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EXISTENCE OF SOLUTIONS TO FRACTIONAL HAMILTONIAN
SYSTEMS WITH LOCAL SUPERQUADRATIC CONDITIONS

ZIJUN GUO, QINGYE ZHANG

ABSTRACT. In this article, we study the existence of solutions for the fractional
Hamiltonian system

tD5 (—oo D u(t)) + L(t)u(t) = VW (2, u(?)),
u € H*(R,RN),
where DS, and _oo D§* are the Liouville-Weyl fractional derivatives of order
1/2 < a <1, L € CR,RNY*N) is a symmetric matrix-valued function, which
is unnecessarily required to be coercive, and W € C*(R x RY | R) satisfies some

kind of local superquadratic conditions, which is rather weaker than the usual
Ambrosetti-Rabinowitz condition.

1. INTRODUCTION

Fractional differential equations including both ordinary and partial ones are ap-
plied in mathematical modeling of some processes in physics, mechanics, chemistry,
economics and bioengineering; see [11 [6], [7, [T4], [T6] TT), 24] and the references therein.
Indeed, the associated fractional-order differential operators of these equations ad-
mit the characteristic of nonlocal behavior, which can provide a more realistic
and practical description of these processes than the usual integer-order differen-
tial operators. Therefore, the theory of fractional differential equations is an area
intensively developed during the last decades.

In recent years, fractional differential equations including both left and right
fractional derivatives are also gradually investigated. Apart from their possible
applications, the research of these equations is a relatively new and interesting field
in the theory of fractional differential equations. Some early works on this topic
can be founded in papers [2| [B [I0] and their references.

In 2012, Jiao and Zhou [8] showed the existence of solutions for the fractional
boundary value problem

DT (oDgfu(t)) = VW (¢, u(t)), aete|0,T],
u(0) =u(T) =0,

where ;D7 and ¢ Dg* are the right and left Riemann-Liouville fractional derivatives
of order a € [1/2,1]. Inspired by this work, in [I8], the author considered the
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fractional Hamiltonian system
D% (oo DY u(t)) + L(t)u(t) = VW (¢, u(t)),

u € H*(R,RY), (L1.1)

where ;D2 and _oD§ are the Liouville-Weyl fractional derivatives of order 1/2 <
a <1, L € C(RRV*N) is a symmetric matrix-valued function, W € C'(R x
RN R), and VW (¢,u) denotes the gradient of W (¢,u) with respect to u. To be
more precise, he showed that the fractional Hamiltonian system possesses at
least one nontrivial solution under the following assumptions:

(A1) There exists an [ € C(R, (0,00)) such that [(t) — +o0 as t — oo and
(L(t)u,u) > 1(t)|u|?>, VteR, uecRY.
(A2) There exists a constant g > 2 such that
0 < uW(t,u) < (VW (t,u),u), VteR, uecRV\{0}.

(A3) |[VW (t,u)| = o(Ju|) as u — 0 uniformly with respect to ¢t € R.
(A4) There exists W € C(R™ R) such that

[W(t,u)| + [VW(t,u)] <|W(u)|, VteR,ucRY,

Subsequently, the existence and multiplicity of solutions for the fractional Hamil-
tonian system have been extensively investigated in many papers, see [21] [13]
22, 17, 23, 25 [, 12, 20, B] and the references therein. However, we note that in
almost all these papers but [I7, [, 25], L is required to satisfy either the coercivity
condition (A1) or the uniform positive-definiteness condition

(A5) there exists by > 0 such that
(L(t)u,u) > bolul®, VteR, ueRY,

Besides, some of them (see [21], 13| 23] 25]) dealt with the case where W satisfies
the well-known Ambrosetti-Rabinowitz condition (A2), which is more restrictive
than the following weaker superquadratic condition

(A6) limjyeo W(t,u)/|u|* = +00 uniformly with respect to ¢ € R.
Then, more papers were devoted to the case where W satisfies the weaker su-
perquadratic growth condition (A6) and various additional technical conditions,
see, |17, B, [} [12] 20].

In the recent paper [19], the author obtained the existence of nontrivial ho-
moclinic solutions for the following second-order Hamiltonian system without the
Ambrosetti-Rabinowitz condition (A2) on W.

i — L(t)yu+ VW (t,u) = 0. (1.2)

This second-order Hamiltonian system can be viewed as a special case of the frac-
tional Hamiltonian system with & = 1. More precisely, in [19], W is only
required to satisfy the weaker superquadratic condition (A6) locally with respect
to t (see (W4) in [19]). Motivated by the above results, we study the existence of
solutions for the fractional Hamiltonian system when L is not required to be
coercive, and W satisfies some kind of local superquadratic conditions similar to
that in [19]. Before presenting our hypotheses, we introduce the following notation.
For two N x N symmetric matrices My and M, we say that My > M, if
min  (M; — Ma)u-uw>0

u€RN |u|=1
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and that M; 2 My if My > M does not hold.
Now we make the following asumptions:

(A7) There exists Iy > 0 such that (L(t)u,u) > lplu|? for all t € R and all
u e RN,
(A8) There exists a constant ro > 0 such that
| l‘im meas ({t € (s —ro,s+710) : L(t) 2 MIn}) =0, VM >0,
S|— 00
where meas denotes the Lebesgue measure in R and Iy is the identity
matrix in RV,
(A9) W (t,0) = 0 and VW (t,u) = o(|u|]) as v — 0 uniformly with respect to
teR.
(A10) There exists W € C(RY,R") such that

[W(t,u)| + [VW (t,u)] < W(u), VteR, uecRY.

(A11) There exists a constant Ko > 0 such that W (t,u) > 0 for all (¢,u) € RxRY
(A12) There exist by,by € R (by < bg) such that lim, e [W (¢t u)|/|ul?> = oo
uniformly with respect to t € (b1, ba).
(A13) W(t, u) > 0 for all (¢,u) € R x R and there exists a nonnegative function
h € C(RT,RT) with lims_, o h(s) = oo such that
W(t,u r . ul?
W > 3 implies  |[W(t,u)| < h(|L|)

where W(t, u) = (VW (t,u),u)—2W (t,u), and Bz is the embedding constant
given by (2.8) in the next section.

Our main result reads as follows.

W(t,u),

Theorem 1.1. Suppose that (A7)—(A13) are satisfied. Then the fractional Hamil-
tonian system (L.1)) possesses a nontrivial solution.

Remark 1.2. In Theorem W is allowed to be sign-changing and only required
to be superquadratic at infinitely with respect to uw when ¢ belongs to some finite
interval. This is in sharp contrast with the aforementioned references. To the best
of our knowledge, there is no literature concerning the existence of solutions for the
fractional Hamiltonian system in this situation.

Remark 1.3. Evidently, condition (A12) is weaker than the usual superquadratic
condition (A6). Meanwhile, it is easy to check that W will satisfy our condi-
tions (A11)—(A13) with h(s) = (u — 2)s? if it satisfies the well-known Ambrosetti-
Rabinowitz condition (A2). Besides, our conditions (A7) and (A8) are also weaker
than the coercivity conditions (A1) as well as the conditions (L;) and (Ls) in [25].
Hence, both [I8, Theorem 1.1] and the existence result [25, Theorem 1.1] are covered
by Theorem Indeed, there are many functions W which satisfy the conditions
of Theorem[I.1]but do not satisfy the corresponding conditions of the related results
in [21) (13, 22, 17, 23, 25, @, 12, 20, B]. For example, let

W(t,u) = (| cost| + cost)|u* In(1 + |ul?), V(t,u) € R x RV,

Then it is easy to see that W satisfies the conditions of Theorem [[-3] by choosing
by = —m/2, by = 7/2, W(u) = 4[ul(1 + |u|?>)~! + 2(|Ju|® + 2|u|) In(1 + |u|?) and



4 Z. GUO, Q. ZHANG EJDE-2020/29

h(s) = s*/[(1 + s%)In(1 + s?)]. However, it does not satisfy neither (A6) nor (A2)
since W (m,u) = 0 for all u € RY. Also let

(K% 4 1)2(t — k) 4+ mo] Iy, k<t<k+ =i,
L(t) = { [(k2 4 1)2 + mg) Iy, k+ iy St <k g,
(k2 + 1)2(k+1—t) +molly, k+ gy <t<k+1,

where k € Z, mg € R and Iy is the N x N identity matrix. Evidently, L satisfies
our conditions (A7) and (A8) but does not satisfy the corresponding conditions in
[18, Theorem 1.1] or [25, Theorem 1.1].

2. PRELIMINARY RESULTS

In this section, we present some preliminaries of fractional calculus (cf. [16], [11]).
The Liouville-Weyl fractional integrals of order 0 < a < 1 on the whole axis R are
defined as

tue) = o [ -9, (2.1)
1

M) = s [ (€= (e (22)
The Liouville-Weyl fractional derivatives of order 0 < az < 1 on the whole axis R are
defined as the left-inverse operators of the corresponding Liouville-Weyl fractional
integrals

d

—soDgu(z) = %(—oofifau(x))a (2.3)
D) =~ (I (). (2.4)
Expression and can be written in an alternative form as
e Du(e) = ¢ - 2 /O " ulz) g:i(f: —% g, (2.5)
D% u(x) = m‘i 3 /OOC u(@) ;ﬁf +9) ge. (2.6)

Next we will briefly introduce some fractional spaces (see [7, [I8] for more details).
For a > 0, define the semi-norm
lulre = ||—oo D3 ull L2
and the norm
2 2 \V?
lealze . = (Jfull3 + ulf )
Let
o Ny _ oo e
Ifoo(}RV]R )_CO (RvR ) )
where C§° (R, RY) denotes the space of infinitely differentiable functions from R to
RY with vanishing property at infinity.
Also we can define the fractional Sobolev space H*(R, R") in terms of the Fourier
transform. Recall that the Fourier transform @(7) of u(x) is defined by

a(r) = / " ey () da.
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For 0 < a < 1, define the semi-norm

[ula = [|I7*ull L2
and the norm y
1/2
lulla = (llullZe + [ulZ) "

and let
H*(R,RY) = O (R, RY) .
We note that a function u € L*(R,R”Y) belongs to 1% (R,R") if and only if
|7]°% € L*(R,RY). Indeed,
ulre = [ll7]"ul] 2.
Hence, we can say that 1% (R, R") and H*(R,R") are equivalent with equivalent
nOorms.

Let C(R,R"Y) denote the space of continuous functions from R to R, then we
have the following lemma.

Lemma 2.1 ([I8, Theorem 2.1]). If a > 1/2, then H*(R,RY) C C(R,RY) and
there is a constant C,, such that

lu|l e = sug|u(w)| < Cullulla, Vue HO‘(R,RN). (2.7)
TE

Remark 2.2. From Lemma., we know that H(R,RY) is continuously embed-
ded into L4(R,RY) for all g € [2,00), since

/ u(t)]de < |[ull 72 [ullfe < Callulld,  Vue H*(R,RY),

where C, is the embedding constant given in ([2.7).

Now we can introduce the following fractional space, which will serve as the
variational space for the fractional Hamiltonian system (|1.1)). Define

x° = {ue HO®RY): /R e D u(O + L{tult) - u(t)dt < oo},
then X is a reflexive and separable Hilbert space equipped with the inner product
(u,v) xo = /]R (CooDfu(t), —caDffv(t)) + L(t)u(t)v(t)dt, Yu,ve X7,
and the corresponding norm is
lullja = (u,u)xa, VYue€ X

Lemma 2.3 ([I8, Lemma 2.3]). Suppose that (AT) is satisfied, then X is contin-
uously embedded into H*(R,RY).

Remark 2.4. From Lemma Remark [2:2] and Lemma [2.3] we know that X is
continuously embedded into LI(R, RY) for all ¢ € [2,00]. Hence, for all ¢ € [2, o0],
there exists 8, > 0 such that

llulls < Bgllullxe Yue X< (2.8)
We further have the following compact embedding result.

Lemma 2.5. Suppose that (A7) and (A8) hold. Then X is compactly embedded
into L?(R,RY).
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Proof. The proof for the case « = 1 was given in [9, Lemma 2.2]. Here we will use
the similar skill to give the proof for our case 1/2 < ao < 1. Let {ux} C X“ be a
sequence such that ux — u in X*. We need to prove that uj, — u in L?(R,RY).
Suppose, without loss of generality, that uy — 0 in X®. The Sobolev embedding
theorem implies uy — 0 in L? (R, RY). Thus it suffices to show that, for any € > 0,
there is r1 > 0 such that fR\ (—r1ir1) |ug|?dt < e. For any s € R, we denote by B, (s)

the interval in R centered at s with radius rg, i.e., B.,(s) := (s — ro, s + r9), where
ro is the constant given in (A8). Let {s;} C R be a sequence of points such that
R = U2, B, (s;) and each t € R is contained in at most two such intervals. For any
ry > 0and M > 0, let

Plri,M)={t e R\ (—ry,m1): L(t) > MI,},
Q(’I’l,M) = {t S R\(—rl,rl) : L(t) 2 M.[n}
Then

1
/ |Uk|2dt < — (L( )uk,uk dt < —/ uk,uk
P(Tl,M) 7)(7‘1,]\/1)

and this can be made arbitrarily small by choosing M large. Besides, for fixed
M >0,

g |2t < / g 2t
\/Q(rl,M) Z Q(r1,M)NBy(si)
© 4\ /2 1/2
> (/ juitar) " (meas(Q(m M) 1By, (5.)
i=1 Q(r1, M)QBTO(S‘))

1/2
<e, Ug, 4dt
1
<ep Z/ ug|*dt

B, (SL
0

§2€r1/\uk|4dt
R

< 26;1167“1 ”uk”%(‘%

where ¢,, = sup;cy(meas(Q(r1, M)N By, (s:)))/? and B is the embedding constant
given in (2.8)). By (A8), &, — 0 as r; — oco. Noting that {uy} is bounded in X,
we can make this term small by choosing 71 large. This completes the proof. [

With the help of Lemma we can prove the following lemma.
Lemma 2.6. Suppose that (A7)—-(A10) are satisfied. If up — u in X<, then

/ VW (1, ) — VIV (L u)Pdt — 0 as k = oc.
R

Proof. The proof is similar to that in [I8, Lemma 2.7], and we give it here for the
readers’ convenience. Assume that up — u in X“. Then there exists a constant
dy > 0 such that, by Banach-Steinhaus theorem and ([2.7)),

sup |lugllre < di, |ullpe < di. (2.9)
keN
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By (A9), there exists 0 < §; < d; such that

VIV (t,u)| <lu|l, VteR, |ul<d. (2.10)
By (A10), there is K7 > 0 such that
VW (t,u)| < Ky, VtER, 6 < |u| < dy. (2.11)
Combining and , we have
VW (t,u)| < dalul, VteR, |ul <d, (2.12)

where do = max{K;/d;,1}. Since, by Lemma ur, — u in L*(R,RY), passing
to a subsequence if necessary, we may assume that
o
up — w a.e. in R and Z lug — ullr2 < oo,
k=1

then
V= Z lup, —u| € L*(R,RM).

k=1
It follows from (2.9) and (2.12) that
/ Wt ) — VWt u)|2dt < d%/(|uk| + Jul)2dt
R R

< dg/quk — uf + 2u])2dt
R
< 2d§/(|uk — ul? + 4|ul?)dt
R

< 2d§/(v2 + 4|ul?)dt.
R
Thus, the proof will be complete by using the Lebesgue’s convergence theorem. [

We will use the following well-known mountain pass theorem to prove Theorem
[[1lin the next section.

Theorem 2.7 ([I5] Theorem 2.2]). Let E be a real Banach space and functional
I € CY(E,R) satisfying the Palais-Smale condition. Suppose that I1(0) =0 and

(1) There exist constants p,n > 0 such that ian|aB >,

(2) There exists an e € E\B,, such that I(e) < 0.

Then, I possesses a critical value ¢ > 1. Moreover ¢ can be characterized as

c=1inf max I(u), 2.13
!JEFuEg([O}fll) W ( )

where I' = {g € C([0,1], E) : g(0) = 0,9(1) = e}.
Remark 2.8. We recall that any sequence {u} C E satisfying
sup [ (ug)| < 400, ||[I'(ug)||e~(1 + ||luxl|g) = 0 ask — +o0
keN
is called a Cerami sequence. If any Cerami sequence {uj} has a convergent sub-
sequence, we say that I satisfies the Cerami condition. It is worth to point out

that Theorem [2.7] still holds true under the Cerami condition, since a similar de-
formation lemma can be proved with the usual Palais-Smale condition replaced by
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the Cerami condition. In the next section, we will use the version of Theorem [2.7]
under the Cerami condition to give the proof of our main result.

3. PROOF OF THE MAIN RESULT

To prove Theorem [I.1] via variational methods, we first define the variational
functional I on X associated with the fractional Hamiltonian system (1.1f) by

1) = [ [FlaDEu) + FEOuE) u(®) = Wt u(t)] i -

= gl = [ Wi uo)

Under the conditions of Theorem it is standard to show that I € C1(X* R)
with the Frechét derivative I’ given by

I'(u)v

a a (3.2)
= /R [(coo Dffult), o Dfu(t)) + (L(t)u(t), v(t)) — (VW (¢, u(t)), v(t))]dt
for all u,v € X“. Particularly,
I'(w)u = |jul)e — /R(VW(t,u(t)),u(t))dt, Yu e X“. (3.3)

Here, we say that u € X¢ is a solution of the fractional Hamiltonian system (|1.1))
if

/R [(Coo D ult), oo D 0(t)) + (L(t)u(t), v(t)) — (VW (¢, u(t)), v(t))] dt = 0

for every v € C°(R,RY). Evidently, any critical point of I is a solution of the
fractional Hamiltonian system .

Before applying Theorem [2.7] to prove our main result, we need to establish the
following lemmas.

Lemma 3.1. Suppose that (A7)—(A9) are satisfied. Then there exist positive con-
stants p,n such that infy,  .—, I(u) > 1.
Proof. Note that (A9) implies that there exists d2 > 0 such that
1
W (t,u)| < —5ul®, VtER, |u] < b, (3.4)
455
where 5 is the embedding constant given in (2.8). Taking p = d2/8 With S
being given in (2.8). For any u € X* with ||ul|x« = p, by (2.8), we have
[ullee < Boollullxe = da. (3.5)

Then it follows from (2.8)), (3.1), (3.4) and (3.5)) that
1
1) = g ulfe — [ Wity
R

1 1
Sllullfe — =z llull7:
2 457t

P

1
> ke =2

V

for all u € X with ||u||xo = p. We complete the proof by taking n = p?/4. O
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Lemma 3.2. Suppose that (A7T)—(A12) are satisfied. Then there exists e € X©
such that ||e||xo > p and I(e) < 0, where p is given in Lemmal[3.1]

Proof. Choose ¢y € C§°(R,RY) such that |pg(t)| < 1 for all t € R, and
07 te (—OO, bl] U [b27 OO),
leo(t)] =
1, te [(3b1 + bg)/4, (bl + 3b2)/4]
For any A > 0, let
I)\ = {t : ‘)\gﬁo(t” S Ko} n [bl,bg], jA = {t . |>\(p0(t)| > K()} N [bl,bQ],

where Ky is the constant of (A11). Noting that [Apg(t)| > Ko for all ¢ € [(3by +
ba)/4, (b1 + 3bz)/4] whenever A > Ky, we have meas(Zy) < by — by and [(3b; +
b2)/4, (b1 + 3b3) /4] C Ty for A > K. Hence, combining this with (3.I), (A9),
(A11l) and (A12), we have

)\2
I(00) = 2 llgolke - / W (£, Apo)dt

)\2
= 7”900||X‘* — [ WI(t, Apo)dt — W (t, Mpo)dt
Zx I
A2 (b143b2)/4
< ?H%H%(a + Ka(ba — b1) —/ W (t, Apo)dt
(3b1+b2)/4

1 Ko (by — by) (C14352)/4 7 (¢ Ay
=\ [§||<Po||,2xa + —/( 7dt]

A2 3by+b)/4 A2po|?

=—00, as\— +oo,
where Ky = max{|W(t,u)| : t € [b1,ba], |u| < Ko}. Thus, we can finish the proof
by taking e = Aoy with A9 > max{ Ky, p/||¢ol|x} large enough. O

Lemma 3.3. Suppose that (A7)—(A13) are satisfied. Then I satisfies the Cerami
condition.

Proof. We follow partially the idea of the proof in [T9] Lemma 2.4]. Let {uy} C X©

be a Cerami sequence, i.e., I(ug) is bounded and | I'(u) | (xo)- (1 + ||ug||x=) — 0
as k — 4o00. Then there exists a constant Dy > 0 such that

|I(ug)| < Do, for every k € N, (I'(ug),ur) — 0. (3.6)

We firstly prove that {ug} is bounded in X%. Argue indirectly. Suppose that there
exists {ug} C X* satisfying (3.6) but ||ug|x~ — o0 as k — co. For each k € N, let
wi = ug/||ugl| xo, then

||wk||Xo¢ =1, VkeN (3.7)

Combining (3.1 and , one has
8D0 > 21 (up) — (I'(ug), up) = / W(t, g )dt (3.9)
for k large enough and it follows from (3.1)) and (3.6) that
t,
|f WA uk)dt|§ 02 —0 ask — oo,
 luklie [urll5a
which implies that
Wit 1
lim (t “’“) dt = (3.9)



10 Z. GUO, Q. ZHANG EJDE-2020/29

By (A9), there exists do > 0 such that
1
3263
where (35 is the embedding constant given in . Since limg_, o h(s) = oo, for
the embedding constant S, given in , there exists a constant R > 0 such that

h(s) > 32DoB%, Vs> R. (3.11)

|W(t,u)| < lul?, VteR, |ul < do, (3.10)

Let
AkZ{tER:|Uk|ZR}, QkZ{tER:‘uk|<(52},
W (t,ug)| 1
Or={teR:, < R Tp,=1teR: ———+ < —
k { S 2 > Iuk| < }7 k { S |uk|2 > 453}7 (312)
|[W (¢, ug)| 1
WP )
Then we infer from (A9), (2.8), (3.7), (3.10) and (3.12)) that

[ Wl [ Wl
T T

o luellka |u|?

1 / 9
< — w|“dt
45% T | |

p={teR:|uy=0o0r

(3.13)
< i/ lon|?dt
T 463 Jr
Bllwnlde _ 1
- 432 4
and
W(t 1 2
/ | (,;tk)\dtg 2/ |Uk\2 it
TeNQy, [ 5 3233 TeNQy, l[ue 5o
1 / 9
< uy |“dt (3.14)
325 el Jo "
Blluelde _ 1
3203 ukll%. T 32
Combining (A9), (A13), (2.8), (3.7), (3.8), (3.11) and (3.12), we have
t
/ W ,gk)ldt
TN (ARUOL) [Jur5a
W(t W (t
TeNAy |u| T¢NO, [l %o
Wt 2 (¢t
<ol [ S [ el g,
rena, P(luxl) reno, Pllurl)lluel%« (3.15)

< Beellwulye /W(t wn)dt + ok /W(t uy)dt
T 32DfB% Jr luellio Je

3Dy 3DoRy
S 2

3200  [lux]%a

3 1 1

IN

32 32 8
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for k lager enough, where Ry, := maxieyene, |ux|?/h(Juk|), and we use the fact that
limy 00 3Do R/ ||uk||%« = 0 since Ry < maxs,<s<rs>/h(s) < +oo. Combining

*, we have

Wi,
W w)l,
= [luklxa
Wit Wit Wit
1, luelxe TENQy ] % T¢N(ARUOY) [l %o
r 1 1 13
<S4 ts=o

4 32 8 32
for k lager enough, which is in contradiction to (3.9). Thus {uy} is bounded in X .

Since X is a Hilbert space, passing to a subsequence if necessary, we may assume
that there is u € X such that

up —u in X (3.16)
which together with yields
(I'(ug) — I'(w)) (ug, — u) — 0. (3.17)
Moreover, by Lemma [2.6{ and the Holder inequality,

/ (VW (t,ug) — VW (t,u), ux, — u) dt — 0. (3.18)
R

By (3.2,

lup — ul|3a = (I'(ug) — I'(w)) (up — u) + / (VW (t,ug) — VW (t,u), up — u) dt.
R
Combining this with (3.17) and (3.18)), we have ||ux — u||%« — 0 as k — +oo. The
proof is complete. O

Now we are in a position to give the proof of our main result.

Proof of Theorem[I1.1 Let E = X® and I be the functional defined on E by ,
then Lemmas 3.1)and [3.2show that I satisfies the conditions (1) and (2) in Theorem
277 Besides, it follows from Lemma [3.3] that I satisfies the Cerami condition.
Therefore, by Theorem and Remark I possesses a critical value ¢ > n >
0. Thus, there exists a critical point v € X*\{0} of I with I(u) = ¢, which
is a nontrivial solution of the fractional Hamiltonian system . The proof of
Theorem [T.1] is complete. O
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