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POINTWISE ESTIMATES OF SOLUTIONS TO CONSERVATION
LAWS WITH NONLOCAL DISSIPATION-TYPE TERMS

FENGBAI LI, WEIKE WANG, YUTONG WANG

ABSTRACT. This article concerns the Cauchy problem of conservation laws
with nonlocal dissipation-type terms in R3. By using Green’s function and the
time-frequency decomposition method, we study global classical solutions and
their long time behavior including pointwise estimates for large initial data,
for solutions near the nontrivial equilibrium state.

1. INTRODUCTION

In this article, we study the existence of global solutions and their decay estimates
to conservation laws with nonlocal dissipation-type terms in R?. We consider the
solution, near the equilibrium state u* # 0, of the equation

0w — 1 Aup — e Au = div h(u), (1.1)
subject to the initial value
u(z,0) = ug(z), (t,2) € R x R (1.2)

Here, v1,72 > 0, and h(u) = (hi(u), ha(u), h3(u)) satisfies the condition
hi(u) = O(u?), k=1,2,3.

This model is motivated by physical considerations from fluid dynamics. It
describes a variety of important physical processes, such as the aggregation of pop-
ulations in which u describes the population density [I2]. It can also be used in
the analysis of a seepage of homogeneous fluids through a fissured rock and the
unidirectional propagation of nonlinear dispersive long waves [I, [I4]. There are
many equations similar to problem . For instance, the equation

Opu — kAuy — Au = div h(u),

which is with 72 = 1, can be used to describe the nonstationary processes
in semiconductors in the presence of sources [9, [10]. Here kAu; — u; indicates the
rate of change in free charge’s density, Au indicates the electric current of linear
dissipative free charge and div A(u) describes a source of free electron current [9].
Ting, Showalter and Golpala Rao studied the initial-boundary value problem and
the Cauchy problem for the linear equation when 9 = 1 and proved the existence
and uniqueness of the solution [6 I3} [I5]. Afterwards, considerable attention has
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been paid to the study of the nonlinear equation, and the large time behavior of
the solutions [7, [8 2T].
Cao, Yin and Wang [2] studied the equation

Ou — kDAuy — Au = uP.

They focused on the parameter p and sufficiently small initial data. They obtained
two critical indices about p and then considered the global existence or the blow
up of the solutions.

In [I6], the authors considered the following equation under the condition 0 <
s<1/2:

Au

A=y = div h(u). (1.3)
They got the global classical solution and long-time behavior for arbitrary large
initial data. In [I7], Wang proved that in the case s = 1, the solution is global with
sufficiently small initial data, but will blow up with some large initial data.

Wang and Zhang [20] investigated the problem

Ut —

O — Y1 Ay — Yo Au 4+ y3A%u = Z hj(u)z, (1.4)

j=1

which is what we call the Benjamin-Bona-Mahony (BBM) equation. They obtained
ta global solution and the optimal decay estimates with large initial data when
v3 # 0.

In our case, i.e. v3 = 0, there are some new difficulties. First of all, the condition
v3 # 0 in gives a dissipation term AZu, which allows using the energy method
to get the L°° estimate, and it also gives a better decay. Without this term, we need
to use some new methods such as the time-frequency decomposition. Moreover,
there is no maximum principle like for the viscous Burgers equation, which increases
the difficulty.

Another motivation for us to consider the solution near the nontrivial equilibrium
state is that the equation in our paper actually has some hyperbolic properties which
however will vanish if we just consider the trivial equilibrium state. From the main
results, we will see from the solution that the phenomenon of a propagating wave
appears, and the propagation direction and speed of the wave are decided by the
initial data. Obviously, if we only consider the solution near zero, the speed and
direction will both be zero and will not be observed. So here, to get the optimal
decay estimate and the hyperbolic property of the solution, we first do the pointwise
estimate of the Green’s function, then combining it with the variable substitution
and Green’s method to obtain the L' and L>™ bounded estimate. Based on this,
we obtain the pointwise estimate of the solution.

Since we consider the solution near the equilibrium state u*, using u — u* as the
new u, we can rewrite equation as

3
du — 1lug — y2lhu + Z bjta, = div f(u), (1.5)

j=1
with initial condition
u(z,0) = uo(x) — u™. (1.6)
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Here, 71,72 > 0, b = (C1u*, Cou*, C3u*) and f(u) = (f1(u), f2(u), f3(u)) satisfies
the condition

fe(u) =0@W?), (k=1,2,3.
The main results of this article read as follows.

Theorem 1.1. Suppose that the initial data vy = ug —u* € L*(R3) N H*(R3), with
s> 1+ [3]. Then, the Cauchy problem (L.I)-(L.2) has a global solution

(u—u*) € L*(0, 00; H*(R?)).

Theorem 1.2. Assume that the initial data ug satisfies the conditions in Theorem

and u is a solution of (L.1)-(1.2) in L°°([1,00), H*(R?)) with initial data ug.
Then

* _3_s
[(u = u*) || o sy < CA+)7172,
for any t > 1, where C' only depends on the initial data.

Theorem 1.3. Assume that the initial data ug satisfies the conditions in Theorem

[, and vy satisfies
3
|Dgwo| = D5 (ug —u)| < CA+[a?)™", 7> 2
with |8] < s — 1. Then the solution satisfies the pointwise estimate
3+|al

|IDS(w—u™)| < C(1+t)" 2 By(|lz—bt],t).
Where By(|x|,t) is defined by (2.1), t > 1, and |a] < s —1.

From the above results, we see that the solution mainly follows the decay of heat
equation and, near the equilibrium state u* # 0, the equation has some hyperbolic
properties with speed b.

This article is organized as follows. In Section 2, we first recall some important
lemmas that will be used in this paper. In Section 3, we introduce the properties of
the Green’s function, mainly focusing on the pointwise estimate and the L estimate
of the Green’s function. Then in Section 4, using Green’s function and the variable
substitution, we obtain the LP boundedness of the solution u to equation
with initial value . In Section 5, we obtain the optimal decay estimates of
the solution in H* by using the time-frequency decomposition method. And, as a
corollary of Theorem the optimal L°° convergence rate can be obtained easily.
Finally, in Section 6, based on the LP boundedness and the decay of the solution,
the pointwise estimate of the solution is established.

2. PRELIMINARIES

In this section, we first introduce some notation, and then give some lemmas
which will be used later.

For a multi-index o = (v, -+, ), we write Dy = g --- 05205} and |a] =
iy leul. As usual, the Fourier transform of f(¢,z) with respect to the variable
zeR™is

[t.6) = (FNE = | fta)e ™ dr,

and the inverse Fourier transform is

flta) = F )t = o [ et
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Here, n denotes the space dimension. The space W*#P(R™), with s a positive integer
and p € [1,+oc], is the usual Sobolev space with the norm

I llwer@ny = D I1DS flloe@n)-
|a|=0
In particular, when p = 2, W*2(R") = H*(R").
We denote by W#P(R™) the Sobolev space equipped with the norm
I em@ny = 1A - e @),
where A® is defined by
Asf() = 1€1° F(©)-
When p = 2, WS’2(R”) = HS(R") is the homogeneous Sobolev space. Next, we

recall some useful lemmas. The first lemma gives some estimate of f(u), its proof
can be found in [I1].

O(|u|tt0) when

Lemma 2.1. Assume that f(u) is smooth enough and f(u) =
rs > 0, if u satisfies

lu| < vy, where ag > 1 is an integer. For each intege
||u||Loc(]Rn) < Vo, then
1
) oy < il el ey 2122 R,

1F ()21 ny < CllulZa ey lull 75 gy

where C is a constant and only depends on s and vy, and % =
D,q,T < 00.

1 1 .
5“{‘6, U)Zthlg

The following two lemmas are very useful for obtaining the pointwise estimate
of the solutions. Their proofs can be found in [I9].

Lemma 2.2. If f(f,t) has a compact support about &, and there exists b > 0 such
that

DL f(&,0)] < O(|g|oHH71oD+ 4 (e 3 (1 4 glg )™ e tlel™,
or all |B] < 2N, with N a positive integer, then
[ , P ger,
D3 f(w,)] < On(1+)" T2 By (¢, [2]),

where k and m are positive integers, and

By(t,|z]) = (1+ - )7N, (a)+ = {a’ “=0 (2.1)

1+1¢ 0, a<0.

Lemma 2.3. If supp f(£) C Or =: {&, |¢] > R}, and f(€) satisfies
D] f(e)] < Cle|=1 11,
then there exist distributions fi(x), fo(x) and a constant Cy such that
f(@) = fi(@) + f2(2) + Cod(x),

where §(x) is the Dirac function. Furthermore, for positive integers N with 2N >
3+|al, we have | Dg f1(z)] < C(1+|2[*)~Y, [ follz, < C and supp f2(z) C {z;]2| <
2¢0}, with ey sufficiently small.
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Lemma 2.4 ([I8]). For |y| < M, t > 4M? and N > 0, there exists Cy > 0 such

that ) )
ly — x| )*N Jz]? \ =N
1+ 82N\ o (1 ) .

( T =ovtt i

Finally, note that for any g(u) € LP(R™) and p > 1, we have
(1 =mA) Hg(u) = Ky, () * g(ul-, 1)),

where
t 212
K, (x) = (4m) "/ / e s,
0

K5 L @ny = 71
Thus, we have
(L = 718) " g(w) | ony < CIE [l @nyllg(u()) Lo n)
< Cllg(u()ll e @n)-

3. EXISTENCE OF A LOCAL SOLUTION

(2.2)

In this section, we construct a convergent Cauchy sequence to obtain the local
solution. Let v™(x,t) be the solution of the Cauchy problem

0™ — y Av — . Av™ = div h(v™ ),
v"™(z,0) = vo(),
where m > 1, v%(x,t) = 0 and vo(z) € H*(R3).
For any given integer s > 1+ [3/2], define the function space
X =A{v(z, 1) : [lv]lx < E},

where ||v||x = supg<;<7, ||v]| <, To is an undetermined constant and E' = Covol|v|| &=,
with Cy > 2. One readily checks that X is a complete metric space. Next we prove
that the function sequence v™(z,t) converges in the space X.

(3.1)

Lemma 3.1. For any m > 1, there exists a sufficiently small constant Ty, such
that v™(z,t) € X.

Proof. We use induction. For m = 1, we know that
oot — v Av} — v Avt = div h(0°).

Taking derivatives with respect to z, a times, on both sides of the above equation,
where |a| < s — 1, we have

D%} — 1 DY Av} — 49D Avt = 0.

Multiplying D%v! on both sides, and integrating with respect to z and ¢ on R?® x
[0,t], we have

t
[ e + 71 VO Fgems + 272/0 Vo l[7e-1dr = flvolle 1 + 71l Vool e

Since v > 0 is a constant, it implies that

sup v || -1 < Jlvoll g
0<t<Tp

Thus for Ty > 0, we have vl(z,t) € X.
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Assume that there is a sufficiently small T such that for each j < m, v7(x,t) € X.
We shall show that v+ (z,t) € X. In fact, from (3.1) we have
1d Y1 d

Z || D m+1)2
sar v e+ 5

= /(ngmH)Dg‘ div h(v™)dx

IV(DEv™ )72 + 72 V(DI )12

< CIV(DZ™ L o™ [z | DEv™ 12
< CIIVDzv™ L o™ = | DEv™ 172
< Cllo™ 3 |1 DSv™ (|72 + €l V(Dgo™ )| 22

Here, we have used the inequalities [[v™|[p < C|v™|gs and s > 1+ [2]. In-
tegrating with respect to ¢ and taking the summation of |a| from 0 to s — 1, we
have

t
T | A A\ Gl P

t (3.3)
< [ 1™ B 0™ sy + ol s+ Vol
0
By (3.3), we have
o™ s + 1 IVO™ [Fes < CEYTo + Juol|Fra-s + 71l Voo [7e-s-
Since 1 > 0 is an arbitrary constant,
[0+ 3. < CE'T + [Jvo -
Thus for Ty small enough, we obtain v™*!(z,t) € X. O

Lemma 3.2. There is a sufficiently small constant Ty, such that v™(z,t) is a
Cauchy sequence in the complete metric space X.

Proof. We are going to show that for some 0 < k < 1,
[0 — o™l < o™ — o™ Jx.

Similar to the proof of (3.2)), we have

t
o™ =™ [x + 1 [V (™ = 0™ + 72/ IV (™t =™ [ dr
0

t
< [ o

0
Since v (z,t) € X, we have supg<;<r, [[v"[|gs < E. Thus,

sup vaﬂ — 0" < (CEZTO)U2 sup o™ — vm_1||Hs.
0<t<Tp 0<t<To

Choosing sufficiently small Ty such that CE?Ty < i, we obtain

[0 ([Fems + 0™ 3 )dr

1
sup [0 —0™||gs < = sup o™ — 0™ g
0<t<T, 2 0<t<T,
Thus v™(z,t) is a Cauchy sequence in X. O

Since X is a complete metric space, combining Lemmas and [3.2] the limit
function v(z,t) € X satisfies the Cauchy problem (3.1). Hence we obtain the
existence of a local solution.
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4. LP DECAY ESTIMATE OF GREEN’S FUNCTION

In this section, we consider the behavior of the solution to the linear form of
. Consider the following Cauchy problem
3
041G — 1 AG — 120G +2> b -Gy =0, z€R® >0,
j=1

G|t:0 = 4(x).

Here, b = (b1, b2,b3), b; = c;u*, 6(z) is the Dirac function. G is called Green’s
function.

Let G(t, x) be the inverse Fourier transform corresponding to G (t,€). Taking the
Fourier transform with respect to x and solving the ordinary differential equation
directly, we obtain

(4.1)

G’(t, €)= eu(&)Hn(f)t7
with
ue) = — 2L g - L
14 g%’ L+ ¢
Note that the solution of the Cauchy problem (|1.5) with initial data (L.6)) has the
integral representation
div

t
w=Grwt [ Gt =) x g () ()

Next, we use the frequency decomposition to get an estimate for the Green’s func-
tion G. We divide the solution into the low frequency part and the high frequency
part and discuss them separately to obtain the decay property of the solution. Let

x1(§) = {1’ <=

0, ¢l > 2e,
_ L KI=R,
xs(§) = {0, €< R-1,

x2(§) =1 —x1(§) — x3(8)

be smooth cut-off functions in C°°(R?), where € and R are positive constants satis-
fying 2e < R—1. We define three pseudo-differential operators x1(D), x2(D), x3(D)
with the symbols x1(§), x2(§), x3(§) respectively and set

Gi(t,§) = xi(OG(L,€), i=1,2,3.
Now we estimate the three parts separately. Using Lemma[2.2] we have the following
estimate on Gy (¢, x).

Proposition 4.1. For sufficiently small €, there ezists a constant Cn > 0 such
that

3+

2* B (t, | — bt)).

ID2Gy(t,2)| < Ont™

Proof. For ¢ sufficiently small, the Taylor expansion gives

&)+ 1) = ~Gal€* + Vb €) s = ~(relel* + VTb-€) + O(€P).

Therefore,
G(t,€) = e I VI (1L O([g ).
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Now we take the Fourier transform and set
Gi(1,6) = xa (e (1 + O(gPye T =2 H (1, eV <.
By properties of the Fourier transform, we have
Gi(t,€) = H(t,x) * F~H(e™VTI8) = H(t,x — bt),
DGy (t,€) = H(t,x) * DSF (e V=108 = D2 H(t,x — bt).
Thus it suffices to show that
|DSH(t,x)| < Cn

Since H(t,&) is smooth in the variable ¢ near |¢| = 0, for |3] < 2N, we obtain

181
IDZ(EH(2,€))] < C(l| 11180+ feflel 'z ) (1 4 1lg]?) = e elel,
Thus, by Lemma we have

3~H(x

|DZH(t,x)| < Cn(1+1)" 2 By(t, |z]).

This completes the proof. (I
Next, we consider Ga(t, x).

Proposition 4.2. For fized € and R, there exist positive numbers mqg and C such
that

|D2Gy(t, )| < Ce™ = By(t, |z)).
Proof. Choose m > 1/(2¢). When ¢ < |£] < R, we have

1
<
Re((€) +1(6)) <~
This implies
|G| = [xa(&)e" | < Ce 2. (4.2)
Thus,
Galt, ) < €| [ e<Ga(t, )¢ < Ce . (4.3)
]RS

Next, we give an estimate for 2°Gy(t, x) using induction on 3. Assume that for
any |8 <1 —1, it holds

|D{Gat,€)] < CtlPle2m, (4.4)

for 18] = 0 by (I2).

Taking the Fourier transform of (4.1) with respect to z and then multiplying by
X2(&) we have

0 Ga(t,€) — (u(€) + (f))C)? 2(t,€) =0, (4.5)

G2(0,€) = xal
Applying the operator D? on (|4.5)), we obtain

QDY Galt, &) — (u(€) + ())D"GQ(t &) = F(6),

G2(0,8) =
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where ag is a polynomial of [£[|, and
3! .
FEO= > gD (&) + (@)D Galt,©).
BitBa=B.|Brl0 1%

Then for |3| = I, by the ODE theory, we have

DY) = 1. 0) + [ Gl 5. OF (s
Using the induction hypothesis, we obtain
|D§Cjz(t,§)|6§|g|§3 < Ce mm + C’/Ot e~ T tl8l-lem 2 ds < C’tlﬁlefﬁ,
which implies that is also valid for || =I. Then for 1 < |g| <, we have

2" D2Galt )] < €| [ /7D (e Calt, )
R3

< Cefﬁ/ gllol 4 g lol=18D+ )18l e
ES\E\SR(‘ | €] ) (4.6)

< Ol 7

< Ct%efﬁ, mo < m.

Using (4.3) when |z|?> <t and using (4.6) when |z|? > ¢, we obtain (|3] = 2N)
N

|D2Ga(t,2)| < Ce™ 7 min{1, PR
Since
[z _ |2, x> < ¢,
t 277 |$|2 > ta
we have )
|DZGa(t,z)| < Ce 20 By (t, |x]),
which completes the proof. ([

Finally, we consider G5(t,z) by using Lemma [2.3]

Proposition 4.3. For sufficiently large R, there exist positive numbers Cy and C
such that
|D5(G3(t7x) - Gfa)| < Ce_COtBN(tﬂ |.7J|)

Here G f,, is the distribution of the form

[la\2+3]

o lal
Glo=xs(D)[e 2 (8@) + > a7+, (4.7)

j=1
where p;(t)s are polynomials of degree j.
Proof. Since R is large enough,

|DEGs| < Ce=Crtent,

We set

1 Yot

p=-—=5, h P —¢e Tel¥71 .,
e M
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Then, it is easy to see that
h(p) = e /7 (1+0(|pl)), ol = 0.
Thus,

L5
O = xa(€)e 2 (14 D0 py (€Y ) + Rt
j=1

Using Lemma [2.3] we obtain
+oo
€1 R(t, &) < Ce T pi(0)(1€17),
j=[12E2 41
|DSR(t, )| < Ce™ ™M (1 4 [2f*) 7,
which implies

=

|2? DO R(t, x)| < Ce—vzt/%/ 1€]~2(2E) 1810 < Cemet/m,

l€I>R

Hence,
D (Gs — Gfa)| < Ce '/ By (t, |z).

In conclusion, we obtain the following estimate for the regular part of G.

Theorem 4.4. Assume that G is the solution of the linear form of equation (|1.5)).
Then

34|

|Dg (G — Gfa)l < Ct™ = By(t, |z —bt]),
with G f, defined by .
Proof. Since
|DZ(G = Gfa)(t, )| < [DZG1(t x)| + [DFGa(t, x)| + | D (Gs — Gfa) (L, )],
the desired estimate follows from Propositions and O

Noting that

By (t,|z])dz < C(1+1)*2,
Rn
we can use the Hausdorfl-Young’s inequality to obtain the following theorems about
the Green’s function, which are essential for the proof of the existence and the decay

estimate of the Cauchy problem (|1.5)-(|1.6)).

Theorem 4.5. For any multi-index o and p € [1,00], we have

||

DG ~ Gfu)luaas) < O 30D,
Theorem 4.6. For all ¢ and N > 0 integer, we have
(G = Gfa) * @llwnoomsy < Co(1+) 72|l wn+ags,
(G — Gfa) * llwrimsy < llollwnags)-
Theorem 4.7. For f € LP(R?) with p € [1, 00|, we have

1G * fllr@s) < CpllfllLe@s)-
Here C), depends only on p.
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5. LP BOUND ESTIMATE OF SOLUTIONS

Now we prove an LP (p € [0, 00]) estimate of the solution u of (1.5)-(L.6). First,
by the fundamental energy estimate, we have

d
a(llﬂlliz +nlVulZ) + 29[ Vulz. = 0. (5.1)

Integrating with respect to ¢, we obtain

t
(lullZ> + 7 VullZ2) + 272/0 IVullZ2dr = [luol72 + 71l Vuol 2

Therefore, we have the following basic bounds for u:

t
Julle <C; [[Vullz < C, / IVu(r, )|[f2dr < C.
0

5.1. L! bounds. Let

(n) = L |n <1,
XM= N0, 1l > 2,

be a smooth cut-off function in C°°(R3). Define the time-frequency cut-off oper-
ator x(t, D) with symbol x(¢,&) = XO(%|§|2)7 where p is a constant and p >

maX{Q—?’Yl, %} A solution u of (1.5) can be decomposed it into two parts: the low

frequency part uy, and the high frequency part ugy, where uy (¢, x) = x(t, D)u(t, )
and ug(t,z) = (1 — x(¢, D))u(t, x).
Lemma 5.1. Assume that ug € L*(R3). Then
lurllze < C(L+1)7%1,
where C' is a positive constant depending only on ug.

Proof. Using Green’s function, we have

Gt—r,")

ur, = x(t, D)(G * up) +/Otx(t,D)( Y *divf(u))dT.

Using Minkowski’s inequality, we obtain
lurll2

~ (e D)@ uall + ([ it DG v s@)faar) 62

=51+ Ss.

For S;, by Hausdorff-Young’s inequality and Theorem [£.4] we have

S1 < x(t, D)G| 2 - lJuollr < C(1+18)7/%. (5:3)
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For S;, by Plancherel’s theorem, we obtain

52 = [ It D) (ST v ) e
/Hx |2\€|f w)[2dr
<9//, 'nggﬂm%“

(5.4)
<0 [l [ e orasr

,%,1
< O/o i B e iar

t
<c [ I+ ar
0
<C@+1)7¥2
Hence, by (5.2)), (5.3)) and (5.4]), we obtain the desired estimate. O

From the decay estimate of ||ur|| 2, we have the following interesting relation
between the decay rates of uy, and u.

Lemma 5.2. Ifug € HY(R3) and ||up||> < C(1+1t)79, then
lullzz +mlVulZ: < CQ+1)72
where C' is a positive constant depending only on ug.

Proof. We already have the basic energy estimate (5.1)), that is
d
3 (lullZe +nlVuliz) + 29[Vl = 0.
Set €2(t) = p/(1 +t). Then

|wwmz/ €[2laf2de
[E]>e(t)

> e2(t) / |af*d¢
[€]>¢e(t)

>§@(M§—A&mmﬁg.

From the above inequality, we deduce that

d Yot N
3 (lulze +nlVeli:) + T : llllZe + 2l Vullz: < e (t)/ Yola[*dé
l€|<e(t) (5.5)

< C2 () us .

By the assumption ) becomes

(HUIILz +lVulliz) + Co—— (lullzz + 7l VullZ2)

1+t

72#
< dt(”u”L? +llVaullze) + T lelze + 72l Vul
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<C+t)~2 L

Conp
Multiplying the above inequality by efo THFAT (1 +t)¢°# and integrating from 0
to t, we obtain

L+ ) (ullFz + 7l Vul2) < luola +7[VuolZe + C(1 + ) H27.
Thus
lullFz + I VullFe < (Juollze + 71l VuolZ2) (1 +6)~F + C(1+ )72
Since Cyu > 20, we have

lullZz + 7l VulZ: < OO+~

Remark 5.3. Combining Lemmas [5.2] with we obtain
lull2s + 7| Vul2: < CQ+1)73/2

Proposition 5.4. If ug € L*(R?) N HY(R3), then we have ||ul|p: < C, where C is
a positive constant depending only on ug.

Proof. Using Green’s function, we have

PGt —T,-)
1 < 1 —_N 0/ 3
o <16+ wols + | [ G« div payar]

K . (5.6)
< |G *ugl|pr + / IG(t —7,-) xdiv f(w)]| prd7
0
= Q1+ Q2.
For Q1, by Theorem [£.7] we have
Ql S CHUOHLl S C. (57)
For )5, notice that
1 f@)][pr < Cllull7= < C(1+1)7/2
Again, by Theorem we have
¢
Qs :/ 1G(t — 7,-) # div f(u)||prdr
0
t
:/ NG — Gfi + Gfr) = div f(u)||p:d7 (5.8)
0 .

t t

g/ ||(G—Gf1)*divf(u)||L1dT+/ G f # div f(u)|prdr
0 0

=21+ Q2,2
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For Q2,1, by Young’s inequality, we have

t
Q2,1=/0 (G — Gfy) *div f(u)|| 2 dT

- / IV(G — Gh) * fw)]prdr

, (5.9)
< [ 9@ -Gpluliwlds
0
t
< C/ (1+t—7)"2(1+7)%dr < C.
0
For Q2,2, we have
t
Q22 = / |G f1 * div f(u)||1dT
0
t Y2 —T
g/ e ||V 2 || V|| 2 dr (5.10)
0

t
< / e (14 1) 24 < C
0

Now (£:8), (7). (£:8), (9) and (-10) imply [Jul 1 < C, as desired. O

5.2. L* bounds. We now estimate ||u||ze. Unlike the method in [20], the energy
method is not enough. However, using the variable substitution and Green’s func-
tion method, we can first obtain the bounded estimate of ||u|/ g2 and then apply
the embedding theorem to get the L> bounded estimate. Set

w=(1—-mAu, wy=(1—-y40)u.
Then (1.5) can be rewritten as

724 RV
1—'y1Aw+b1 _71Aw = div f(u).

ﬁtw
By Duhamel Principle, we know that the solution will be of the form
t
sz*w0+/ G(t —,-) = div f(u)(r,-)dT. (5.11)
0

Now we use Green’s function to estimate w.
Proposition 5.5. Suppose that ug € L*(R?) N H*(R3), s > 2. Then we have
[wllr= < C,

where C' is a positive constant depending only on ug.
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Proof. Applying Theorem [4.7to (5.11]) and using the Holder inequality, we obtain
t
[wllzs/z = |G * woll a2 + || / G(t —71,) = div f(u)(7,)d7|[Ls/2
0
t
< |G * wo| 302 —I—/ |Gt —7,-) * div f(u)|| s/2dT
0
t
< Cllwo||psr2 + C/ |w- Vul| pa/2dr (5.12)
0
t
<c+ c/ lull 2o |Vl podr
0

t
<C+ C/ [Vul/2.dr < C.
0

Note that we have used the Sobolev inequality |u||zsgs) < C||Vul[z2(rs) above.
Combining (5.12)) with (2.2]), we obtain
lull sz = (1 = nA) " wl| Loz < C.

Thus
[Aullpsre = [lu+wllgs2 < fullpsre + [Jwllps2 < C.

Combining these with the Green’s function again, we obtain

t
lw]|zz = |G *wpl| 2 + ||/ Gt —7,)xdiv f(u)(r,-)d7| L2
0

t
< Cllwol| g2 —I—/O (G —Gfi+ Gf1) = div f(u)(r, )| 2dT

(5.13)
<0t [ - Ry aiv J@lzs + 16 aiv f)ls2)ar
<Cth+D

For I, we have
n= [ 16~ Gh) v @)
< /Ot | div(G — G f1)ll e[| f (u) || L2 dT (5.14)
< c/t<1 bt =) 20D ) 2dr < C.
For I, we have i
b :/Ot 1G fr + div f(u)||p2dr
= /ot ™ ) lul| o || V| o (5.15)

t ol

g/ B |Vl | Au]ydr < C
0

In the last inequality we used that ||[Vul[z3rs) < Cl|Aul|s/2(gs)-

From (5.13)), (5.14) and (5.15), we obtain ||w||2 < C+ I + 1 < C. O
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Remark 5.6. By Proposition [5.5, we can easily obtain
[ull 2 (r)s < C.

Then by the Sobolev embedding theorem H?(R3) < L>°(R3), we can get the L™
boundedness of u,

||| oo msy < C.

5.3. LP bounds. Since we already have L' and L> bounds, by the interpolation
inequality we easily get

llull r@sy < C, p e [1,00].

Here C is a positive constant depending only on the initial data wuyg.

5.4. H® bounds. With the L* boundedness, we can improve the regularity of u
as follows.

Lemma 5.7. If ug € H*(R3), 3 < s € Z, then ||ul]|gs < C, where C is a positive
constant depending only on ug.

Proof. Multiplying A% u to both sides of (1.5)) and integrating with respect to z,
we obtain

d P
Gl + ) + 2allaly, = =2 [ A¥udiv f(u)da
By Holder’s inequality, we have

IQ/RS A udiv f(u)dz| < vllullfy, + ClLFG; < v2llullfy + Cirellullg,-

Thus, for any j > 1, we obtain
d
(HUIIHJ +mllulfyn) +elluly, < Civellulg,

By summation, we have

d < . . »
ﬁzﬁ Il +rallll 3 0) ZCS Iyallull?, < GHDCTIHCiya|lull?, .
§=0 j=0

One readily checks that this 1mphes

d X ..
7 22 O (el + millulFn) <0,
7=0

Integrating the above inequality with respect to ¢, we obtain

S
Y C T (ullfy, +mlull,.) < ZCS 7 ([luolls +vallwollFse)-

Then, it follows that ||u||gs < C. O

From the H® boundedness and the existence of local solutions, we obtain the
existence of global solutions to (|1.5)), by the continuity method. Moreover,

(u—u*) € LO<>(()7oo;HS(}RS))7 s>1+ [g]
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6. DECAY ESTIMATE IN H® AND L

In this section, we establish the optimal decay rates of the solution u in the
homogeneous Sobolev spaces.

6.1. Decay rate of the low frequency part in H*. Based on the boundedness
of ||ul|p1, Plancherel’s theorem, and Hausdorfl-Young’s inequality, we can directly
obtain the following estimate for the low frequency part,

[A%ug e = [[x(t, D)Au] L2
= Ix@ ¢l al L2

1+4+1¢
< Cllxo (1) el il 6.1)
1+4+1¢
< Clhule: o (== 16?) €1

<C(144)755,
Here, the constant C' depends on the choice of u, which is the same as in the last
section.
6.2. Decay rate of the high frequency part in H*. According to the definition

of ug, uy satisfies the equation

(ur)e — 1A (un)e — v2Aug + 20 - Vuy

. 6.2
=div(f(u))g — xe(t, D)u + y1x:(t, D)Auw. (62)
Lemma 6.1. If ug € H'(R3), then we have the estimate
¢
a0l gdr < o pemt,
0
Proof. As in Lemma[5.2] using (5.1), we obtain
d
3 lullZe +mllVullze) + 92 Vullze = =l Vullz:
<—pa(lulta - [ JaPa).
|€1<e(?)

This leads to

Yot
1+t

d "
3 lullze +mllVullz:) + lullZz + 72l VullZ: < 52(15)/ natde

lel<e(®)
< Ce(W)ucllz:
<C(+t)~2 7N
The last inequality uses (6.1)). Therefore,
Cop
1+t

T2
1+1¢

d
3 lullZe +mllVallz) + (lullfe + 71 l1VullZ2) + Cil|Vull7.

d
< Sl + nIVulZa) +

<C(+t)"2 %

[ullZs + 72l Vul 72
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t C
Multiplying the inequality above by elo T

to t, we obtain

EJDE-2020/129

47 — (1 4 t)%*# and integrating from 0

t
(1 + ) H(|fullZ- +71||VUI|2L2)+01/ (1+ )" Vul|Z.dr
0

t
< ol + 7 [VuollZz + C / (1+7)CorE-1dr
0
<O+t
This completes the proof.

The next result gives the optimal decay estimate for ||ug]|| ..

)Cou*%_

Theorem 6.2. If ug € L'(R?) N H*(R?) with s > 1+ [2] a given integer, and u is

a solution of (1.5) in L°°(0,00; H*(R3)) with initial data ug, then

3__ s

Jur e <COA+E)7173,

for any t > 1, where C' only depends on the initial data ug.

Proof. Multiplying (6.2) by A**uy and integrating it in x, we obtain

1d
s

= [ A®ugdiv(f(u))gde — /Rs iy €[> Opx (¢, €)dE

R3

+ / €125+ 20,x (1, €)d¢
R3

= Ry + R2 + Rs.

For Ri, by Holder’s inequality and Lemma we have

Ry| = \/ D(u?) 5 D**ugrde|
R3

oy / (if)(dz)HIEIQSu}zdfl

< [|I€1*] £ w) | - 1€
< Ol f(w)mll e
< O ([l o< lull7.)

< COllullge lull grosa-

U||Hs+1

lull e

By the Galgliardo-Nirenberg-Sobolev inequality, we have

1
ol

Then, using the Young’s inequahty, we obtain

|Ry| <

I /\

1/s
o Tl

c
||U\\Hs+1 +5 HUIlip

||uL||Hs+1 + ||UH||H5+1 + =

5 lulls

lur %, + llue ) +velluml.o . — 2/ A**b - ugVugda
R3

(6.3)

(6.4)
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The same calculation can be done to [p; A*uy Vugdz.

\2/ A?Sb.ququxyzzb}/ (1€) () ][ e
R3 R3

< Clllgl*lan - [+ ] 1

(6.5)
< C||UH||Hs||U||Hs+1
HULHHerl + ||UH||Hs+1 + *Hullip
For Rs, by Proposition we have
Ral = [ duil¢0ux(t. €)d¢
R
TS R 141
< / a7 x6 (=16 ) [1 = xo (= ~lel?) g

R3 K H

(6.6)

< Olja?|| /Rg(l + )72 (1)1 = xo(Inf*) (1 + 1)~ 2dn
< Cllu?[lpa (1 +)72 77"
<CA+t)7 30
For R3, similar to Rs, we obtain
|Rs| < C(1L+1)" 572 (6.7)
Combining (6.3)-(6.7), we obtain
a(IIUHIIQ- A mllun | Fen) FellumlFg.
2 _3_g_ _3_ 4
< ?HULH?qu —|—CHu||i»11 +C(1+1) 2 1+O(1+t) 2 2
< Ollul, +C(A+8)~ 5L

We used (6.1 in the last inequality above. Also, according to the definition of the
cut-off operator, we find that

2
lwr || en > 1HII un||7.
Therefore,
d
a(lluﬂllip + 7l ) + Col +t(||UH||2~ Al )
< Sl + vl ) + 2 .o

< Cllulff +CO+)72 7

C
Using Lemma and multiplying the inequality above by elo THFAT = (1 + t)Cor
and integrating from 0 to ¢, we have

@+ 1)  (umllF. +rillumllF..)

t
< lluorllf. +mllvorll... +C/ (L4 7) %" |[ul|%, dr
0

t
+ C/ (1+7)Cor=3-s"1qr
0
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< luom |l + villworl|% . + C(1+ )15 4 O +)Cor—22,

Since Cop > 3/2, we have

e +mllum | Fe < C(L4+1) 722
Combining the above with (6.1) and setting s = 3, we obtain

lullFa < C(L+1)7%%
Therefore, by the Gagliardo-Nirenberg-Sobolev inequality, we have
1/2) 1/2 _

lullz < Cllull g3 llul2* < O +1)=/".

Hence, we can use the estimate of ||u||r to get a better decay as follows.
|R1| < C(llullzos [Jull g llell grasa

72
< 5llu||§-,s+1 + Cllull%.

ulz (6.8)
72 .
< Slullfee + CO+OT 2 (lurlfy. + lualF.)-

By and —, we have

d

E(IIuHIIZ- A mllun ) Fvellun e
<C 46732 (lugl%.) + C(L+t)~ 2L,

Similar to the proof above and note that Cou > %, we have

L+ ) (luplFye +millwr )

t
_3
< Juom |, +mlluon3es +C / (14 1) (lug||3,.)dr
0
t
+C/ (1+7)Con=5=s"14r
0

t
_3_ _3
< wor 1%, +7illuor 3oy + C(L+ )04 2 S+C/ (14 7)%" 2 (|lug |3, )dr.
0

By Gronwall’s inequality [3], we have
(14 )% lug ||, < C(1+ (1 + t)Con=3-5)efs (147)7*/dr
<O+ O +t)Cor—3-s,
Since Cop > 3/2, we obtain
lug |l ge < CQA4)~175,

which is the optimal decay estimates of uy. This completes the proof. O

Corollary 6.3. Suppose that ug satisfies the same assumptions as in Theorem[6.]]
and u is a solution of (L.5) in L>°([1,00), H*(R3)). Then

lullz < C(L+8)75/2,

fort > 1, where C only depends on ||ugl| 1.
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Proof. By Theorem [I.2] we have
Jull 7o < C(141)~375.

In particular, for s = 3, we have |Jul| ;5 < C(1 +t)~1. Therefore, by the Gagliardo-
Nirenberg-Sobolev inequality, we immediately obtain

1/2 1/2 _
lull 2 < Cllul 2 llull s < C+1)7%2,

which completes the proof. [
7. POINTWISE ESTIMATE OF THE SOLUTION

Finally, we come to the pointwise estimate of the solution u. Our goal is to prove
the following theorem.

Theorem 7.1. For Cauchy problem (L.1)), if the initial data vo = ug — u* €
LY (R3) N H*(R3), and satisfies

3
[Diuo| = Do — )| < CA+[2P) ", 7> 3,

then the solution has the pointwise estimate
DS (u—u*)| < C(L+)" "2 Byt |z — bt]),
where |f| < s—1, |a| <s—1,¢t>1 and B,(t,|x|) is given in (2.1).
Proof. From (|5.11)), we have
t .
- - - div
Dg‘u:Dg‘G*uo—l—/o DgG(t—T,-)*m

Obviously II; means the initial term while II; represents the nonlinear term.

7.1. Estimate of the initial term. For II; = D3Gxuyg, since G has a distribution
G fs, we need to separate it into two parts:

L | = [DSG * ugl
< |DS(G — Gfa) *xugl + |G fa * DS ug|
=111 + 1y 2.

For Il 1, since |ug| < (1 + |y|*)™Y and supp up C {|y| < M}, if ¢ is large enough,
then applying Lemma |2.4] we obtain

& _3_1lal —r
DG = Gfa)xuol <Ct727 = | By(t, |z —bt —y|)(1+[y*)"dy
R™ (7.2)

<ot 5 Bt |2 — bt)).
For II; 5, by the assumption of the initial data and [I8], we have

|Gfa* Diugl < C | e (14 |y*)~"dy
]Rn
< Ot 35 B.(t, o — bt]).

Combining ([7.2)) and ([7.3)), we obtain
|D3G % ug| < Ct~3='5 B, (t, |= — bt|). (7.4)
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7.2. The estimate of the nonlinear term. Set
® = (1+1t)732B.(t, |z —bt]),
D5 =(1+ t)igilcszr(ta |z —bt|),

M(t)= sup |Dgu(z,s)|®;"(z,s).
0<s<t,x€R

Then
luf < M -®, |D%u| <M - ®g.

For the nonlinear term, we again separate it into two parts:

t
sz/ DEG(t — 7,-) * div f(u)dT.
0

t ¢
S/ DTYG — Gfa) *f(u)d7+/ Gfa* D2 div f(u)dr
0 0
=1y + 1o 5.
For Il 1, let Q = [0,¢] x R", Q! :Qﬂ{% <7<th 2=0n{0<7< %} Then

My, = / D3(G — Gfs) * div f(u)dr
0

<C | (G—Gfs)* DS div f(u)dr + O/ DSTYG — Gfz) * f(u)dr.
Ql 02

There are two cases:
Case 1: |z — bt|? < t. Then

Iy, =C [ (t—7) 2B (t—7 |z —y— bt — 7))|D*  u?|dydr
(923
lal+1

+C | (t—7)75
Q2

Br(t = 7|z —y = b(t = 7)])[Ju]| L~ [uldydT

. t ‘ . ]
<SCM@O)(1+1)” +2\“'—§/ (t—7) 21 +7) "2 8 (t—7)2dr

apia (Y2 3
+CM(t)t™ 2 / (1+7)372dr
0

+al 1

< OM(t)t= "%,

When |z — bt|? < t, we have
— bt 2\ —r
1 g2r(1+¥) = 9" B, (t, ]z — bt]).

Thus, we obtain
3+|&]

H271 < OM(t)ti 2
Case 2: |z — bt|> > t. We set

“EB,(t, |z — bt|). (7.5)

Ia?—y—b(t—f)l2)*’“(14r Iy—bTIQ)*T.

t—rT1 T

P=(1+



EJDE-2020/129 POINTWISE ESTIMATES FOR CONSERVATION LAWS 23

Then

C(l + @)—r(l + |ZJ—‘I(_)‘I'|2)—7-7 |{E _ bt| > |y—2b7'|7
C(1+ W)#(l i Imebflz)*T’ o — bt] < 227l

We separate the region into {y : |z — bt| > @} and {y : |z —bt] < W} Then

IIo

_ / (t— 1) 32Bo(t — 7|z —y — b(t — 1)) +7) 35 B, (1, |y — br|)dydr
Ql

3_ lal+1

* C/ (t=7)"27 = Bi(t =7 ]w—y = bt = 7))+ 1)’ By(r, |y — br|)dydr
Q2

(1+7')_3ﬂ3 (t—7, | —y—br|)dydr
Btz -y y

4+|&]
2

< CM(t)B,(t, |z — bt|) /Q (t—7)"

_ g laltr 73/2
+ CM(t)B,(t, \x—bt|)/ﬂl(t—7) 321 4 7) 33 aE Bt |z —y — br|)dydr

s (t—1)?
)

L CM)B(t |z — bt|)/ (£ — ) ge
02

B,.(,|y — br|)dydr

. L \3/2
—3—"%@ 7)

+ OM@®) B, |z — bt]) / (t—7)%2(1 4 1) By (r |y — br|)dydr

02 $3/2
¢ 4+1a| 73/2
< CM()B,(t,|x — bt|)/ (4 ) ST - )
t
3
' laj+1 73/2
+ CM(t)Br(t7 ‘i — bt|)/ (t — 7-)*3/2(1 + 7_)737 = W(t _ 7.)3/2d7_
%
t
2 _3tlal+1 o (t—1)3/2
+CM(t)B.(t, ‘x—bt|)A (t—r7) = (1+7) STTBde

& —7)3/
_3_laln (t—r7)

3 2
+ CM(t)B,(t,|x — bt|)/ (t—71)73/2(1+ 1) = 3/247
0

- t
< CM(t)B,(t, |x—bt|)f%'“‘/ (147327

2

+ CM() B, (o — bt~ % / (147 2dr
0

3+|&]
2

< CM(t)t "7 ~5B.(t, |z — bt]).

Then, by (7.5) and (7.6, we obtain

1 < CM()t "7 =8 B.(t, |z — bt|) = CM()Ds(1+6)"Y5.  (7.7)
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Next, we consider II . From [I9], we have
t
My = / Gfa* D div f(u)dr
0

t
< C’/ Gfa(z —y,7)Pa(y, 7)Par1dydr
0 Jrn (7.8)

t 2
< C’/ e o ds dr
< Cd,.
Combining , , and , and noticing that ¢ > 1, we have
|DSu| < CBg + CM(t)Ds(1 +t)~/8.

Thus we obtain
M(t) < C+CM(t)(141t)~ /5,
Since there exists T > 0 such that when ¢t > T,

C(14+t)~Y8 < %
we conclude that M (t) < 2C, t > T, which implies that
[DgullL < C, |B] = |af + 2.
Then, by the structure of the equation, we have
0, DPul|p~ < C.

By the continuity of M (t) on [1,T], M (1) < Cp and M(t) < Cy for t > T, we have
M(t) < Cp for t > 1. By the definition of M (t), this gives us

_ 344l

2 B.(|lz — bt],t).
This completes the proof. (I

|DSu| < C(1+1)
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