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TRANSITION FRONTS OF TWO SPECIES COMPETITION
LATTICE SYSTEMS IN RANDOM MEDIA

FENG CAO, LU GAO

ABSTRACT. This article studies the existence and non-existence of transition
fronts for a two species competition lattice system in random media, and ex-
plores the influence of randomness of the media on the wave profiles and wave
speeds of such transition fronts. We first establish comparison principle for
sub-solutions and super-solutions of the related cooperative system. Next,
under some proper assumptions, we construct appropriate sub-solutions and
super-solutions for the cooperative system. Finally, we show that random tran-
sition fronts exist if their least mean speed is greater than an explicit threshold
and there is no random transition front with least mean speed less than the
threshold.

1. INTRODUCTION

This article studies the existence of transition fronts of the two species competi-
tion lattice random system

1 (t) = wir1(t) — 2ui(t) + ui1(f) + wi(t)(a1(w)
- bl(Gtw) (1) — c1(Brw)v; (1)),
0 (t) = vigr(t) = 204(t) + vio1(t) + vi(t) (a2(fsw)
— bg(@tw)ui(t) — co(Grw)vi(t)),
where i € Z,t € R, w € Q, (Q, F,P) is a given probability space, 6; is an ergodic

(1.1)

metric dynamical system on Q, a;(+) : Q@ = R, b;(-) : @ — (0,00), ¢;(+) : Q@ — (0, 00)
(1 = 1,2) are measurable, and for every w € Q, a¥(¢) := a;(6iw), b (t) := b;(0rw),
(1) == ¢;(0iw) (i = 1,2) are locally Holder continuous in ¢ € R. Moreover, we

assume b;(6w) > 0, ¢;(Qw) > 0 (i = 1,2) for every w € Q and t € R.
System (|1.1]) is a spatial-discrete counterpart of the following two species com-
petition system with random dispersal,
Ot = Ugy + u(ag (Brw) — by (Orw)u — ¢1 (Brw)v),
OV = Vg + v(az(0rw) — ba(Orw)u — c2(brw)v),
Systems (|1.1) and (1.2)) are widely used to model the population dynamics of

competitive species when the movement or internal dispersal of the organisms oc-
curs between non-adjacent and adjacent locations, respectively (see, for example,

(1.2)
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[6l 21, 25, 26]). Note that system often models the evolution of population
densities of competitive species in which the internal interaction or movement of
the organisms occurs randomly between adjacent spatial locations and is described
by the differential operator, referred to as the random dispersal operator. System
arises in modeling the evolution of population densities of competitive species
in which the internal interaction or movement of the organisms occurs between
non-adjacent spatial locations and is described by the difference operator, referred
to as the discrete dispersal operator.

In and 7 the functions a1, as represent the respective growth rates of
the two species, by, co account for self-regulation of the respective species, and ¢y,
bo account for competition between the two species. Two of the central dynamical
issues about and are spatial spreading speeds and traveling wave solu-
tions. A huge amount of research has been carried out toward the spatial spreading
speeds and traveling wave solutions of system in spatially and temporally ho-
mogeneous media (see, for example, [7, 8, T3], 14 [15] 16} 17, 19] 20, 28]) or spatially
and/or temporally periodic media (see, for example, [9], I8 29]). Recently, Bao,
Li, Shen and Wang in [2] studied the spatial spreading speeds and linear determi-
nacy of diffusive cooperative/competitive system in time recurrent environments.
Bao in [I] studied the spatial spreading speeds and generalized traveling waves of
competition system in general time heterogeneous media.

As for the lattice system arising in competition models, to the best of our knowl-
edge, there are only a few works on the related topics. The reader is referred
to [III, 12, 27] for the study on the spatial spreading speeds and traveling wave
solutions for competition lattice system in time independent habitats. We note
that Cao and Gao in [3] studied the existence and stability of random transition
fronts for KPP-type one species lattice random equations. The reader is referred to
[, [5, 10] 24, 30] for the study on the spatial spreading speeds and traveling wave
solutions for KPP-type one species lattice equations in homogeneous or periodic or
time heterogeneous media.

In this article we study the traveling wave solutions of two species competition
lattice system with general time dependence. Since in nature, many systems are
subject to irregular influences arisen from various kind of noise, it is of great im-
portance to take the randomness of the environment into account and study the
existence and non-existence of random transition fronts of competition lattice sys-
tem in random media. Due to the lack of space regularity, we need finding new
approach to get the existence of transition fronts when dealing with spatial-discrete
system . We point out that the method used here can also be used to get the
existence and non-existence of transition fronts for two species competition lattice
system in general time dependent habitats. Besides, we will study the stability of
random transition fronts of competition lattice system elsewhere.

Let

1°(Z) = {u={ui}iez : i»lelg lu;| < oo}
with norm |lu|| = [Ju|cc = sup;ez |ui|, and

1°M(Z) ={uel™(Z): géuz > 0}.
For u,v € 1°°(Z), we define

u>v if u—wvel®t(Z).
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Then for any given (ug,vg) € I°°(Z) x I*°(Z) , has a unique (local) solution
(u(t; ug, vo,w), v(t; up, vo,w)) = {(u;(t; uo, vo,w), vi(t; g, vo,w)) }iez with initial da-
tum (u(0; o, vo,w), v(0; ug, vo,w)) = (ug,vp). Note that, if ug € 1°°F(Z), vy €
[1°°7(Z), then (u(t;ug, vo,w), v(t; uo, vo,w)) exists for all ¢ > 0 and u(t; ug, vo,w) €
1°F(Z), v(t;ug,vo,w) € 1°T(Z) for all t > 0. A solution (u(t;w),v(t;w)) =
{ui(t;w), vi(t;w) biez of is called spatially homogeneous if u;(t) = u,;(t) and
v;(t) = v;(¢t) for all 4, j € Z.
Note that contains the following two sub-systems,

Ui (t) = wip1(t) — 2w () + wi—1(t) + wi () (a1 (Brw) — b1 (Orw)u; (L)), (1.3)
and
0;(t) = vip1(t) — 20;(¢) + vi—1(t) + vi(t) (a2(Orw) — co(Brw)v;(t)). (1.4)
First we give some notation and assumptions related to . Let

I I
a(w) = liminf / a(@;w)dr := lim inf / a(0;w)dr,
t—s—oot — 8 Jg r—oot—s>rt— 8 [o

t t
1
/S a(frw)dr == Tlggotilgr — /S a(frw)dr,

where a(w) could be a;(w), b;(w), ¢;(w) (i =1 or 2) or any similar function. We
call a(-) and a(-) the least mean and the greatest mean of a(-), respectively. It is
easy to obtain

a(w) = limsup
t—s—oo UL — S

a(bw) = a(w), a(fw) =7a(w) forall te R,

a(w) = liminf
t,s€Q,t—s—o0 t — S

/st a(frw)dr.

Then a(w) and @(w) are measurable in w. The ergodicity of the metric dynamical
system (Q, F,P, {0;}:cr) implies that, there are a,a@ € R and a measurable subset
Qo C Q with P(Qp) = 1 such that

0:Q2 =0y VteR

t
/a(GTw)dT7 a(w) = limsup

t,s€Q,t—s—00 t—s

lim inf
t—s—oot — 8§

¢
/ a(f,w)dr =a Yw € Qy

t
lim sup / a(frw)dr =a Vw € Q,

t—s—oo UL — S

That is, a(w) and @(w) are independent of w in a subset of £ of full measure (see
Lemma .

Throughout this paper, we assume that the trivial solution (0,0) of is
unstable with respect to perturbation in [*°(Z) x [*°(Z), i.e.

(H1) ai(w) = liminfy_ 00 7 f; a;(0;w)dr >0 (i = 1,2) for a.a. w € Q.
Note that (H1) implies that has two semi-trivial spatially homogeneous posi-
tive solutions (u*(t;w),0) = (¢*(frw), 0) € Int [°F(Z) x[°>F(Z) and (0, v*(t;w)) =
(0,9*(6;w)) € 1°°T(Z) x Int >+ (Z) for some random equilibria ¢* and v*, where
u*(t;w) = ¢*(Aw) is the unique spatially homogeneous positive solution of (L.3)),
and v*(t;w) = ¥*(f;w) is the unique spatially homogeneous positive solution of
(1.4) (see [4, Theorem 1.1] and [22], Theorem Al).
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We also assume that
(H2) (0,v*(t;w)) is linearly unstable in [°*7(Z) x [°°7(Z), that is,
ar(w) — 1 (w)v*(;w) > 0.
Note that (u*(t;w),0) is linearly and globally stable in [°(Z) x [°F(Z), that is,
az(w) — be(w)u*(;w) <0,
and for any (ug,vo) € [°F(Z) x [°F(Z) with ug # 0 and a.a. w € Q, u;(t; ug, v,
Orow) — u*(t + to;w) — 0 and v;(t; ug, vo, Or,w) — 0 as ¢t — oo uniformly in i € Z
and ty € R.

We remark that if aj(w) — ¢1(w)v*(;;w) > 0, then (0,v*(¢t;w)) is unstable in
[°9F(Z) x 1°°7(Z), and if as(w) — ba(w)u*(;w) < 0, then (u*(t;w),0) is locally
stable in [°(Z) x 1°7(Z), and if a;(w) > 0 (i = 1,2), ay, > “422L and af), <

- 2L
albﬁﬂ for any w € Q, then (u*(¢;w), 0) is globally stable and (0, v*(¢;w)) is unstable
1M
in (°F(Z) x 1°F(Z), where %) = infier a;(6iw), a; = sup,ep ai(fiw) and by,
by €, ¢y are defined similarly (This can be proved similarly as [I, Proposition

2.4]).
Now we present the third standing hypothesis.

(H3) For any w € Q, infier ba(6iw) > 0, b;(Orw) > ¢;(6iw) (i =1,2) and
a1 (Orw) — c1(Opw)v™ (tw) > az(rw) — 2ca(rw)v™ (B w) + ba(frw)v™ (8 w)
for t € R.

Under the assumptions (H1)—(H3), one of the most interesting dynamical prob-
lems is to study the existence of random transition front (generalized traveling
wave) solutions connecting (u*(¢;w),0) and (0, v*(t;w)) for (I.I). To do so, we first
transform to a cooperative system via the standard change of variables,

U = u;y U = 0" (Hw) — v;.
Dropping the tilde, is transformed into
; = Huy + ui(aq (0w) — b1 (Orw)u; — 1 (6iw) (v* ((;w) — v;3)),
0; = Hu; + ba(0,w) (v* (;w) — v)u; + vi(ag(Orw) (1.5)
— 2¢o(Brw)v* (t;w) + co(Orw)v;),

where
Hul(t) = ui+1(t) — 2uz(t) + ui_l(t), 1€Z,teR.

It is clear that is cooperative in the region u;(t) > 0 and 0 < v;(t) <
v*(t;w), and the trivial solution (0,0) of (1.1 becomes (0, v*(t;w)), the semitrivial
solutions (0, v*(¢;w)) and (u*(¢;w),0) of (1.1)) becomes (0, 0) and (u*(¢; w), v*(¢;w)),
respectively. To study the random transition front solutions of connecting
(u*(t;w),0) and (0, v*(t;w)) is then equivalent to study the random transition front
solutions of connecting (u*(t;w),v*(t;w)) and (0,0).

We denote (u(t;u®,v°, w), v(t;u’, v w)) = {(u;(t;ul, 00, w), v;(t; ul, v, w)) }iez
as the solution of with (u(0;u®, v, w), v(0;u’ 00 w)) = (u°v°) € 1°°(Z) x
[°(Z). For any (ul,u?) € [°°(Z) x I°°(Z) and (v!,v?) € I*°(Z) x I°°(Z), the re-
lation (ul,u?) < (vi,v?) ((ut,u?) < (v!,v?) resp.) is to be understood compo-
nentwise: u® < v® (u® < v*) for each i. Other relations like “max”, “min”, “sup”,
“inf” can be similarly understood. Then it is clear that, if (u%v%) > (0,0), then
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(u(t; u®, 0%, w), v(t;u®, v°, w)) exists for all t > 0 and (u(t; u UO w) (t u® ’UO ,w)) >
(0,0) for all t > 0 (see Proposition[2.1)). A solution (u(t;w) ) of (|1.5)) is called
an entire solution if it is a solution of (L.5) for ¢t € R.

Definition 1.1 (Random transition front). An entire solution (u(t;w),v(t;w)) is
called a random transition front or a random generalized traveling wave of (1.5))
connecting (0,0) and (u*(t;w), v*(t;w)) if for a.a. w € §Q,

(ui(t; w),vi(t;w)) = (P —/O c(s;w)ds, Ow), U (i —/0 c(s;w)ds, Oiw))

for some P(z,w), ¥(z,w) (z € R) and ¢(t;w), where &(z,w), ¥(r,w) and c(t;w) are
measurable in w, and for a.a. w € Q,

(0,0) < (P(z,w),¥(z,w)) < (u*(t;w),v*(tw)),

lim_ (B, 0uo), U (2, 0p)) = (" (t), 0" (),

r—r—00

lim (&(z, Ow), ¥(x,0iw)) = (0,0) uniformly in ¢t € R.

T—00

Suppose that (u(t;w), v(t; w)) {(ui(t;w), v;(t; w)) hiez with (u;(tw), v (tw)) =

z—fo s;w)ds, Orw), z—fo s;w)ds, Oiw)) is a random transition front of ((1.5] .
If §(z,w) and J/(x,w) are non-increasing with respect to z for a.a. w € € and all
x € R, then (u(t;w),v(t;w)) is said to be a monotone random transition front. If
there is G,¢ € R such that for a.a. w € €Q,

t
/ e(T;w)dT = Cing,
S

then G,¢ is called its least mean speed.

Note that the ergodicity of the metric dynamical system (Q, F, P, {0;}ier) im-
plies a;(w) — c1(w)v*(;w) = lminf; 500 7 fst (a1(0;w) — c1 (O, w)v*(T;w))dT is
independent of w in a subset 2y C  of full measure. We denote

lim inf
t—s—ocot — §

A =a1(w) — 1 (w)v* (w)

for w € Qq. For given pu > 0, let
et te P —24+ A
co = inf ,
pu>0 yz

By [, Lemma 5.1], there is a unique p* > 0 such that

et e —24 )
//[/*

Co =

and for any v > ¢, the equation v = w has exactly two positive solutions
for p.

Now we are in a position to state the main results on the existence and non-
existence of random transition fronts of two species cooperative lattice systems in
random media.

Theorem 1.2. Assume (H1)—(H3) hold. Then we have:
(i) For any given v > ¢y, there is a monotone random transition front of (1.5)
with least mean speed Ging = y. More precisely, for any given v > co, let 0 < pp < p*

be such that w =~. Then ) has a monotone random transition front

(u(t;w), v(t;w)) = {(u; (t; w), v (t; w))}lez with w; (t; w) szo s;w)ds, bw) and
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vi(tw) = Ui — fot c(s;w)ds, Oyw), where c(t;w) = eMH?M*H‘“(Gt:)fclwtw)v*(t;w)
et +e H—24 N
M

zli)l_noo(@(x, Oiw), ¥ (x,Ow)) = (u*(t;w), v*(t;w)),

and hence Cins = = . Moreover, for any w € Qy,

xli_}rrolo(di(:n,etw)J/(x,Htw)) = (0,0)

uniformly in t € R.
(ii) There is no random transition front of (L.5|) with least mean speed less than
Co.

Remark 1.3. (i) When a;, b;, ¢; (i = 1,2) are constants, our existence result of the
transition front is consistent with the result obtained in [I2, Theorems 1, 4]. Also,
we obtain the non-existence result of the transition front.

(ii) We leave as an open problem the case G, = ¢, that is, the existence of
random transition front of with least mean speed Ginr = cp.

The rest of this article is organized as follows. In Section 2, we establish the
comparison principle for sub-solutions and super-solutions of and prove some
basic properties and fundamental lemmas to be used in later section. We prove the
existence and non-existence of random transition fronts after constructing appro-
priate sub-solutions and super-solutions of in Section 3.

2. PRELIMINARIES

In this section, we present some preliminary material to be used in later sections.
We first present a comparison principle for sub-solutions and super-solutions of
and prove the convergence of solutions on compact subsets. Next, we present some
useful lemmas including a technical lemma.

Consider first the following space continuous version of ,

0w = Hu + u(ay (0w) — by (Orw)u — 1 (Orw) (v* (t; w) — v)),
O = Hou + by (0yw) (v* (t; w) — v)u 4 v(ag (Biw) (2.1)
— 2¢o(Biw)v* (t;w) + c2(biw)v),
where
u=u(z,t), v=uv(x,t),
Hu(z,t) :==u(x + 1,t) + u(x — 1,t) — 2u(z,t), z€R, teR.
Let
IR)={u:R—>R: i1€1£|u(x)| < oo}
with the norm |Ju|| = sup,cp |u(z)|, and

I°T(R) = {ue€l™(R): ;rel%u(m) > 0}.

For u,v € I°°(R), we define
u>v if uw—vel®T(R).
Recall that for any (u°,v%) € [°°(Z) x I°°(Z),
(u(t; u®, 0%, w), v(t;u®, 00, w)) = {(ui(t;u®, 00, w), v (t;u°, 10, w)) ez

is the solution of (1.5)) with (u;(0;u", v°, w),v;(0;u’, v°,w)) = (uf,v?) for i € Z. For
any (ug,vp) € I®(R) x [*°(R), let (u(x, t;ug, vo,w), v(x,t; ug, vg,w)) be the solution
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of (2.1) with (u(x,0;ug,vg,w),v(x,0;ug, vo,w)) = (uo(x),ve(x)). For any (ut,u?),

(vt v ) € 1°°(R) x [*°(R), the relation (u!, u2) < vl ,v?) resp.)

is also to be understood componentwise: u* < v*
Let

ft u,v,w) = u(ar (Brw) — by (Brw)u — ¢ (Orw) (v (H;w) — v)),
g(t, u, v,w) = ba(Orw) (V" (t; w) — v)u + v(az(Brw) — 2¢c2(Qrw)v™ (t; w) + co(Grw)v).

A pair of function (u(z,t;w),v(x,t;w)) on R x [0,7) which is continuous in ¢ is
called a super-solution or sub-solution of (resp. ) if for a.a. w € 2 and
any given x € R (resp. z € Z), u(x,t;w) and v(x,t;w) are absolutely continuous in
t€[0,T), and

ug(z,t;w) > Hu(z, t;w) + f(t,u,v,w)
v, tw) > Ho(z, t;w) + g(t, u,v,w)

for a.a. t € [0,T), or

uy(z,t;w) < Hu(z, t;w) + f(t,u,v,w)

Ut($,t;W) S Hv(:c,t;w) + g(t,u,v,w)

for a.a. t € [0, 7).

A pair of function is said to be a generalized super-solution (resp. sub-solution)
if it is the infimum (resp. supremum) of a finite number of super-solutions (resp.
sub-solutions).

Now we are in a position to present a comparison principle for solutions of ,
the comparison principle for solutions of can be proved similarly.

Proposition 2.1 (Comparison principle). (1) Suppose that (u1(x,t;w), v1(x,t;w))
is a bounded sub-solution of on [0,T) and that (uz(z,t;w),va(x,t;w)) is a
bounded super-solution of on [0,T) and (u;(x, t;w), vi(x, t;w)) € [0, u*(t;w)] X
[0,v*(t;w)] (i=1,2) forz e R andt € [0,T). If

(ur (- 0;w), 01(, 0;0)) < (ua(- 0;w), va(-, 0;w)),

then
(ur (- tw), 11 (5 tw)) < (ue(s, t;w),va(s, t;w))  for t€[0,T).
(2) Suppose that (ui(z, t;w), vi(z, t;w)) € [0, u™(tw)] X [0,0"(Hw)] (2 =1,2) are
bounded and satisfy that for any given x € R, u;(z,t;w), vl(x t;w) (1 =1,2) are

absolutely continuous in t € [0,00), and

Opug(z,t;w) — (Hug(z, t;w) + f(t, ug, ve,w))

> Opuy (z,t;w) — (Hug (z, t;w) + f(E,ur,v1,w)),

8tv2(z,t;w) - (HUQ('Iataw) + g(t,’(,LQ,UQ,CU))

> atvl(fvt; W) - (Hvl(x,t;w) +g(t,u1,v1,w))
fort > 0. Moreover, suppose that

(u2(+, 0;w), va(+, 0;w)) = (ua (-, 0;w), v1 (-, O;w)).
Then (uz(-, t;w), v2(-, t;w)) > (ur (-, t;w), v1 (-, t;w)) fort > 0.
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Proof. (1) Let
Qi(z,t;w) = e (ug(m, tw) —uy(z,tw)), Qa(w, t;w) = e (vo(z, t;w)—vy (2, t;Ww)),

where ¢ := ¢(w) is to be determined later. Then there is a measurable subset € of
Q with P(2) = 0 such that for any w € Q\ Q, Q1(z,t;w) and Q2(x,t;w) satisfy

0iQ1 > Qi(r + 1, tw) + Qi(r — 1, w) + a1z, t;w) Q1 + b1z, t;w)Q2,
0:Q2 > Q2(x + 1, tw) + Q2(z — 1, w) + az(x, t;w) Q1 + ba(x, t;w)Q2,

where

(2.2)

a1(z, t;w) = c— 2+ fu(t,ul,v],w), bi(x, t;w) = fu(t, ul,v],w),

as(z,t;w) = gu(t, us, vy, w), ba(z,t;w) =c— 2+ g, (t,u3, v5,w)

for some u; = u}(z,t;w) (i = 1,2) between uy(z,t;w) and ug(z,t;w) and some
vf = vf(z,t;w) (1 =1,2) between vy (z, t;w) and vo(x, t;w).

Since is cooperative in [0, u* (t; w)] x [0, v*(¢; w)], we have by (z,t;w) > 0 and
as(x,t;w) > 0. By the boundedness of u;(x,t;w) and v;(z, t;w) (1 = 1,2), we can
choose ¢ = ¢(w) > 0 such that ba(x,t;w) > 0 and a4 (z,t;w) > 0.

We claim that Q;(z,t;w) >0 (i = 1,2) for z € R and ¢t € [0,7T]. Let po(w) :=
max;—1,2 Max(g 1)erx 0,711 (2, t;w), bi(x,t;w)}. It suffices to prove the claim for
x € R and t € (0,To] with Ty = min{T, m} Assume that there are some
]

# € Rand t € (0,Tp] such that Q1(%,#;w) < 0 or Q2(%,t;w) < 0. Then there is
t% € (0,Tp) such that

Qilnf(w) = f Q1(z,t;w) <0 or ignf(w) = inf Qa(z, t;w) < 0.

in
(z,t) ERX[0,t0] (z,t)€ERX[0,t0]

Without loss of generality, we assume that Q"f(w) < QI"f(w). Observe that there
are z,, € R and t,, € (0,t°] such that

Q1 (zn, t;w) = QM (w) as n — oo.
By (2.2]) and the fundamental theorem of calculus for Lebesgue integrals, we obtain
Ql(l‘na tna U.}) - Ql('rna 07 w)
tn
> [ 1Qun 4 160) + Qo — L) + ax(on,t0)@an i)
0

+ by (Tp, t;w)Qa(zp, t;w)]dE

tn
> / 20 () + a1 (2, £ ) QP (w) + b (20, £ ) QI ()]t
0

-/ " QI ) + 2p0l) QI ()t
> 2(1 4 po(w))t°QM (w) for n > 1.
Note that Q1(x,,0;w) > 0, we then have
Q1(wn, tniw) > 2(1 +po()°Q (w)  for n > 1.
Letting n — oo, we obtain

QP (w) = 2(1 + po(w))t° QM (w) > QM (w).
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A contradiction. Hence Q;(z,t;w) > 0 (¢ = 1,2) for x € R and ¢ € [0,T], which
implies that (uy(z,t;w), v (2, t;w)) < (ua(x, t;w), va(z, t;w)) for w € N\ Q, v € R
and ¢ € [0, 7.

(2) Since is cooperative in [0, u*(t;w)] x [0,v*(¢;w)], then for w € Q\ Q,
by the similar arguments as getting (2.2), we can find c¢(w), u(w) > 0 such that for
any given x € R,

Ow(z,t;w) > wlx + 1, t;w) + w(z — 1, t;w) + plw)w(z, t;w)  for ¢t >0,

where w(z, t;w) = e (uy(x,t,w) — ui(z,t,w)). Thus we have that for any given
z € R,

w(z, t;w) > w(z,0w) + /0 [w(z + 1, s;w) + w(z — 1, s;w) + plw)w(zx, s;w)]ds.

By the arguments in (1), w(z,t;w) > 0 for all z € R and ¢ > 0. It then follows that
w(z,t;w) > w(z,0;w) > 0 and and hence uz(z,t;w) > u(z, t;w) for w € Q\ Q,
r € Rand t > 0. Similarly, we can get that ve(z,t;w) > vy (2, t;w) for w € Q\ Q,
r €Rand t > 0. (Il

Proposition 2.2. Suppose that (up,vy,) € I°T(R) x T (R) (n = 1,2,...) and
(ug,v0) € I°FT(R) x 1°T(R) with {||unll}, {|lvall} bounded. If (u,(z),v,(z)) —
(ug(x),vo(x)) as n — oo uniformly in x on bounded sets, then for each t > 0,
(U(I, ta Uny Un, etow)y U(‘T7 t7 Up,y Un, atow)) — (’U,(.I, ta Uo, Vo, etow)v ’0(1‘7 tv Up, Vo, atow))
as n — oo uniformly in x on bounded sets and ty € R.
Proof. Fix any w € , and let

u"(x,t; 0pyw) = (@, U, Uy, Or,w) — u(z, t; ug, vo, Orw),

(2, t; O w) = (T, t Up, Un, Orow) — (2, 85 ug, Vo, Oryw).

Then
Opu™ = Hu" + o (x,t; O w)u™ + bY (2, t; O, w)v™,
O™ = Ho"™ + al (z,t; 0 yw)u” + b (z, t; 0 w)v™,
where
al (z,t; 0, w) = fu(t, ul (z,t; 0pw), v7 (2, t; Oy w), Orw),
O (@, 1 0t w) = fot,uf (2,5 01,w), 07 (2, 1 04 ), Or ),
ay (@, t; 0, w) = gu(t, uy (z,t; 0,yw), vy (2,15 0, w), Oyyw),
by (2, t; 0r,w) = go(t, uy (2,15 04,w), vy (2, t; Ogw), Opw),

for uf(x,t; 0, w), ul(x,t; 0 w) between u(x,t; Uy, vn, Or,w) and u(x, t; ug, vo, O,w),
and v} (x,t; 0, w), V5 (x,t; 0, w) between v(x, t; U, Vp, Or,w) and v(z, t; ug, vo, Or,w).
Take p > 0, and let

X(p) = {(u,0) : R = R (u(-)e " o()e™?1) € 1°(R) x I™*(R)}
with the norm ||(u, v)||x(y) = supzer(ju(z)| + [v(z)|)e?I#l. Observe that (H, H) :
X(p) = X(p), given by

(H,H)(u,v) = (Hu, Hv),

is a bounded linear operator. Note also that al(z,t;0;,w) and b (z,t;6;,w) are
uniformly bounded (i = 1,2). Then there are M > 0 and « > 0 such that

”e(H,H)tHX(p) S Meat
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and |a (z,t; 0pw)| < M, |0 (z, t;0,,w)| < M. Hence,
(un('at;etow)vvn('at§9t0w))

= €(H7H)t (Un('a O; 6t0w>7 vn(_7 07 etOW))

t
- / =G0 (-, 75 Oy w)u” (-, 73 0y w) + B (- 75 O1g) 0" (-, 75 O ),
0
ay (-, 75 O w)u™ (-, 73 Oy w) + b5 (-, 735 O w)v™ (-, T35 O w) |dT
and then

||(un(7 t; etow)ﬂ ’Un('v t; etow))HX(p)
S MeatH(un('a 07 etow)7 Un('a Oa Htow))HX(p)

t
+ M2/ e[ (™ (-, 75 O w), 0" (-, T3 Ogow) || x () AT
0
By Gronwall’s inequality,

2
(™ (- Bug0), 0™ (-, 5 0200) )| x ) < €CFMMY (U (-, 0; 1), 0" (-, 05 00 0) [ x ()
Note that [|(u™(-,0;0:,w), v" (-, 0;0,w))| x(p) — 0 as n — oo uniformly in t5 € R.
It then follows that
(u"(z, t; Oy w), "™ (2, t; 04,w)) — (0,0) asn — oo

uniformly in z on bounded sets and ty € R. The proof is complete. (I

Now we present some lemmas including the technical results.

Lemma 2.3. a(-),a(-),a(:) € LY(Q,F,P). Also a(w) and a(w) are independent of
w for a.a. w € Q.

The proof of the above lemma follows from [23] Lemma 2.1].

Lemma 2.4. Suppose that for w € Q, a“(t) = a(fw) € C(R,(0,00)). Then for
a.a. w € €,
a= sup essinfyer (A’ + a*)(t).
AW L= (R)NL>=(R)
The proof of the above lemma follows from [23] Lemma 2.2] and Lemma

Note that by (H3) there is a strictly positive solution h(t;w) of
dv
i (a2(0iw) —2¢o(Ow)v* (t;w) ) v —ba (Bw)v™* (t;w) = — (a1 (yw) — 1 (Brw)v™ (t; w))v.

Denote

et + e H =2+ a1 (Ow) — 1 (Qrw)v*(t; w)

. .
Lemma 2.5. Let w € Qp and 0 < ¢ < 1. Then for any p, fp with 0 < p <
i < min{2u, p*}, there exist {tg}rez with t < tpe1 and limg_ 1ot = Fo00,
A, € WE(R) N L=(R) with Au(-) € CM((tk,ths1)) for k € Z, and d,, > 0 such
that for any d > d, the functions

c(tiw, p) =

a(x7 t, (.d) — ef,u(mffr;‘ c(ssw,p)ds) de(%f )Aw(t)fﬂ(a:ffot c(s;w,p,)ds)’

(2, t,w) = geHaE=Jg C(S;w,u)dS)h(t;w) _ Ude(%—l)Aw(t)—ﬁ(x—fJ C(s;w,u)dS)h(t;w)
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satisfy

ot < Hi + u(ar (fiw) — b1 (Orw)t — ¢1(Orw) (0™ (t;w) — 7)),
00 < HU + by (0rw) (0" (¢ w) — )t + 0(ag(Orw) — 2¢2(0:w)v™ (t; w) + co(Orw)D),

t n Aw
fort e (tr,tey1), x> [y c(s;w, p)ds + ﬁ + %, ke Z.

Proof. For a given w € Qo and 0 < p < i < min{2p, u*}, by the arguments in

the proof of [4, Lemma 5.1] we can get that eﬂ+eig_2+i < e“+67’:_2+é, and hence
A> Me“ﬂﬂ*?:ﬁ(euewd). Let 0 < § < 1 be such that
I =B _9) — (et —n_9
(1_5)A>u(e +e ~) f(et +e )
fi—p

It follows from Lemma that there exist 7' > 0 and A, € Wlicoo (R) N L*>®(R)
such that A, (") € C*((tg,txr1)) with t, = kT for k € Z, and

(1 —6)(a1(biw) — c1(Brw)v* (t;w)) + AL (t) > p(ef +e P —2) — z(e# +eH—-2)

ﬂ —
(2.3)

for all ¢t € (tg,tps1), k € Z.
Now we fix the above § > 0 and A, (¢). Let

t
o tiw) = — / (530, 1) ds,
0
iz, t,w) = e PE@tw) _ ge(i—DAu(t) =g tw)

Bz, t,w) = oe ME@ED (1 w) — ade(%fl)A“(t)f’lg(w’t;“’)h(t;w)

with d > 1 to be determined later. Then we have
Oyt — [Ha + u(ay (6iw) — by (Byw)a — ¢1 (Oyw) (v* (t;w) — )]
= pe(t;w, p)e M) 4 d[—(% — DAL(E) — fic(t; w, p)] el A e t)
—[(e" + e H — 2)e~rEEEL) _ g(efi 4 o7 — 2)e %*1)Aw(t)fﬂ£(x’t;w)]
— @far (Qiw) — by (Bpw)a — 1 (Opw) (v* (t;w) — D))

= d[—<g — DAL (t) — fic(t;w, 1) + € + e = 2+ a1 (Bw) — 1 (Opw)v* (;w)]

x el = DASO=AEEL9) L i (0,w)it — e (Byw) 7]
(2.4)

Recall that

et + e —2+ a1 (Ow) — 1 (Qrw)v* (t; w)
. .

c(tw,p) =
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Then by we obtain
Optt — [Ha + u(aq (Giw) — b1 (Orw)t — ¢1(Orw) (v* (t;w) — 0))]
(el + e ”—2) (et + e H—2)
—

= a(t -t
— (1 =9)(ar(bw) - 61(9tw)v (1)) — AL (1))l DAt
+ u[bl(ﬁtw)u — c1(0sw)oh(t; w)a]

- 5d(f — 1)(a1(Bsw) — c1(Byw)v* (t; w) el ~DAw D =g )
n

<d<5_1)[u(eﬂ+e M_Z;:5(6M+e_u_2)
— (1= 6)(a1(Opw) — c1 ()" (5 w))

— A (1))l DA =A@ W) b (9,00) 2
- M(ﬁ — 1)(a1(0iw) — 1 (Buw)v* (tw) e~ DA (O7RE 1)

el e R 2
B 1)[u( )
1 n—= )
— (1= 0)(a1(B1w) — c1 (Brw)v” (tw)) — AL (t)]eli ~ DA =hte )

fi(eh +e 4 —2)
"

_ [d(s(; — 1)e(ﬁ—1)Aw(t)(a1(6otw) _ 01(9tw)v*(t;w))
— b1 (Bw)e —(2u—ﬂ)£(ac,t;w)]e—ﬂg(z,t;w) +d[_26—ué(m,t;w)
+ el ~D A=A (@ )] (F DA —AE@t0)p ()

for t € (t,tr+1). Note that
0y0 — [HO 4 ba (Orw) (v* (t;w) — 0)a + 9(az(frw) — 2¢2(0iw)v™ (t;w) + c2(0:w)D)]
= o[(az2(0iw) — 2¢o(Orw)v* (t;w))h(t; w) + ba(Orw)v™ (t; w)
— (a1(Orw) — c1(Brw)v™ (t;w))h(t; w)|a + oh(t; w)Opt — oh(t;w)Ha
— bo(0;)v* (t; w) T + oh(t; w) i by (Ow)
—oh(t;w)a(as(Biw) — 2¢2(0;w)v* (t; w) + co(Biw)D)
= oh(t;w){0it — [Ht + (a1 (fw) — ba(Orw)t — c1(Ow)v™ (t;w) + c2(Ow) )]}
+ by (frw)v* (t;w) (o — 1).
Then by similar arguments as for proving , we obtain
00 — [HO + bo(6iw) (v* (t;w) — D)8 + 9(az(fiw) — 2¢2(Orw)v™ (t; w)
+ c2(Brw)0)]
plef + e —2) -
) =
(1= 6)(a1(8u) — 1 (O () — AL (el E DA O E( 1)
+ [ba(Byw)e~ BrmmE(@ tiw)

7 (et 4+ e—h —
g{d(ﬁ—l f(e! +e 2)
[ 1

—dd(E = 1)l AW (g (B,0) — o1 (Orw)v” ( w)) e~ EE )
7
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+ d[_ge—ué(w,t;w) +de %—1)Aw(t)—ﬁf(zat;W)] E_1)A, (1) —é(w,tiw)
X by (Ow) }oh(t; w) + b (Ow)v™ (t;w)t(o — 1) (2.6)
for t € (tk,tk+1). Let

) —(5-1)]Aullo
d>d,=max{ max { bi(0rw) Ke - ,
ie{1,2},teR a1 (Ow) — ¢ (Byw)v* (¢ w) )
E-DlAuley

Then we have

dé(g — 1)l D@ (g () — 1 (Bw)v* (£ w)) > bi(Ow) (i = 1,2).
For this choice of d, if {(z,t;w) = = — fot c(syw, p)ds > % + A‘”T(t)
equivalent to @(x,t,w) > 0 and ¥(z,t,w) > 0, then &(x,t;w) > 0 and

delhi = DAL =E(@tw) < o= pé(w,tiw)

, which is

From this and ([2.3]), we obtain that each term the right hand side of (2.5)) and (2.6] .
is less than or equal to zero. The lemma thus follows.
For a given function ¢ — u(t) € I°°(Z) and ¢ € R, we define

limsup w;(t) =limsup sup w;(t).
|| <ct,t—00 t—oo  i€Z,|i|<ct

Lemma 2.6. Let (u°,0°) € I1°F(Z) x I°F(Z). If there is a positive constant
c(w) > 0 such that
lim inf ui(t;u’, 0%, 0,w) = liminf inf ui(t;u®, 0%, 0,0) > 0,
s€eR,|i|<c(w)t,t—o00 t—o00 seR,i€Z,|i|<c(w)t
(2.7)
then for any 0 < ¢ < c(w),
limsup [|u;(t;u®, v, Osw)—u* (t4-5;w) |+|vs (£ u®, 00, Oow) —v* (t+s;w)|] = 0 (2.8)

li|<ct,t—o00

uniformly in s € R.

Proof. Let w € Q and c(w) satisfy (2.7). We denote

0o = lim inf u; (t; u®,v°, Osw).
SER,|i|<c(w)t,t—o00

Then there is T' > 1 such that

do
inf w,(t;u’, 0%, 0w —, VseR, t>T. 2.9
jil<e(w)t « /=5 (29)

Suppose by contradiction that there is 0 < ¢y < ¢(w) such that (2.8]) does not hold.
Then there are €y > 0, s, € R, i, € Z, t,, > 0 such that |in| < cotp, t, — 00, and

|U'in (tn;uovvoaesnw) - U*(tn + 5n§0~))‘
+ |3, (tn; u, 07,05, w) — v (tn + sp3w)| > €.

Let ( = {(@,99)} and (a°,0°) = {(a9,99)}, where @) = %, fo =0, 4 =

(2.10)

l"l 7,72

=2
||u0|| and 99 = ||v°|| for all i € Z. By the global stability of (u*(t;w),
is T > T such that

Jug (t; 00, 0°, 05, w) — u*(t + s;w)| + |vi(t; @0, 7°, 05, w) —v*(t + s30)| < %O (2.11)
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foralli e Z,s e R,t > T, and

wi(t;u?, 00, 0,w) < ug(t;0°,0°, 0.w) < u*(t+ s;w) +

‘0
2 (2.12)
.,0 .0 .40 ~0 * . o '
vi(tu, 07, 0sw) < vt a0, 0w) < v (t—i—s,w)—i—;

foralli € Z, s € R, t > T. Observe that (c(w)—co)(tn, —T) —2¢oT — 00 as n — 0.
Hence there is N such that

(c(w) = co)(tn —T) —2¢oT > T, V¥n > N.
For every n > N, let 4" = {4} € [°°(Z) with ||a"] < %0 and
n %, il < (c(w) = co)(tn — 7:’) - 2co~T~,
|| > (c(w) = co)(tn = T) — coT, (2.13)

Since |i| < (¢(w) — ¢o)(tn — T) — coT implies that |i + i,| < c(w)(t, — T) for every
n > N, it follows from (2.9) and (2.13) that
A < uppq, (tn — Tiu’,0°, 0, w), Vi€ Z, ¥n > N.
Note that
05 =0 < wigq, (tn — T;uo,vo,ﬂsnw), VieZ, Yn> N.
Then by the comparison principle, we have
wi(t; 0", 0", 05, w) < wigq, (t+t, — T;u’,0°, 6, w), (2.14)
v (6", 0", 05, w) < Vg, (t+t, — T;u,0°, 0, w), (2.15)
foralli € Z, t > 0, and n > N, where 5, = s, + t, — T. It follows from the
definition of (@™, 0™) that
lim (a",9") = (@°,2°) locally uniformly in i € Z.
n—oo
Therefore, from Proposition 2.2] we have that for every ¢t > 0,
lim [|ug(t;a", 97, 05, w) — ug(t;a°,2°, 05, w)|
n—o0 (2.16)
+ vt @™, 9™, 05, w) — v (t; 0, 0°, 05, w)|] = 0

locally uniformly in ¢ € Z. It then follows from (2.11)), (2.14)), (2.15) and (2.16)
that

u(Sp +tnjw) — %O < ug(T; 0™, 0", 05, w) < ug, (tn;u®, 00,0, w),
v (sp + thiw) — %O < wo(T; ™, ", 05, w) < i, (tn;u’,0°,0,,w) for n>> 1.

Note that by (2.12) we have
€
Ug, (tn; u®,0°, Os,w) < u*(sp +tn;w) + 50,
v, (tn; u®,0°, Os,w) < v*(sp + tn;w) + %O

for n > 1. Then
lug, (tn;uo,voﬁsnw) —u*(sy, + tn;w)| + |vs, (tn;uo,vo, Os,w) — 0™ (sn + tn;w)| < €

for n > 1, which contradicts (2.10). Hence (2.8]) holds. O
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3. RANDOM TRANSITION FRONTS

In this section, we study the existence and non-existence of random transition
fronts, and prove Theorem

For any v > ¢p, let 0 < p < p* be such that
a1(w) — c1(w)v*(+;w) for w € Q. For every w € €, denote
et + e H — 2+ (a1(6w) — 1 (Oyw)v*(t; w))
]
and @*(x,t;w) = e~ H(@=[5 e(siw,n)ds)  Then @ (x, t;w) satisfies
Oyt (z, t;w) — HiuM (z, t; w) — (a1 (6iw) — 1 (Orw)v™ (E w))aH (z, t; w)
= M (x, t;w)[pe(t;w, p) — (e + e — 2) + (a1 (0rw) — 1 (Brw)v* (t;w))] = 0
for z € R, t € R. Then we have
Ot* — Hi* — 4 (a1 (Ow) — by (Orw)0* — ¢ (Gpw) (v* (t;w) — at))
= et 1) — (" + e — 2) — (a1 (0) — 1 (B0 (1)
+ @ (b1 (Brw) — 1 (Gw)) 0"
= 4" (b1 (Ow) — c1(Oyw))a* > 0,

I3 —H_9
efte 24N ~, where A\ =

c(tyw, p) =

and
Ot — Hi* — ba(Opw) (v* (t;w) — at)ut
— " (az(Oiw) — 2¢2(Oyw)v* (t; w) + ca(Brw)ut)
= pc(t;w, p)at — (e + e — 2)a* — by(Grw)v™ (t;w)aH + 4Hba (Orw) i
— (a2(6rw) — 2c2(rw)v* (t; w)) 0" — @Fco(Gpw)at
= [a1(0iw) — 1 (Ow)v* (t;w) — (ag(Oiw) — 2¢2(Oiw)v™* (t; w) + be (Qyw)v* (t; w))]a*
+ ' (ba(Orw) — c2(fiw))0* >0 forz € R, t € R.
Hence, (4" (z,t;w), 4" (z, t;w)) = (e"‘(m_fot e(siw,p)ds) g=p(@=Jg c(siw:m)ds)) i5 a super-
solution of . Denote
(T (z, t;w), " (z, t; w)) = min{ (uv* (t; W), v* (t; w)), (W (x, t; w), W (x, t;w)) }.
Then (u(z,t;w),v" (2, t;w)) is a generalized super-solution of (2.I]).
Lemma 3.1. For w € Qq, we have
u(x, t — to;u" (-, to; w), 0" (-, to; w), Oz, w)
v(x,t —to;ut (-, to;w), T (-, to;w), Orw)
forallz e R, t > ty, top € R.

Proof. For any constant C, (U(z,t;w), V(z,t;w)) == (eCtar(x, t;w), eCtar (x, t;w))
satisfies

U (2, t;w) = (Oy0H (z, t;w) + CUH (x, t;w))eCt
> HU(z,t;w) + CU (z, t;w) + eCtf (¢, 4,1, w),
and
OV (2, t;w) = (Opi (z, t;w) + CUM (, t;w))eC?
> HV (z,t;w) + OV (2, t;w) + eClg(t, i, i, w).
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Hence,

t
U(m,t;w) > U(:mto;w) —|—/ (HU(x, Tiw) + CU(m,T;w) + eCTf(T,d,ﬁ,w))dT,

to

t
V(z, t;w) > V(x, to;w) +/ (HV (x,7;w) + CV (z,7;w) + €T g(7, b, G, w))dr.
to
Denote (U(x,t;w), V(z, t;w)) := (et (z, t;w), e“'# (2, t;w)). Then we have
t
Tleti) 2 Ul tow) + [ (HU(e7i00) + CT(@,750) + ¢ f (7,700,

to

t
V(z, t;w) > V(z, to;w) + / (HV (z,7;w) + OV (x, T;w) + “Tg(1,1, 7, w))dr.
to
Let Q1 (z,t;w) = et (W (x,t;w) — u(z,t — to; (-, to;w), 0" (-, to; w), O, w)) and
Qa2(z,t;w) = et (VM (z, t;w) — v(w, t — to; (-, to; w), 0 (-, to;w), Os,w)). Then

Q1(x, t;w) — Q1(x, to;w)

t
Z/ (HQ:1(z, T;w) + a1 (z, T5w0)Q1 (x, T3 w) + by (z, T5w0) Q2 (x, T3 w) ) dT,

and
Qa2(z,t;w) — Qa(x, to;w)
t
> / (HQz(z,T;w) + ag(z, T3w0)Q1 (2, T3 w) + ba(z, T5w) Q2 (2, T3 w))dT,
to
where

al(m7t§w) =C+ fu(t,u’{,vf,w), b1($7t;w) = fv(t’u»lcvvr’w)’
as(x, t;w) = gy (t,ud,v3 w), ba(z,t;w) =C+ gy(t,usy,v5,w).

Since is cooperative, we know that by (z,t;w) > 0 and as(z,t;w) > 0. By the
boundedness of u#(z,t;w), v (x, t;w), u(z,t — to; (-, to;w), 0*(+, to; w), O, w) and
v(x, t—to; T (-, to;w), T*(+, to;w), O, w), we can choose C' > 0 such that be(z, t;w) >
0 and a1 (z,t;w) > 0 for all t > ¢y, x € R and a.a. w € Q. By the arguments of
Proposition [2.1) we have that

Qi(xvt;w) Z Qi(xvto;w) = 07 1= ]-723

and hence for w € gy, we have that u(z,t — to;u" (-, to;w), v (-, to; w), Or,w) <

at(z,t;w) and v(x,t — to; (-, to;w), T*(+, to; w), O, w) < T (z,t;w) for all € R,
t > tg, to € R.

O

Next, we construct a sub-solution of (2.1]). Let & > 0 be such that p < g <
min{2u, p*} and w € Qp. Let A, and d,, be given by Lemma and let

¢ Ind, +Ing—1 A, (t
xw(t):/o c(s;w, pw)ds + = fnﬂ L ()

i — I

Recall that

(w, t,w) = e*u(r*fot c(s;w,p)ds) _ de(%*l)Aw(t)*ﬂ(wffot C(S;w,u)dS)’

o(z,t,w) = ge =[5 C(s;w,u)ds)h(t; w) — O_de(%—l)Aw(t)—ﬁ(w—fJ c(s;w,u)ds)h(t; W)
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By calculations we have that for any given t € R,
(U(zy(t),t,w), 0(xy,(t),t,w)) = (supﬂ(x,t,w),supf)(x,t,w))

oy (nde Aw<t) _ma-lnp "
:< ST e i (1*5), (3.1)

)

ndy | Aw(t) ) plni=ing

oh(t;w)e (1 -

"‘;t\t

Define
(u”(z, t; 0, w), vH (2, t; O, w))
_Ja(x,t +to, w), o(z, t + to,w)), if £ > @, (t + to),
(W(zw(t 4+ to), t + to,w), D(xw(t + t0), t + to,w)), if & < xy(t+to).

Then (u*(z,t;w),v*(x,t;w)) is a generalized sub-solution of (2.1)). It is clear
that

(0,0)
(~,t;9t0w),v (-,t;etow»
(u*(t +to;w), v™ (t +to;w))
for all ¢,ty € R, and there exists ¢ > 0 such that

lim  sup le lm  sup M:
T—00 teR toeR U (fﬂ,t;gtow) ’ T—=00 teR toeR V' (%t;etow)

Qv
—
w
[\
N/

Note that by the similar arguments as in Lemma [3.1] we can prove that
u(x, t — to; u“(' to; w)v ’U“(' to; w) 9,500.)) > Qu(xﬂf;w)v
’U(:I?7t—t0; ( tOv )7 ( tOv ) Htow) Zyu(ﬁ,t,bt))

for x € R, t > tg and a.a. w € Q. Now we are in a position to prove the main
Theorem.

Proof of Theorem[I.3. (i) By Lemmam 3.1| we have
u(x, t — to; uh (-, to;w), 0" (-, to; w), O w) < TH(x,t;w)
It then follows that
u(z, 10 — ;0 (-, =05 w), (4, —T2sw), 0_r,w) < T (x, —T1; W)
for x € R and 75 > 7. Then we obtain
u(m,t + 7 u(, e — T (=T w), T (4 =T w), 0 w),
v(+, 70 — 130" (-, — T2y w), T (-, —Tg;w)ﬁ,ﬁw),e,ﬁw)
<wu(z,t+ ;0" (, —mw), 0 (-, -1y w), 0 w)
forx € R, t > —7, 70 > 71, and hence
u(:c,t+72;ﬂ”(~,—Tz;w),f“(~,—Tg;w),ﬂ_mw)
< u(:z:,tJr'rl;ﬁ”(',le;w),E“(,—'rl;w),G_ﬁw)

fOI‘(EER,tE*Tl,T2>Tl.
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Therefore lim, o u(x, t+7; 0" (-, —7;w), 0" (-, —T; w), _,w) exists. Similarly, we
can get that lim, o v(x,t + 70" (-, —7;w), 0" (-, —T; w), _,w) exists. Define

Uz, t;w) == lim u(z,t+ 70 (-, —7;w), 0" (-, -7y w), 0_rw),
T—00

V(z,t;w) ;== lim v(z, t + ;0" (-, —7;w), 0" (-, —T; w), 0_;w)
T—00

forx e R, t € R, w € Q. Then (U(z,t;w),V(z,t;w)) is non-increasing in « € R
and by dominated convergence theorem we know that (U(x,t;w), V(z,t;w)) is a

solution of (2.1]).

We claim that, for every w € €y,

t t
lim (U(a: + / c(s;w, p)ds, t;w), V(x + / c(s;w, p)ds, t; w))
T——00 0 0

(3.3)
= (u"(t;w),v"(f;w)) uniformly in ¢ € R.

In fact, fixing any w € Qp, and letting &, = Bdetlnp-lng ‘lA:‘lw, from (3.1)),

A—p
infier h(t;w) > 0 and (u”(z,t;w), v*(z, t;w)) < (U(z,t;w), V(z,t;w)) it follows
that

t

ndytnionp | [Aw oo

0<(1— g)e*u(l il oy Uz, +/ c(s;w, p)ds, t;w),
i teR 0

and
Indy+1n fi—Inp

t
. ) _H *;U'( tlng +HA7LHOO) < i ~ . .
0< U%gﬂg h(t;w)(1 ﬂ)e < tnelﬂf{V(xw + ; c(s;w, p)ds, t;w).
(

Let (ug(x),vo(z)) =
t t
(10, v0) = (inf U + / elsi0, ), :0), inf V(i + /0 e(s; w0, p)ds, ),

and (@p(x), Up(x)) be uniformly continuous such that (@g(x), vo(z)) = (ug(x),vo(x))
for x < &,—1and (tg(x), o(x)) = (0,0) for > Z,,. Then lim,_, o0 (T (z—n), To(x—
n)) = (uo(x),vo(x)) locally uniformly in z € R. Note that by (H2), we have

ug, Vg ), where

tl_i)m (u(z, t;ug, vo, Ory,w) — u* (t + to; w), v(z, t; ug, vo, Or,w) — V™ (t + to;w)) = (0,0)

uniformly in ) € R and x € R. Then for any € > 0, there is T := T'(¢) > 0 such
that

u*(to + Tiw) > u(z, T;ug, v, Op,w) > u*(to + Tiw) —€, Vip€R, x € R.
Therefore, from the definition of ¢(¢,w, 1) we know that,
T
u*(to + T;w) > u(x —|—/ e(8; 0zow, p)ds, T ug, vg, Orow) > u*(tog + Tiw) — €
0
for all £y € R and € R. By Proposition there is N := N(e) > 1 such that
T
u*(to + Thw) > u(/ c(s; 0w, p)ds, T to(- — N), 0o(- — N), 0t0w)
0
>u*(to+Thw) —2e, Vg eR.
That is,
T
u (to +Thw) > u(/ c(s; 0w, p)ds — N, T 00(+), 0o(+), Orow)
0

>u(tg+Tiw) — 2, Vg €R.
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Note that
Uz + c(sjw,p)ds, t — Ti;w) > tg(z), VEeER, z€R,

Vx4 c(syw,p)ds, t — Tiw) > 0p(z), VteR, zeR,

Nh

T =T
/ c(s;w, p)ds —/ (s;@t,Tw,u)ds—i—/ c(s;w, p)ds.
0 0 0

Then we obtain

u'(tw)>U(x+ [ e(s;w,p)ds, t;w)

T
x-i—

/
J

t—T
c(s;Op—pw, pu)ds, T; U (- + / c(syw, p)ds, t — Thw),
0

t—T

V(-+ / c(syw, p)ds, t — ),Ht_Tw)
0

>u(tw) —2, VteR, v <—N,

and hence lim,_, o, U(z + fot c(s;w, p)ds, t;w) = u*(t; w) uniformly in ¢ € R. Sim-

ilarly, we can derive limg,_,_o V(x + fot c(s;w, p)ds, t;w) = v*(t;w) uniformly in
t € R. Thus (3.3]) follows.
Note that by (3.2) we have that for every w € Qy,

t
lim supU(xz 4+ [ c¢(s;w,p)ds, t;w) =0,

T—0o0 teR
t

lim supV(z+ [ c(s;w,p)ds, t;w) =0.

rT—0o0 teR

S—

Set

(D(x,t;w), ¥(z, t;w)) = (U(m—i—/ot c(s;w, p)ds, t;w) x—i—/otc (s;w, p)ds, t; w))

(P(z,w),¥(x,w)) = (975(33 0; w), (x,O,w))

We now claim that (&(z,t;w), ¥ (x, t;w)) is stationary ergodic in ¢, that is, for a.a.
w € Q,

(é(x,t;w), @(m,t;w)) = (@(x, 0; 6w), @(a:,O; Oiw)).

In fact, note that for w € Q,

c(s;w, p)ds =
—T —T /J/

Iz - & — *( g
e’ +e 2(t+7)—|—/ a1 (fsw) lesw)v (S’w)ds

¢ el e —2+a1(0sw) — c1(Bw)v* (s;w) <
[ | "
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and

0
/ c(s; 0w, n)ds
—(t+7)

_ /0 et +e " =2+ a1(0s 0 bw) — c1(05 0 Orw)v*(s; Orw) ds
_(t+7)7 . 2 (3.5)
_ e ret - 2(15 1) +/ a1 (0s11w) — c1(Osyew)v™(s + tw) ds
—(t+T) K
_ el tet - 2(t )+ /t a1 (0sw) — Cl/EQSW)v*(S;W)d&

Combining (3.4) with (3.5)), we derive f c(s;w, p)ds = fE(t+T) c(s; 0w, p)ds for
7>0andt e R Recall that

(@ (z, t;w), " (x, t;w)) = min {(u* (t;w), v* (L w)), (U(x, t;w), a(z, t;w))},
(e, :0), e, 0)) = (e S o)) (o= eloin)
Then we have

D(z,t;w)

T—>00

t
= lim u(er/ c(s;w,u)ds,t+7';ﬂ“(~,fT;w),@”(-,—T;w),G_Tw)
0

t t
= lim u(x,t—i—T;ﬂ“(- —|—/ c(s;w, p)ds, —T;w), v (- —|—/ c(s;w, p)ds,
0 0

T—00

—Tyw), Q,Tw)

T—>00

= lim u(x t+ 7 ut(- (tJrT);Gtw),@"(~,—(tJrT);Htw),Q_Tw)

= lim ula,t+ 70" (- (t—i—T);Gtw),@“(-,—(t—i—T);Htw),Ht,(tJrT)w)

T—00

= lim u(m,7;ﬂ”(~,—7;0tw),@“(-,—T;Gtw),et,fw)
T—>00

= &(z,0; 0w).

Similarly, we can get @(m,t;w) = @(x,o;ﬁtw), and hence (@(w,t;w),@(az,t;w)) =
(®(z,0;0,w), ¥(x,0;0,w)). The claim thus follows and we obtain the desired random
profile (&(z,w), ¥ (z,w)).

(ii) Let

ci(w) =sup{c: limsup [Ju;(t;u’0°, Ow) — u*(t + s;w)|

Ji| <ct,t— o0
+ [vi(t; u®, 00, 0sw) — v*(t + s3w)[] =0
uniformly in s € R for all (u”,2") € I°(Z) x I3°(Z)},
where
10°(Z) = {u={ui}tiez € 1°°(Z) :u; > 0 for all i € Z, u; =0 for |i| > 1, {u;} # 0}.
Recall that

/ (a1(0;w) — ¢1(6rw)v" (15 w))dT,
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et teT =24
cp := inf .
pu>0 1%

We claim that ¢, (w) = ¢g for w € Q. In fact, we consider

i () = w1 () — 2u; (8) + wi—1(t) + wi(t) (a1 (6iw) — c1(Orw)v™ (E; w) — by (Brw)u;(t))

(3.6
For any u® € 1°%(Z), let v~ (t;u®,w) be the solution of (3.6) with v~ (0;u’,w) =
u®. By comparison principle, for any (u°,v%) € [°F(Z) x l°° t(Z), we have

~—

wi(t;u, 00 w) > up (tul,w), V> 0. (3.7
y [l Remark 1.1 (1)], for any c¢(w) with 0 < ¢(w) < cq,

lim inf uy (tu’, O,w) > 0.
SER,|i|<c(w)t,t—o00

With (3.7]), we then have

lim inf u;(t;u°, 00, 0,w) > 0.
seR, || <c(w)t,t—o00

Then by Lemma 2.6} for any 0 < ¢ < ¢(w),
limsup [|u;(t;u®,v°, Osw) — u*(t + s;w)| + |vs(t;u°,0°, O,w) — v* (t + s;w)|] = 0

|| <ct,t—o00

uniformly in s € R. which implies that c.(w) > co.
Assume that ¢, (w) > ¢ for some w € Q. Fix v, ¢ and ¢” such that

o <y<d<d <e(w).
Observe that cq > 0. For any (u®,v°) € I(Z) x I5°(Z),

limsup [|u(t;u®, 0%, 0,0) — u*(t + s;0)]
i <c''t,t—o00 (3.8)
+ Jvi(t;u°,0°, 0,0) — 0™ (t+ s;0)[] = 0

uniformly in s € R.
Let (ui(t;w),vi(t;w)) = (P(i — fo s;w)ds, Ow), ¥ (i — fo s;w)ds, Biw)) be as
n (i) with Gns = 7. Let

uf = P(i — [/OS o(r;w)dr],bsw), vi =w(i— [/OS o(t;w)dr],fw), Vs €ER.

By (i), there is (u?,v°) € I§°(Z) x I5°(Z) such that
(u®,0%) < (u®,v®), VscR.
Hence

wi(t;ul, 00 Bw) < ug(t;u®, v, Ow),
vi(t;ul, 00 O,w) < it u® v, O.w)

fori € Z, s € R and t > 0. This together with (3.8)) implies that

limsup [|Ju;(¢;u®,v%, Osw) — u*(t + s;w)|
li| </t t—00 (3.9)

+ |vi(t; 0%, 0%, Osw) — 0™ (t+ 530)[] = 0
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uniformly in s € R. Note that ftJrS c(rsw)dr = [ e(m;w)dr + fOt e(r;0,w)dr. B
(i) again, we have

t s
wi(t;u® 08, Ow) = @(i —/ e(r; Osw)dr — [/ c(T;w)dT],GHSw)
ot+S 0
< @(i - / c(T;w)dr, F)t_,_sw),
0

and

t s
vi(tus, 0%, Ow) = W(z 7/ e(T; 0sw)dr — [/ c(T;w)dT],HH_sw)
0 0

t+s
< LT/(Z - / c(Tyw)dr, QHSw).
0
Then

lim sup [u;(t;u,v°, 0sw) + v;(t;u’,0°,0;w)] =0 (3.10)
i>(c!"—c')( t—&-s)—‘,—ftJrs c(ryw)dT,t—00

uniformly in s € R. It follows from and ((3.10] - ) that
Cinf Z d >,

which is a contradiction. Therefore, ¢, (w) = ¢p.
Suppose that (u(t; w), (t w)) = {(uz(t w), v;(t;w)) hiez with (u; (Ew), v (tw)) =
D1 — fo c(s;w)ds, Qrw), U(i — fo c(s;w)ds, Byw)) is a random transition front of
(i connecting (u*(¢; w) *(t;w)) and (0,0). We prove that its least mean speed
Cinf > co. Observe that inf, <, infscp @(z,&w) > 0 and infy<, infsep ¥(x, Osw) > 0
for all z € R. Therefore, we can choose (ul,v0) € Ig°(Z) x I15°(Z) such that

w?r YW

(ul,00) < (D(z,05w),¥(z,05w)) for all s € R. Let 0 < € < 1. Then by c.(w) = ¢

w? Yw
and the comparison principle, we have

hmsupsup[|u[(c0 6)t](tu 02, 0.w) — u*(t + s;w)|

s Pwor Ywo
t—oo seR

+ ‘U[(co—s)t](tvuwuvw76 w) —v*(t+sw)[] =0,

and
hg(l;lf ;gf{u[ (o] (B U, 00, O5w) + V(g —eygg (£ 1, 00, O5w) }
< htlgggf ;nf{U[(CO o)1) (t;D(-, 0sw), ¥ (-, 0sw), Osw)

+ Vl(co—e)t] (t é( ¢ UJ) ('7 esw)a esw)}

t
= liminf inf {®([(co — €)t] — / o(T; 0sw)dr, 04 sw)
0

t—oo seR

+ P ([(co — €)t] — /0 e(T; 0sw)dr, Oy sw) }.

From this and fot+s c(riw)dr = [ c(m;w)dr + fot (1;05w)dT, we know that there

is a M (w) such that (co—et<ft+g c(rsw)dr — [ c(T;w)dr + M(w) for all t > 0,
s € R. Hence,

t+s
dr — d
Cinf = liminf inf f e(r3w)dr fo c(T;w)dr
t—o00 SG]R t

>co— €.

By the arbitrariness of € > 0, we obtain ¢,¢ > cg. [l
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