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PERIODICITY OF NON-HOMOGENEOUS TRAJECTORIES FOR
NON-INSTANTANEOUS IMPULSIVE HEAT EQUATIONS
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ABSTRACT. In this article, we introduce a non-instantaneous impulsive opera-
tor associated with the heat semigroup and give some basic properties. We de-
rive an abstract formula for the solutions to non-instantaneous impulsive heat
equations. Also we show the existence and uniqueness of the non-homogeneous
periodic trajectory.

1. INTRODUCTION

Non-instantaneous differential equations are used to characterize evolution pro-
cesses in pharmacotherapy and ecological systems. This type of impulsive equations
was introduced in [4] their basic theory can be found in [II 2] 3, [ @] [7, [8, @ [10].
Motivated by [4, Bl 8], we study periodicity of non-homogeneous trajectories for the
non-instantaneous impulsive heat equation with Dirichlet boundary conditions

ur(t,y) = Ault,y) + f(t,y), y€Q, tE[si1,ti,
Su(ti,y) = Liu(ti,y) +ci(y), yeQ,
u(t,y) = Bitu(t,y), ye€Q, te (tsi,
u(0,y) =¢&(y), yeQ,

(1.1)

where i € N*, du(t;,y) := u(t],y) — ults,y), A:=>1 86723 denotes the Laplace
operator and © C R" is an open set. The sequences {s;};en+ and {t; };en+ satisfy
so=0and s;_1 <t; <s; <tiyq <--- for any i € N, and lim; o t; = +00.

Let I = U2, [s;-1,t] and J = U, (¢, s;]. Assume that X = L'(R"), I;, B;(-) €
L(X), ¢i(y),&(y) € X, and f € C(I, X); here £(X) is the set of bounded linear
operators on X. In addition, we suppose Bi(t;L) = FE, where FE is the identity
map. Let 2(t)(y) = u(t,y), 9(t)(y) == f(t.y), ri(y) := ci(y), and then we may
transform the non-instantaneous impulsive heat equation into the abstract
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non-instantaneous impulsive evolution equation
2(t) = Az(t) +g(t), te€ [si1,til,
0z(t;) = Liz(t;) + K4,
2(t) = Bi(t)2(t]), te (ti,sil,
2(0) = 2.

(1.2)

Thus, it is sufficient to show the existence and uniqueness of the inhomogeneous
periodic trajectory of (|1.2) to study the same problem for (|1.1)).
2. PRELIMINARIES
Let Z:= {ty;k e NT} R, =TUJ,
PC(R4, X):={z:Ry\ E — X is continuous, z(t;) = z(t; ) and z(t;) # z(t]) }.

The bounded piecewise continuous function space with values in a Banach space X
is defined as

BPC(Ry, X) := {z € PC(Ry, X), sup ||2(t)|| < oo}
teR,

endowed with the norm |[[z[[ppc = supseg, [|2(1)|-
Recall that the fundamental solution of the heat equation is

(1) = Wexp(f \x|2/(4t)), reR” t>0,
’ 0, z €R™, t<0.

Note that ® is singular at the point (0,0). For each ¢ > 0,

/n O(x,t)dx = 1.

A semigroup of bounded linear operators (H(t));>o on X defined by

HOOW) = 57 R O (TR

is called the heat semigroup generated by A.
Lemma 2.1. For eacht >0,
[H)|lcx) <1

Proof. For t = 0, the conclusion is obvious. For each ¢ > 0, we have

ly—s|?
Il emgyorz Jan €™ 3 E(s)ds]|
(4mt)n/2 JR
[H(t)||Lx) = su
@7 i< H]
1 _ly—s|?
< wa@ = ds||&|
<s =
lel<1 €]

O

It is well known that the solution of z:(t) = Az(t), t > 7 with 2(7) = 2, is
z(t) = S(t,7)zr, where S(t,7) = H(t — 7).
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Definition 2.2. A non-instantaneous impulsive operator G(-,-) : IT := {(t,s) €
Ry xI:s<t}— L(X) is defined as

Si(t,s), if t,S S [Sifl,ti],

Sk(t, sk—1)Br—1(sk—1)(E + 1)

X Ty a {85t 85-1) By (s;-1) (B + I;-1)}Si(ts, ),

G(t,s) = =it
ifs;1 <s<ty <o < s <<y,

Bi(t)(E + L) T 41 £S5t 85-1)Bj-1(s5-1) (B + L) }Ui(ti, 5),
ifg 1 <s<t; < <t <t<sy,

where S;(t,7) := S(t77)|t,re[si,1,ti]~
Note that G(t,s) = Eift = s and G(t], s) = (E+1;)G(t;, s) and B;(s;)G(t], s) =

G(si,5)-
Clearly, any solution of

2'(t) = Az(t), t € [si_1,ti],
0z(t;) = Liz(t:) + K,
=Bi(t)z(t]), te (ti s,
2(0) = 2o,
has the form z(t) = G(t,0)zq for ¢t > 0.
A function z(t) is called a mild solution of (L.2)), if it satisfies the integral equation

r(0,t)

z(t) = G(t,0)z +/O G(t,w)g(w)dw + Z G(t, s;)B;(sj)k;, (2.1)

Jj=1

2(t)

where
3(6) = {g(t), tel
0, tel.

The function z(+) is also called the inhomogeneous trajectory of equation .
Now we present the periodic conditions that will be used in the rest of the paper.
(A1) There exists a m € NT such that B;i,,(t + T) = B;(t) for ¢ € (t;,s;] and

ieNt.

) Iier =1, forie NT.

) Sit+m = s; + T for i € N and tier:ti—l—TfOI‘ieNJ'_.

) ciom(y) = c;i(y) for i € NT and every y € Q.

) f(t+T,y) = f(t,y) for t € T and every y € Q.

3. BASIC PROPERTIES FOR GROUP G

Let 7(s,t) be the number of impulsive points in the interval (s,¢). Note r(0,T) =
m.

Theorem 3.1. For any s €I and t € R4, we have
Gt s)]| < (B'V)T(S’t%
where B = Sup;>1 SUPyc(y, s, | Bi(t)|| and v = sup;>, [[E + L]

Proof. Using Deﬁnition and ||H(t)||z(x) < 1, Following a process similar to that
in [9, Theorem 3.1] we obtain the desired result. O
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Theorem 3.2 ([0 Theorem 3.3]). If s < u < t and u,s € I, then G(t,s) =
G(t,u)G(u,s).

Theorem 3.3 (|9, Theorem 3.2]). If (A1)-(A4) are satisfied, then G(-+T,-+T) =
G(-,-).

From Theorems [3.2] and we have the following result.
Corollary 3.4. For anyt € Ry andp € N, G(t+ pT,0) = [G(¢,0)][G(T,0)]P.

4. INHOMOGENEOUS PERIODIC TRAJECTORY

In this section, we establish the existence and uniqueness of the inhomogeneous
periodic trajectory for (1.1]).
Theorem 4.1 (see [9 Theorem 4.3]). If (A3) holds, then
. or(s,t)  m
t—lér—];loo t—s o ?
Remark 4.2. Theorem Fi;fl shows that for an arbitrary e, with 0 < ¢ < %%, there
exists J > 0, and for t — s > J,
r(s,t)
t—s

To guarantee the boundedness of the solution, we introduce the following as-
sumption:

(A6) By < 1.

Then we set

m
*?|<€

2= BV e+ e 3 (B2,

In By 5;€0
O ={w|t—-w<J} Q={w|t—w>J}
Qs ={sj |[t—s; <J}, Qui={s;|t—s;>J}
Clearly, for any fixed point ¢, the function M is bounded.

Theorem 4.3. Suppose (A1)—(A5) hold. For any p € NT, the solution of
satisfies
z((p+1)T) = G(T,0)2(pT) + by,

where
r(0,t)

m:—/ G(T,w)g dw—|—z (t,s5)B;(sj)K;.
Proof. From ({2.1)), and Theorems [3.2] ﬂ and [3.3] E and Corollary H one has

(p+1)T
2((p+1)T) = G((p+1)T,0)5(y) + /0 G(lp+1)7T,w)§(w)dw

(p+1)m
+ Z ((p+ 1T, s;)B;((p+1)T)c;

pT

= G((p+ 1)T, pT) [G(pT, 0)20 + i G(pT, w)j(w)dw
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(p+1)
+ ZG pT, sj)B; (sj)cj} +/ G(lp+ 1T, w)j(w)dw
j=1 pT

(p+1)m

+ Y Glp+ DT, s;)B;((p+ 1)T)e;

j=pm+1

T
=G(T,0)z(pT) + /0 Gllp+ 1T, w+ pT)g(w)dw

+ Z G((p+ V)T, 8j4pm) Bjspm((p + 1)T)Cj4pm
j=1
= G(T,0)z(pT) + / G(T w)dw + ZG (T, s;)B;(T)c;
j=1
= G(T,0)z(pT) + bp,.
The proof is complete. O

Corollary 4.4. For p € N, we have

2(pT) = [G(T, 0)]P20 + Z[G T,0

The above corollary follows directly from Theorem [4.3]

Theorem 4.5. Suppose (A1)—(A6) hold. Then (1.2) has a unique T-periodic in-
homogeneous trajectory belonging to BPC (R4, L1 (£2)).

Proof. Using Theorems [3.1] and [4.1] we obtain

Izl Brc

r(0,
= sup ||Gt0z0+/Gtw Z (t,55)B;(s;)kK4]|

teRT

< sup [|G(¢,0)|l|zo]| + Sup/ 1G(t,w)lldwllgllBrc
teER 4 teRy JO

7(0,t)

+ sup DG s)IB; (sl

€R+ 1
t r(0,t)
< sup (87)" V|20 + sup / (By)"“Pdwlgllppo + sup Be > (By) ")
teR, tery Jo te

+ j=1
< sup (87)" OV 20 +/ (ﬁv)r(“’“dWIlglprch/ (By) D dwlglzpe
teRy 1 Qo
+Be 3 (B0 + e 3 (B
5;€Q3 5;EQ

< 20l + JlgllBPC +/ (By)F =) du|g|| e + (0, J)Be

+Be > (By)F )

Sj €y
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(57)(%—6%7 (37)(%—%
< ~ 7 -
<20l + JllgllBPc + 5 lgllBrc Y lgllBrc
+7(0,7)Be+ Be Y (By) T )

S]‘GQ4

1
<20l + JllgllzPc — MHQHBPC +7(0,J)Be+ M
1
In By

We now prove that {2(aT)}.en is a Cauchy sequence in L!(Q). Indeed, for any
fixed natural numbers a > b, using Corollary [£.4] we obtain

[|2(aT) — 2(bT)]|

= [lzoll + (J - Mgllspe +7(0,J)Be+ M.

a—1

= ([G(T,0)]* ~ [G(T,0)]")20 + Y _[G(T,0)]'bu|
i=b

a—1
< (BT + (B OO llzoll + D (83O b
i=b
a—1
< 18" + (81" llzoll + (89" (gl zpc +mpe)
i=b
bm 1— a—b
= (30" + (83" Noll + (gl + mpey EL"E= PN
When a and b are large enough, we have ||z(aT) — 2(bT)|| — 0. Therefore,
{2(aT)}aen is a Cauchy sequence in L!(€2), so the sequence {z(aT)}qcn is conver-
gent in L1(£2), and we put

2= lim z(aT) € L*(Q).

a——+oo

Take now z* as the initial value, and we will prove that the inhomogeneous
trajectory

r(0,t)

5(6) = G(t,0)2" +/O Glt,w)gw)do + 3 Gt 5;)B;(s;)r;

j=1
is T-periodic. Using Theorem [£.3] we obtain
12(T) = 2((a + 1)T)|| = [|G(T,0)(z" — 2(aT))]|

< (B7) 1|z = 2(aT)|

= (B7)"|z* = z(aT)].-
Let a — +o00 and using the fact that lim,—, o 2(aT) = z* = 2(0), we obtain

£(T) = 2(0).
Therefore, 2(t) is T-periodic.
Next, we prove the uniqueness of the inhomogeneous T-periodic trajectory. Let

21 and %5 be two T-periodic trajectories of (1.1)) with initial values 219 and 259, and
we obtain

121 — Zo|| = |G (¢, 0) (210 — 220) || < (B7)"©|210 — Z20]|.
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Then, using Theorem [4.1] and (A6), we have

tgg&”élféﬂ|Stﬁ?ﬁfﬂvﬂﬁquﬁw‘*@d\zo-
From the periodicity of 2; and 25, we obtain 2; — 25 = 0. That is 2,(t) = 25(¢) for
teRy. O
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