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EXISTENCE OF RATIONAL SOLUTIONS FOR ¢-DIFFERENCE
PAINLEVE EQUATIONS

HONG YAN XU, JIN TU

ABSTRACT. This article studies properties of meromorphic solutions for sev-
eral types of ¢-difference Painlevé equations. We obtain conditions for the
existence, and the form of rational solutions for two classes of g-difference
Painlevé equations. Also for a solution f we obtain results about the fixed
points, the exponents of convergence of poles of f, Aqf, (Aqf)/f. Our results
extend previous theorems given in the references.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

Painlevé equations have been an important research subject in the field of the
mathematics and physics, and they occur in many physical situations: plasma
physics, statistical mechanics, nonlinear waves, etc. They appear as differential
Painlevé equation, discrete Painlevé equation, difference Painlevé, and so on; see
3L 7L [8].

Around 2006, with the development of Nevanlinna theory, Halburd-Korhonen
[11I] and Chiang-Feng [5] established independently important results about the
complex difference and difference operators. By utilizing these results, Halburd-
Korhonen [10, [T} [12] discussed the equation

f+ 1)+ f(z—-1) = R(3, /), (1.1)

where R(z, f) is rational in f and meromorphic in z. They pointed out that this
equation can be transformed into difference Painlevé I equations

fE+1)+ fz—1) = %ﬂ, (12)
Fe+ 1)+ 1)+ £ =1) = S e (13)
and into difference Painlevé II equations
(az +b)f(2) +c
f+)+fz-1)=—r4— (1.4)

1—-f(2)?
In 2010, Ronkainen [2I] further investigated the meromorphic solutions of the
equation

f+1)f(z=1) = R(z,f) (1.5)
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where R(z, f) is a rational and irreducible in f and meromorphic in z. He proved
that either f satisfies the difference Riccati equation
A(2)f(z) + B(z)
f2)+C(z)
or equation ([L.5)) can be transformed to one of the following equations

NS = M () + ()
UG -DUE - )
NP = M)
-1
_ 1)) = A=)
f 1= 1) = T

flz+1)f(z=1) = h(2)f(2)™,
where n(z), A(z), v(z) satisfy certain conditions. Generally speaking, the above four
equation can be called as the difference Painlevé I1I equations.

In the past two decades, many mathematicians paid consideration attention to
the value distribution of solutions for complex difference equations, and obtained
lots of important results on the properties of solutions for difference Painlevé I-I11
equations (see 2] [3 10, [IT] M2} 8] 9] B3]). In 2010, Chen-Shon [4] considered the
difference Painlevé I equation and obtained the following theorem.

fz+1) =

fe+D)f(z=1) =

fe+1)f(z-1) =

Theorem 1.1 (see [4, Theorem 4)). Let a,b,c be constants, where a,b are not both
equal to zero. Then

(i) if a # 0, then (1.2) has no rational solution;
(ii) fa =0, and b # 0, then (1.2)) has a nonzero constant solution w(z) = A,

where A satisfies 2A? — cA — b = 0.

The other rational solution is w(z) = 58 + A, where P(z) and Q(z) are relatively

prime polynomials and satisfy deg P < deg Q.

In 2014, Zhang-Yang [30] studied the difference Painlevé III equations with the
constant coefficients, and obtained the following result.

Theorem 1.2 ([30]). If f is a transcendental finite-order meromorphic solution of
FEHDFE=1)(f(2) =1) =nu(z) or f(z+1)f(z=1(f(2) = 1) = f(2)* = Mw(2),
where n(# 0), A\(# 0,1) are constants, then

(i) A(f) =a(f):

(ii) f has at most one non-zero Borel exceptional value for o(f) > 0.

The Logarithmic Derivative Lemma on ¢-difference operators was established by
Barnett, Halburd, Korhonen and Morgan [1] in 2007. Then the interest in studying
the properties on the existence and value distribution of solutions has increased
considerably for some g¢-difference equation which are formed by replacing the g¢-
difference f(gz), ¢ € C\ {0,1} with f(z + ¢) of meromorphic function in some
expression concerning complex difference equations; see [6, [9, [14, [15], [16] 20, 22| 23],
24 [25), 26], 29, 31], 32).

In 2015, Qi-Yang [20] considered the equations
az+b

flaz) + f(g) = e (1.6)
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which can be seen as g-difference analogues of (1.2]), and obtained the following
result.

Theorem 1.3 (|20, Theorem 1.1)). Let f(z) be a transcendental meromorphic
solution with zero order of equation (1.6, and let a,b,c be constants such that
a,b cannot vanish simultaneously. Then
(i) f(2) has infinitely many poles.
(ii) If a # 0 and any d € C, then f(z) — d has infinitely many zeros.
(iii) If a = 0 and f(2) takes a finite value A finitely often, then A is a solution
of 222 —cz —b=0.
In 2018, Liu-Zhang [17] studied the difference equation
V(z)
Y(z)
which is a g-difference analogues of (|1.3), and obtained the following result.

Y(wz2) + Y(2) + Y(%) = +e, (1.7)

Theorem 1.4 ([I7, Thereom 1.2]). Let ¢ € C\{0}, |w| # 1, and V(z) = ggz; be an

irreducible rational function, where X (z) and B(z) are polynomials with deg X (z) =
x and deg B(z) = b.
(i) Suppose that x > b and x—b is zero or an even number. If (1.7) has an irre-

ducible rational solution Y (z) = §(é)), where I(z) and J(z) are polynomials

with deg I(z) =i and deg J(z) = j, then i — j = Z5L.
(ii) Suppose that x < b. If (1.7) has an irreducible rational solution Y (z) =

ﬁ(z%, then Y (z) satisfies one of the following two cases:
(1) Y(2) = ffé; s+ g%z)), where T(z) and D(z) are polynomials with

degT(z) =t anddegD(z):d, andb—xz=d—t.
(2) i—j=a—b.

Motivated by the idea [I7] and [20, [30], we investigate some properties of mero-
morphic solutions of the following two equations

f(qz>f<§>f<z><f<z> 1) =p, (1.8)
f(qz>f<§><f<z> —1)2 = (f(z) = V), (1.9)

which can be seen as g-difference Painlevé III equations.

Before stating our main theorems, let us introduce some basic notation in the
theory of Nevanlinna value distribution (see Hayman [I3], Yang [27] and Yi and
Yang [28]). We denote o(f), A(f) and )\(%) by the order, the exponent of conver-
gence of zeros and the exponent of convergence of poles of meromorphic function
f(z), respectively, and 7(f) by the exponent of convergence of fixed points of f(z),
which is defined as | )

7(f) = limsup M.
r— o0 logr

In addition, let S(r, f) be any quantity satisfying S(r, f) = o(T(r, f)) for all r

on a set F' of logarithmic density 1, the logarithmic density of a set F' is defined as

. 1 1
lim sup —dt.
r—oo 1087 Ji1nr t
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Our main results in this paper are the following.

Theorem 1.5. Let q(#£0) € C, |q| # 1, and u(#£ 0) € C, and suppose that f(z) is
a nonconstant rational solution of equation (1.8)). Then f(z) can be represented in
the form

a(z" +b)?
(2" 4+ q7") (2" + q"b)
and ) ) 5
_ " +q +2 Cp=dfa—1) =1 (¢ +q" +1)°
(¢"+1) (¢ +1)*
where b is an any nonzero constant and n € N, ;
Example 1.6. Let
7(z+1)2
£6) = gt
92z +1)(53+1)
then f(z) satisfies the equation
z 73
G EE) - 1) = —25;.

This example shows that our conclusion about the form of rational solutions for
equation (1.8]) is sharp.

Theorem 1.7. Let ¢ € C — {0,1} and u(# 0) € C, and suppose that f(z) is a
transcendental meromorphic solution with zero order of equation (1.8). Then

(i) f(nz) has infinitely many fized-points and 7(f(nz)) = o(f) for any n €
C-{0,1};

(ii) f(2) has infinitely many zeros and poles, and Ay f,(Ayf)/f have infinitely
many poles, and

1 1 1
D=2 = M5 ) = A )

Theorem 1.8. Let g\ € C—{0,1} and |q| # 1. If has a nonconstant

rational solution

P(z)  apP4ap—12P" - +a1z+ap

Q) bt bt bz 4 by

then p =t and X = a®, where a = R(c0) = a,/by,.

Example 1.9. Let a =1/9, A =1/81 and

1 1
1) =)
then f(z) satisfies the difference equation
FEAIG)E) 11 = [£() ~ 1]

This example shows that our conclusion about the form of rational solutions for
equation (1.9) is sharp to a certain extent.

Theorem 1.10. Let g,A € C — {0,1}. Suppose that f(z) is a nonconstant mero-
morphic solution with zero order of equation (1.9). Then

(i) f(nz) has infinitely many fized-points and 7(f(nz)) = o(f) for any n €
C - {07 1};
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11 z as inpnitely many zeros ana poies, an 5 7 ave infinite Yy many
i has infinitel d pol d A f, 2 h tel
poles, and
1 1

A =M5) = A(qu) = /\(m)-

2. PROOF OF THEOREM [L.5]

Proof. Let f(z) = P(z)/Q(z) be a nonconstant rational solution of (1.8]), where
P(2),Q(z) are relatively prime polynomials with degrees p and ¢ respectively. In
view of (|1.8)), it follows that

P(gz) P(3) P(2) P(z) - Q()
Qe 0(2)Qk) Q)
Without loss of generality, we assume that the coefficients of the highest degree

terms of P(z) and Q(z) are a(# 0) and 1 respectively, and set s = p — .
If s > 0, then P(2)/Q(z) = az*(1 + o(1)) as |z| = r — oo. Thus, by virtue of

(2.1), it follows that
a2 (14 0(1))(az*(1 +0(1)) = 1) =p, 7 — o0,
this is impossible for a # 0.
If s < 0, then as r — oo, it follows that ggz) =o(1) and

P(qz) —o(), P(Z)

Q(q2) Q%)
Substituting these into 7 we get o(1) = pu as r — oo, this is a contradiction for
w # 0. Thus, it yields that s = 0 and p = ¢. From the assumptions of this theorem,
we know that the zeros of Q(z) are not the zeros of P(z) and P(z) — Q(z). Hence,
in view of (2.2), it follows that all the zeros of Q?(z) are the zeros of P(qz)P(%).
Since deg, [Q(2)?] = deg, [P(gz)P(%)] = 2p, then it yields from that

P@@P§>=&Quf, (2.2)

P(2)(P(2) — Q(2)) = a(a — 1)Q(¢2)Q(~)- (2.3)

Next, we confirm that the orders of all the zeros of P(z) are even. Let 2o be a
zero of P(z) with the order k. If zg # 0 and k is an odd integer. Then P(z) has
the term (z — 20)*, and P(gz)P(%) has the term

(2 - qu)’“(z - %O)k. (2.4)

It means that gz and 2> are both zeros of P(qz)P(%) with the order at least k.

In addition, since P(z) and Q(z) are relatively prime polynomials, in view of
([2:3), it follows that Q(gz)Q(%) has the term (z — 20)*. Suppose that Q(qz) and
Q(%) have the terms (z — z9)™ and (z — z0)! respectively, where m,l € N and
m + 1 = k. Obviously, in view of (2.4), we have m # 0 and [ # 0. Thus, Q(z) has
the term (z — qz0)™(z — %‘))l, that is, Q(2)? has the term (2 — qz0)*™ (2 — %‘J)Ql. So,
in view of (2.3)), it follows that P(gz)P(%) has the term

z
q
)21.

= . (2.1)

Qe —

=o(1).

S

ESRNIRN

(2 — qz0)?" (2 — 22
q
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In view of m 4+ 1 =k and k is an odd integer, without loss of generality, assume
that m <. Thus, 2m < k and 20 > k. Thus, gz is a zero of P(qz)P(%) with the

order 2m < k, this is a contradiction with (2.4)). Thus, any nonzero zeros of P(z)
have even orders.

If 0 is a zero of P(z), by combining with (2.2)), then 0 is also a zero of Q(z), this
is a contradiction with P(z),Q(z) being relatively prime polynomials. Therefore,
all the zeros of P(z) are nonzero with even orders.

Let P(z) = ar(z)?, where

r(2) = 2"+ Ay 12" Ap 02" 2 4+ Ajz 4 Ay,
and Ag, Ay,...,A,_1 are constants. Since 0 is not the zero of P(z), then Ay # 0.
In view of (2.2) and (2.3), it yields Q(z) = r(gz)r(%) and ar(z)? — r(gz)r(%) =
(a — 1)r(q?2)r(¢~2z). Denote

plz) = ar(z)” - r(qz>r<§> — (a—1)r(¢®2)r(g22).

Thus, ¢(z) = 0. Substituting r(z) into ¢(z), then we give the coefficients of term
2Tl p2n=2 2n=3 p2n—4 2™ as follows
Bopo1=—Apaalg+q¢ +2) = (¢+q¢ +D](g+q ' —2), (2.5)
Bop—o = —An2la(d® + 472 +2) = (@ +q 2+ D)(¢* +¢7% - 2),

Banz=—Anofa(@®+q¢ 7 +2) — (@ +a >+ D +q > -2)

. . . (2.7)
+ A 1An2falg+q¢ +2) = (¢+q¢ + D¢ +q —2),
Bong=—Ap_4 [a(q4 +¢ ' +2) = (" g+ D)(P+ -2
(2.8)
+ An1Ansla(@®+q 2 +2) — (P +q %+ 1)} (@ +q?2-2),
Bon_i=—An_ilalg"+q ' +2) = (¢"+¢ "+ D](¢" + ¢ —2)
+ A1 Ap—ipa[a(d ™2+ 70D 4 2) — (¢ 2+ 7D 4 1)) 29)

% (qi—z + q—(z'—2) —2) 4+ Anf[g]Anf[;]H [a(q2 + q—z +2)
(@ +a?+ D)@ +q77 - 2),

Bpst = —A [a(qn—l + q—(n—l) + 2) . (qn—l + q—(n—l) + 1)]
X (" g Y )+ A, As[a(q" P+ (") 4 2) (2.10)
— (" P+ D P Y =2

Note that if 7 is an even integer in (2.9)), then An_[%]An_[%]+1 should be replaced by
A, i 1A,y Inview of (2.5)-(2.10), we conclude that there are at most one of
Ay, As, ..., Ap_1 can be equal to 0. Otherwise, if there exist two integers 7, j € N,
such that i # j, 4; #0,A; #0and A, =0fort =1,2,...,n—1,t #4,t # j. From
(2.5)-(2.10), we have

alg' +¢7"+2) — (@' +q¢7 +1) =0,

alg +q77 +2) = (¢ +q77 +1) =0.



EJDE-2020/14 ¢-DIFFERENCE PAINLEVE EQUATIONS 7

This is impossible as |¢| # 1. Thus, without loss of generality, we assume that
Ang #0and A; =0for j =1,2,...,n—2;5 # n — 1. Then, in view of (2.5)), it
follows that

2
1
- % (2.11)
(¢+1)?
Thus, r(z), P(z) can be represented in the form
r(2) = 2"+ A, 12" 4 Ay, P(2) =alz" + A, 12"+ Ag)? (2.12)

where n # 1. It leads to
Q(2) = (¢"2" + Ap_1q" 12" 4 Ag) (¢ + A1 M F Ag). (2.13)
Substituting (2.12]) and ([2.13)) into ¢(2), and analyzing the coefficients of the term

Z™, we have
Bn=—Aola(¢"+¢ " +2) = (¢"+¢ "+ DI(¢"+¢" = 2). (2.14)
In view of (2.11)), || # 1 and n # 1, it follows that
al¢"+q " +2)—(¢"+q " +1) #0.

Thus, by combining with Ay # 0, this is a contradiction with ¢(z) = 0. Therefore,
A=Ay =---=A,_1 =0; that is,

r(z) =2"+b, P(z)=a(z"+b)?% Q(2)=(¢"z" +b)(¢"z" +b), (2.15)
where b is an any nonzero constant. Substituting (2.15) into ¢(2), we have
2n n
" +q"+1
a=——. 2.16
(¢" +1) (216)
Thus, substituting (2.15) and (2.16]) into (2.1)), we obtain
M@+ g+ 1)

p=ale =) ==

This completes the proof of Theorem [1.5 O

3. PROOF OF THEOREM

The following lemmas are necessary.

Lemma 3.1 ([I, Theorem 2.5]). Let f be a nonconstant zero-order meromorphic
solution of Py(z, f) = 0, where Py(z, f) is a g-difference polynomial in f(z). If
P,(z,a) £ 0 for slowly moving target a(z), then

m(r, ﬁ) =S(r, f).

Lemma 3.2 ([29, Theorem 1.1 and 1.3]). Let f(z) be a nonconstant zero-order
meromorphic function and ¢ € C\ {0}. Then

T(r, f(gz)) = 1+ o()T(r, f(2)), N(r, f(gz)) = (14 o(1))N(r, f(2)),

on a set of lower logarithmic density 1.
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Lemma 3.3 ([I5, Theorem 2.5]). Let f be a transcendental meromorphic solution
of order zero of a q-difference equation of the form

UQ(Z7 f)Pq(Z’ f) = Qq(z7 f)v
where Uy(z, f), Py(z, f) and Qq(z, f) are g-difference polynomials such that the total
degree deg Uy(z, f) = n in f(2) and its q-shifts, whereas deg Qq(z, f) < n. More-
over, we assume that Uy(z, f) contains just one term of mazimal total degree in
f(2) and its q-shifts. Then

m(r,Pq(z,f)) = S(’I",f)

Remark 3.4. For ¢ € C\{0,1}, a polynomial in f(z) and finitely many of its
g-shifts f(gz), ..., f(g"z) with meromorphic coefficients in the sense that their
Nevanlinna characteristic functions are o(T'(r, f)) on a set F' of logarithmic density
1, can be called as a ¢-difference polynomial of f.

Lemma 3.5 (Valiron-Mohon’ko [28]). Let f(z) be a meromorphic function. Then
for all irreducible rational functions in f,
T oai(z)f(2)
R(z. /(2)) = Sime L

Zj:o bj(2) f(2)
with meromorphic coefficients a;(2),b;(2), the characteristic function of R(z, f(z))
satisfies

T(r, R(z, f(2))) = dT(r, f) + O(¥(r)),
where d = max{m,n} and ¥(r) = max; ;{T(r,a;), T(r,b;)}.
Lemma 3.6 ([I, Theorem 1.1]). Let f(2) be a nonconstant zero order meromorphic
function and g € C\ {0}. Then

m(r, J;,((q;))) =S5(r, f).

Proof of Theorem[I7. (i) Let f(z) be a transcendental meromorphic function of
zero order. For any n € C — {0, 1}, substituting 7z into (L.8]), we have

Flan) FC ) () = 1) = . (3.1)
Denoting g(z) = f(nz), equation can be represented as

g(qz>g<§>g<z><g<z> 1) =p.

Let
z
Pi(z,9) = g(qZ)g(g)g(Z)(g(Z) —1)—n=0.
It follows that
Pi(z,2) =2°(z —1) —u #0.
In view of Pi(z,z) # 0, by Lemma we have

m(r, g(z)%z) =5(r,g).

Since f is of zero order, from Lemma[3.2] it follows that

N(r =) = N o) = T + 500

= T(’I‘, f(nZ» + S(T’ f(772>) = T(T’ f) + S(’I", f)



EJDE-2020/14 ¢-DIFFERENCE PAINLEVE EQUATIONS 9

Therefore, f(nz) has infinitely many fixed points, and 7(f(nz)) = o(f) for any
neC—-{0,1}.

(ii) Since f is a transcendental meromorphic solution of zero order. In view of
u # 0, by Lemmas

AT(r, f)=T|(r

(" ) + 00
(s 1A |
(%

1) + o)

)

7()
o) 70 F) row
<or(r, ((Z)))w(r, ) =27 (r, A;f>+8(r,f);

f(z

<

that is,
O (r, f) < T(r qu) +S(r, ). (3.2)

Thus, from Lemma [3.6]and (3.2), we conclude that
N(r B D) =1 (n 20 0) (290 s 01 gy 4 50,

f f f
A;f has infinitely many poles, and )\( Q) =o(f).

This means that

Also, we can rewrite equation as
Fa2)fC) = (Baf + B+ ) = 52

that is,
_p4 43

AgfAgif 4+ (Dgf + Ayi f)f = ’“Lf(j:_*l)f

Thus, in view of Lemmas [3.2 and it follows that
p— [+
1) O

T(r, AgfAg=1f) + (Agf + Ag-1f)f) +O(1)
T(r, f)+2T(r,Agf) +2T(r,Ay-1 f) + O(1)
T(r, ) +4T(r, Agf) + S(r, f);

AT(r, f) = T(r,

<
<

that is,
2T, £) < T(r, Byf) + 50, ). (3.4)
On the other hand, can be represented as
@G =t Fa) )T G).

By Lemma we obtain m(r, f) = S(r, f). Thus, we can conclude from Lemma
[3.6] that

N(r,Agf) =T(r,Agf) —m(r, Agf)
>T(r,Agf) — {m(r, )+ m(r, %)}



10 H.Y. XU, J. TU EJDE-2020/14

> ST )+ S0, 1),

which implies that A, f has infinitely many poles and A( A7 ) =o(f). Since

1 Fg2)f()(F = 1) @) () f2(f - 1)
mlng) =ml ) = T )
by combining with m(r, f) = S(r, f) and Lemma [3.6] it follows that

m(r, %) =S(r, f),

which yields

1
N(T,}) =T(r, f)+S(r, f), N(r f)=T(rf)+S5(f),
which implies that f has infinitely many poles and zeros, and A(f) = )\(%) =o(f).
This completes the proof ([l

4. PROOF OF THEOREM [L.§|

Suppose that f(z) = P(z)/Q(z) is a nonconstant rational solution of equation
(2.2), where P(z),Q(z) are relatively prime polynomials with deg, P(z) = p and
deg, Q(z) = t. Substituting this into (|1.9]), we have

P(gz) P(5) (P(z) N2 (P(z) |\2
2 Q(;)(Q(z) -1) = (om M- (4.1)

By using the same argument as in the proof of Theorem [1.5] - i), we obtain p = t¢.

Suppose that A # a?. Without loss of generality we assume that the coefficients
of the highest degree terms of P(z),Q(z) are a and 1, respectively. In view of (L.9),
letting |z| = r — 400 yields

a*(a—1)% = (a — N2 (4.2)
Since A # 0, 1, then a # 0,1, A. Now, we rewrite (1.9 in the form
P(gz) P(3) _ (P(Z) - AQ(Z))Q

Q=) QZ) ~ \P(2) - Q(2)
Since deg,[P(z) — AQ(z)] = deg,[P(z) — Q(2)] = p, it follows that
(a — \)?P(qz)P (2) a*(P(2) — AQ(2))%, (4.3)
(a— 1>2Q<qz>@(§) = (P(2) - Q(2)). (4.4)

In view of and (£.4), it is easy to see that 0 is not the zero of P(z),Q(z).
Otherwise, if 0 is a zero of P(z), from , we can get that 0 is also a zero of Q(z),
this is a contradiction with the hypothesis of P(z),Q(z) being relatively prime
polynomials; if 0 is a zero of Q(z), from , we can also get a contradiction.

Now, suppose that zo(# 0) is a zero of P(z) with order k, and k is an odd integer.
Then zo/q is a zero of P(gz) with order k. However, in view of (4.3), it yields that
the orders of the zeros of P(qz)P(z/q) are all even integers, thus, zp/q must be a
zero of P(z/q) with order [, and [ is an odd integer. Hence, zo/q? is a zero of P(z)
with the odd order [. Thus, continue this process, we obtain that zo/¢™ are the
zeros of P(z) for any integer m. This is impossible as deg, P(z) = p and |q| # 1.
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Therefore, all the zeros of P(z) have even orders. Similarly, all the zeros of Q(z)
have even orders.
Thus, set P(z) = aa(z)? and Q(z) = B(z)?, where

az) =2" + Ay 12" b Ajz 4 Ay, (4.5)
B(z) =2z"+ Bp_12""' + -+ + B1z + By, (4.6)

and Ag, Ay,...,An_1,Bo, B1,...,B,_1 are constants. Obviously, Ag, By can not
be equal to 0 simultaneously. Then, in view of (4.3)) and (4.4)), we have

(a— )\)a(qz)a(g) = aa(2)? — \3(2)?, (4.7)
(a— 1)/3<qz>ﬁ(§) = aa(2)? - B(2)". (4.8)

Substituting (4.5) and (4.6]) into the above equations, and analyzing the coeffi-

cients of terms 22”71, 2272, ..., we can deduce that
(a—=N(g+q¢ HA,_1 =2aA, 1 —2\B,_1, (4.9)
(a—1)(qg+q "B,y =2aA, 1 —2B, 1, (4.10)
(=N +q7*)An-2+ A2 4] = a(24n-2 + A7 ) = A(2Bn—2 + B;, 1), (4.11)
(0= 1)(q® +q ) Buz+ B3] = a(24, 5+ A2_|) — (2B, o+ B2_,), (412)

(a= Mg +a VA + (@ 2+ N A 1 Apivr + ...
+ (Q+q71)An_%An_%]

(4.13)
= a(QAn_i + 2An—1An—i+1 + -+ 2Anf%An7%)
- )‘(2an1 + Qananfzﬁkl + -+ 2Bn7%Bn7#)’
(@a—1)[(¢"+q )Bai+ (@2 +q¢ " )By1Bpipr + ...
+(q+q¢ B, 1B, in
( ) 2 2 } (4.14)
= a(QAn_i + 2An—1An—i+1 + -4 2A7L—%An—%)
—(2By—i +2By 1 Bp_iy1+-- + QBR_%BH_%),
(a - /\)[(qj + q_j)An—j + (qj_2 + q_(j_Q))An—lAn—j-"—l +ot Ai,%]
=a(24n_j + 24, 1Ay ji+ -+ Ai_%) (4.15)
—A2Bn-1Bn_jy1+---+2B2_,),
(@a=D[(@ +q ) Buj+ (@2 +q YV )By 1By ji1+---+B2_,]
2
=a(24,_j + 24, 1Ay ji1 -+ A2 ) (4.16)

n—yz
- (QananfjJrl +ee 2Bi_l),
2

where ¢ is an odd integer, and j is an even integer.
Assume that there exist a positive integer i € N, i < n satisfying A,,_; # 0 and
An—; = 0 for any non-negative integer j < i. Without loss of generality, we let
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i =1, that is, A,_1 # 0, thus, B,,_1 # 0. Otherwise, if B,_; = 0, then by (4.10]),
it follows A,,_1 = 0, a contradiction.
In view of (4.9))-(4.10)), it yields
(An,1 — anl)[(a - )\)(LAn,1 - )\(a - ]-)anl] = 0, (417)
which leads to either A, 1 = B,_1 or (a — N)ad,—1 — AMa—1)B,-1 = 0. If
A, 1 = B,_1, we can deduce from ([4.10) that ¢* + ¢~! = 2, which implies a
contradiction with |g| # 1. Thus, it yields that A, # B,—1 and
(a—Nadn—1=Xa—1)B,_;. (4.18)
Further, suppose that A,,_s # 0. Then B,,_5 # 0. Indeed, if A,,_s = 0, then from
(4.11)) and (4.12)), we have B,,_o = 0. Similarly, if B,,_o = 0, then A,,_» = 0. In
view of (4.11)) and (4.12)), we have

[Q(Aan - Bn72> + (Agz—l - Bifl)][(a - )‘)aAnf2 - )‘(a - 1)Bn72] =0. (4-19)

From (4.19)), either 2(A4,,_o — B_2)+ (42 _; —B2_)=0o0r (a—\)aA,_2 — Na—
1)B,_2=0. If2(A,_2 — B,_2) + (42_; — B2_|) = 0, we can deduce from ({4.12)

that ¢ + ¢~2 = 2, which implies a contradiction with |q| # 1. Therefore
(a—=NadA,_2=Xa—1)B,_s. (4.20)

It follows from (4.18]) and (4.20]) that
(a—N)?a® = N (a—1)2

Combining this with yields A = a2, a contradiction. Hence, A,,_ = 0 and
B, _> = 0. As in the above argument, it follows that A,_3 = --- = A; = 0 and
Bn,‘g = = B1 = 0. ']:‘hllS7 An,3 = = A1 = 0 and Bn,3 = = Bl = 0.
Since 0 is not the zero of P(z),Q(z), it follows that Ag # 0 and By # 0. By
analyzing the coefficients of the term 2", we deduce that

(a — XN)ady = Aa — 1)By. (4.21)

Thus, in view of (4.18),(4.21)) and (4.2), it yields A = a?, a contradiction. Hence,

we conclude A1 = Ay =---=A,_1=0and By =By =--- = B,,_1 = 0. In view
of (4.9)-(4.16), it is easy to deduce that By = By = -+- = B,,_1 = 0. Thus,

a(z) =2"+ Ag, B(z) =2"+ By. (4.22)

Hence, substituting «, 8 into (4.7) and (4.8), by comparing the coefficients of the
terms 2™ and constant, we have
(a—MN)(q" +q ™Ay =2aAy — 2)\By,
((L — 1)(qn + q_n)BO = 2&140 — 2B0,
(a — N\)AZ = aAZ — \BZ,
(a —1)Bi = aA} — B3.
Then it follows that Ay = By or Ag = —By. If Ag = By, then ¢" +¢ " = 2 is
a contradiction. If Ag = —Bjy, then A(a — 1)By — a(a — A\)Ag = 0. Thus, with a
view of Ag # 0, this yields A = a2, a contradiction. This completes the proof of
Theorem

For the proof of Theorem [I.10] we use the same argument as in the proof of
Theorem and the conclusion follows easily.
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