ Udz < / U 2da]. (3.8)
And for m > 1 and N < 3, we apply Gagliardo Nirenberg inequality to obtain
1Tl gm0y < elUNISp @) IU 56 + cllUlle2o
for ) )
=N(=——).
a=NG- )
Then, after some computations we obtain

U Zms10y < elUlFa 0y + c(ONU 1220
We replace in (3.7) for € small enough to obtain

ﬁ/ |U\2da:§c/ \U[2dz. (3.9)
ot Jo Q

To complete the proof, we apply Gronwall’s lemma to (3.6)), (3.8) and (3.9) to

obtain uniqueness of solutions on the interval (0, 7). By induction in intervals of the

nr (n+1)7
2 2

form ( ), we obtain again the uniqueness of solutions for ¢t € (0,00). O

Remark 3.2. The results of this and the precedent section also holds, with minor
changes, for other type of boundary conditions such as, Dirichlet boundary condi-
tions or periodic boundary conditions (as considered in [Bl [6] [14]). We also point
out that the assumption (1 + €) on the coefficient of the complex diffusion opera-
tor is absolutely crucial since when the real part of such a coefficient vanishes the
equation becomes a nonlinear Schrodinger delayed equation and some additional
conditions on the coefficient of the nonlinear part (in this paper assumed of the
form (1 +i3)) are required (see, e.g. the existence and uniqueness results for the
case m € (0,1) given in [12]).

4. PROPERTIES OF SOLUTIONS OF THE DELAYED PROBLEM WHEN m € (0, 1)

The main goal of this section is to explain how to adapt to the case of delayed
problems the energy methods presented in the monograph [3] and, more concretely,
their adaptation to complex Ginzburg-Landau equations with absorption made in
[2]. Because of the presence of the “bad term” —(1 —4w)u in the equation in all this
section we shall need a extra information on the solutions: we will always assume
that the solution is bounded. This condition could be avoided in absence of such a
term in the equation.

Our first result concerns the so called finite extinction time. This property is
of interest in many different contexts. For instance in Control Theory it usually
associated to the “zero exact controllability property”.

Theorem 4.1. Let m € (0,1) and a € (0,1) such that
1
[ullLoe@) < 11— af = (4.1)
(i) Assume that
||u0||2£2(ﬂ) is small enough. (4.2)

Assume also that there exists t* € (0,7) such that

m+1 4

m <c[(t" —71)—s]° forae se(—7,0), (4.3)

|Fo(s)
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for some ¢ > 0 and some § € (0,1). Then any bounded solution of the nonlocal
problem (L.4) (i.e. with v =0) satisfies

[lu(-, )||L2(Q) < ck[t" — )5 ™ for allt €10,7)
for some ¢ > 0. In particular u(-,t) = 0 in Q for all t € [t*,7). In addition,

u(-,t) =0 in Q for all t € [nt*,n7) for alln € N.
(ii) Assume that

2(m+1) s
||UO(.,3)||£2&) < kK[t —7)—s]° forae se(—T,0), (4.4)

for some k > 0 and some 6 € (0,1). Then any bounded solution of the (L.4)), with
v > 0, satisfies that

||u(.,t)||%2(ﬂ) < ceklt" —t]17° forallt €[0,7)
for some ¢ > 0. In particular u(-,t) = 0 in Q for all t € [t*,7). In addition
u(-,t) =0 in Q for any t € [nt*,nt), for alln € N.

Roughly speaking, for the proof of this results we follow the energy method
presented in Section 6.2 of the monograph [3] (see the applications to complex
equations made in [2] and [12]). In fact, we will use the following improvement of
a suitable energy inequality.

Lemma 4.2 ([12]). Let y € Wli)j([o 00);R) with y > 0 over [0,00), § € (0,1),
a, Ty >0, and
b = (58°(1 = 6)) 7, (4.5)

e = (KO (1=6)TH) ™. (4.6)
If y(0) < x4, and if for almost every t > 0,
_d
Y1) +ryt)’ <yu(To— )17,
then there exists k* > 0 such that
_1
y(t) <k (To —t)~° for all t > 0. (4.7)

Proof of Theorem[/.1]. As in the proof of Lemma[2.5] we take ¢ = u as test function
in the equation
ou
ot
Integrating by parts, thanks to Holder and Young inequalities, we obtain

th/ fu(z, 1) dx+/[|Vu(x OP + (1= Dlule, O]z

m+1

/\ux D) 2dz + o) Fo(t — 7)| %5

— (1 4ie)Au+ (1 4+4if)|u|™  u — (1 —iw)u = F(u(z,t —71)).

Since [[ul| g (@) < 1 — a|m, we have

/ fu(e, t)Pdz < 1 - of / (e £)| dr,
Q Q

and therefore

+1

th/ u(z, t)] d:c—i—/ [|vu(x H2 + |u(:c,t)\m+1} dz < o Fo(t —7)| 5 (4.8)
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for some positive constants « and cy. We then use the Gagliardo-Nirenberg in-
equality [2] Theorem 6.1] to arrive to the energy inequality

m+1

Y () + csy(t)’ < col Fo(t — 7)™
for some ¢ € (0,1) and some c3 > 0, with
y(t) = HU('J)H%%Q) :

Since we arrive to the energy inequality

m+1
|

y' () + csy(t)’ < col Folt — 7)

for some ¢ € (0,1) and some c3 > 0, with
y(t) = lJu- )72 -

Then we apply Lemma on the interval t € [0,7), with kK = ¢3 and Ty = t* €
(0,7), so if we assume that

1

[uo ()1 220y < (38 (1 —a)t*) =5,

m 1

erlFolt =) <un(t” =017
with y, = (c36°(1 — (5))ﬁ Then we conclude that
_1
||u(.,t)\|%2(m <E(t"—t)7° forall t € [t*,7), (4.9)

which proves the first conclusion of part (i). Arguing in a similar way, now on the
interval t € [7,27), we obtain

m-+41
m

Y (t) + esy(t)’ < 82‘ / u(x,t — 7)dx
)

for the same ¢ € (0,1) and ¢3 > 0 and some ¢z > 0. Applying the Holder inequality
and conclusion (4.9) we have

41 P
mt mt1 |, 2(m41) mtl

]/UWJ—Tmﬂ"ignnwvmgv*«f+7y¢ﬁ%®m
Q

for all ¢ € [t* + 7,27). Then, since
2 m+1 §
> )
=0 m ~1=9
we van apply again Lemma [£.2] to conclude that

Ju(- ) 22(q) <K (" +7)—)1°  forallt e [t*,7). (4.10)

The proof of part (ii) is similar but now, on the initial interval [0, 7) we require
the stronger assumption (4.4)). |

Remark 4.3. If the initial history Fy(s) and ug (respectively Uy(:, s)) does not
vanishes also for s € [—7,t) U {0}, for some ¢ < 0 then Theorem proves that
the solution of the nonlocal , i.e. with v = 0 (respectively the local case, with
v > 0) is discontinuous at the time ¢ = nr for all n € N. The technique of proof
in Theorem [£.1] could also be used to prove that the solutions may vanishes on
intervals of the form [n7,n7T + €] avowing the above mentioned discontinuity.
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Remark 4.4. The detailed analysis made in [2] shows that, in fact,

1 N(1 -

5= m with 6 = U-m
O(m+1)+2(1-0) N1 —m)+2(1+m)

Remark 4.5. The above assumptions are, in some sense, necessary. Indeed, if for

instance Hu0||%2(m is big enough then it is possible to take the parameters such

that any function y(t) satisfying the ordinary differential inequality with zero in
the right hand side satisfy that y(7) > 0 and thus the contribution of the global
initial memory can not be of any help in the rest of values of time ¢t € [r,4+00).
Analogously, the decay condition indicated in the assumption is the optimal
decay which is compatible with the decay of any function y(t) satisfying the ordinary
differential inequality with zero in the right hand side and with an exponent § €
(0,1). On the other hand, it is well known that if 6 > 1 then y(¢) > 0 for all
t €10,400).

Remark 4.6. Assumption (4.1) is used to obtain the finite time extinction of the
solution. If assumption not satisfied, for some initial data the solution
achieves an homogeneous in space function in finite time, such function is, in fact,
the average (in space) of the solution and its behavior is determined by an ordinary
differential equation. See for instance [3], Chapter 2, section 7.2 and references
therein where finite time convergence to the average of the solution is studied for a
porous-media type equation.

The assumption m € (0,1) (jointly with the structure conditions on the coeffi-
cients (1+i0) of the corresponding nonlinear term) makes possible the finite speed
of propagation property and other qualitative properties related with the spatial
support of the solutions u(-,t) for a fixed time ¢ > 0. That was show in the nice
paper [2] for the case without any delayed term and can be easily adapted to the
problems considered in this work once that suitable conditions on the initial history
are assumed. We shall follow the usual notations in this type of local methods (see
[3]): B, denotes the open ball of radius p of RY contained in {2 (we shall not specify
the dependence with respect the center of the ball zy). Moreover, we shall use the
notation Q, 1, = (0,7p) x B, and X, 1, := (0,Ty) x 0B,. We introduce the local
energies

E(p,Ty) = /Q Vul? da dt,

r.To

1
b(p, To) = B eSSSUPogtSTO/ lu(z, t)|*dz,
P

c(p, Ty) = /Q |u|™ ! da dt.

r,To
Theorem 4.7. Let m € (0,1) and « € (0,1) be such that
o
[ull L (@) < 1 —af = (4.11)
(i) Assume that there exists pg > 0 such that
uo =0 in B,,. (4.12)
Assume also that there exists sp, € (0,7) such that

Fy(s) =0 forae. s€(—7,—Sp,). (4.13)
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Let u be a bounded solution of the nonlocal (1.4) (i.e. with v = 0). Then there
exists p1 € (0,po) and t1 € (0,7) (both depending of the energies associated to u)
such that v =0 in Qp, ¢, -

(i1) Assume that there exists sp, € (0,7) and po > 0 such that

Uo(-,s) =0 on B,, for s =0 and for a.e. s € (—T,—5p,)- (4.14)

Let u be a bounded solution of the local (1.4)) (i.e. with v > 0). Then there exists
p1 € (0,p0) and t1 € (0,7) (both depending of the energies associated to u) such
that v =0 in Qp, 4, -

Proof. (i) It is an easy modification of the adaptation, made in [2, Theorems 5.1
and 6.1], of the local energy method (presented in [3, Chapter 3]) to the case of
complex Ginzburg-Landau equations without delay terms. By multiplying by @ and

integrating on B,, for almost all p € (0, py), and using assumptions (4.12)), (4.13)
s € (=7, —$r, ), and the boundedness of u we obtain the “local integration by parts

inequality” for Ty = sg,
b(pa TO) + E(pv TO) + C(p7 TO) < / |VU||U‘ dz dta a.e. p € (07 PO)
DIPRAN (415)
< 1Dull L2z, ) lull L2, 2,)-
Here, again, we used the assumption (4.11]) to obtain (4.8). The method continues,

as usual, by applying some interpolation-trace inequalities and some estimates of
the involved terms. Using that

_op
pTo) 8p

we obtain the ordinary differential inequality

1Dl s (p, To), (4.16)

oF
P E(p, Tp)* < CK (po, To) - (p: T0) (4.17)
for some & € (0,1), ¥ > 0 and some positive constants C' and K (pg, Tp), which im-
plies the conclusion. Assumption (4.14]) also allows to get the same “local integra-
tion by parts inequality” and thus the proof of (ii) follows the same arguments. O

Remark 4.8. As in [2] Theorem 5.3], it is possible to show a “waiting time prop-
erty” (showing that in fact p; = po for all t € (0,t), for some ¢y € (0,7)) for the
solution u of the nonlocal (i.e. with v = 0), if we make the decay stronger
assumption

1
[ luo@Pds <60 )¢ torac. pe 0. +2)
BP
for some §,e > 0 and with £ € (0,1) the exponent arising in (4.17)). in the case
of the local (1.4) (i.e. with v > 0) it must be required a similar decay stronger
assumption now on Up(+, s): to be more precise, we must assume that there exists
s, € (0,7], po > 0 and d,& > 0 such that

—8F,

/ |Uo(,0)|?dx +
B

0 -7

/ Uo(, s)| "% dads < 6(p— po) = ° (4.18)
B/’

for almost every p € (0, po + €).
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Remark 4.9. As in the case of the equation without delay terms, it remains an
open question to know if the above finite speed of propagation also holds for the
pure Schrédinger equation with the same absorption perturbation term. A partial
answer was given in [I1].
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