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SCHRODINGER-POISSON SYSTEMS WITH SINGULAR
POTENTIAL AND CRITICAL EXPONENT

SENLI LIU, HAIBO CHEN, ZHAOSHENG FENG

ABSTRACT. In this article we study the Schrédinger-Poisson system
—Au+V(z|)u+Apu = f(u), =R’
—A¢p=u?, zeR3
where V' is a singular potential with the parameter o and the nonlinearity
f satisfies critical growth. By applying a generalized version of Lions-type
theorem and the Nehari manifold theory, we establish the existence of the

nonnegative ground state solution when A = 0. By the perturbation method,
we obtain a nontrivial solution to above system when A # 0.

1. INTRODUCTION

We consider the Schriodinger-Poisson system
—Au+ V(jeu+ A= f(u), @R,

1.1
—~Ap=u?, x€R3 (1.1)

where V' is a singular potential with the parameter a and satisfies the following
conditions:

(A1) There exist B > A > 0 such that A/t* < V(¢) < B/t“ for almost all ¢ > 0.
(A2) V € L'(a,b) for some (a,b) with b > a > 0.
The simplest function satisfying the above assumptions is V(z) = 1/|z|®. This is
the so-called external Coulomb potential for Helium, see [27]. Coulomb potential
arises in many scientific areas such as quantum mechanics, nuclear physics, molecu-
lar physics and quantum cosmology. For more details on the Coulomb potential, we
refer to [2, 20] and on the physical phenomena of system (L.1]), we refer to [10} [14].
System was initially introduced as a model describing waves interacting
with its own electrostatic field in quantum mechanics [9], and is related to
G =AU+ Way + 20w = f(0), (L) €RT RS
—-Ap=9% z€eR’

where the functions u and ¢ represent the wave functions associated with the par-
ticle and the electric potential, respectively. W (|x|) denotes an external potential,
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and the nonlinearity f(u) represents the interaction among particles or an external
nonlinear perturbation. It is well-known that the standing waves v (t, ) = e™tu(z)
is a solution of system , if and only if the real valued function u(x) solves
system with V(|z|) = W(|z|) + A

In the past decades, system has attracted considerable attention in the
community of mathematical physics. In particular, the existence and nonexistence
of ground state solutions, nodal solutions and multiplicity of solutions have been
extensively studied [3], [I7, [19] 24 25] and qualitative properties such as regularity,
symmetry, uniqueness and decay of nontrivial solutions to system can been
seen in [16], 18] 29, B3] etc. For example, Ruiz [30] considered the existence and
multiplicity of positive solutions to system with the suitable parameter A\ and
f(u) = uP for p € (1,5). The nonexistence results were also obtained for p < 3
and p > 6. Azzollini-Pomponio [4] obtained a positive ground state solution of
system with A =1 and f(u) = w? for p € (2,5). Ambrosetti-Ruiz [I] extended
the results described in [30] and proved that system admits infinitely many
solutions when p € (2,5) and A > 0. Some multiplicity results for system were
also established with the proper range of the parameter A and p € (1,2) or p = 2,
respectively.

Recently, there have been a number of results of system under various
assumptions on the potential V. When V is a sign-changing potential, Batista-
Furtado [§] obtained a nonnegative solution and a sign-changing solution for the
Schrédinger-Poisson systems by employing the Nehari manifold theory and vari-
ational methods. When V vanishes at infinity, Bonheure-Di Cosmo-Mercuri [I1]
investigated the existence and concentration phenomena of solutions to a class of
Schrodinger-Poisson system, under the following conditions:

(A3) V € O(R3 R) and inf,cps V(z) = Vy > 0.

(A4) There exists z > 0 such that the set {z € R?”V(x) < z} is nonempty and

has finite measure.

(A5) Q = intV~1(0) is nonempty and has smooth boundary with Q = V~1(0).

Bartsch-Wang [7] considered a nonlinear Schrédinger equation, where AV is
called the steep potential well. Jiang-Zhou [23] presented the existence of non-
trivial solutions to system with f(u) = |u[P~tu for p € (1,5).

He-Zou [21] studied the semiclassical solutions of the Schrédinger-Poisson system

—?Au+V(2)u+ du = f(u) + [u|*u, x¢cR>
—?Ap =u?, xR (1.3)
ue HY(R?), u>0, zcR3

where the potential V' (x) satisfies:

(A6) There is constant Vg > 0 such that Vj := inf, cgs V(z).
(A7) There is a bounded open set & C R? such that Vy < mingg V(z) and
M ={zeQV(z)="Vo} #0.

Under the above conditions and some suitable hypotheses for f(u), the existence
and the concentration results of system were presented by using the general-
ized Nehari manifold theory, penalization techniques and Ljusternik-Schnirelmann
theory.

In this article, we are interested in the case when V satisfies (A1)-(A2), which is
different from the above mentioned cases. Let us briefly recall some related results
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on the Schrodinger equation. Su-Wang-Willem [31] considered the Schrodinger
equation

—Au+V(|z))u=Q(z[)f(u), u>0, zeRY,
(1.4)
|lu(z)] = 0, as |z| — oo,
where N > 2, and V' and f satisfy the following assumptions:
(A8) V € C((0,00),R), V(t) = 0, and there exist a and ag such that
lim inf 40) >0, liminf V()

t—0 {20 t—00 a

> 0.

(A9) Q € C((0,00),R), Q(t) > 0, and there exist b and by such that
Q) Q)

limsup —— < oo, limsup — < oo.
t—0 tbo ’ t—00 tb

(A10) f e C(R,R), f(0) =0, there exists C' > 0 such that
flw) <O+ [tP=7h), teR,
where p, and po satisfy one of the following conditions

22 <p1<p2 <2, ac (072),
2" < p1 < p2 < 00, OtE(Q,QN*Q),
2" <pp <p2 <00, «a€[2N—2,00).

(A11) There exists p > 2 such that pF(t) < tf(¢) for t € R, where F(t) :=
Jo f(s)ds.
(A12) F(t) >0, for t € R.
(A13) fis odd.
Based on the improved Strauss radial lemmas, Su-Wang-Willem [31] established

some radial inequalities. As an application of these radial inequalities, they obtained
some continuous and compact embeddings as follows.

Proposition 1.1 ([31]). Assume that N > 3 and conditions (A1), (A2) hold. Then
the following continuous embeddings hold:

WE2(RN V) — L*(RY), se[25,2°], a € (0,2),

rad

WeaaRY,V) = L*RY), s €[27,2]], a € (2,2N - 2),

rad ’ “a
WERARN, V) < L*(RY), 5 € [27,00), a € 2N —2,00).
Furthermore, the embeddings are compact if s # 2% or s # 2*, where 25, = 2 +
4o
2N—2—a"

By Proposition and the variational methods, the existence and multiplicity
of positive radial solutions to equation (|L.3]) were also established.
Li-Su-Zhao [26] studied the Schrédinger-Poisson system:
—Au+V(|z))u+du=2Q(|z]) f(u), = €R’ 15)
—Ap=u?, zeR? ’

and obtained the existence and multiplicity of nontrivial radial solutions to system
(1.5) under the following conditions:
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(A14) V € C(R?,R") and there exists @ € R such that
V(t)

lim inf tT > 0.

t—o00

(A15) Q € C(R3,R*) and there exists b € R such that
Q(t)

limsup —= < oo
t—oo tb
Moreover, the nonlinearity f satisfies:

(A16) f e C((—9,6),R) for some ¢ > 0 and there exists ¢; € (4, 6) such that
Ft) _

t—o [t|ar

where F(t) = [} f(€)de.
(A17) There exists g2 € (4,6) with g2 < ¢1 such that

e _

jt=0 [tz
(A18) There exist 8 € (4,6) and 6 > 0 such that
0< BF() <tf(t), 0<|t| <4

For more related results about elliptic equations satisfying conditions (Al) and
(A2), we refer to [5, 6 3] and the references therein.
Here it is natural for us to ask:
Does system (1.1)) with f satisfying critical growth admit nontrivial
solutions?
To the best of our knowledge, there is no answer to the above question in the
existing literature. Our purpose of this paper is to make an effort in providing an
affirmative answer to this question. To this end, we consider the Shrodinger-Poisson

system
—Au+ V(|z))u+ Apu = |u|>"2u + Blul2u + |u|*u, xR (16)
—A¢=u? xz€R, '

where ¢ € (2%,6), 25 =2+ %7 and the nonlinearity f contains the embedding
top and bottom indices.

By the Lax-Milgram theorem, for u € era’j (R3,V), there exists a unique solution
bu € DV2(R3) satisfying —Ag¢, = u?, which can be represented by

1 U 2
qbu:—/ |u(y)] dy.
4t Jgs |v -yl

Substituting ¢, into system (|1.6), we can reduce this system to a single equation:

— Au+ V(|z)u+ Aoyu = |u*"2u+ Blu)?%u+ |u[*u, =z e R3. (1.7)
Let us state our result on the nonnegative ground state solution of system (|1.6)).

Theorem 1.2. Assume that o € (0,2), g € (2%,6), A = 0 and conditions (Al),
(A2) hold. Then there exists 8 > 0 such that for 8 € (8, +00) system (1.6]) possesses
a nonnegative ground state solution.
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Note that the effect of |u|?"2u can be regarded as a perturbation, which is used
to lower the energy and to ensure that the (P.S) sequences obtained at the mountain
pass level of system (1.6} is non-vanishing.

To prove Theorem we face the following two major difficulties: (1) In view
of @ € (0,2) and Proposition we know that the following embedding

WIARS, V) — L*(R3), s € (25,6),

rad

is compact. In [26] [3T], the compactness is guaranteed by assuming the nonlinearity
f satisfies conditions (A10) or (A16). However, the methods used in [26] [31] are
not applicable for our case due to the presence of the embedding top and bottom
indices and the lack of compactness of the following embeddings

WIAR3, V) s L2(R?) and W' 3(R3, V) — LO(R3).

rad
(2) For a € (0,2), we know 2} # 6, which means that system (1.6 contains two
different kinds of critical embedding indices. Obviously, this case is more difficult
than the single critical case.
Following [15] 22], we can extend the existence result of Theorem from A =0
to A £ 0. Our second result can be summarized as follows.

Theorem 1.3. Assume that a € (0,4/11), B € 8, +00), q € (2£,6) and conditions
(A1), (A2) hold, where j is taken as in Theorem|1.4 Then there exists \g > 0 small
enough such that for any A € (0, \g) system (1.6]) possesses a nontrivial solution.

Compared with the proof of Theorem there is an extra difficulty in proving
Theorem [1.3] For a € (0, &), we have 27, < 4. Then if X # 0, it is not easy for us
to guarantee the boundedness of the (PS) sequences.

To prove Theorem following [15] [22], we define the energy functional corre-
sponding to equation by

1 A 1 .
Ja(u) = 5 /RS (IVul* + V(|z])|ul*)dz + Z/Ra bulul?dz — 27*/1&3 |u| % dz

1
—é/ |ul?dx — f/ lu|®da.
q Jrs 6 Jrs

For A > 0 small enough, we view the functional Jy as a perturbation of the func-
tional Jy:

J)\(U) = Jo(u) + P)\(u),
where

1
Jow) = 3 [ (FuP+V(aDu)de = 5 [ jupiar

1
—Q/ \u|qdm—7/ |u|®da,
q JRrs3 6 R3
A
_ Z/Ra Gulul2dz.

Let Q be the set of ground state critical points of Jy. The perturbation method
mainly includes the following two aspects:

(i) The mountain pass type critical point of Jy is a ground state solution.
(ii) The set €2 is compact in er 2(R3, V).

ad
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If the two conditions above hold, then for A > 0 small enough there exists a (PS)
sequence of Jy near the set €.

The remainder of this paper is organized as follows. In Section [2] two techni-
cal lemmas are presented. In Sections [3] and [d] we prove Theorems [I.2] and [1.3]
respectively.

2. PRELIMINARY RESULTS

Throughout this paper, we use symbols C, C; (i = 1,2,...) to denote different
positive constants which may change from line to line.

Let C§°(R?) be the collection of smooth functions with the compact support.
Let DY2(R?) be the completion of C§°(R3) with the semi-norm

1/2
HU”DLZ(RB) = (/ ‘V’U,|2d1') .
R3

We denote by D2 (R3) the space of radial functions in D*2(R?) and define

rad
WHHR, V) i={u € DY) : [ulffa vy = [ VilaluPde < o0}

=D"(R®*) N L*(R3, V)

with the norm
Iy = [ | (Vufda+Vi(zluP)do

Let WL3(R3, V) := D12 (R?)NL2(R?, V) denote the radial subspace of Wh2(R3, V).

rad

Lemma 2.1 ([28], Hardy-Littlewood-Sobolev inequality). Let s,t > 1 and 6 €
(0,3) with 1 + 32 = 14 & Then there exists C(0,s,t) > 0 such that for any
u € L*(R3) and v € L'(R?) it holds

u(x)v(y)
- d d < C s s t .
|/RS /R3 7@ —y30 € y‘ 0,s,tllullz (RS)HUHL (R3)

If8:t—3+9, then

L(3) r@

050 = gy [y

]—9/3

The following two inequalities play an important role in the estimation of the
mountain pass energy.

Sol [ ) <l weWHEVL @
a - =X W1L2(R3,V)» rad :

1/3
S u|dx < Vul?dz, we WD L 2 R3,V), 2.2
(/[ 1
R3 R3 "

where S and S, are the embedding constants with
S— inf Jgs |Vu|?dz
 ueDL 2(JRS)\{O} (fgs |u|0dz)1/3”

The following lemma states some properties of ¢,,.

Lemma 2.2. Assume that a € (0, ) and conditions (A1), (A2) hold. For any

U € VV1 2(R3 V), the following statements hold:
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(i) ¢u : WEAR3, V) — DY2(R3) is continuous and maps bounded sets into

rad
bounded sets.

(i) fRs Pulul?dz < W1 2(R3,V)"

(i) If up, — u in eraz(]R:g,V), then, up to a subsequence, ¢, — ¢, in
Dl Q(RS)

(iv) If up — u in Wrad(R3 V) and u, — u a.e. in R3, then, as n — +o0o, we

have
/ gzﬁun_u|un—u|2da:=/ ¢un\un|2dx—/ bulul?de.
R3 R3 R3

The proof of the above is similar to that of [30, Lemma 2.1], so we omit it here.

3. PROOF OF THEOREM [I.2]

In this section, we shall prove Theorem [I.2] by applying a generalized version of
Lions-type theorem and the Nehari manifold theory. When A = 0, system (|1.6)) is
reduced to

— Au+ V(|z))u = ul?2u + Blu"%u + |u|u, = <cR>. (3.1)

The energy functional associated with equation (3.1)) can be defined as

x 1
Zady — é/ |u|?dx — f/ |u|®da.
q Jrs 6 Jgs

It is standard to show that .Jy is well-defined on W 2(R3,V) and belongs to

rad

ct(w, 1a§ (R3,V),R). Moreover, for any u, p € er 2(]R3 V), we have

1 1
o) = gl oy = 5 [ |l

(Jo(u), @) :/ (VuV(p+V(|a:|)u<p)dz—/ |u|2:¥72ug0dx
R3 R3

—ﬂ/ |u|q72ug0dx—/ |u| updz.
R3 R3

Lemma 3.1. Assume that all conditions described in Theorem [1.4 hold. Then the
following statements hold.

(i) The functional Jy possesses the mountain pass geometry.
(ii) For any u € W1 2(R3 VI\{0}, there exists a unique t,, > 0 such that t,u €
N and Jo(t uu) maxyso Jo(tu), where

N = {u e Wii(R* V)\{0} : (Jg(u),u) = 0}.

rad
(iil) co =& = ¢o > 0, where

co = ’1yr€1£ tren[aai(] Jo(v(t), @ = inf Jo(u),

Co = inf max Jo(tu
0~ u€W2(R3,V)\{0} t>0 0( )
' = {y € C([0,1], W (R, V)) : 4(0) = 0, Jo(v(1)) < 0}.

rad

We will present the proof of this lemma in the appendix.
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3.1. Estimation of c¢y. The main feature of the functional Jy is that it satisfies
the local compactness condition. We now give an estimation of ¢g.

Lemma 3.2. Assume that all conditions described in Theorem 1.4 hold. Then we
have

*

0<c¢o<c):= min{%83/2’ (% _ 2%)853%2}

Proof. We choose

ol2a oy = 1, /R oltdz >0, lim_Jo(tw) = —oo.

Then

sup Jo(tv) = Jo(tv,5v)
=0

for some t, g > 0. Hence, ¢, 3 > 0 satisfies

2 -
& alllfiageo.vy = ¢ [ oPrdz el [ pltdo sty [ plfae @2)
R3 R3 R3
and
tzg;,BHU”%/VL%Ra’V) > tg’ﬂ /]R's |’U|6d$.

This implies that {t, g} is bounded.

We claim that t, 3 — 0 as 8 — 4-00. Argue by contradiction, suppose that there
exist to > 0 and a sequence {3, } with §,, — +o0 as n — +o0, such that ¢, 5, — to
as n — +o0o. Then, we have

Bty 5 / [v|?dz — 400, asmn — +oc.
B fos

Substituting this into (3.2)) yields
2 2
ty.llvllivezgs vy = +oo,
which leads to a contradiction. That is, ¢, g — 0 as  — +o00, and

lim supJo(tv) = lim Jy(t, gv) = 0.
Glm s o(tv) G o(tv,pv)

So there exists 0 < B < 400 such that for any g > B,

o*

1 1\ =%
)s7 7).

g leay
iggJo(tv) <m1n{§S / ,(§ ~ o

If we take e = Tv with T > 0 large enough such that Jy(e) < 0, then

<
co < max Jo(y(1)),

where y(t) = tTv. Thus, ¢y < sup;>q Jo(tv) < cj. O
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3.2. Non-vanishing of the (PS)., sequence.

Lemma 3.3. Assume that all conditions described in Theorem hold. Let {u,}
be a bounded (PS)., sequence of Jy with 0 < ¢y < c¢*. Then

lim / lup|?>dz >0 and  lim / |, [8dz > 0.

n—-+oo n—-+oo

Proof. Let {u,} be a (PS)., sequence of .Jy. We first show lim, 4 ¢ [gs [tn|?dz >
0. Otherwise, we suppose that

lim |u 2adz = 0. (3.3)

n—-+00

It follows from (3.3]) and Holder’s 1nequahty that

lim |t |Tde < C hm / |t |?> da: / |, |© dx =3 =0. (34)
n—-4o0o R3
By using 3.4) and in view of definition of the (PS)., sequence, we can deduce
o+ 00(1) = 3llun By — 5 [ il (3.5)
0n(1) = ltallgr o) = [ funl"d (3.6)
Using (3.5)-(3.6) we have
o+ 0n(1) = gl oy > 3 [ [Vunlde (3.7

It follows from and . ) that

1/3 1/3
/ |Vun|2dx > S / |un|6dx) > S(/ |Vun|2dx) ,
R3 R3 R3

which implies
/ Vi, |?dz > §3/2. (3.8)
R3
Combining (3.7) and (3.8) leads to
1
Co 2 583/23

which yields a contradiction with ¢y < ¢jj. Therefore, lim,,_, | o fR3 |un|23 dz > 0.
To prove lim, fRS |un|6da: > 0, we suppose that

lim |u,|8da = 0. (3.9)
n—-+4oo R3

According to and the definition of the (PS),., sequence, it holds

Zadz, (3.10)

1
co+on(l) = ”unHWl 2(R3,V) |Un

on(1) = \|un||‘¢‘vl,2(R37v)—/3|un|2adx_ (3.11)
R
Using (3.10) and (3.11)), we have
1 1

co+0n(1) = (5 = 57 )lunlfys2ces v (3.12)
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Taking into account (2.1)) and (3.11)), we obtain

e
a2z, >3a(/ )
R3

which gives

o*

l[en 1. 2(R3,V) 2 Sar 2. (3.13)

It follows from and - that

1 1 %%
o> (37 5)5
which yields another contradiction with ¢y < ¢f. Consequently, we have

lim |, [8dz > 0.
n—-+oo R3

3.3. Existence of ground state solution.

Theorem 3.4 ([32]). Assume that « € (0,2) and conditions (A1), (A2) hold. Let
{un} C ereﬁ (R3, V) be any bounded sequence satisfying
lim lup|?>dz >0 and  lim |, [8dz > 0.
n—+00 Jp3 n—+00 Jp3

Then the sequence {u,} converges weakly and a.e. to u # 0 in L} (R3).

Proof of Theorem[I.3. Let {u,} be a (PS)., sequence of Jy. Then we have

co + On(l) = iHunH%/Vl’z(RQ‘,V) / |un|2 ady — 7/ |un| dz — 7/ |un|6d$

and

on(1) = ||Un||%/(/l,2(R37v)_/ \un\zzdx—/ |un|qdz—/ |, |®da.
R? R? R3

Combining the two equalities above we have

1 1
CO+0n(1):<§_2 )HunHWHRSV)"’ o T / |un|?dz

— == / |, |®da,

which implies that {u,} is bounded in erdj (R3,V). According to Lemma and
Theorem., we can see that {u,} converges weakly and a.e. to ug # 0 leOC(R?’)
From u,, — ug in er 2(R3 V) and limy, 400 (J(un ), ©) = 0n(1), we deduce

(Jo(uo), @) = on(1).
Since ug # 0, we obtain ug € N. By Lemma and the Brézis-Lieb lemma [12],
we have

o <Jo(uo)

—Jo(up) — (5 (10), o)

2

(o3

1 1 1 1
=(5- g ol + (57 =) [ Woltde+ (5= =) [ wol'a
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. 1 1 1 1
< dim [(G= g ) Ilson + (5 =) [ s
1 1
NEyor
2:‘; 6 R3
. L
= lim [Jo(un) — T<JQ(U7L)7UTL>:|

n—-+oo 2a

=D, Jolun)

2607

which implies Jy(ug) = ¢y. Then, it is easy to see that
. 1 1 9 1 1
LU [(5 B i) [un = wollip (s vy + (i - 5) /]Rs fun = to[*da

11 .
= A n dj|: )
+(2<§ 6)/]R3|u uo|°dz| =0

which implies

. 2
i = vl ) = O

Thus, we have u,, — ug in era’g(R?’, V). Moreover, we can choose ug > 0. That

is, ug € era’j(R3, V) is a nonnegative ground state solution of system (1.6 with
A=0. O

4. PROOF OF THEOREM [L.3|

In this section, we apply the perturbation method to prove the existence of
nontrivial solutions to system ([1.6) with A # 0. The associated energy functional
with system (1.6 can be defined as

1 A 1 x
Ix(u) :§HU||%/VL2(R3,V) + 1 [Ra ¢u|u‘2dx T /Rs |u|2ad$

1
—é/ |u|qd1:—f/ |u|®dz.
q JRrs3 6 R3

From Lemma it is easy to show that Jy € Cl(era’i(Ri)’, V),R) and

(Jy(u), @) :/ (VuV(p+V(|x|)u<p)dx+)\/ Puupdx 7/ |u|2372u<pdx
R3 R3 R3

— 5/ |u|9 2 updz — / u|*updz
R3 R3
for u, o € WE2(R3, V).

rad

Lemma 4.1. Assume that all conditions described in Theorem[I.3 hold. The func-
tional Jy satisfies the following properties.

(i) There exist p,0 > 0 such that if ||ullw1.2rs,vy = p, then Jo(u) > ¢ and
there exists vy € Wrﬁ(R:g,V) such that ||vo|lw1.2(rs,vy > p and Jo(ve) < 0.
(ii) There exists a critical point ug of Jo such that
J =cp = mi Jo(y(t
0(uo) = ¢o = min max Jo(3(t)),

where

To = {7 € C([0, 1], W23 (R, V) : 7(0) = 0,%(1) = vo}.

rad
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(iii) For any u € er 2(R3 V)\{0}, we have ¢ = inf{Jo(u) : J)(u) = 0}.
(iv) There exists a path vo(t) € T'g passing through uy at t = tg and satisfies
Jo(uo) > Jo(10(t)), t+# to.

(v) The set

Q:={ue WSR3 V) : Jo(u) = co, Jo(u) = 0}
is compact in era’j (R3,V).
Proof. Since the proofs of (i)—(iii) are closely similar to those in Lemma we
only present the proof of (iv) and (v). Let ug be a critical point of Jy and vg = T'ug
with 7' > 0 large enough such that Jy(vo) < 0. Then vo(t) € C([0, 1], erai (R3,V))
can be defined by

Yo (t) = t’UQ = tTUO.

By taking to = 1/T', we can see that (iv) is true Analogous to the proof of Theorem
[[:2] the weak convergence of the critical point sequence can be upgraded into the
strong convergence. That is, (v) is also true. a

Following [15], 22], we define a modified mountain pass energy level of Jy as

= J
o= o max H0M),

where

Ty ={y€To: SFP] [y (@®)llwr2@s,vy < M},
tefo

M = 2max { Sup ||’LLHW1 2 ]Rs V) Sl[lp] ||’y( )HWLZ’(]R‘”’,V)}-
te[0,1

Clearly, taking a suitable choice of M, we have vg € I'j;. Then

0 = Jin, B ().

Taking into account that I'y; C T'g, the standard mountain pass theorem cannot
be applied. So we have to show that ¢y is a critical value.

Lemma 4.2. Let A > 0. Then limy_,gcy = ¢g.

Proof. On the one hand, for A > 0, it is easy to see ¢y > ¢p. On the other hand, in
view of Lemmas [2.2 and [£.1] we can deduce

lim ¢y = hm Jx ('70(t))

A—0

<Jy (fyo + hm / Bug [uo|*d
=Jo(uo) + 0(1)

=co + o(1).
(I
For a d > 0 we define
By(u) := {v € WLi([R% V) : [lu—v|wi2@s,v) < d},

and for any X C VV1 2(R3 V) we set
X4.= UueXBd(u).
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Lemma 4.3. Let dy = \/3cg and d € (0,dy). Then for any u C Q%, we have u # 0.

Proof. For each v C Q%, we obtain

Co *HUHWl 2(R3,V) + 2* / |’U|2 adx —|—,@ - = / ‘1}|qdf£

which gives
[vllwzms,vy = di
In view of u € Q%, we know that there exists some v € Q¢ such that
[u = vllwrzms,v) < d < di.

Thus, we obtain
HUHWLZ(D@,V) > HU||W1v2(R3,V) — ||u — UHWL?(]R-XV) >dy —d>0.
O

Lemma 4.4. Suppose that d > 0 is a fived number and {u,} C Q. Then, up to a
subsequence, it holds u, — i € Q%¢.

Proof. By the definition of Q¢, there exists a sequence {v, } C 2 such that {u,} C
Bi(v,). According to Lemma (v), we can assume that there exists v €  such
that v, — v in W.22(R3, V). Thus, we obtain

[un = vllwr2@s,v) < llun — onllwrz@s,v) + lvn = vlwr2@s,v) < 24,

which implies {u,} C Bag(v) for n > 0 large enough. Moreover, {u,} is bounded
and, up to a subsequence, there exists u such that u,, — @ in era’i (R3,V). Since
Bog(v) is weakly closed in er 2(R3 V), we arrive at @ € Bayg(v) C Q%4 O

Lemma 4.5. Let d € (0,dy). Assume that there exist a sequence {\,} — 0 and
{un} C Q% satisfying

lim Jy,(un) <co and  lim Jy (un)=0.

n—-+00 n—+o00
Then there exists a @ € Q such that, up to a subsequence, {u,} converges strongly
to u.

Proof. Note that lim,, J;\n (up) = 0 and {u,} is bounded. From Lemma

up to a subsequence, there exists u, — @ € Q2% For any ¢ € er 2(R3 V)
follows that

<J3(a),¢>:/ (Vﬂch+V(|x|)fL<p)dx7/ (2 2dpda
R3 R3
75/ |ﬂ|q*2€updx—/ @) ipdz
R3 R3

= lim [/ (VunV<p+V(|x\)ungo)dx—/ |25 2 pd
R3 R3

n—-+oo

—6/ |un|q_2unapdx—/ \un\‘*un@dx}
R3 RS

. An
= lim [(J/’\n(un),@ - Z/ qﬁunun(pdx] =0.
]RS

n—-+oo
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So Jy(@) = 0. From lim,, o0 Jy (un) = 0 and {\,} — 0 as n — +o0, it follows
that

lim (J)(un),p) = lim [(JA (un ——/ (;Sunungodx} =0.

n—-+oo n——+oo

On the other hand,
co = lim Jy, (uy)

n—-+4oo

n—-+4oo

= lim [Jo(un) + )?Tn /}R3 qSunungod:c} (4.1)

= Jolwn)

Therefore, {u,} is a (PS);, sequence of Jy, where m := lim,_, o Jo(uy). Since
U, — U, up to a subsequence we can deduce

Jo(a) =Jo(a) — 2 <Jo( ), @)

=(5 = 5 Nl + (5 - é) / e+ (5= 5) [t

.. 1 1
ghmlnf |:(§ - 27*) ||un||%/l/1=2(R3,V) Y / |Un|qu

n—4oo

— == / |, |® da:

= lim inf [Jo(un) - (Jo(un) up)| =m.

n——+oo 2*

In view of Lemma [4.1] (iii), we have m > Jy(a ) . Moreover, combining the
above inequality and ( -j we obtain Jo(a ) =cy= thh implies @ € Q. O

Let

my = max Ix(70(t)).

Then ¢y < my. It is easy to see that

lim m) < cp.
A—0

From Lemma it follows that

lim ¢\ = hm my = Cgp.
A—0 —0

We define

I = {u e WIHRR V) Jy(u) < mat
Lemma 4.6. For every da, ds > 0 satisfying ds < do < dy, there exist 6 > 0 and
Ao > 0 dependent on da,ds such that for any A € (0, \g), we have

[T (W) llw =123,y = 6, u € J{™ N (Q=\Q5).

Proof. We argue by contradiction. For every ds,ds > 0 satisfying d3 < dy < dj,
we suppose that there exist sequences {\,} with lim, 1A, = 0 and {u,} C
JU™ N (Q92\Q42) satisfying

lim Jy, (up) <co and  lim Jy (u,) =0.

n—-+4oo n—-+oo
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By Lemma there exists @ € Q such that u,, — @ in W25 (R3, V), as n — +oo.
Passing the limit as n — +o00, we have dist(u,, %) = 0. It leads to a contradiction
with {u,} ¢ Q%. O

Lemma 4.7. For d > 0, there exists § > 0 such that if X\ > 0 is small, then
te[0,1] and Jx(y()) Zex—6 = () € Q4.

The proof of the above lemma is similar to that of [22] Proposition 4], so we
omit it here.

Lemma 4.8 ([15]). For any d € (0,dy), there exist a number Ao > 0 and a sequence
{un,} C JT* N Q7 such that for all X € (0, o), we have

Ji(up) =0, as n— +oo.

Proof of Theorem[1.3 Taking d € (0,d,), it follows from Lemma that there
exists some small A\g > 0 such that for any fixed A € (0, Ag), there exists a (P.S)m,
sequence {ul} C Q2. It is easy to see that {u}} is bounded in era’j(]RS,V).
According to Lemma up to a subsequence, there exists 7* € Q7 such that

u) — @*. Hence, we obtain J§(@*) = 0. By the choice of a proper d, we can

see that @ # 0. Consequently, @* is a nontrivial solution of system (1.6]), when

A #0. (]
APPENDIX

Proof of Lemma[3] (i) It suffices to show that .Jy satisfies the mountain pass
geometry. By the mountain pass theorem, we can obtain a (PS)., sequence of Jy.
(ii) For ¢t > 0, let

2, t2a - ta . t6 6
g(t) = Jo(tu) = 5||u||W1,Z(R37V) — g /]R3 |u|“eda — 7 /R3 |u|9dz — 5 /]Rg |u|®da.

For ¢ > 0 small enough, it follows from Proposition [I.1] that

t2 * 2%
9() >l zqmavy — Crt [ul s vy — Cottlullynages v,

- C3t6“u||€vlv2(n§3,v)~

Clearly, we have g(t) > 0 for ¢ > 0 small enough. Furthermore, it is easy to see
that Jo(tu) — —oo, as t — +oo. Thus, g(t) has a maximum at ¢t = ¢, > 0, and we
further have ¢'(t,) = 0 and t,u € N.

Next, we show that ¢, is unique. On the contrary, we suppose that there exist
0 < t, < t, such that f,u, t,u € N. Then we have

1 1 )
(EQ:;_Q - t22_2> ||UHW1‘2(R3,V)
u u

= (F17% — 0% /

|u|?dx + (Eﬁ‘gi - tg_%)/ lu|®dz,
R3

R3
which is impossible because 0 < t,, < t, and q € (2,6).
(iii) Using (ii), we have é = ¢y. Choose ¢ > 0 large enough such that

Jo (EU) < 0.
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Define a path 7 : [0,1] — W3 (R3,V ) y A (
have ¢ < €. On the other hand, let h(t) :=
obtain h(t ) > 0 for ¢t > 0 small enough Set

Jo(e)

/1 1 9 1 1 q 1 1 6
= (5 g0 lelfaon + (52 = 2) [ lete+ (5= =) [ teffaz >0

S. LIU, H. CHEN, Z. FENG EJDE-2020/130

) = ttu, so we have 4 € T. Thus, we
6(7( ) , where v € I'. Then we
v(1) =e. Then we derive

3 (e

which leads to

(Ji(e), ey < 2% J(e) < 0.

(
: _

This indicates that there exists ¢ € (0,1) such that (J} (W(tj),’y(;)) =0, i.e. y(t) €

N.

Hence, we obtain ¢y < c¢g.
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