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LINEARIZATION OF MULTI-FREQUENCY
QUASI-PERIODICALLY FORCED CIRCLE FLOWS BEYOND
BRJUNO CONDITION

ZIYANG LIANG, TAIAN JIN, JIAYI WANG, YUAN SHAN

ABSTRACT. In this article, we considered the linearization of analytic quasi-
periodically forced circle flows. We generalized the rotational linearization
of systems with two-dimensional base frequency to systems with any finite
dimensional base frequency case. Meanwhile, we relaxed the arithmetical lim-
itations on the base frequencies. Our proof is based on a generalized Kol-
mogorov—Arnold—Moser (KAM) scheme.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

In this article, we consider the quasi-periodically forced (qpf) circle flow
T =p+ f(o, .13),
$=9Q,

where f : T? x T! — R is a real analytic function with T¢ := R¢/Z¢. Here, € T?
is rationally independent. We denote the system by (2, p + f) for simplicity.

The time discrete counterparts of the qpf circle flows are the qpf circle maps.
The research of qpf circle maps is an important topic in mathematical physics and
dynamical systems: The qpf circle maps are related to Arnold tongue, more specifi-
cally, Arnold circle map, which attempts to capture the motion of the spinning disks
at discrete time intervals. The qpf circle maps also provide a simple model of the
mode-locked loop in electronics, of mechanically musical instruments and of heart
issue. And the gpf circle maps appeared in the study of quasi-periodic crystals and
damped pendulum motions too. Moreover, the gpf circle maps can also be used
to investigate the quasi-periodic schrodinger operator [4], which is an important
mathematical model of the quantum Hall effect and many other quantum physics
problems.

In this paper, we mainly focus on the C* rotational linearization of with
weak Liouvillean frequency, provided the analytic norm of f is small enough. We
say the system (Q,p + f) is C” (r = oo,w) linearizable or C" reducible, if there
exists a C" map H : T¢ x T! — T¢ x T! and 5 € R such that H conjugates
the system (Q,p + f) to (©,p). And, if the gpf circle flow (,p + f) can be C”
(r = oo,w) conjugate to (2, g(¢)), then we say it is C” rotation linearizable or

(1.1)
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reducible. Meanwhile, using the embedding result of You-Zhou [I0], when f is
small enough, the discrete system can be embedded into the continuous case, that
is the gpf circle flows. This implies the equivalence of the linearization between the
discrete case and continuous case for the perturbation f small.

In recent years, the qpf circle flows have been studied extensively by many math-
ematicians. Herman [5] investigated system with (Q, py) satisfying the Dio-
phantine condition

[(k, Q) + lpg| > V(k,1) € Z¢ x Z, |k| +|I| #0, (1.2)

v
(k[ + 27"
where py is the fibred rotation number of the system and proved the system is C*
linearized provided the analytic norm of f is sufficiently small.

For a qpf circle flow (£, f), we say py = p(Q, f) = limy—o0 %t(i) is the fibred

rotation number associated with (€, f), where @g(fc) Ry xT? xR — R via
(t, 0, %) — ‘i)g (Z) denotes the lift of the flow of (2, f) of the valuable z, and for any
p € R we have [p(Q,p+ f) — p(Q, p)| < ¢, provided that ||f||co < e small enough
6.,

Note that, in , ! = 0 implies that Q is a Diophantine vector (depending
on 7 and 7). Without the assumption of  being Diophantine, the problem is
quite different and there is not much work done so far. Recently, using the almost
reducibility theory, Krikorian-Wang-You-Zhou[9] managed to relax the Diophantine
assumption to non-super Liouvillean frequencies for d = 2, and get the rotational
linearization. More precisely, let @ = (1,) with v € R\Q and {22} be the best
convergence of «. Assume that « is not super-Liouvillean, that is

sup Inngnt1 < +o00. (1.3)
n>0 In qn
Then for f with sufficiently small analytic norm, the system (Q,p + f) is C*®
rotation reducible, provided (€2, py) satisfying
g 2
[(k, Q) +lps| > R Vk e 25,0 #£1 € Z. (1.4)
However, when the base is of higher dimension, there is no result on this issue.
Thus, in this paper, we consider the rotation linearization for qpf circle flows with
multiple base frequencies satisfying the weak-Liouvillean condition. Furthermore,
we managed to relax Krikorian-Wang-You-Zhou’s condition on one variable
of the multi-frequency. More precisely, for the frequency Q = (1,a,o) € R x R x

R%=2 we denote
~ Inlnln g,41

U(a) =sup ————, 1.5
(@) =50 T lulug, 9
where {p,/qn} is the best convergence of a. If U := U(a) < oo, and
~ g 2 d—2
(o) + o) > D kez2 1z}, (16)
(Il + [t +1)7
with w = (1, ), then we say Q is weak-Liouvillean. We will denote by W L(v, 7, U)

the set of all such vectors and
WL=U WL(y,7,0).

It is obvious that WL is of full Lebesgue measure. Then our main result can be
stated as follows.

'y,T>0,0<U<+c>o
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Theorem 1.1. Let p € R, d > 2, ~, Ty, T ri,r2 >0, Q = (1,a,0) € R?
with o € R\Q, U := U(&) < co. If Q@ € WL(v',7",U) and p(Q,p+ f) =: py €
DCq(y",7") in the sense that

v

lp + kaQ 2—7
o + k= T 7

Vk € 2%, 1 € Z\{0},

then there exists € = (v, ", 7', 7", r1,72,U) > 0 such that if ||f|lr,.r. < €, (see
section 2.1 for a precise definition of the norm) then the system (Q,p+ f) is C
rotation linearizable.

We want to point out that, using the method in [9] by Krikorian-Wang-You-
Zhou, we can obtain the same result as [9] Corollary 1.1]. That is (Q, p+ f) is C*
accumulated by analytic flows {(Q, f,,)}, where the qpf flow (€, f,,) is mode-locked.

In fact, our condition on the base frequency was partially inspired by recent
progress of almost reducibility in linear quasi-periodic SL(2,R) cocycles

(o, A) : T x R? — T4 x R? .
(0,v) — (0 + a, A(O)v), (L.7)

When d = 2, as for the reducibility of quasi-periodic SL(2,R) cocycles, which is
one-dimensional base frequency case, there are fruitful results. For the local case,
meaning the cocycle is close to a constant system, Dinaburg and Sinai [2] first
proved the positive measure reducibility with Diophantine frequency «, and it was
deepened by Eliasson to full measure reducibility [3]. In these papers, the Diophan-
tine condition on « allows the authors to use a Kolmogorov—Arnold—-Moser (KAM)
argument. Recently, using generalized KAM schemes, Avila-Fayad-Krikorian [I]
and Hou-You [7] proved the local C* rotation reducible result for any base forcing
frequency « € R\Q in discrete case and continuous case respectively.

Compared the above one frequency case, very little is known for multifrequency
case. Recently, Hou-Wang-Zhou [8] considered the reducibility of multi-frequency
analytic quasi-periodic SL(2,R)-cocycles with the frequency o = (&,a) €
T! x T92 satisfying the conditions
InIn Qn+1

u() 1= sup —
( ) n>0 Ingp

00, (1.8)

and

k@ + (I, 0")|[r/z > Vk e Z, 1 € Z272\{0},

_r
(k[ + U +1)7

for some v > 0, 7 > d — 1, where {p, /g, } is the best convergence of &, and
= inf |a — p|.
lallz/z = inf la - p|

They proved the local positive measure rotation reducibility for the SL(2,R) cocy-
cles provided that the cocycle is C“ close enough to constant ones.

Note that our system is continuous non-linear system, which is quite different and
much more complicated than the above SL(2,R)-cocycles (discrete linear system).
Moreover, comparing the frequency condition of Theorem |1.1|with condition ,
we handled more frequencies 2 including more Liouvillean ones.
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2. PRELIMINARIES

2.1. Norm and Basic definitions. Denote by C% , (T9+! R) the set of all R-

T1,72
valued functions admitting an analytic extension on
Tgiiz = {(d)? x) € Td+1 : |%¢1| < Tiyeees ‘%¢d| < 71, |SCE| < T2}7

where 1,75 > 0. For any f € C¢ (T4 R), let

||f||T1J‘2 = sup |f(¢7 x)l

(¢,x)ETH T,

In this article, we also frequently consider real-valued functions admitting an ana-
lytic extension on

Tgiiz,rg, :{(¢7.'L') € Td+1 : |%¢1| < 1, |%¢2| < 1, |%¢3| < T2y -+,
ISa| < 72, S| <73},
where 71, 72,73 > 0, and use || f||ry.r.rs to denote the norm

||f||"‘177"277‘3 = sup |f(¢),37)|
(6,2) €T g g
We use C . (T*"!,R) to denote the set of all such functions.
An integrable real-valued function f on T? has the Fourier expansion f =
Sweza f(R)EX RO syith f(k) = [L4 f(@)e 2™ Fdp. For any N > 0, Ty and
R are used to denote the truncation operators:

Tv(h) =Y [k Ry(f)= ) flk)erm ™o (2.1)
|k| <N [k|>N
2.2. Continued fraction expansion. Let a« € R be irrational. Define ay =
[a], g = @ — ag, and for k > 1,
ap = [a;_ll], a = G(ag-_1) = a;_ll — ag.
We define pg =0, p1 = 1, g0 = 1, ¢1 = a1, and inductively,
Dk = QkPk—1 + Pk—2, Gk = Okqk—1 + qr—2.

So the sequence {p,/¢n}nen is the best rational approximation for o € R\Q, and
it satisfies
lkallr/z > llgn-1allr/z, ¥V 1<k <gn,

and

— < « <
dn +Qn+1 - ||qn HR/Z - Q71+1

2.3. CD bridge. For any a € R\Q, we will fix in the sequel a particular sub-
sequence (gn, )ken of the denominators of the continued fraction expansion for
a, which is denoted by (Qk)ren, and the subsequence (¢n,+1)ken is denoted by

(Qk)k€N~

Definition 2.1 ([I]). Let 0 < A < B < C. We say that the pair of denominators
(q1,qn) (I <n) forms a CD(A,B,C) bridge if

qiﬂgqg‘l, Vi=1l...,n—1
4 = an > qf.
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Lemma 2.2 ([I]). For any A > 0, there exists a subsequence (Qx)ren such that
Qo = 1 and for each k > 0, Q11 < Qj:ﬁ. Furthermore, either Qj, > QkA, or the
pairs (Qr—_1,Qr) and (Qr, Qrr1) are both CD(A, A, A*) bridges.

In the sequel, we let A > 3 and assume (@), )ren is the selected subsequence in

above lemma accordingly. As an immediate corollary of the above lemma, we have
a corollary.

Corollary 2.3. If U(a) < 00, then Qn > QA | for every n > 1. Furthermore,

sup Inlnln Q41 < Ua),

n>0 Inln Qn o

where U(a) :=U(a) + lrfnhfn’f + 36 < oo.

Proof. For n = 1, according to Qo = 1, we obviously get Q1 > Qg'.

For n > 2, there are two cases below. If Q,,_1 > Q7' |, then Q,, > Q.1 > QA ;.
Otherwise, since (Qn_1,Qy) is a CD(A, A, A%) bridge, and then, Q, > QA ,.
Furthermore, owing to @41 < Q_f, for n > 1 we obtain

Inlnln Q11 < In(ln A* +Inln Q,,)
Inln@, ~— InlnQ,
Inlnln@,  In(27In.4%)
Inln @, Inln3
- InlnA*
sU+ Inln3

3. THE INDUCTIVE STEP

+36=U. (]

For convenience, in the sequel, we will rewrite the system as
& =p+ flp,0,7)
=0 (3.1)
¢ =w=(1,a),
where ¢ = (,0) € T? x T?2, Q = (w,®). Before the linearization steps, we give
a notation for simplicity: For any ri,72,73,€4,€¢ > 0,p € R, we denote
Frirars (Ps €gy €8)
= {p+9(0) + f(p,0,2) € CF ., (T R) 1 p(Q 5+ g+ f) = p,
gl < €gs 1 Fllriiraims < €r}
Let a € R\Q with U(a) < oo, and (Q,)nen be the selected sequence of o in

Lemmawith A=9. Then U := f](a) + hfnhlln“f +36 < co. For r1,0,72,0,73,0,7, T

positive, let Qumin > 3 be the smallest @ € N such that for any Q > Qi we have
6(In(2Q)) 7T < Tl,OQ%, (3.2)

where ¢ > 1 is a constant with (In 4)¢(7+4). m > U+c(7+d). Meanwhile,

let g9 small enough such that

12(r+d+2
T1,072,073,07) 27+

27’!6““ 2Q)Utel(r+d)+1
Q76(ln 2Qmin)U+C(T+d>73}
)

min

—36(7+d+3)U e +d
K € )

g
go < mln{ (3.3)
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and ) .
In— < (—)=Fam (3.4)
€0 €0
For any given r1,9,72,0,73,0,€0 > 0, we define the following sequences inductively
for j > 1:

A, = 20 Mo A
T R A Y e T YA

71,0

" T g T2 TT2aor T Ag Ty =T = Ay (3.5)
. o 2\

- J—1 5 — § () — THat2
1= e(In2Q41)Uteld+n)? = e, K= 2:1/2 :
m=0 j—1

3.1. Eliminate the lower-frequency terms. To minimize the norm of the per-
turbation f, we have to solve a homological equation involving a function g(y).
For solving such an equation, we will use diagonal domination, which demands the
norms of g and f are in the same order. Therefore, first, we will do the transfor-
mation in the form x; = 2 — h(p) to achieve this.

Lemma 3.1. For n > 2, given a qpf circle flow
& =p+g(e)+ flp0,1)
0= (3.6)
(

with p+g+f € Fry o _iron1rams(Ps4En—1,6n—1), there exists h € C= (T R),
where O,h(p) = Tq, 9(¢)—§(0), such that the transformation T = x—h(p) (mod 1),
conjugates system (3.6)) into

0=0 (3.7)
w = (

. _ = 1/2 - rio o= _ Ap
with p+g+f € ‘/—-vfl,nvrlnflvﬁi,n (p; 5n—1v€n—1)7 where Ty, = Q33 = T3n-17"3"-

Proof. Let Z = x—h(p) (mod 1), where 0,,h(¢) = Tg, 9(¢) — §(0). Then the fibred
equation becomes
£ =p+9(0) +Rq,9(p) + f(#, 0,7 + h(p)). (3-8)

Because the norm of h is unknown, which will affect the norm of f, we need to
estimate ||h(¢)||. Since

g k) g
h(p) = Z 27ri<(kw>62 ik,p) (3.9)
o<|k|<Qw ’
together with the fact that [(k,w)| > 55— for 0 < |k < @y, we have

Q —2nlk
()l g < == Z gllry 274

0<|k|<Qn
CQnEO

rln 1

< Qs 1/2
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It is clear that, |A(¢)||r1.n—1 has an influence on f(p, 8, % + h(y)), and in order to
2

indicate f within control, we should estimate the norm of f in a smaller region,
which also means to estimate |Sh(¢)|. To establish this, we consider the region
Sl < i

Let ¢ = @1 +ipa, o1 € T, @2 € R?, and

o) = > g
0<|k|<Qn ’

ha(p) = h(p) — hi(p1)-

It is clear that h(¢) is real analytic, since g(¢) is real analytic. Therefore, Shq(p1) =
0. Then, owing to Q,, > Q% _,, we have

n—1»

ISh(P) I, = [Sha(@)llrn < 1h2(@) )17y
<Qn > lgk)[fem?m ke 1|

O<“C‘<Qn
<20Qn Y gl _ye 2RI T
0<|k|<Qn
Cr1,0€0
T QA(r1n-1 —Tin)?
< %,

by the selection of €p and A,,. So, we have that

||f((p797:f + h(‘lo))||F1,7L77‘2,7L717'F3,n < ||f((p797x)||T1,7L71,T2,1L71,T3,n71 < En—1,

and

IRG, 9@l = Y §(R)E™ g,

[k|>Qn
< E 9]l e 27lk|(r1,n—1-T1,5)
—_— ,n—1
[k|>Qn
" 1/2
CEOQ?L*l _27TQ7LQ‘3:}7’0 5,,74/71
< 2 € nl < )
o 4

by and , and

1/2
n—1

2

3

|g(0)| < ||f(80a 9,@ + h(@))Hfl,n;Tlnfl/FS.n + HRQng(SD)HFI,n <

Let

Then the result follows, since the transformation we did is homotopic to the identity,
which assures the fibred rotation number remains unchanged. [
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3.2. Solve the homological equation and reduce the perturbation. Under
the assumptions of Lemma after the transformation, the norms of g(¢) and
f(p,0,z) are in the same order of magnitude. Then we want to reduce the pertur-
bation. However, we have no Diophantine assumption on w, which means we need
to solve a different and more complicated homological equation in the process of
reducing || f||. Moreover, it also means there might be no analytic solution of the
homological equation. Fortunately, it turns out that we can get the approximate
solution by using the method of diagonally dominant operators.

Considering the transformation: (¢, 60,z) = (9,0, 24+ + h(p,0,24) (mod 1)), we

obtain
oh .

T :{tJr +awh+ad;h+ M!ITJF.

Suppose that the system
x—p+g(s0) flp,0,2)

Qb
Er

is conjugate to

In this case, we have

. oh
Tty =p+g+ flp,0,24) — Ouh —Izh — (p+ g(e ))ﬁthot

where h.o.t. represents the high order terms of A and f, and for simplicity, we
consider it as an error term and neglect it at this moment. Then we have the
homological equation

oh

The following lemma gives the method to solve equation (3.10) by diagonally dom-
inant operators. We should point out the solution we obtained in the following
lemma is not an exact but approximate solution.

(3.10)

Lemma 3.2. Let v/,v",7/,7" > 0, v := min{y,~7"}, 7 := max{r', 7"}, 0 <
U < oo, r > o1 ? 0, ro > 0y > 0, rg > 03 > 0 with 61 < 52, 0 < 53/2,
(w,@) € WL(Y,7',U), p € DCuz)(n",7"), g € C5, (T3 R), f e Oy, (T R)

and f fd 2 flp,0,x)dfdr =0, 0 < ef < ¢ < 61/2 < 1, where gg satisfies
and f

lg()lr < €, £ (0,0, 2)[lry im0 < €5,
and

1 1 2 %

K=[—=m—=]+1< (L),
w1 €f €g

then the homological equation (3.10) has an approzimate solution h(p, 0, x) with the

estimate

C
2ll71 =61 ra—b2,ms 85 < e
1
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where C is a constant, and the error term P = Ry (f — (p+ g)%) with
||P||T1*51,T2*5277“3*53 < 2(2K)d+1€?'

Proof. First, we consider the truncated equation

oh oh
Ouh+ 0ah + po + Tic (9(0) 5-) = Tic [ (.0, 7).

Let
@’9 (E Zfl (P, 271'1’[3:7 @,9 CE Z hl QD, 27rilx’
l|<K
Z fl u 271'1 (v, 0 hl(SOa 9) _ Z hl,u(sﬁ)ezﬂ—i(l/’e),
o<l +|v|<K
fl . Z fl 27rz(k ) hl,u(@) _ Z ﬁl7u(k)€2ﬂi<k’w>.
el <K —[1]—v]
-+l

Then plugging the Fourier expansions into the truncated equation, and simplifying
it, for |I| + |v| + |k| < K, |I| + |v| > 0, we have

flu( )

211

((k,w) + (v, @) + Iy (k) +1 > gk — k1) (k) =
[k1|<K—[l]—|v|

It equals the matrix equation, for fixed 0 < |I| + |v| < K,
(Al,u + Gl,u)iLl,z/ = .fl,lu

where
Apy = diag{(k,w) + (v,@) +lp: [k] < K = |I| = |v]},
Gry = (19(p = @) ipl,lal <K~ 1] |v]>
fiw = (fl;;r(f))ﬂ|<x—u|—|u\a
hiy = (/Alz,u(k))ﬁ\<1<f|z|f\y|~
If we denote M;, = diag(... ,e%lkl(“_%)y < )lkl<K—i|—|v|, then

Ml,V(Al,u + Gl,l/)Mlj}/lMl,ViLl,V = Ml,l/.fl,l/‘
For simplicity, we drop the subscripts [, v temporarily and denote

A= Al,y; G = Ml,uGl DM_ }_L = Ml,l/INFLl,lM f_ = Ml,ufl,l/-

Lo

Then, we have o
AT+ A7'G)h = f.
Obviously, to get the norm of h, we need to estimate the norm of (I + A~'G)~*
We have
|ATIG] < lATHIG],

where || - || denotes the operator norm associated to the I! norm that satisfies
llull;r = >4 |uk| (indeed, if X is a matrix, || X|| = max; >, |X;;[). Then by the
condition (w,w) € WL(y/',7',U), p € DC, ) (v",7"), we obtain
Y Y

l k, ,w)| > > —
o+ ko) + 0 O 2 e W 1y 2 &
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for |I| 4+ |v| + |k| < K and |I| + |v| # 0. We obtain that

—rlp—ql5
Gl < max  al<r o Bk ii-pilgle rlp—alds
= Ikl<K 1]~ || lp + (K, w) + (v,@)]
4KT+3
< 5 gl -

Since K < (2—2)#«2”, we know that [[A7'G|| < 3, and thus
9

|(I+AG) 7Y < 2.
From the result above, there is no doubt about the existence of h. And it satisfies
h=(I+A'G)y A f
As for the estimate of h(p, d,x), we have

1h(e, 0,2, 51 1y 52 50
S N 1 T P Pl (e
0<[1[+|v]<K
= > I+ ATI) AT fy flp B B2l
o< ||+ v|<K
< Z 2(Jk[ + I + v +1)7 |fl,u(k)|6277\/@\(Tl_%1)e%lu‘(w_a%)e%m(rs_%)

2
0<|Ul+|o |+ k| < K v

Cey
= 1
oyt

and the error term satisfies

||P||7‘1—51,7"2—5277“3—53
oh
< ”RKJC(SOa 0, x)||7’1*5177“2*52,7“3*53 + HRK(Q(@)%)”7’1*5177“2*5277“3*53

C
< (2U)HH TR 2 (¢ ngﬁef)
1

< 2(2K)" e
0

Using diagonal domination, we can solve the approximate homological equation
(3.10)), and the following lemma will apply it to reduce the perturbation.

Lemma 3.3. Under the conditions of Lemma if (w,®) € WL(y,7,U) and
p € DC)(v",7"), there exists a transformation H € C}% (Td+1 Td+1)

* *
m,7T2,n7T3,n

where R N
71,0 _
(rin,?";)n, T;n) = (@’ T2,;n—1 — ?nﬂa?y,n B ?n)a
with
7 ; 3/4
1 —idllys g s, <40,
ID(H —id)|lr;  r5r5, < 4578,
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such that H conjugates the system (3.7) to

f.t,_ =p+ g*(QO) + f*(gpvaa'f-i-)
=0 (3.11)
(

’the’f'@ p-i—g* + f* rl o r2 - 'r (p7 257/ 17571) and Hg* - g

Tf)n < 35n71'

Proof. For simplicity, we drop the subscript n al;ld denote temporarily go(¢) = G(p),
f, — f R — & — no = _

- y Uy )y - -1, n—1» - Mmoo 03 - n—
folg.0.2) = fe,0,2), it = 2601, 1 = 26,/%, 71 = Fin Q5o T2 = T2n-1

T3 =T3p =T3n—1— %. Now we define the following sequences inductively:

T1,0 = T1, 7:2 0 =Ta, T30=T3,

0 L

01 = 1 01,5 = 2] 151 1, 715 ="714j-1—01;,
Ay _ _

52,1 = ?7 52,j = 95— 152 1, T2 =T7T245-1— 52,;'7
A, |

=101 Tag =Ta-1— 03,
1 1

i =73, K;=[—1n +1
A= K= e

031 = 5 03, =

From the above definitions, we can assume that ¢; ; < min{ds ;, ds ;/2}.
Let

[(ln 2Q )U—i—c T+d)
32(r+d+2)In3

Supposing forv =1,2,...,7—1 < N, there are f,, h, € C¥ (T4 R), g, €

T1,0,72,0,73,0

C¢  (T2,R), such that the transformation (¢, 0,%,_1) = (¢,0,Z, +h,(0,0,%,) (

T1,v—1
mod 1)) conjugates the system

|+ 1.

Iy 1= =p+Gu-1(p) + fu—1(p,0,Z,1)

=0
p=w=(l,a)
to
I, = p+gu(p) + :,(goﬁ,x,,)
0=
p=w= (17 a)
satisfying
_ ~3/4
UFollra s oninn < on Whollie oo, <05,

and Gy = Jy—1+ Jpa—» Tl f,,,l(go, 0,%,)d0dz,. Forv = j7 under the similar transfor-
mation as above, (¢,0,%Z;_1) = (¢,0,Z;+h; (mod 1)), the fibred equation becomes

. _ e _ _ Oh;
T;=p+ gj—l(‘P) =+ fj_1(<,0,9,1'j) - (9whj — &;,h] - (p + gj_l((p))%j + h.o.t.
J
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where h.o.t. is higher order terms about fj_l and h;. Then the homological equation
is

_ Oh;
Ouhj + ahs + (p+ Gj—1(9) 5=
I (3.12)
= fj—l(@a aajj) - / fj—l(gpa aajj)dgdfj
Td=2xT
First, we know that
Jj—2
1 2
1851117152 < Nl + D i < 223
v=0
Furthermore, from (3.2)-(3.4)), for 7 < N, we obtain
1 1 2-371Q3 1
Kj:[iln~ ]+1< Q"ln
7T51j Mj—1 1,0 En—1
2c1(In2Q, Ute(r+d)
< 2Q5 gor(n2Qvrecsn 1 e 2 I
71,0 En—1 1,0 En—1 (3 13)
11 1\ =ars 1 \sorom, 1 o, '
) < ()L
71,0 €,241 \En—1 En—1 En—1

N ==
< ( 12 ) )
28n—1

where ¢; = 1/(32(7 + d + 2)). Moreover, since (w,@) € WL(v,7,U) and p €
DCy: (", "), by Lemma there exists an approximate solution of (3.12))
satisfying

T+d+1
I , : i < il <
71161 /2,72 102, /2,72 j—1 03, /2 = 2
and the error term satisfies
e ~ } d+1~2
HPJ“7’1,_7‘—1—51,]‘/2,7“2,]‘—1—52,_7‘/2»7"3,_7‘—1—53,_7’/2 < 2(2K ) -1 < n] 1

As a consequence, the fibred equation becomes
where g; = g;—1 + de,Qle fj_l(cp,@,i’j)dedjj and

_ B _ B 8h
[i(p,0,25) + fj(%&%)gj

= fi—1(0,0.%; 4+ hj(p,0,%;)) — fi—1(,0,%;)
P — L. fii1(,0,%;)d0dz;.
+ (‘9% /Jl‘dxil‘ fi 1(ep, 7x]) ZLj
‘We have the estimate
||.fj—1(907 07‘%]' + hj(‘ﬁv oajj)) - fj—l(@, 05 jj)”ﬁ T2,5573,5

_ ~3/2
8f',1 ; 1
S || J J—

63_5j ||7:1,j7":2,j,7:3,j+53,j/2 HhJ ||7:1,jfz,j77~’3,j 3
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Thus,

/2 ) 773/4
r 1 ~ 1 ~
||fj||7~‘1,j,7:2,ji3,j < 2( ]3 +1 4 1+ 77] 15 /2) < Nji—1 =1j-

By estimate (3.13)), we know that we can do the above iterations until j = N. Now
we give the estimation of fn for [S¢| < 71 n, |S0] < Fon, |STN| < 73,n5. In fact,
under the Corollary . we have In Q41 < e™ @)" . Then

c1ln g
23

(§)N 1> 2Tt

c1 In ;
n3

(1 Qn)Y (In2Q,) 7+ 23

epln g

(InQy +1)(1n2Q DA N )

V

and therefore,

< ﬁ(3/2)N < ﬁe*((%)N*Uln%

HfNHﬁ,Nﬂ:z,Nis,N

3
In2Qy)e(r+d) 1 1" 2
S ﬁe_(ln Qn+1)( Qn) ln%
< 77] 72(1[1Q,L+1)U+C(T+d)2U+C(T+d)
n o _ U-te(r+d)
< 4= (In2Qn41) =e,.
2

There is no harm in denoting H;(y,0,Z;) = (¢,0,Z; + h;j(v,0,Z;) (mod 1)) for
1 <7 < N. Then let

Hj(@,g,fj) = H1 (OB} OHj_l on(go,@,:fj),

and H,(p,0, ;) is analytic for (p,0,z;) € T+ 55, With

T1,5572,5,73,5+ 5+

7j—1
||81—7j (7T3 © Hj(507 97 i’j))HFl,jy":Q,j;FS,J’ < H(l + 773/4),
v=0

where m3 : T2 x T2 x T' — T' is the natural projection to the third variable.
Rewriting Ty =: Z4 and Hy(p,0,%4+) =: (¢,0,T4 + h(p,0,Z4) (mod 1)), we have

Hh((pa 97 i"‘r)”Fl,NaFZ,NfS,N = Hﬂ-3 © HN(@? 97 ;f+) - j+||7:1,Nf2,N,f3,N
< |‘7T3 o (HN(Wv 97j+) - HNfl(vaevi.Jr))Hﬁ,Nfz,N,ﬁa,N

+o 4+ H7T3 © Hl(@’ 97 jJr) - j+||51,1fz,1f3,1
N 7—2

< Z H 1 + 773/4 ”hj”ﬁ,jiz,jis,j

j=1v=0
3/4
<d4e 7,
and

||Dh||~ S1,N
TILN——%
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In conclusion, letting (9., f.) = (g, fn), H(p,0,8+) = (0,024 + h(p,0,24)
(mod 1) together with

N-1 N-1
lgx() — g(@)llr; ,, < Z N £ill71 5,725,755 < Z 75 < 3en-1,
j=0 3=0
we obtain the result. O

3.3. Do the inverse transformation of the first step. Via the two transform-
ing steps above, our system has been simplified to some degree. However, the
transformation we made in the first step is not close to the identity. So we have to
do another transformation in this step, in order to let the ultimate transformation
be close to the identity.

Lemma 3.4. Under the conditions of Lemma there exists a transformation
H ¢ C¥ (T, T, with

= 3/4

VH = il raorsn < 465

n—1»

HD(ﬁ - id)Hh,n,m,nmg,n < 451/2

n—1»
such that H conjugates the system (3.6)) to
Ey=p+g+(p) + f1(p,0,34)

=0
p=w
with P + 9+ + f+ € ‘7:7”1,n77“2,n,7"3,n (p7 4gﬂ7€n)'

Proof. By Lemma and w there exist h € G (T?,R) and H € Cr rpnrin
(T4+1, T9+1) such that H o H conjugates the system to (3-11), where 0,h =
70,9 — G(0) and H(p,0,2) = (¢,0,% + h(p) (mod 1), H(p,0,z1) = (¢,0,74 +
h(p,0,%.) (mod 1). Nowlet (¢,0,74) = (¢,0,24—h(¢) (mod 1) = H (p,0, ).
Then by the transformation (¢,6,2) = H o H o H (¢, 0,2, ), the fibred equation
becomes

Ty = p+9*(9") + 0uh + f*(3079737+ - h(‘P))
=p+9g+9:(p) —g(p) + fulp, 0,21 — h(p))
=p+9+(p) + fr(p,0,24),

where g1(p) == g(p) + 9:(¢) — g(¢), f+(p,0,24) = fulp, 0,21 — h(p)). Thus,
9+1lry, < 46n—1 +4den—1 = 4€, and || fillry o re s < [ fs TS, = €n by
Lemmas and Since the transformation H~! is homotopic to the identity,
the fibred rotation number remains the same. That is,

p+ 9+ + f+ € ‘FTl,n;T2,nyT3,'rL (pa 4571’571)'
Let H=Ho HoH . Then

FI((,O,@,],‘+) = (QO, 9,.13+ + B(<p7 0,.’13+ - h(@)))a
and hence

3/4
n—1»

< 4e

”H - id”’!‘l,m'f"z,nﬂ“?,,n < ”h(@’e’i‘-ﬁ-)

* « *
T1,m:72,n:73,n
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and

. 1/2
ID(H = id) |y v irs < /

T T HD(Hil)Hrl,nﬂ"Z‘ny"‘fi,n <de,”.

O

3.4. Iterative Lemma. According to the above three lemmas, we combine them
into the following iterative lemma.

Lemma 3.5. For any €q, 71, 0,1"20,1"30,7 v " > 0, v = min{y, ¥}, 7 =
max{7', 7"}, a € R\Q with U = U( ) < 00, the sequences €y, En,T1, n,rgn,rgn

are defined as in . If gq satisfies (3.3)) and (| ., and (w,w) € WL(v', 7/ U)
peDCy (' T ”) then foralln>1 the following holds: If the system

&= p+gn(p) + fnlp,0,2)
=0 (3.14)
p=w= (1,0
satisfies p+ gn + fn € Fri o ron.rsn (0 4En,En), then there exists a transformation
H,, : T — T+ with estimates

”Hn - id”h,n+1,7“2,n+1,7“3,n+1 < 463/4
< 451/2

”D(HTL - id)||T1,n+1,T2,n+1,T3 nt+l —
such that it transforms system(3.14) into
T=p+ 9n+1(90) + fn+1(907 0, 1‘)
0=
p=w
with P+ Gnt1 + fn+1 € ‘FTl,n+17T2,n+lgr3,n+l (P, 45~n+17 EnJrl)'

4. PROOF OF THE MAIN THEOREM

Let g¢ small enough satisfying (3.3) and ( with 7 := max{7, 7"}, v =
min{y', 7"}, r10 == r1, reo = 71, 7"3,0 = ry. For convenience, we rewrite the
system (Q,p+ f) as

& =ps+9(e)+ fleb,2)
0=a (4.1)
p=w=(1,0)
with pf + 9 + f € Frioiraorso(Pfs€0,€0), Where g := p —py, Q = (w,&i), and
¢ = (p,0) € T? x T2, Owing to the fact that (w,0) € WL(y',7,U) and
ps € DCuay(v",7"), we can apply Lemma d obtain the transformation

Ho € C¥ | 1y 1y, (TFL, T4 such that system (4.1]) can be conjugate to
&= pr+91(p) + f1(p,0,7)
0=0a
p=w

. ~ 3/4
with P+ g1+ fl € ]:7“1,17?“2.1,7”3,1 (pf’4€1’€1) and ”HO ld”ﬁ 1,72,1,73,1 < 46 / )

|D(Ho — id)|lry 4 roqran < 45(1)/2. Now, by Lemma we obtain the sequence of
transformations H; € C¥ (T4+L, T+ (j = 1,...,n — 1) such that

T1,j41,72,5+41,73,5+1
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H(n) = HOOHl O 'OHn—l conjugates " to (waaj7pf +gn(@)+fn(§07 07'1;))) with
. 3/4 . 1/2
||Hj - Zd||T1,j+1,T2,j+1,T3,j+1 < 4Ej/ ) HD(HJ - Zd)' < 453'/ . Then
for H™ | we have
HDH(TL)||T1,n,7’2,n77‘3,n
< ||DH0||7‘1,1,T2,17?”3,1 HDH1||T1,2,T2,2~,T3,2 cee HDanlHTl,n,w,st,n

|"'1,j+1’7"2=j+1’r3,j+1

n— 1/2
<Io(1+4e?) < 2,
Therefore, we have
HH(nJrl) - H(n) ||T1,7L+17T2,n+17r3,n+1

< 8;:‘;?’/47

T1,n+1,72,n+1,"3,n+1 —

S ”DH(TL)HT’l,n,Tz,n,TS,nHHn - Zd”

which means the limit H(™ exists in C°, and we denote H = lim,,_, oo H(”), Joo =
lim, o gn- To prove the transformation H is actually in C°°, we have to prove

agz,lnH exists for all m € N9+ (denoting ¢ = (¢, 0, 2)). Let r, = min{ri 0,720,730}

Actually, for any m € N9+1_ there exists n,, € N, so that if n > n,,, then we have
3 _1

(Alf“)—*”)lm‘ <e,*, that is

4 3
(%)Imlsi/fl < 8;/721, Yn > npy,.
*
Meanwhile, we have the following inequality, for n > n,, — 1,

’ahnM}{OHJ)__}{On)‘<:H}{UHJ)__}yww”TLn+hr2n+hT&n+l
ocm -

Tl
1,n+1
403 .\ Iml
+1 3/4 1/2
§8(#) e/t < gel/2,
*

In conclusion, the transformation H is actually in C'°*°, and under this transfor-
mation, the system(l4.1)) is conjugate to

&= ps+ goolp),

)
)

Il
g &

0
¥
which can be rewritten as (2, pf + goo(¢)). The result follows.
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