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NONLOCAL PROBLEMS FOR HYPERBOLIC EQUATIONS
FROM THE VIEWPOINT OF STRONGLY REGULAR
BOUNDARY CONDITIONS

LUDMILA S. PULKINA

ABSTRACT. In this article, we consider a nonlocal problem for hyperbolic equa-
tion with integral conditions and show their close connection with the notion
of strongly regular boundary conditions. This has an important bearing on
the method of the study of solvability. We propose also a new approach which
enables us to prove a unique solvability of the nonlocal problem with integral
condition.

1. INTRODUCTION
In this article, we consider the nonlocal problem for hyperbolic equations
Lu = uy — (a(x, t)ug)r + c(z, t)u = f(a,t). (1.1)

The question is to find a solution of (1.1} in Q7 = (0,1) x (0,T), with I,T < oo,
satisfying the initial conditions

u(z,0) =0, wu(z,0)=0 (1.2)

and nonlocal conditions

/l Ki(z)u(z,t)de =0, i=1,2. (1.3)
0

Various phenomena of modern natural science often lead to nonlocal problems
on mathematical modeling, and nonlocal models turn out to be often more precise
that local conditions; see [5]. Nonlocal problems form a relatively new division of
differential equations theory and generate a need in developing some new methods of
research [30]. Nowadays various nonlocal problems for partial differential equations
are actively studied and one can find a lot of papers dealing with them; see [2] [9] [T4]
13|, [18] and references therein. We focus our attention on nonlocal problems with
integral conditions for hyperbolic equations which have been studied in [T}, 3] (4L [6]
121 [9 25| 17, 19, 23] 27, 28]. Systematic studies of nonlocal problems with integral
conditions originated with the papers by Cannon [I0] and Kamynin [16]. These and
further investigations of nonlocal problems show that classical methods most widely
used to prove solvability of initial-boundary problems break down when applied to
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nonlocal problems. Nowadays several methods have been devised for overcoming
the difficulties arising because of nonlocal conditions.

It appears that conditions for the existence and uniqueness of a solution to the
nonlocal problem are closely related to the notion of regular boundary conditions
[7, [8, B2]. It is known that the system of root functions of an ordinary differential
operator with strongly regular boundary conditions form a Riesz basis in Ly(0,1).
This property is particularly useful for obtaining results on solvability of bound-
ary problems. For convenience we state here a criterium for strong regularity of
boundary-value conditions for n = 2 in an easy-to-use form [24] pp. 72-73].

Sturm-Liuville problem: Consider

y' + Ay =0
with the conditions

a1y’ (0) + b1y (1) + aoy(0) + boy(l) =0,
c1y'(0) + d1y' (1) + coy(0) + doy(l) = 0.

If the coefficients in (|1.4)) satisfy one of the following sets of conditions

(I) a1d1 — b101 7é 0;
(II) a1dy —bicr =0, |ag| + |b1] > 0, bico + ardy # 0;
(III) a] = b1 =C1 = d1 = 0, aodo - boCo 7é 0,

then (|1.4) are strongly regular.

Before we return to the main problem (1.1)—(1.3]), we mention one of initial works
dealing with nonlocal problems. In 1897 Steclov [31] considered the problem for
the heat equation with nonlocal boundary conditions

a1uz(0,t) + brug (1, t) + agu(0,t) + bou(l,t) = 0,
0

1.
c1uz(0,t) + diug (1, ) + cou(0,t) + dou(l,t) = (15)

It is obvious that separating of variables in (1.5 leads to . Much later non-
local problems with conditions of the form were studied in [I5] [I4] 22] and
other papers. A feature of the problems with nonlocal conditions is that operator
generated by such conditions, in particular , is not self-adjoint. But if nonlocal
conditions of the form (as a result of the separation of variables in (|1.5))) are
strongly regular then there exists a unique solution to the nonlocal problem (see
[15)).

Now let us return to problem (L.1)-(L.3). Note that are first-kind integral
conditions as both of them include only integral terms. (The kind of a nonlocal
integral condition depends on presence or lack of terms containing a trace of the
required solution or its derivative outside the integral). Such conditions cause a
considerable difficulties when we try to show that 1) is solvable. One
method has been advanced for overcoming this difficulty [27]. Its essential idea is
as follows. We reduce the first-kind integral conditions to the second-kind ones. To

do this, we suppose that u(z,t) is a solution to (1.1)—(1.3)), multiply (1.1 by K;(z)
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and integrate over (0,1). As a result we obtain
Ki(0)a(0,t)us(0,) — Ki(D)a(l, t)us (1, t) — K;(0,)a(0,)u(0, )

!
+ K[ (Da(l, t)u(l,t) — /0 (K!(z)a(z,t))s — K;(x)c(x, t)]|u(z, t)dr (1.6)

l
- / Ki(@) f(w, t)da.
0

Let us denote

a1(t) = K1(0)a(0,t), bi(t) = —Ki(l)a(l,t),
ao(t) = —K1(0)a(0,t), bo(t) = Ki(Da(l, 1),
c1(t) = K2(0)a(0,t), di(t) = —Ka(l)a(l,t),
co(t) = —K5(0)a(0,t), do(t) = Ky(l)a(l,t),
!
Hi(z,t) = (Kj(z)a(x,t)), — Ki(z)c(z,t), gi(t) = A Ki(z)f(x,t)dzx

and write now (1.6) (omitting the arguments of coefficients) as

!
a1u5(0,) + brug (1, 1) + aou(0,t) + bou(l,t) — /0 Hy(x,t)u(z, t)de = ¢1(t),
(1.7)

!
c1uz(0,t) + dyug (1,t) + cou(0,t) + dou(l, t) — / Hy(z, t)u(z, t)dz = ga(t).
0

This system may be interpreted as perturbed Steclov conditions (see [31L129]).
Thus, we establish certain formal connections between and . We will
consider it essentially in the next section and show that the nonlocal problem has
a unique solution if coefficients of non-perturbed part satisfy one of conditions (I)—
(III). The choice of a method depends on a particular criterion.

2. SOLVABILITY OF NONLOCAL PROBLEMS

2.1. Formulation of the problem. It was mentioned in the introduction that
integral conditions (1.3) can be reduced to second-kind integral conditions (1.7]).
As problems (L.I)—(L.3) and (L.I)—(L.2), and (1.7) are equivalent [27], we will con-
sider the problem with integral conditions (|1.7]). For convenience we formulate this
problem here with a new indexing: find in Q7 a solution of the hyperbolic equation

g — (a(x, t)ug) s + c(x, t)u = f(z,1) (2.1)
satisfying the initial conditions
u(z,0) =0, w(z,0)=0, z€]0,]] (2.2)

and nonlocal conditions (¢ € [0,T1]),

l
a1tz (0,) + byug (1, t) + aou(0,t) + bou(l, t) — /0 Hy(x,t)u(z, t)de = g1(t),
(2.3)

l
c1ug (0, ) + dyug (1, t) + cou(0,t) + dou(l, t) — / Hy(z, t)u(z, t)de = ga(t).
0

Note that there is no loss of generality in supposing that initial conditions are
homogeneous.
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2.2. Criterium I. For all ¢ € [0, T],
Al = a1d1 - b101 7é 0. (24)
Solving (2.3) as a system with respect to u;(0,t), u;(l,t), we obtain

l
a(0,t)u(0,t) + a1 (H)u(0,t) + arz(t)u(l, t) + /0 Hyy(z, t)u(z, t)de = gi1(t),

l
a(l, s (1, 1) + amn ()0, £) + s ()ull, £) + /0 Hia(z, ulz, )z = gia(t),

(2.5)
aody — cob body — dob
o1 (t) = %Q(O,t), oa(t) = %a((},t),
- bocy — d
an (t) = ‘“)“TCO‘“a(z,t), s (t) = OclTo‘“a(z,t),
Hu(x,t) _ lel({E,t) — blHQ(x’t)a(Oj),
Ay
H — a1 H-
Hyo(a, 1) = A Bl g gy
1
d t)—b t))a(0,t c t)—a t))a(l,t
() = (d1g1(t) Allgz( ))a( )’ Talt) = (c191(2) Alf]z( ))a(l,t)

This form of integral conditions enables to apply, with only little modifications, a
well-known method for boundary-value problem [2I], based on a priori estimates. In
our view, this approach is effective for studying nonlocal problems with conditions
of the form (2.5). It was used for some particular cases [6, 27] so we will not
demonstrate it here in detail.

Problem 1. Find a solution u(z,t) to (2.1) satisfying (2.2]) and (2.5)).
We consider the Sobolev space W3 (Qr) and denote

W3 (Qr) = {v(z,t) : v € W}(Qr), v(z,T) = 0}.

Let u(z,t) be a solution to the Problem I and v € /WQI(QT) Using a standard
method [2I, p. 92] and taking into account (2.5) and u:(z,0) = 0 we derive the
equality

T
/ / (—ugvy + augv, + cuv) dx dt
o Jo

T T
- / v(0,1)[a11u(0,t) + agou(l, t)] dt + / v(l, t)[a1u(0, t) + aou(l, t)] dt
0 0 (2.6)

_/OTU(o,t) /Ol Hn(m,t)u(a:,t)dxdt+/OTv(l,t) /Ol Has (2, Oy, 1) da dt
/OT/Olfvdxdt+/0Tv(0,t)gH(t)dt/OTv(l,t)912(t)dt.

A function u € W3 (Qr) is said to be a weak solution to the Problem I if u(z,0) =
0 and for every v € W(Qr) the identity (2.6)) holds.

Theorem 2.1. Assume that
(i) a € C(Qr)NCYQT), c € C(QT), a(x,t) > 0 for all (x,t) € Qr;
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(ii) Hii, Hiit € C(Qr), f € La(Qr), g1s € W3(0,T), i =1,2;
(111) a1 + ag; =0, 041152 + 20(12577 - 0522772 <0.

Then there exists a unique weak solution to Problem I.

The proof of this theorem for a(z,t) = 1 one can find in [27]. It is not too
difficult to show this theorem for a(x,t) not constant.

2.3. Criterium II. Now let A = ayd; — bie; =0 and |a;| + |b1] > 0. We will not
loss too much generality if suppose that the coefficients in (2.1) do not depend on
t. This assumption simplifies the computational work. Then (2.3)) can be written
as

l
a112(0,8) + brua(l, £) + aou(0, £) + bo(E)u(l, £) — /0 Hi(2)u(z, H)dz = g1 (1),
2.7)

l
cou(0, £) + dou(l, £) — /O Ha(2)u(z, )dz = galt).

Problem 2. Find a solution u(z,t) to (2.1)) satisfying initial conditions
u(z,0) =0, wu(z,0)=0

and nonlocal conditions ([2.7)).

We can not give at once a definition of a weak solution to this problem as for
Problem 1. In response to this, the following can be done.

Let u(z,t) be a solution to the Problem 2. Differentiating the second relation of
with respect to ¢ twice we obtain:

1
coutt(O, t) + doutt(l,t) +/0 Hz(l‘)’uttdft = gg(t).
As u(z,t) satisfies (2.1]), we have
! l
/ Hy(z)ug(z, t)de = / Hy(z)[(aug)s — cu+ fldx.
0 0
After some manipulation,
!
/0 Hy(z)(auy ) dz = Ha(l)a(l)ug (1, ) — Ha(0)a(0)u, (0,t) — Hy(D)a(l)u(l, t)
!
+ H5(0)a(0)u(0,t) —l—/o (Hi(z)a(x))u(x, t)dr.

Then the second relation in (2.7)) becomes
cotgs (0, 1) + dougs (1, 1) — Ha(Da(Dug (1, t) + H2(0)a(0)u,(0,t) + Ho(Da(l)u(l, t)

l
— Hy(0)a(0)u(0,t) — /O [(Hy(z)a(x))e — Ha(x)c(x)]u(z, t)dr = gas(t)
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where goo(t) = g4 (t) + fé Hy(x)f(z,t)dx. Equation (2.7) can be written as

l
a12(0,8) + byt (1, £) + aou(0, £) + bo(H)ul, £) — / Hiudz = g (1),
0

— H5(0)a(0)u,(0,t) + Ha(l)a(l)us (I, t) + H5(0)a(0)u(0,t) — Hy(l)a(l)u(l,t) (2.8)
) .
+ cout(0,t) + douge (1, ) — /0 [(Hy(z)a(z))s — Ha(x)c(x)|u(z, t)dx

= goa(1).

If Ay = a1 Ho(l)a(l)+b1H2(0)a(0) # 0, then we can solve system (2.8) with respect
to u,(0,t) and uy (1, t):

a(O)um (0, t) = auu(O, t) + 041216(17 t) + ﬁuutt (0, t)

!
+512Utt+/ Piudz+ Gi(t),
0

a(l)ug (1, t) = ag1u(0,t) + azu(l, t) + Baruw(0,1)

!
+ Bosus + / Prudx + G(t),
0

where «;;, 8i5, P;(z), Gi(t) i,j = 1,2 can be find easily, for example,

~ H3(0)b1a(0) — Ha(l)aoa(l) _ coby
an = A, 2a(0), B = giza(())’

(We do not cite all formulas because of their length). Conditions (2.9)) are known
as dynamical conditions [TT], 20} B3].

Thus if holds then also holds. The converse is also true if g2(0) =
g5(0) = 0. Indeed, let u(x,t) be a solution of and let hold. Then
holds. Integrating fé(Hé(x)a(x))xu(z,t)dz by parts and taking into account that
u(x,t) is a solution to we easily arrive to

2

l
O leou(0.1) +doutl, 1) + | ma@yute iz —gute) = 0.

Integrating this equality with respect to t twice, taking into account homoge-
neous initial data cou(0,0) + dou(l,0) + fol Hy(z)u(z,0)dz — g2(0) = 0, cous(0,0) +
dous(1,0) + [ Ha(2)us(x,0)dz — gh(0) = 0 we obtain (7).

Thus the nonlocal conditions (2.7) and (2.9)) are equivalent, so we will consider
the Problem 2 as follows: find a solution u(z,t) to (2.1]) satisfying (2.2)) and (2.9).
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This form of nonlocal conditions enables us to introduce a notation of a weak
solution. Following [21] p. 92], we obtain

T

/ / (—ugve + augvy + cuv) do dt + / v(0,t)[a11u(0,t) + anou(l, t)] dt

o Jo 0
T T

—/ v¢(0, ) [B11us (0, t) + Braue(l,1)] dt—l—/ v(0,t) P1 u(z,t) dx dt
0 0
T

- / o(l, 8)[asu(0, £) + aspu(l, )] dt (2.10)
0

T l
+/0 (l t)[ﬂglut(O t) +ﬂ22ut(l t)] dt*/ / P2 $ t dx dt

0

T T
:/ / f(x,t)v(x,t)d:vdt—/ v(0,t)G1(t dt+/ v(l,t)Ga(t
o Jo 0 0

Let us denote
To={(z,t): 2=0,t €[0, 7]}, T;={(x,t):x=10te[0,T]}, T'=ToUIy,
W(Qr) ={u:ueW3(Qr), w € Ly(I)},
W(Qr) = {v(@,t) : v(x,t) € W(Qr), v(z,T)=0}.

A function u € W(Qr) is said to be a weak solution to the Problem 2 if u(x,0) =
0 and for every v € W(Qr) the (2.10) holds.

Theorem 2.2. Assume the following conditions

(i) a € C(Qr), a(z,t) > 0 for all (z,t) € Qr, c € C(Q7);
( ) ]DZ € C(QT)7 f € LQ(QT); ft S L2(QT)7 Gl € O[OvT] N CI(O,T),'
(il)) B11€% + 262160 — Baan® > 0;

(iv) anz + oy =0, Big + P21 = 0;
p(v) B11 >0, B2z <0, f11 — |Ba1] > 0, —f22 — [Ba1] > 0.

Then there exists a unique weak solution to Problem 2.

Proof. Uniqueness. Suppose that u; and uy are two solutions to Problem 2. Then
u = u1 — ug satisfies initial condition u(x,0) = 0, and the equation

T
/ / (—upvy + augvy + cuv) do dt + / v(0,%)[a11u(0,t) + arou(l, )] dt
o Jo 0

T T 1
- /0 v¢(0,8)[B11u (0,8) + Broue(l, )] dt + /0 v(0,1) /0 Py (z)u(z,t)dx dt

T
_ / o(l, 8)[asu(0, ) + assu(l, )] dt

0

T T l
+ /0 ve(l,t)[B21ue (0, 1) 4+ Bazu(l, t)] dt — /0 v(l, t)/o Py(z)u(z,t)dx dt = 0.
Setting

o t) = [ru(e,m)dn, 0<t<T,
o, r<t<T,
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where 7 € [0,T] is arbitrary, and after some manipulation we obtain
1
[ 10 + ale)ei e, 0))dz
0

T pl
= 2/ / cuv dx dt — B11u?(0,7) 4 2B21u(0, T)u(l, T) + Bogu?(1,T)
o Jo
+ agv?(1,0) 4 2a210(0,0)v(1, 0) — a110%(0,0) (2.11)

+ 2/T(a12 + a21)v(0,t)ve (1, t) dt — 2 /7(612 + Ba21)u(0, t)ue (1, t) dt

/ 0t/P1 u(x,t) dx dt — / lt/Pg u(x,t) dx dt.

Taking into account condition (iii), namelly 811&2 4 282161 — Baan?® > 0, and (iii)
of Theorem 2.2] we obtain

1
/[u?( ) + a3, 0)]dz

( / / (z,t) dz dt + az0* (1, 0) + 2010(0, 0)u(l, 0)
(2.12)

— a110%(0,0) —|—/ v(0,1) /l Py (z)u(x,t) dz dt

—/ lt/Pz xtdmdt’

Note that under conditions of Theorem [2.2] there exist positive numbers ag, ¢, p
such that

1
maxfe(o)| < o, ala) = a0, max [ Pa)do <p.
? 0

Let us denote A = max;; |c;;|. Now we estimate right-hand side of (2.12)). Firstly,
we use Cauchy and Cauchy-Bunyakovskii-Schwartz inequalities to obtain

!
/o [* (@, 7) + aovz (x, 0))de
1
S/O[U (z,7) + a(z)vi(z,0)]dz
T l
< CO/O /0 [u?(z,t) +v?(z,t)] do dt + A[v?(0,0) + v3(1,0)]
+/0T[02(0a7) +v%(1, 7)) dt+2p/0T /Ol u?(z,t) dx dt.

Using trace inequalities,

1 !
2
v%(2i,t) < 2[/ (sc,t)dx—i—j/ v (x, t)dx, 2 =0, 20 =1,
0 0

(both are derived from v(z;,t) = [

x

T Tl T ol
/ [v2(0,7) +v2(1,7)] dt < 41/ / v (w,t) do dt + ? / / v%(x,t) da dt.
0 o Jo o Jo

ve (€, t)d€ + v(z,t)), we obtain
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To estimate A[v?(0,0)+v%(l,0)] we use the following inequalities (a partial case for
n=11n [21| p.77]):

! l
v%(2i,t) < 5/ vi(m,t)dw—i—c(s)/ v (x, t)de,
0 0
where 21 =0, 2o =1 and ¢ € [0, 7]. Then we obtain

! !
v%(0,0) < 5/ v (2,0)dx + C(E)/ v (x,0)d,
0 0

l l
v%(1,0) < 5/ v (z,0)dz + c(a)/ v*(x,0)dr,
0 0

where ¢(¢) = (I + €)/le. We note also that from representation of v(x,t) it follows
that

v?(x,t) < 7'/ u?(z,t) dt.
0

T l T l
/ / v (z, 1) da:dthQ/ / u?(xz,t) da dt,
0o Jo 0o Jo
l T l
/ v*(x,0)dr < 7'/ / u?(x,t) dx dt.
0 0o Jo

Choosing € with due care (¢ = ag/4, then a9 — 2¢ > 0) we obtain

l T l
2 @'UQx XL UQ.TJ 'UQ.I' 9 .
/O[u (2,7) + 202(2,0)]d SM/O /0( (,8) + 02(2,0) dedt,  (2.13)

where M = max{cy + 2p, (co + )72, A, 41}.
Let w(z,t) = fot ug (2, m)dn. Then

ve(x,t) = w(x,t) —wx,7), v(x,0)=—-w(z, 7).

Hence,

With the aid of these equalities we obtain

! T ol !
/ [u?(x,T) + %wQ(x, 7)|dz < 2M/ / [u? + w?] dx dt + 2MT/ w?(x, 7) dz dt.
0 o Jo 0

As 7 is arbitrary we choose it so that ag —4M 7 > 0. To be specific, let ag —4MT >
&, Then for all 7 € [0, g7]

l T l
ml/ [wu?(z,7) +w?(z,7)]dr < 2M/ / (u? + w?) da dt,
0 0o Jo

where m; = min{1, ap/4}.

From Gronwall’s lemma it follows that fol [u?(z,7) + w?(z,7)]dz = 0. Hence
u(z,7) = 0 for all 7 € [0, gF]. Using the same reasoning as in [21, p.212], we
obtain u(z,t) = 0 in Q7. It means that there cannot be more than one weak

solution to the Problem II.

Existence. First, we construct approximations of the weak solution by the Faedo-
Galerkin method. Let wg(x) € C2[0,1] be a basis in W4(0,1). We define the

approximations as follows

u™(z,t) = ch(t)wk(x) (2.14)
k=1
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and shall seek ¢ (t) from the equations
I
/ (uifw; + au;”w; + cu™wj)dx + wi(0) [auum(O, t) + appu™(l,t)
0

!
+ Burugy (0, ) + Brau™ (1, t) + / Pl(x)u(x,t)dx}
0

—wi(l) [amumm, £) + oo™ (1, £) + Borul(0,) + Basu™ (1, 1) (2.15)
1
+ /0 Py(z)u(x, t)dx}

l
- / F (e, yw; (2)dz — w;(0)G1 (1) + w; (1) Ga (1),

For every m, (2.15)) represents a system of second-order ODE’s with respect to
ek (1),

D Awgel(t) + Y Bujer(t) = (1), (2.16)
k=1 k=1

where

l
Ay = / wi () (2)dde + By (0)w; (0) + Browy (1) (0)
— Barw (0)w; (1) — Bazwi (Dw;(1),

1 1
Byj = /0 (a(z)wy,(z)w](z) + c(@)wy(z)w;(x))dz + wk(o)/o Py (z)w;(x)dx

l
— wk(l) /0 PQ(I’)U)j (:c)dx + allwk(())wj (O) + algwk(l)wj(O)

— aglwk(O)wj(l) — aggwk(O)wj (0),
l
f(t) = / £, w; (2)dz — w;(0)G1 (1) + w; (DG ().

Firstly we prove that this system is solvable with respect to ¢}/ (¢). To this end
consider the matrix {4;;} and show that it is positive definite.

Consider the quadratic form ¢ = 37", _} Ax;€&x&; and denote 2(z) = 370 Epwy ().
After substituting Ay, in ¢ we obtain

l
¢= / |2(@) 2z + B |2(0)? + 212l (0) | 2(D)| — Baal=(D)]?.
0

From (iii) of Theorem g > 0. As ¢ =0 if and only if z = 0 and {wy} is linearly
independent then & = 0 for k = 1,...,m, therefore ¢ is positive definite. Hence
is solvable with respect to ¢} (). Thus we can state that under conditions of
Theorem Cauchy problem for with initial conditions ¢ (0) =0, ¢},(0) =0
has a solution for every m and {u™} is constructed.

To derive the estimate we multiply by ¢/(t), sum over j = 1,...,m and
integrate over (0,7), where 7 € [0, 7] is arbitrary:

T rl
/ / (uppul + aululy + cu™uy) da dt
o Jo
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+ / £1(0,1)[11u™(0,t) + ar2u™ (1, t) + Briugy (0,t) + Braugy (1,1)] dt

+/ut0t/P1 "™z, t) da dt

- / (1) [amu™(0,1) + asau™ (1, 1) + Borul (0, 8) + Bapul (I, )] dt

—/utlt/Pg ™ (2, t) dz dt
:/O /0f(x,t)u;”(z,t)dzdt—/OTu;"(O,t)Gl(t)dtJr/OTu;”(l,t)Gz(t)dt

Integration by parts and condition (iiii) lead to

l
/0 [(u(2,7))* + a(a) (uf (z,7))?)dz + B11 4y (0,7))* = Baz(uy" (I, 7))?
= 2021uy" (0, T)uy* (I, 7) — [o11(u "™(0,7))% + 201u™ (0, 7)u™ (1, T)

— age(u™(l, 7)) —2/ /cumul"dxdt

!
+2/ (O,t)/o Py (z)u] dxdtf2um(0,7)/0 Py (z)u™(z, 7)dx (2.17)

0

—2/T (1, t) /l Py(z)uy de dt +2u™ (1, 7) /Ol Py(z)u™(x, 7)dx

+2/ /fu dmdt+2/ (O,t)Gu(t)dt—2/Tum(l,t)Gzt(t)dt
0
+2u™(0,7)G1(7) — 2u™ (1, 7)Ga (7).

As 11 > 0 and (2 < 0, By (iiii) of Theorem the left-hand side of is
positive. To estimate right-hand side of we use the same technique as in the
subsection for uniqueness. Therefore we demonstrate this procedure briefly. Using
Cauchy and Cauchy-Bunyakovskii-Schwartz inequalities we obtain

l
/0 (" (2, 7))* + ao (i (2, 7))*Jda + Br1 (uy” (0, 7)) = Baa(uf (1, 7))

< Ci /OT /Ol [(um(x,t))2 + (u}”(m,t))2] dz dt + Qp/ol(um(x,f))zdr
+ 2/07[(1[”(0,25))2 + (™, 1)) dt
@+ VD™ (0,7)% + (™ (1, 7))
2 m 2 i ! 2
Bl ©.0)7 + @0+ [ [ P dea
+ [TUGuO) + (Gule)?dt-+ GRr) + G3(r).

(2.18)
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where C depends on ag, ¢y, p,!,T and do not depend on m. Using the inequality

! !
v%(zi,t) < E/ V2 (2, t)dx + c(s)/ v (x,t)de, 2 =0, 2 =1
0 0

we obtain
l l
(u™(0,7))° + (u™(l, 7)) §25/O(uz (z,7)) dm—|—2c(5)/0(u (z,7))"dz,
|t .2 + i m) e

<25// (z,7) dxdt—f—?c // 2 dx dt.

Taking into account (1V) in Theorem (u™(x, 7'))2 < 7 [y (u(z,t))%dt, and
adding the inequality fo (z,7))%dx < Tfo fo u™(x,t))? dx dt to the both sides

of { -7 we obtain
1
/O [(u™(z,7))? + (uf"(z, 7)) + ao(u} (z,7))?]|dz
+ (B11 = VIb21 ) (" (0,7))% + (=22 — V/[bar ) (uf* (1, 7))?
T l
<G [ [l @0f+ o) + enflded (5
l T l
+2\/\a21|5/0 (™ (z, 7)) dm+/0 /O P, t) da dt
+ [ G0 + (Gt e+ Gir) + 63

Choosing € such that v = ag—24/|az1|e > 0, we can carry 24/|ag; Efo (z,7))%dx
to the left-hand side of - Consequently,

l
/0 (W™, 7)) + (u"(z, 7)) + (ul (2, 7))?]de + [(u*(0,7))* + (ui*(1,7))?]
e /O/O (™ (2,6))2 + (" (2,6))2 + (™ (z, £))2] da dt

+04(/OT /Ol f(x,t) dxdt+/()T[(G1t(t))2+(GQt(t))Q] dt
+GH(r) + G3(7)).

(2.20)
In particular,

l
/0 (™ (7)) + (@, )2 + (2, 7)) de
T l
< ¢y / / (™, £))2 + (" (2, )% + (a2, £))?)] i dit
T l T
+c4(/0 /Of (x,t)d:cdt+/o [(Gre(t))? + (Gar(1))?] dt
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+G3(r) + G3(7)).

Applying Gronwall’s lemma to the above inequality, after integrating over (0,7,
we obtain

™ lwi@r) <115
r1 = G (£ 0m + 161 13 0.0 + 1G2 s 0.1
Moreover, it follows also from ([2.20]) that

T ol
(U?L(O,T))2 + (u?(l,r))Q < C3||UH%/V21(QT) + 04/ / fQ(x,t) dz dt
0 0

+ 04(/ [(G1e(1)? + (Gae(1))?] dt + GR(7) + G3(7)).
0
Then
||um||L2(F) < T2,
2 2 2
rg = TCsry + TC4(||f||L2(QT) + ||Gl||W21(0,T) + ||G2||W21(0,T))-
Thus we have a priori estimate,
lu™lwr <R, R=max{r}, i=1,2. (2.21)
Because of (2.21)) we can extract a subsequence {u*} from {u™} such that as
w — oo {u*} converges weakly to u € W(Qr). This enables us to use standard

technique [21I] pp. 214-215] and show that the limit of {u*} is the required weak
solution to Problem 2. O

2.4. Criterium III. Let a; = by = ¢; = d; =0, Az = agdg — boco # 0. Then (2.3)

can be write as

!
u(0,t) —l—/o S1(x, tyu(z, t)dx = g31(t),

! (2.22)
u(l,t) —I—/ So(z, t)u(z, t)dr = g3a(t),
0
where
H — doH 0 — apH
$1 (2. 1) = bo 2(313,75)A do 1(x,t), Soat) = 1(90,1&)A ao 2(;5715)7
3 3
d t) — b t a t) — ¢ t
ga1(t) = 091( )A 092 ), gsa(t) = 092( )A 091 ( )
3 3

Problem 3. Find a solution u(z,t) to equation (2.1 satisfying (2.2]) and (2.22)).

We can use at least two methods to show the solvability of the Problem 3. One of
them may be considered as a particular case of the method used in earlier section.
Namely, we differentiate both equations in with respect to t twice and arrive
at dynamic nonlocal conditions. This method works for for a partial case: S; does
not depend on ¢ [28]. However, this method is not effective when .S; depend on ¢
also.

The second method we can apply is a particular case of the technique initiated in
[17]. The main idea of this method is the following: we introduce a new unknown
function v(x,t) and arrive at the boundary-value problem for a loaded equation
with respect to v(x,t) and can use the technique represented in [17].
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Here we propose a third way. Using the idea in [I7] to form a new unknown
function. We suggest a different method.
A function u(z, t) is said to be the solution to the Problem 3 if it satisfies equation

(2.1)) for almost all (z,t) € Qr, the initial condition (2.2]), and conditions (2.22)) in
the L2(0,T) sense.

Theorem 2.3. Assume that: a,a;,a,,as,c, ¢ € C(Qr), ag,bo, co,do € C2[0,T],
2l [

SisSu € C*(@Qr), Si(0,8) = Si(L,t) =0, T [ (Si+8)%dE <1
0

for all t € [0,T), gsi € C3[0,T), gsi(z,0) = g4;(z,0) = 0, andf, f; € L2(Qr). Then
there exists a unique solution u(z,t) to the problem 3.

The proof is rather long, so we break it up into 3 steps.

Step 1. Reduction to a problem for a loaded equation. Let u(z,t) be a solution to
the Problem 3. We introduce a new function

l
ole,t) = u(z, £) + / S(a, €, tyule, 1) — (o, )
where

S60) = TISEN + TS(E0, 1) = T g (0) + Saml0).

Then v(z,t) satisfies the equation
l l
Uit — (avw)w +cv— / (Su)ttd€ + (a($7 t)/ Sz(x7 67 t)u(€7 t))a:d€
0 0

!
~ et [ S gtule s
0
=f+gu+cg+azgs.
As u(z,t) satisfies (2.1]), then

l l l l
Su)ydé = | Sydé+2 | Saud S — (¢, de.
/O<u>tt§ / od + / tut5+/0 (aue)e — (€, tyu + f1de

After little manipulations and taking into account the assumptions of Theorem
we obtain

v — (aVg )z + cv
l I
0 0
+ Se(,0,8)a(0,)u(0,t — Se(z, 1, t)a(l, t)u(l, t) + G(z,t),
where
M(mvat) = Stt(x,gvt) + (a(f,t)gg(l‘,f,t))g - (a(x,t)g’w(x,f,t))w
+ [C(JZ, t) - C(f,t)]g(l‘,f,t),
G(I7t) = f(ﬂj,t) + gtt(xat) + C(‘Tat)g(xat) + ar(xat)gr(xat)

l ~
n / S(a,€,6) (6, 1) e,
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It is easy to see that
v(x,0) = ve(z,0) =0, ©v(0,t) =v(l,t)=0 (2.24)

and we arrive to the next problem.

Problem 4. Find a solution to equation (2.23)) satisfying (2.24)) Note that we are
required to find not only v(z,t), but also u(z,t). Let us denote

W21,0(QT) = {v(w,t) tve WQI(QT)v U(O7t) = U(lvt) = 0}7
Wio(Qr) = {n(z, 1) : n € Wio(Qr), n(z,T) = 0}.

A pair (u,v) is said to be a weak solution to Problem 4 if u € W3 (Qr), v €
WQI,O(QT), v(z,0) = 0, for every n € WQ{O(QT):

T l
/ / (—veny + aven, + cvn) dx dt
o Jo

= /OT/Ol n(z,t) /Ol M(x, &, t)u(&, t)dE dx dt

v (2.25)
+/ /n(x,t)[gg(x707t)a(0,t)u(0,t)—gg(x,l,t)a(ht)u(l,t)]d:rdt
0 0
T l l T l
Syuyde dx d G(x, ) ded
+2/0 /077(3371&)/0 wpd€ dz t+/0 /0 (x,t)n(z,t) de dt
and u,v are related by
l
o(@,1) = ulz, ) +/ S(a, €, yule, H)de — (1), (2.26)
0

Step 2. Solvability of Problem 4.

Theorem 2.4. Under the assumptions of Theorem [2.3 there exists a unique weak
solution (u,v) to Problem /.

Proof. We approximate our weak solution as follows. Let u’ = 0 and define (u™,v"™)
by

T l
/ /(—vfm—l—av?nw—l—cv"n)dxdt
0 '19 l l
- / / n(e.1) / M, €ty (€, £)dE dr
0 0 0
T l B _
+ / / 0, 0)[Se (2,0, a0, t)um1(0, ) — Se(a, 1, all, tyu"=(1, 1)) da dt
0 0

T ! T
+2/ / U(wvt)/ gtu?_ldﬁdxdtJr/ / G(z,t)n(z,t) dz dt,
o Jo 0 o Jo

l

v (x,t) = u"(x,t) +/ g(m,ﬁ,t)u”(ﬁ,t)df — g(x,t). (2.28)

0

(2.27)
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As ug = 0, then for v! we have

T T [l
/ / (—vin: + aving + cv'n) dedt = / / Gndx dt.
o Jo o Jo

This means that v!(z,t) is a weak solution of the first initial boundary problem for
v — (avg)y + cv = G(x, t). (2.29)

It is known [2I, pp. 213-215] that this solution is unique and ||v1||W210(QT) <

C||G||L2(QT)' Moreover, as G € L2(QT) and a, G, A, Cy are bounded then v! €
W2(Qr) 21, pp. 216-219].

Now we can find u! (x,t) from (2.28) as under assumptions of Theorem (12.28)
is a second kind Fredholm integral equation with ||.S|| < 1. Then we find v?(z,t) as

a solution of the first initial boundary problem for the equation of the form (2.29)
with
l
oz, ) = / Mz, €, )u (€, 8)d + [Se(, 0, )a(0, ) (0, 1)
0

!
= el yalt, 0 (,8)] +2 | S, &) € € + Gt
0
Proceeding as above we obtain u"(z,t) and v™(z,t). The conditions of Theorem
2.4) provide that for every n, G,,Gpni € La(Qr). So u™,v" € Wi(Qr) and the
sequence of pairs (u™,v™) is well defined.

Now we show that this sequence converges as n — oo in W2170 and the limit pair
(u,v) is the weak solution of the Problem 4.

Let 2" = o™t —on p? =y — 4" From (2.27) and (2.28)) we have
T 4l
/ / (—z¢'m + azypn, + cz™n) dx dt
o Jo
T l
= [ [ nten [ MG g6 e o
o Jo 0

T ~ ~
+/ / n(z,t)[Se(x,0,t)a(0,t)r"~(0,t) — Se(x, 1, t)a(l, t)r" 1 (1,t)] dx dt
o Jo
T U
+2/0 /077($7t)/0 Sy~ lde da dt,

l
z"(x,t):r”(a:,t)—l—/o S(x, &,t)r™ (€, t)dE. (2.31)

(2.30)

The assumptions of Theorem provide the existence of positive number sy such
that

! l l
max{/ s%zg,/ Sfdg,/ Sgdg} < so.
Qr Jo 0 0
Then for 1 — 2s¢l > 0 from (2.31]), we obtain

2
ni||2 n|2
1M 1700 < m”z 1Z2(0r) (2.32)
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From z{ = ri + fol Syrde + fol Srivdg and 27 = r? + fol S,rrde, for 1 — 3sol > 0,
we obtain
3 6SQZ

17212 0r < m”Z?H%Z(QT) + (1= 2500) (1 — 350]) 1201200 (2.33)
172 an) < 18 en + ooyt Fhatan (230

Then from —,
Hrn”%/VZ}(QT) < A||Z"H%V21(QT) (2.35)

where A depends on ag, ay, ¢y, So,l,T. To proceed further we prove the following
statement.

If v € W2(Qr) is a solution to the first initial-boundary problem in , then
for almost all 7 € [0, 77,

l
/0 (0% (2,7)? + alz, 7)02 (x, 7))de

T l T l T l
= / / atvg dx dt — 2/ / cov dx dt + 2/ / Gy dx dt.
0o Jo 0o Jo o Jo

We obtain (2.36) after integrating the equality (v — (avy), +cv)ve = G(x, t)v over

Qr = (Ovl) X (017—)'
Note that we seek 2" as a solution of (2.29)) with

(2.36)

l
Glant) = | M€, (€.0d€ + [l 0.)a(0. 07~ (0.1)

l
= Se(w, L Ha(l, ) (1,1)] +2/0 Sy, &, t)rp (€, ) dE

Under the assumptions of Theorem [2.4] there exist positive numbers ag, a1, co, 51
such that a(z,t) > ag, |c(z,t)| < co, |a(z, 1), ax(z, 1), ar(x, t)| < aq,

! 1
$1 :max{max/ (S‘tt)ng, r%ax/ (Sgg)zdf}.
0 r Jo

Qr

From Theorem and some manipulations (integrating and using Cauchy and
Cauchy “with €” inequalities) we obtain

l
/0 (" (@, 7))? + ale, 1) (2 (2, 7)) de
T l
Zn 2 Zn 2 mn 2 T
gAl/O /0[( Pk ()2 4 (a2 drdt

T l T l
+c(€)/ /(zl‘)Qdazdt—ke/ / G?(z,t) dx dt.
o Jo o Jo

Estimating the last term with the help of Cauchy-Bunyakovskii-Schwartz inequality,
and the trace inequalities

l !
(r"_l(zi,t))2 < 21/ (rg_l(x,t))gdac + %/ (1""_1(:U,t))2d:r7 z21=0, 29 =1,
0 0
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we obtain
l
/0 (2" (2, 7)? + alz, 7)(2 (7)) )da
T l
Zn 2 Zn 2 mn 2 T
SAQ/O /0[( Pt (2)? + ()] dadt
T l
+5A3/ /[(r”71)2+(r?_1)2+(7";“1)2] da dt.
0 0

From Gronwall’s lemma and integrating over (0,7 it follows that
12" Iv2 (@) < €BI™ ™ vs (@u)» (2.37)

where B = T Aze??T, A;, i =1,2,3, depend only on ag, a1, cg, 51,1, T. From (2.35)
and (2.37)) it follows that

12" < ABe|" 7 113 < ABe|r" M3,

w3 (Qr) wi(Qr)> wi(Qr) (2.38)

3(QT)”

We select a small € such that 0 < eAB < 1. Hence, {u",v"} is a Cauchy
sequence in W3 (Qr). Thus, there exists a unique pair (u,v) € W3 (Qr) such that
u™ — u, v™ — v. Let n — oo in (2.27)), (2.28)). From the converges of {u™,v™} we
see that (u,v) is the required solution of the Problem 4. O

Step 3. Solvability of the Problem 3. As we noted above, under assumptions of
Theorem 2.4|, the weak solution (u,v) belongs to W2(Qr). That is why we can
rewrite (2.25)) as

T
/ / (ver — (avg)y + cv)nda dt
o Jo

T l l
:/ /n(x,t)/ Mz, €, (€, t)de de dt
o Jo 0 (2.39)

T l
+ /0 /0 (s 0)[e (2,0, 1)a(0, 1)u(0, £) — Se (. 1, )al, t)u(l, £)] da dt

T ! T
+ 2/ / n(x,t) / Syuyde dx dt + / / G(z,t)n(x,t) dx dt.
o Jo 0 o Jo

Substituting v(x, t) represented by (2.26]) into (2.39)), after some manipulations, we
obtain

/OT /Ol(utt — (aug)s + cu)n(x, t) de dt = /OT /Ol Fz, (. t) de dt

for all n € W2(Qr). So, u(z, t) is the solution to the (2.1)). Obviously, the conditions
(2.22)) are fulfilled. This completes the proof of Theorem [2.3
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