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BOUNDEDNESS AND GLOBAL SOLVABILITY FOR A
CHEMOTAXIS-HAPTOTAXIS MODEL WITH
p-LAPLACIAN DIFFUSION

CHANGCHUN LIU, PINGPING LI

ABSTRACT. We consider a chemotaxis-haptotaxis system with p-Laplacian dif-
fusion in three dimensional bounded domains. It is asserted that for any p > 2,
under the appropriate assumptions, the chemotaxis-haptotaxis system admits
a global bounded weak solution if for initial data satisfies certain conditions.

1. INTRODUCTION

In this article, we study the problem

ST p—2 _ | — — ' L
up = div(|VulP7*Vu) — xV ((1+u)avv) &V ((1+u)6vw>
+uu(1—u—w)7 x € Qt>0,
ve—Av+v = flug(w), zeQ t>0,
Wy = —VW, .’IJGQ,t>O7
p—2 _ L _ L . — @ =
(IVulP~*Vu X(H_u)aVv 5(1+u)ﬂVw) it oq aﬁ|an 0,

u(z,0) = up(x), v(z,0) =vo(x),w(x,0) =we(z), z€9Q,

where € is a bounded domain in R?® with the smooth boundary, p > 2, x,& > 0,

uw>0,a>0,82>0, f and g satisfy
|f()] < Kals|™ + Ka,  |g(s)] < Ksls|® + Ky, 0<q1 <1, 0< g2 <oo,

(1.2)

with some positive constants K;. u represent the cancer cell density, v is the matrix
degrading enzyme concentration and w stands for the extracellular matrix density.
A chemotaxis model was first introduced by Keller and Segel [] in 1970, later,
many modified chemotaxis models have been widely studied by many researchers.

Recently, Chen and Tao [I] considered the chemotaxis-haptotaxis system

ur = Au— xV - (uVv) =€V - (V) + pu(l —u —w), x €, t>0,

ve=Av—v+ f(u)glw), €, t>0,
wy = —vw+nw(l —u—w), =ze,t>0.
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They showed that for any given suitably regular initial data the problem posses a
unique global-in-time classical solution which is uniformly bounded (see also Tao
and Winkler [11]).

Xu, Zhang and Jin [I3] studied the problem

u
W-w)—gv-(m-v@
+uu(l —u—w), xe€Q, t>0,

n—Av+v=u z€, t>0,
wy = —vw, x €, t>0.

ut:Aum—xV-(

It is shown that under zero-flux boundary conditions, for any m > 0, the above
problem admits a global bounded weak solution. They also discussed the large time
behavior of solutions for the fast diffusion case, and showed that if 0 < m < 1, for
appropriately large p, for any initial datum, the solution (u,v,w) goes to a steady
(1,1,0) as t — oo.

Zheng [15] investigated the Keller-Segel-Stokes system with nonlinear diffusion

ne+u-Vn=An" -V . (nVc),
¢t +u-Ve=Ac—c+n,
ur + VP = Au+nVo,
Vu = 0.

He proved that if m > 4/3, then for any sufficiently regular nonnegative initial data
there exists at least one global bounded solution for system, which in view of the

known results for the fluid-free system is an optimal restriction on m.
Tao and Li [7] studied the chemotaxis-Navier-Stokes system

ng +u-Vn=V-(|Vn|P~2Vn) - V- (nx(c)Ve),
¢t +u-Ve=Ac—nf(c),
ut + (u-V)u=Au+ VP +nVe,
Vu = 0.
They show that if p > 2, under appropriate assumptions on f and x, for all suf-
ficiently smooth initial data (ng, co,up), the system has at least one global weak

solution. The relevant equations have also been studied in [8] [T4].
Liu and Li [6] studied the problem

ug =V - (D(u, Vu)Vu) = xV - (u- Vo) =€V - (u - Vw)
+pu(l—u—w), x€Q t>0,
nw—Av+v=u xz€, t>0,
wy = —vw, x €, t>0.
They proved that the problem admits a global bounded weak solution.

Li [5] considered an attraction-repulsion chemotaxis system with p-Laplacian
diffusion

uy =V - (|VulP72Vu) = xV - (u- Vo) =€V - (u-Vw), z€Q,t>0,
0=Av+au—pv, z€Q, t>0,
0=Aw+~yu—dw, ze€Q,t>0.



EJDE-2020/16 BOUNDEDNESS AND GLOBAL SOLVABILITY

Now we state our assumptions:

wo, Ay/wg € L¥(),  [VueP~2Vug € L2(R), o, wo € W (1),

ov ow
—92 - 0 0
U, Vo, wo > 0,  [Vuo|P™*Vug - it = I loa = 5 ’89 =

N eC* with0 <~y < 1.

0,

In section 2, the boundary conditions become equivalent to

ov ow

—2 — _ o .
IVulP™ "V - i a0 = %’m - %L’m -

0.

(1.4)

This article is organized as follows: in Section 2, we prove some lemmas on the
regularized problem of the system (1.1). In Section 3, the main result on the

existence of a weak solution.

2. REGULARIZED PROBLEM

We consider a regularized problem for solving system (|1.1]),

. p=2 Ue
Uet = le((lVUE|2 + 5) 2 V’U/E) — Xv . (mv’l)5>
v (Lv )+ (1—u —w.), z€Qt>0
(1 i Us)ﬁ We Hue Ue — We), T ) )

Vet — Ave +ve = fue)g(we), z€Q,t>0,

Wep = —VeWe, x €8, >0,

2 p=2 Ue Ug o
((|Vu5\ + 6) 2 VUE — XWV’UE - é.mvwe) . n|8Q
_ Ove B
T Onlaa

ue(x,0) = ueo(x), v(x,0) =veo(x), we(z,0)=wo(x), x€L,
where
Ue0, Ve, Weo € CQ—PY (ﬁ); Ue, V0, Weo 2> 0,
Oweo _ Ouc _ Ove _
on loa on laa on loa ’
U — Ug, Ve — Vo, Weo — Wo, uniformly,
IV ucollzoe < 2 Viugllzee,  [|[VueolP*Vucoll 2 < 2[|[VuolP~*Vugl| 2,

[V 0eollLoe < 2|V 00llLe,  [[V'weollpe < 2[|Viwgllp=, (i =0,1,2),
[VVweol Lo < 2||V/wo Lo
From ODE theory,

t
We = Weo €XP ( —/ ve(x, 8) ds).
0

Through the direct calculation,

t
Vw, =e” fOt veles) do |:Vw€0 — Weo / Ve (.’E, 8) d8:| )
0
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and

t
Aw, = Awqge™ Jo ve@5)ds _ 9o= Jg ve(@:5) dstEO/ Voe(z,s)ds
0

t t 2
+ wege ™ Jo ve(@s) ds / Voe(z,s) ds‘ (2.5)
0

¢
— Weol Jo ve(z,5) ds / Av.(z, s)ds.
0
Tao and Winkler [10] stated that
1
= Awe(x, 1) < Jlweolloeve(2,1) + [|Aweo || e + 4[|V wep[7oe + [lweoll o (26)

Thanks to 875]50 50 = 0 and %’;; 50 = 0 and using (2.4), we posses Ba“%e 50 = 0.
Considering the zero-flux boundary conditions of the system (2.1), the boundary

conditions are equivalent to
Ou,
on
Based on a fixed point argument similar the one in [9] or [7], the local classical
solution existence result of problem ({2.1)) can be proved.

_ Ove
o On

_ Owe
o0 on

(2.7)

o0

Lemma 2.1. Let p > 2. Under assumption (2.2), then there exists Tmax € (0, 4+00]
such that [2.1) admits a unique classical solution (uc,ve,w.) € C?*T1+3(Q x
(0, Timax)) and for all (z,t) € Q X (0, Tax),

us >0, v.>0, w.>0. (2.8)
Moreover, either Tyax = 00 or

limsup([[ue (-, )|l Lo + [[vellwr.o) = 00
t—Tmax

Take

Tmax
7 = min{1, ; <1 (2.9)

Note that if Thax > 2 then if 7 = 1, and if Tyax < 2 then 7 < 1.

Lemma 2.2. Let p > 2 and (ue, ve,w.:) be the classical solution of problem (2.1)
in (0, Tmax)- Under assumptions (2.2)), one obtains

sup  Jlwe(, )]l < llwcollzoe < 2llwollze, (2.10)
t€(0,Timax)
t
sup  ||ue(-, t)]|pr + K sup / / u?drds < C, (2.11)
te(O;Tmax) 2 te(Tmiax) t—1 JQ
t
sup [ocla+  sup / (focllpas + oaelZ)ds <€, (212)
te(oaTmax) te(7—7Tmax) t—7

where C' is independent of €.

Proof. According to (2.3)),

W = Wwepe fotv(w,s) ds

< Nweo| < |Jweollzee < 2||wo|zee,
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which implies that (2.10]) holds. Integrating the first equation in (2.1)) over  and
combining (2.7)) with (2.8]), we obtain
d

— [ uedz = u/ Ue(l — ue — we)da < ,u/ U dx — u/ u?dm.

dt Jo Q Q Q

By the above inequality and the Young inequality, we have

d %

T / uedr + = 5 /ngdx < §|Q| (2.13)

Utilizing [2, Lemma 2.4] and thanks to , one obtains

sup lue(-, )||L1+* sup / /u drds < C.
t—r1

te(ovaaX) G T Tnnx

Multiplying the second equation in (2.1) by ve, integrating over 2, and using the
Young inequality, we obtain

th 2dx+/ V| da:+/ |vel dx*/f ue ) g(we)vede. (2.14)
By (1.2) and -, we obtain

;lt 2dm+/ |Vv5|2d:c+/ vide < C((|lwe]|2 + 1) / |f(ue)veldz.  (2.15)

Using the Holder inequality, we have

d 02 2
7 da:—|—/ Vo] da:—|—/ “dx

<cf /Q o) ([ fooas) "

From (1.2)), the Sobolev imbedding theorem, and the Young inequality, we have

d 1
/ vide + - / |V 2dx + = / vide < C’/ uZdz + C. (2.17)
It follows from (2.11] 7 - ) and [2, Lemma 2.4] that

(2.16)

t
swp uelfat sup [ felfads<C (2.18)
) Jt—7

t€(0,Tmax) te (7, Tmax

Multiplying the second equation in (2.1)) by v, integrating it over Q, applying the
Young inequality, and combining with (1.2]), we obtain

[ e s 35 [ 024 190Pis = [ gt
Q 2dt Q

1
SC/ugdx—i—f/vftdx—i—C.
Q 2 Jo

t
sup / [vet [ 2ds < C. (2.19)

te(Tvaax) t—
Similarly, multiplying the second equation in (2.1) by Awv,, integrating it over £,
and using the Young inequality, we obtain

di/ |Vv€|2dx+/ |Av€|2dx+/ |Vv€|2dx§0/u§dx+0. (2.20)
t Jo Q Q )

Therefore,
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By means of (2.11]), (2.20) and [2, Lemma 2.4],

¢
sup  ||Vo|%22 + sup / Ve ||21.2ds < C. (2.21)
te(Omiax) tE(T;Tmax) t—7

Thanks to (2.18), (2.19) and (2.21f), we obtain

t
sup  flvelf}iz +  sup / (lvelfe + lloatlF2) ds < C.
t€(0,Tmax) te (1, Tmax) Jt—7

The proof is complete. O

Lemma 2.3. Let p > 2 and (ue,ve,we) be the classical solution of problem (2.1))
in (0, Tmax). Under assumptions (2.2)), we have

t p=1
sup / / |[Vue? |Pdeds < C, (2.22)
t—7 JQ

tE(Tvaax)

where C' is independent of €.

Proof. Multiplying the first equation in (2.1)) by 1 4 Inu,, integrating over 2, and

using ([2.7), we have

d
T /Q Ue INnudx

/Q( +Inw)div([Vue? + )2 Vu. )da

u

—X/(1+lnuE)V(mVU5)dx
_5/ (1+Inwu)V ( ) Vwe)dm
—|—,u/(1—|—lnu5)u5(1 — U — we)dx

Q

2 p—2
= _/ % (|Vue|® + )7 da + X/ (14 ue) " *Vu,Vu.dz (2.23)
Q € Q

—1—5/(1—i—ug)_5Vu€Vw;._-aiﬂz:—&—M/(1—|—1nug)u5(1—u8 — we)dx
Q Q

/IVuEI (IVu ‘2+5)p2;2dx+x/ (V/ E(l—i—s)_‘"ds)Vvde
0

e [(v [ 9 Pas) Ve [ (04 e - )

/|VU5| (|Vu€\2—|—€) 5 dr — /(/ E(l—!—s)*”‘ds)Avadx
Q VJo

—5/ / (1+s) ﬁds)Awada:—l—u/( + Inwue)ue (1 — ue — we)da.
By . andp > 2,

/’Vu:%’pdm:/LuE'pd
P—l Q

,/ Vel (G2 4 ) 2 o
Q

S

(2.24)



EJDE-2020/16 BOUNDEDNESS AND GLOBAL SOLVABILITY 7
It is not difficult to show that
,u/ﬂ(l + Inwug)ue (1 — ue — we)de < C. (2.25)
Note that
wy = 2||Awol| e + 16]|V/wo |30 + §||w0||L°°~

Applying (2.6]), (2.23)), (2.24) and (2.25), considering the Poincaré inequality and
the inequalities [ (1 + s)~*ds < u. and [;'*(1 + s)"?ds < u., one obtains

%/ﬂuﬁnuﬂx—i—(%) /‘Vua }pdfﬂ
< _X/Q (/Oug(l—l-s)o‘ds)Avgdx—{/Q (/Oug(l—l-s)ﬁds)Awsdx

+ ,u/ (I + Inwu)uec (1 — ue — we)dx
Q

gx/ u€|Av€|dx+f/ u€(||w€0||L°°U£+||Aw60||L°°
Q Q
1
+ 4|V Vs [F + ol )do + C
1 1
< fx/ugdx—i—fx/ |Av5|2dx+§||w0||Loo/ugdm—l—waOHLoo/v?da:
27 Ja 27 Jo Q Q

+ Ewn / u.dx + C
Q

(2.26)

1 1
< (yx+luole~) [ uddo+ 5x [ (B0 Pds + €luoll [ 2do+C
2 Q 27 Ja Q
1 1
< (5xc+ €lunll) [ utdo + max {3, ¢lunl~ )
Q

X /(vg +1Aw]? + Vo ?)dz + C.
Q

Utilizing (2.11)), (2.12), (2.26]) and [2, Lemma 2.4], we have

sup /uslnusder( p1 sup / /|Vu6 |pda:ds<C’. (2.27)
- t—1

t€(0,Tmax) v/ Q t€(7, Tmax)

If uc > 1, it follows from (2.27) that

t p—1 _
5P 4 p
sup |Vue? |Pdods <C(——) . (2.28)
te(T, Timax) Jt—7 J Q p—1

If 0 < u. < 1, using |29 log z| < (e(g — 1)) ', inequality (2-27) becomes

El}};x)/t T/ |Vu<5 ‘ drds < (C’—l— |Q‘)( _1>_p. (2.29)

The proof is complete. O

Lemma 2.4. Let p > 2 and (ug,vg,we) be the classical solution of problem (2
in (0, Tmax). Under assumptions (2.2), if % < LH (2 T, for any 0 < d < 4, we
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have

sup / udtde
t€(0,Tmax) /Q

U 6d+1 dd+2 Xd+2 / / a2
Zd+1) — . drds < C,
* (2 (@+1) (d+ 1)d+1 ,Ud+1 te(f%“zdx t—T v

where M satisfies

t
/ |Av |2 d ds < M sup / / H2 qrds + HUEOHWZ d+2)
t—1 JQ t—1 JQ

tG(T Trax)

(2.30)

Proof. Multiplying the first equation in (2.1 by u? for any d > 0 and integrating
over €2, we have

L d

d+1
dridi Jote @
/ ug dlv((\VuE|2 +e)7 Vua)dx - / ulV - (LVve)d
Q Q (14 ue)®
—£ udV : (LVw )dx +u ud+1(1 — U — we)dx (2.31)
€ (1 +U€)ﬂ € € € €

u
- /<|w|2+e> = ud Ve Pda /Qu‘iv'(m;wws)dl‘
*f/ngv Msz)deru/ngJrl(lusws)dx

+ ue
By the Sobolev embedding and (2.12]),
sup  ||vellpare < My sup vl < C, (2.32)
t€(0,Tmax) £t€(0,Timax)
where M; is the Sobolev embedding constant. Using ., q, 32), the

inequalities [ s*(1 + s)"%ds < [; s%ds < p7ul™ and [
f < slds < d-1+1 udt! and the Young inequality, we have

p ! 1515/ d+1da:+d/9ug_1|Vu5|”da:—&—M/ng“dm
< - / dV (vag)dx
—5/ dv ) Vwa)d:c—i—u/ w1z
= —X/ (d/ (1—|—s) )
o s

xd_ /d+1|A Jde + 22

—Pds <

Av.dx

“ds
Bds) Aw.dz + LL/ d+1dac
Q

<
T d+1

d+ 1 / d“ ||w60||L°°7fs + [[Aweol| Loe

1
VYT + 3 ol o+ [ adtido
Q

d 2¢d o
< L/ ug+1|AvE|d$+M/ ultlo dz
d+1 Jq d+1  Jq
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+ (u—&-flciﬂi)/ug“d:c

xd 6xd / d+2 / d+2
Av.|4+24d 24y + C.
_d+1< (d+1 [Ave[ T dw + 5 | ueTdr +

The above inequality implies

%/uf“dw+d(d+1)/ 1|V Pdz + 2 (d+1)/u?+2dw
Q Q

Q

G gd+2 yd+2 (2.33)

< (d+1)3+1 g d+1

According to [3, Lemma 2.4], there exists a constant M such that

¢
/ / |Av [T dx ds < M sup / / 2 ds + ||v50||‘év+22)d+2). (2.34)
t—7 JQ t—71

fG(T Tnax)

/ |Av, | 2dx + C.

On the basis of |2, Lemma 2.4], and (2-34),

sup /u?“dx—I—d(d—I—l sup / / NV [P de ds
t—1

t€(0,Timax) ¥ Q tE(T, Tmax)
M 6dttqi+2 XdJr2 d+2 (23)
Plda1) — ) drds < C.
(500 - G wiﬁ;x/‘ vt s
The proof is complete. U

Lemma 2.5. Let p > 2 and (ug,va,wa) be the classical solution of problem (2.1))
in (0, Tmax). Under assumption (2.2)), if % X< )2/5 we have

sSup (||U€||W1=°° + ”wst”LOO) <C, (2.36)
t€(0,Tmax)

where C' is independent of €.

Proof. According to Duhamel’s principle,
t
Ve = e e Pugg +/ e”(m9elt= £ (u ) g(w,)ds,
0

where {e'2};5¢ is the Neumann heat semigroup (see for [12]) in Q. Taking d = 4
. . . . (oo} —s _3/10

in Lemma noticing ([1.2]), and applying the fact fo e ®s ds convergences
to a constant, we have for any t € (0, Trnax),

[0 (-, £)l| Loe

t s 1
eﬂmﬂm+/6“*W—@%ﬂvwmwmm@
0

= 2.37
< e Ywwollze +  sup || f(uel-, 8)g(we(-, )| L5 / o—5g—3/10 4 (2.37)
SE(0, Tonax) o

1/5 [0
< 2||vollLe + C(/ ul + C'|Q|) / e s73/10qs < C.
Q 0

Similarly we have
Ve (-, 1) || < C. (2.38)
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Considering the third equation of the problem and utilizing (2.1]), (2.10) and (2.37)),

one has
wetl|Loe = || — vewe|| L < C. (2.39)

From (2.37), (2-38) and (2.39)), we have

[vellwree + [[wetl| L < C.

The proof is complete. O

Lemma 2.6. Let p > 2 and (ue,ve,we) be the classical solution of problem (2.1))
in (0, Tmax). Under assumptions (12.2)), zf% < %(%)2/5, then

sup  ||uellp~ < C, (2.40)
t€(0,Tmax)
where C' is independent of €.
Proof. we define
mE=2mp_1+2—p, keN={1,23,...}, (2.41)
with
mo >p—2. (2.42)

Utilizing (2.41]) and (2.42), one posses a nonnegative strictly increasing sequence
{mk}keN such that

mg — oo as k — 0o, (2.43)
C12F <my, < Cy2F, forall k € N, (2.44)
where C7 and Cy are constants independent of k. Let
mi+p—2
0p =2——-— > 2, 2.45
T g -2 (2.45)

where p’ = %. It is obvious that

9k 1 1 p/
9, = 1,2 d —>=->—. 2.4
& ek_le(,)an %>2>4 (2.46)
Note that
M, = sup /{L;mk(l‘,t)di, keN, (2.47)
t€(0,00) JQ

where Uz (x,t) = max{u.(z,t),1} for z € Q and t € [0, Tinax). Multiplying the first
equation in (2.1)) by mgu™+~! and integrating over Q, we obtain
d

—/ ul**dr = —my,(my, — 1)/ I (A TR S 5)172;2|Vu5\2d:1c

+ xmg(my — 1)/ u™ (1 4 ue) " *VuVo.dr
- (2.48)

+ Emy (my — 1)/

V(/ Esm’“_l(l—i—s)_'gds) - Vwedx
Q 0

+ / pumgul™* (1 — ue — we)dx.
Q
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It is not difficult to check that my — 1 > 1 if k¥ > 1 according to (2.41)), (2.42) and
£33). Using (26). £7). @) and [248), noticing that [ s~ 1(1 +s) 'ds <

Jo o smelds = miku;”’c, and combining the Young inequality, we have

— | ul™dx 4+ mg(my — 1)/ u™ 2| Vu, [Pdx

< — [ wdx +mg(my — 1)/ u™ 2 (| Ve ? + s)%|VU€|2dSE

< xmp(my — 1)/ u™ V| - |V, |de
Q

— emy(mi — 1) /

([ st s Pds) Auedet [ pmada
a Vo Q

< mk(mk —
- 2

2—my /

+my—1 p

x/ (u6 r |va|) dx
Q

+ (f (2||lwo|| L= C 4+ w1) + u)mk(mk — 1)/ ul**dx.
Q

1
) / u;ﬂk—2|vu€|l’dm + Qﬁxﬁmk(mk -1)
Q

The above inequality indicates that

d mg(mi — 1) ( P )p/ mE=2 4
mkd P Pd
pr QUE x + 5 prR— Q|Vug [Pdx

d -1
/u?’“dw—i—w/u?rﬂVuEde
Q Q

Tdt 2
2—my, 1 I'%
< 2p%1xppjmk(mk = 1)/ (uE ot \Vvs\) dx

Q

(2.49)
(€ @llwoll o= C + wr) + ) (g — 1) /Q ume

The remaining part of the proof can be done in the same way as that in the proof
of [6, Lemma 2.6], we omit the details. O

Lemma 2.7. Let p > 2 and (ue, ve, we) be the classical solution of problem (2.1)
in (0, Tmax). Under assumptions (2.2)), Zf% < %(%)2/5, s for all T > 0, we have

T
/O lttet (1) [[Fygrs o - ds < CT + CTP 1, (2.50)

where C' is independent of €.

Proof. For t € (0,00) and ¢ € C°°(Q2), multiplying the first equation in (2.1 by ¢,
integrating over €, applying (2.8)), (2.36)), (2.40)), considering the Holder inequality
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and using the inequalities [Vo| < C and |p| < C, we have

‘ / Uet gadx

= ‘ —/ |V |2 +€) VUEVngx-‘rX/ Vv:Vpdx

U
(1+ue)®
-l-f/ 1_|_ szv<;0dx+ﬂ/ (1 —ue —wg)godx’

< [ 1w +e>%w€| (Velds 4 x [ JucVue] - [Viplds (2.51)
Q Q
+§/ |usvws||v@id$+li/Ue|<p|da:+u/u§|<p\dx

—l—,u/ U We|p|dx
< CII(IVus|2 +)"% Ve + C| Ve + C.
Using (2.4) and , we have
T
/ / \Vw,|" dods < CT + CTP . (2.52)

It follows from and - that

/ / |Vue|P dx ds 2/
0 Q 0
Hence, by (2.51)), (2.52)), (2.53]) and that
(Vuel? + )% Vu P < |(|Vue|? + )7 |
< |(|Vuel? + 1) |
= (|Vu|> +1)2 <25 (|Vu|? +1),

1 p-1
uf Vue? |Pdeds < CT. (2.53)

we have -
| ot i s < 0T + TV
0
The proof is complete. (Il

3. EXISTENCE OF A GLOBAL BOUNDED WEAK SOLUTION

By Lemmas and we have Tpax = 00,7 = 1. We know that prob-
lem (2.1) admits a unique classical global solution (u.,v.,w.) which belongs to
C?*T1H2(Q x (0,00)) with ue >0 0. > 0 and w. > 0.

Lemma 3.1. Let p > 2, under assumptions and % < %(%)2/5, we assert
there exists a nonnegative triplete (u,v,w) such that for any T > 0,

ue (-, t) = u(-,t), a.e in Qr, (3.1)

ue = u, in L°(Qr), (3.2)

ue —u, in LY (Qr), (3.3)

Vu. — Vu, in L} (Qr), (3.4)

(IVuel? + )7 Vue = [VuP2Vu, in LV (Qr), (3.5)
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ve = v, uniformly, (3.6)

ve = v, in W2HQr) for any r > 1, (3.7
we — w, uniformly, (3.8)

Vw. — Vw, uniformly, (3.9)

Aw, = Aw, in L=(Qr), (3.10)

as e — 0.

Proof. Utilizing (2.53), Lemma Lemma and Aubin-Lions lemma, there
exists a nonnegative function u such that, as ¢ — 0,

ue = u, in LY (Qx[0,7)) and a.e. mQT (3.11)

loc

By the Fubin-Tonelli theorem and (3.11)), we have (13.1) and ( Then l 11}) and
Lem yield (3.2). Equations (2.53)) and (3.11) imply 1 Combmmg 1.'
3.11]

and (3.11]), applying Lemma as in [7], one obtains that

Vu[P=2Vu, = |[VulP2Vau, in L2 (2 x [0,T)),
which implies , and
(IVuel® +¢)"7 Vue — |VuP"2Vu, in P (Q x [0,T)).
So holds. It follows from Lemma and that for any r > 0,
t
[ gt ds < (312)
Then, by [3, Lemma 2.4] and (3.12)), we have

t
sup / ([ve e + oeel
te(l,00) Jt—1

Te)ds < C

which means
””snwfvl(Ql(t)) <, (3.13)
where Q) = Q x (t — 1,t). Then there exists a nonnegative v such that (3.7)

holds according to (3.13). Because of (3.13) and W2'(Qr) — C2~ %173 (Qy), for
any r > 5/2, one obtains v. — v uniformly. This shows (3.6). Equations (2.3)) and

(3-6) yield (3.8). Using W '(Qr) — C'= %172 (Qy) for any r > 5 and (3.13), we

obtain
Vve = Vo, uniformly. (3.14)

Thus by (2.4), (3.6) and - 1-) holds. It follows from the second equation in
Lemma 2 5 and Lemma [2.6| that

/ Aow(, 5) ds = / (vet + 0o — f(ue)g(ws)) ds

0 0

= ve(z,t) — v +/0 (ve — f(ue)g(w.)) ds. (3.15)

< C+Ct.

Equations (2.5) and (3.15), and Lemma [2.5] guarantee that
|Aw,| < Ct + Ct* + C. (3.16)
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Using and Lemma one obtains

|[Vw.| < C +Ct. (3.17)
Thanks to and , we find that for any T > 0,

sup / [Vwe|[wr.o(@pyde < C+ CT + CT?. (3.18)
te(0,7) JQ
Hence, (3.8), (3.9) and (3.18]) indicate that (3.10) holds. O

Let

Hy = {u € L>((0,00); Liye(Q x [0,00));us € L¥ ([0, 00); (WP (2))")};
Hy = {u € L2((0, 00): W(2)): 00, Av € L. (0, 00); L7()) for any r > 1};
Hs = {we L=(Q x (0,00));w; € L=(2 x (0,00));w € L2.([0,00); W2 (Q))}.

Definition 3.2. A nonnegative triplet (u,v,w) is a weak solution of system (1.1),
if (u,v,w) € Hy x Hy x Hs and satisfies

// upy dxder/u(:c,O)ap(x,O)dx

T Q

— p—2 . u .
//T|Vu| Vu V(pd:cds—i-x//T (1+U)QVU Vedzds

Jrg//T(lfu)ﬁvw.v@dxderu//Tu(luw)godxds,

//Q U@td$d8+/v(x,0)<p(x70)dx

- Q
=[] @vvet = fgne)drds.— [ wpuda

—/w(m,O)gp(m,O)dm—f—// vwepdrds =0,
Q T

for any given T' > 0, for any ¢ € C*(Q) with % . 0 and ¢(x,T) = 0.

Theorem 3.3. Let p > 2. Under assumptions (1.2)) for a sufficiently small x/p,
system (L.1) admits a nonnegative weak solution (u,v,w) with u € Hy, v € Ha,
w € Hs.

Proof. For any ¢ € C*(Qr) with %

. 0 and ¢(x,T) = 0, we obtain

// Ueprdrds + | ue(z,0)p(x,0)dx
Q

T Q
- 24 5 : IR v
= /T(Vu5| +e) 2 Vu, V(pdxds—i-x//T (1+us)avv€ Vodzds

u
+§//TWVwE-thdzds+u//Tug(lusws)gadmds,
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//Tveﬁpt dxds+/ﬂue(3;’o)¢(m,0)dx
- //T(VUEV<P+ (ve — flue)g(we))p) dz ds,—//T wes dz ds

—/wg(x,O)ga(ac,O)dx—&—// vewep drds =0,
Q T

according to the fact that (ue,ve,w.) is the classical solution of the problem (2.1)).
Applying Lemma [3.1] one has

//Q u%dxds—&-/u(x70)¢(x70)dx

T Q
= / |Vu\p72Vu~V<pda:ds+x// ﬁVu-V@dmds

+§//Tufu)ﬂVw-Vgodxds—ku//QTu(l—u—w)gpdxds,

//Tv% dx dS"‘/Q”(an)w(m,O)dx

-/ TVt (0 F(gw))g) deds, /] wgdrds

—/w(aO)gp(m,O)dw—i—// vwpdrds =0,
Q T

as € — 0. Then (u,v,w) in Lemma is the desired global weak solution of (|1.1]).
From the previous parts it follows that v € Hy, v € Hs, and w € Hj. O
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