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EXPONENTIAL STABILITY OF SOLUTIONS TO NONLINEAR
TIME-VARYING DELAY SYSTEMS OF NEUTRAL TYPE
EQUATIONS WITH PERIODIC COEFFICIENTS

INESSA I. MATVEEVA

ABSTRACT. We consider a class of nonlinear time-varying delay systems of
neutral type differential equations with periodic coefficients in the linear terms,

d
Y1) =AW®y() + Byt — (1)) + CO) Lyt —7(t)
d
+ F (L), y(t = (), Zu(t = 7(1))),
where A(t), B(t), C(t) are T-periodic matrices, and
1w, v, w)[| < qilfull + g2lloll + gsllwll,  q1,92,93 20, ¢>0.

We obtain conditions for the exponential stability of the zero solution and
estimates for the exponential decay of the solutions at infinity.

1. INTRODUCTION

There is a large number of works devoted to the study of delay differential
equations (see [II, [, 14, 177, I8, 19, 20, 23] 24] 29] and the bibliography therein).
The intense interest in such equations is due to their arise in many applied problems
describing the processes whose speeds are defined not only by the present, but also
by the previous states (for example, see [I5] [25] and the bibliography therein). One
of the important problems is that of the exponential stability of solutions to the
equations of such kind. Unlike autonomous equations, the exponential stability for
nonautonomous equations has been studied less.

We consider nonlinear time-varying delay systems of the form

Su(t) = AWO(E) + BOw(E (1) + C() 30l — 7(0)

(690, 9t~ (1), Syt~ 7(0), £ 0,

where A(t), B(t), C(t) are (n X n) matrices with continuous T-periodic entries; i.e.,

(1.1)

At+T)= A(t), B(t+T)=B(t), C{t+T)=C(®),
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2 I I. MATVEEVA EJDE-2020/20
7(t) € C1([0,00)) is the time-varying delay,

d
0<n <7(t) <72, 73< %T(t) <<l (1.2)

and F is a continuous vector-function mapping [0, 00) x R™ x R™ x R™ into R"™.
We assume that F'(¢,u,v,w) satisfies the Lipschitz condition with respect to u on
every compact set G C [0,00) x R™ x R™ x R",

||F(t7u,v,w)|| < quUH + q2||“|| + q3||wH7 t>0, wu,v,we Rn> (13)

for some constants qi1, g2, g3 > 0. Hereafter we use the following dot product and

vector norm .
(@, 2) = x;%, |zl = /{z,2).
j=1

In this article we continue the study of exponential stability of solutions to delay
differential equations presented in [7, [8 26 [, [10] [IT], 12| 27]. We investigated linear
and nonlinear time-delay systems with C'(¢) = 0 in [7} [8 26], with a constant matrix
C(t) = C in [9, 10, 11} 12). with a T-periodic matrix C(t) in [27]. Conditions for
exponential stability of the zero solution were established and estimates of exponen-
tial decay of solutions at infinity have been obtained. However, all the mentioned
articles consider systems of the form (1.1)) with the constant delay 7(¢) = 7. Linear
time-varying delay systems of the for with F(t,u,v,w) = 0 were considered
n [28]. This article deals with the initial value problem

St = AW + Byt — (1) + O ot — (1)
4 B (1 y(0), 9t —(0), Syt~ 7)), 1> 0, (1.4)
y(t> =p(t), te [_7-270]7
y(+0) = 9(0),

where ¢(t) € C'[—72,0] is a given real-valued vector-function. The solution to
is defined as a continuous function on [—72, 00), continuously differentiable on
[—72,00) except for points k71, k = 0,1,2,..., and satisfying everywhere on
[0,00) except for points k71, k =0,1,2,.... Our aim is to establish conditions for
the exponential stability of the zero solution to and to obtain estimates for the
decay rate of solutions to at infinity, without using any spectral information
(like roots of quasipolynomials in the case of constant coefficients).

To establish conditions of stability, researchers often use various Lyapunov-
Krasovskii functionals (of Lyapunov type functionals) (see the bibliography in
[3, 16]). However, not every Lyapunov—Krasovskii functional allows us to obtain
estimates characterizing the decay rate of solutions at infinity. In recent years, the
research in this direction has been actively developing. Many works are devoted to
time-delay systems with constant coeflicients, including systems of neutral type (see
the bibliography in [2I]). In the nonautonomous case, the most studied systems
are the systems of the form (L.I)), where C(t) is a constant matrix (see bibliogra-
phy in [I7]). There are very few studies of the systems, where the matrix C(t) is
not constant [2], Bl 3], 17, 22, B0]; moreover, the authors of these works require
that [|C(t)|| < 1. A Lyapunov-Krasovskii functional was proposed in [27], which
allowed us to obtain the conditions for the exponential stability and the estimates
for the solutions to the linear systems of the form (F(t,u,v,w) = 0) with the
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constant delay 7(t) = 7, without any additional restrictions on the norm ||C(¢)]|.
A generalization of this functional was used in [28] for studying the exponential
stability of the linear time-varying delay systems of neutral type; i.e. the systems
of the form with F (¢, u,v,w) = 0.

In this article we use the functional proposed in [28]. We introduce the necessary
notation and formulate the main results in Section 2. Their proofs are given in
Section 3.

2. MAIN RESULTS

At first we formulate the result on the exponential stability of the zero solution

to with F(t,u,v,w) = 0:
d d

Y1) = A@)y() + Byt — (1)) + Ct) 2 y(t —7(t), t>0. (2.1)

Theorem 2.1 ([28]). Suppose that there are matrices H(t) € C*[0,T], K(s), and

L(s) in C[0, 7o)

H(t)=H"(t), tel0,T], H(0)=H(T)>D0, (2.2)
K(s)=K"(s) >0, %K(s) <0, s€l0,7o, (2.3)
L(s)=L"*(s) >0, %L(s) <0, s€]l0,79, (2.4)

such that the matrix

Qu(t) Qu2(t) Qis(t)
Q(t) = [ Q12(t) Q22(t) Qa3(t) (2.5)
Qis(t) Q35(t) Qss(t)
with entries
d

Qu(t) = -~ H(t) - H{)A(t) — A" (O H(t) — K(0) — A*(t)L(0)A(®),

(2.6)

Qa3(t) = —B* (1) L(0)C (),
Q3(t) = (1 = 73) 7' L(r2) — C*(t)L(0)C(2),

is positive definite for t € [0, T]. Then the zero solution to (2.1)) is exponentially
stable.

Assuming that the conditions of Theorem are satisfied, we establish condi-
tions for the exponential stability of the zero solution to the nonlinear system (L.1)).
To state our results, we introduce some notation. If the matrix H(¢) satisfies the
conditions of Theorem 2.1] then

d

SH(1) + HOA() + A" (DH(E) < —K(0) — A" () L(0)A(1);

i.e., H(t) is a solution to a special boundary value problem for the Lyapunov dif-
ferential equation

%H + HA(t)+ A*(t)H = —G(t), te0,T],
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H(0) = H(T) > 0,

where G(t) is a positive definite Hermitian matrix with continuous entries. In this
case, it follows from the results of [6] that H(¢) > 0 on the whole segment [0, T].
Let us extend this matrix T-periodically on the whole semi-axis {¢ > 0}, keeping
the same notation. Using this matrix H(t) together with the matrices K(s), L(s)
satisfying the conditions of Theorem [2.I} we introduce the functions

Ba(t) = 2(H@)| + CIA@)] + q)[|L0)]],
Ba(t) = 2IB@)I + g2) IL(O)]], (2.7)
Bs(t) = (2C)] + a3) [ LO0) ]I,

q152(t) + g2 (1) n q183(t) + q3P1(1)

ai(t) = qpi(t) +

2 5 :
aa(t) = aapa(t) + LAV T 0RO | @BO @kl oy
as(t) = qsfs(t) + q31(1) ;%53@) + qsP2(t) -;— q253(t)’

and the matrix
a () 0 0
QM =Q)—| 0 a®I 0 |, (2.9)
0 0 as(t)I

where [ is the unit matrix.

Theorem 2.2. Let the conditions of Theorem[2.1] be satisfied. Suppose that q1, qz,
qs are such that the matriz Q%(t) is positive definite for t € [0,T). Then the zero
solution to (1.1) is exponentially stable.

Below we present the estimate for the exponential decay rate of the solution to
the initial value problem (1.4) as t — co. We use the following notation

V(.9) = (HORO,0) + [ (K(-5)e(s)p(o)ds
. ] ’T(O)d (2.10)
+ /—T(o) <L(_5)£<P(3)» £50(5)>d3,
P(t) = Qu(t) — a1 ()] = [Qi2(t) — Qua(t)(Qss(t) — as(t)]) ™ Qs (#)]
@) = ol - Q)@ ~ s QR0]

x [@12(t) ~ Qua(t)(Qus(t) — as())) " Q5a(0)]

— Qu3(1)(Qs3(t) — as()) 1 Q15(1),
where the matrices Q;;(t) are defined by (2.6)). It is not difficult to show that P(t)
is positive definite if Q(¢) in (2.9) is positive definite (see Lemma[3.1]). We denote
by pmin(t) > 0 the minimal eigenvalue of the matrix P(t), and by Apin(t) > 0 the
minimal eigenvalue of the matrix H (¢).

Theorem 2.3. Suppose that the conditions of Theorem [2.3 are satisfied. Let k,
I > 0 be maximal numbers such that

%K(s) +kK(s) <0, C%L(s) +1L(s) <0, s€][0,72] (2.12)
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Then the following estimate holds for the solution to (1.4)),

Iy (0l < Zi?;g“p(‘; | ). >0 (213)

where

pmln
Jk, 1t > 0.
{”H t

The existence of k, [ > 0 in Theorem [2.3] n is provided by using conditions (2.3))
and (2.4).

3. PROOF OF THE MAIN RESULTS

Obviously, the assertion of Theorem [2.2|follows immediately from estimate (2.13)).
Therefore, it suffices to prove Theorem

Proof of Theorem[2.3 We follow the scheme from [8]. Let y(¢) be the solution to
the initial value problem (1.4). Using the matrices H(t), K(s), and L(s) defined in
Section 2, we consider the following Lyapunov-Krasovskii functional on the solution

V(ty) = (()y(t), u(0)) + / (K (- s)y(s),y(s)ds

t d_T(t) d (3.1)
+ /t_T(t) (L(t - 8)@3}(5), £y(5)>ds.

Differentiating we obtain

SV (ty) = (S HW,00) + (HO) Sy(0),y(0) + (HO0), (1)
RO, 5(0) — (1= Sr)) K@)t —7(0)), ot — (1))
L GG s v(s)ds + (140) o) o)

- /t—T(t) <c(lltL(t N s) ;iy(S), d%y(s)}ds.

We introduce the notation
2(t) = A()y(t) + B(t)y(t — 7(t)) + C(t )(i (t—7(1)).

Taking into account that y(t) satisfies (1.1)), we have
d d
DV(ty) = CLH@0, 90) + H D=0, 90)

dt
 (HOF (100,500~ 7(0), ot (1)), u(0)
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(1= L) (B ) Syt — 7)), ot — (1)
t d d J
+ /t—f(t) (G Lt = 9)7=y(s), 7-y(s))ds.
By , , , we obtain

(1 Lo ) (K0t — (1), (e (1))
> (1 7) (K (m)ylt — (0), y(t (1)),

1- %ﬂt))*% (T(t))%y(t T(t)),%y(t_T(tm
> (1—73) 1<L(Tz)%y(t —7(t)), %y(i —7(t)))

Consequently,

J y(t) y(t)
GV ew=-(a0 | ye-r) |. v )

Gyt —7(t)

t—7(t)
t d d d
2Lt — ) — -
+/t_7(t) T Lt = 8)==y(s), =y(s))ds

where the matrix Q(t) is defined in (2.5).
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Consider the group of the summands containing F(t,y(t),y(t — 7(t)), Ly(t —
7(t))) and denote them by W(t). Then,

y(t) y(t)
%V(t,y) < —<Q(t) ( y(t—7(t)) ) ( y(t —7(t)) ) > W(t)

ayt—r®))) \Gyt— (1)

o G o).t 52
+ [ tT(t) (L1t~ 5) Ly(s), Ly(s))ds.
Obviously,
W (t)
< (2AHO y®)] + 2] L0 ||HA +B<><t—7<>>+c<>jt O
2O F (1 u(0), y(t—T( u(t—7(1))])
< [P (Bue)u = 0, e -t )H

Using , we have
W) < (B0 + BOlly(t )]+ B0l Syt (o))
< (Ol + aallo(t — )+ asll Tt — 7)),
where ;(t), j = 1,2,3, are defined in . Obviously,

W(t) < ar(t)ly(®)]1 + aa(®) |yt — 7(t)I|* + Ols(t)\\iy(t — ()% (3.3)
where the functions «;(t), j = 1,2, 3, are defined in . By (3.3), from we
obtain

] u(®) u(t)
vty < —(Q @ | we-7@) | | wt-70) |)
Gyt —7)) \ Gyt 7))

i /_ <%K(’f — 5)y(s),y(s))ds (3.4)

t d d d
w9 o), o)),

where the matrix Q*(t) is given in (2.9).
For further transformations, we use an auxiliary lemma from matrix theory.

Lemma 3.1. Let R(t) be a positive definite Hermitian matriz with continuous

entries
(Ru(t) Ris(t) ng(t)>
R(t) = [ Riy(t) Raa(t) Ras(t) |, te[0,T],

Ris(t) Ris(t) Ras(t)
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Then the following representation holds
I Ri()Ry'(t) Rus(t)Ray (1)
Rit)= 1|0 I Ra3(t)Rs3 (1)
0 0 I

(Ru (t) — Ri(R; (R

I 0 0
x (szmé’fu) I o),
Ry (t)Ri3(t)  Rag () R3s(t) [T

%
—
[
N~—
|
=

it
w
—
~
=
=
@
C‘Ql—‘
—
~
=
=
— ¥
w
-~
~
S—
o
(@)
SN———

where
Ry(t) = Rua(t) — Ris(t)Rag () R3s(t),  Ra(t) = Roa(t) — Ras(t)Ray (t) R3s(t);
moreover, the matrices
Rui(t) — Ru(t)Ry ()R} (t) — Rus(t)Rgg () Ria(t), Ra(t), Raa(t)
are positive definite.

By the above lemma, for the matrix Q*(¢) in (2.9)), we have

y(t) y(t)
(@@ | w—7) || vt=7() | )= POYE®.YO),
@yt —7(t)) \gylt—7(t)
where P(t) is the positive definite Hermitian matrix given in (2.11)). Then
(P(O)y(),y(1)) = pmin () [y (D)1,

where pmin(t) > 0 is the minimal eigenvalue of the matrix P(t). Consequently, from

we obtain
SV (t.9) < ~ain(0y(0),90) + [ (LK s)y(s),ys))ds
d ey Nl
+ /tT(t) <%L(t - s)di;y(s), diiy(s»ds.
Clearly,
hanin (O ly (017 < (H(@)y(t), y(t)) < |[H@®)| ly(@)]1?, (3.5)

where hpin(t) > 0 is the minimal eigenvalue of the matrix H(¢). Hence,

d pmin(t> t
GRS A GCTORTORS G

S

Using the condition (2.12)), we arrive at

~
=

d pmin(
i’ Y = )
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By the definition of the functional in (3.1]), we have
d
=V (ty) <=1V y),

where ~(t) = min{ﬂr;{‘iz‘t()tl)‘,k,l}. From this differential inequality, we obtain the

estimate
Vi) <Vog)es (- [ ' (6)de).

where V (0, ) is defined by (2.10). Using (3.5 and taking into account the definition
of the functional (3.1)), we infer

1 V(ty) _ V(0,) /t
]2 < H(t)y(t),y(t)) < < - de).
ly@®)]* < hmin(t)< (Oy(1), y(1)) < (D) = (D) eXp< 1O §>
Hence, we have the required inequality ([2.13)). This completes the proof. O

Repeating the reasoning of the proof of Theorem for F(t,u,v,w) = 0, we
arrive immediately to the statement of Theorem [2.1

Theorem 3.2. Suppose that there are matrices H(t) € C0,T], K(s), L(s) €
CL[0, 2] satisfying [2.2)-(2.4) and such that P(t) > 0,

Q22(t) — a2 (1) — Q23 () (Qs3(t) — as(t)]) ' Q35(t) > 0,

and Qs3(t) — as(t)I > 0 fort € [0,T). Then the zero solution to (1.1)) is exponen-
tially stable.

Proof. By Lemma the matrix Q*(¢) in (2.9) is positive definite if and only if the
matrices P(t), Q22 (t) —Q (t)[*ng (t) (Qgg (t) —Q3 (t)]) -1 Q;:)’ (t) y and Qgg (t) —Q3 (t)]
are positive definite. O

Remark 3.3. The results obtained above give us the assertions on the robust
stability for (2.1)). Indeed, consider uncertain systems of the form

Lyt = AW + Byt — (1) + O) ot — (1)

3.6
+ AA)y(t) + AB(t)y(t — 7(t)) + AC(t)%y(t —7(t)), o0
where AA(t), AB(t), and AC(t) are unknown (n x n) matrices such that
[AAD < g1, [ABO) < g2, [ACEH)] < g5
Obviously, in this case the vector-function
F(t,u,v,w) = AA(t)u + AB(t)v + AC(t)w

satisfies (1.3). Then Theorem gives us the conditions of the robust exponential
stability for (2.1). From Theorems we have the estimates of the exponential

decay of solutions to (3.6).
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4. EXAMPLES

Consider the following time-delay equation of the form (|1.1)),

ay(t) = (0.1cost—2)y(t)—0.1y(t—7(t)) +qcos (%y(t—T(t)))%y(t—T(t)), (4.1)
where 7(t) = 0.5sint + 1. Obviously, 7(t) satisfies with 71 = 0.5, 7o = 1.5,
73 = —0.5, and 74 = 0.5. The function F(t,u, v, w) = qcos(w)w satisfies with
a1 =9=049g=q

At first we consider the linear case (F(t,u,v,w) = 0); i.e. ¢ = 0. We choose the
functions H(t), K(s), and L(s) as follows

H(t)=0.5—0.1sint, K(s)=027e %% L(s)=0.00le 5%,
Obviously, these functions satisfy (2.2)—(2.4), and (2.12]) with &k = = 1.65. In this

case the matrix Q(t) has entires

Q11(t) = 1.73 — 0.4sint + 0.02sint cost — 0.001(2 — 0.1 cos t)?,
Q12(t) = 0.0498 — 0.01sin¢ + 0.00001 cost, Q5(t) = 0,

0.002
: 02475

It is not difficult to verify that Q(t) is positive definite for ¢ € [0,2x]. Then, by
Theorem [2.1} the zero solution to with ¢ = 0 is exponentially stable. By
Theorem to estimate the decay rate of solutions to , we need to calculate
(for ¢ = 0) the functions P(t) and (t) = min {P(t)/||H(t)],1.65}. In our case

P(t) = Qu(t) — QF(1)(Q22(t) ™", [H(®)] =10.5 - 0.1sint|.

It is not difficult to show that P(t) > 0.99047 and that ||H(t)|| < 0.6. Therefore,
P()/|H(t)|] > 1.65078 and ~(t) = 1.65. By (2.13]), we have the estimate

ly(@)Il < ce™®5, >0,

Qa2(t) = 0.135¢ 7247 —0.00001, Qo3(t) =0, Qss(t) =

for the solutions to (4.1) with ¢ = 0.
We now consider (4.1) with ¢ = 0.1. We choose the functions H(t), K(s), and
L(s) as follows

H(t) = 0.5 —0.1sint, K(s)=0.06e""%" L(s)=0.28¢" 27
Obviously, these functions satisfy (2.2)—(2.4), and (2.12]) with &k = = 0.27. In this

case the entries of the matrix Q(¢) has entries

Q11(t) = 1.94 — 0.4sint + 0.02sint cost — 0.28(2 — 0.1 cos t)?,
Q12(t) = —0.006 — 0.01sint + 0.0028 cost, Q13(t) =0,

0.56
Qa2(t) = 0.03¢794%° —0.0028, Qa3(t) =0, Qs3(t) = ; ¢=0-405

and
Bi(t) = |1 — 0.2sint| + [1.12 — 0.056 cost|, Ba(t) = 0.056, P3(t) = 0.028,
aq(t) =10.05 — 0.01sint| + [0.056 — 0.0028 cos t|, cw(t) = 0.0028,
as(t) = 10.05 — 0.01sint| + |0.056 — 0.0028 cos t| + 0.0056.

It is not difficult to verify that Q<(¢) defined by (2.9 is positive definite for
t € [0,27]. Then, by Theorem the zero solution to (4.1) with ¢ = 0.1
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is exponentially stable. By Theorem [2.3] to estimate the decay rate of solu-
tions to (4.1)), we need to calculate (for ¢ = 0.1) the functions P(¢) and ~(t) =
min { P(t)/||H(t)|,0.27}. In our case

P(t) = Qu(t) — a1(t) — QT,(t)(Q22(t) — az(t)) "

It is not difficult to show that P(t) > 0.16319. Consequently, P(t)/|H(t)| >
0.27198 and v(t) = 0.27. Taking into account (2.13]), we have the estimate

ly@)]| < ce™®1, e >0,
for the solutions to (4.1)) with ¢ = 0.1.
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