Electronic Journal of Differential Equations, Vol. 2020 (2020), No. 125, pp. 1-15.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu

GLOBAL SOLUTIONS FOR FRACTIONAL VISCOELASTIC
EQUATIONS WITH LOGARITHMIC NONLINEARITIES

EUGENIO CABANILLAS LAPA

In memory of my mother Celia Lapa C.

ABSTRACT. In this article we study a fractional viscoelastic equation of Kirch-
hoff type with logarithmic nonlinearities. Under suitable conditions we prove
the existence of global solutions and the exponential decay of the energy.

1. INTRODUCTION

We consider the problem of finding u = u(x,t) weak solutions to the nonlinear
heat equation of Kirchhoff type with variable exponent of nonlinearity, viscoelastic
term and logarithmic source terms, involving the fractional Laplacian,

(L + alul" @2 uy + M([[ullf,)(~2)*u ~ /O g(t =) (=A) u(r)dr

= (|u\p*2u+ |u|"*2u) log |u| =: f(u) in 2x]0,00], (1.1)
u=0 in (RM\Q) x [0, 00,
u(z,0) = u’(z) in Q,

where Q C RY is a smooth bounded domain, M(t) = t*~! +1, 0
2 < N/s, a > 1, g : [0,00[—]0,00[ belongs to C([0,0[), g(0)
IS g(r)dr >0, ¢'(t) <0, p,o > 2, and r is a continuous function.

This type of problems without viscoelastic term (that is ¢ = 0 ), with r(x)
constant , M(t) = 1 and f a polynomial, have been considered by many authors
with the standard Laplace operator (—A)®, s = 1, and can be seen as special case
of doubly nonlinear parabolic type equations

(p(u))e — Au= f(u),

which appear in the mathematical modeling of various physical processes such as
flows of incompressible turbulent fluids or gases in pipes, processes of filtration in
porous media, glaciology, see [2 B [13, [35] and the further references therein.

<10, s €]0,1],
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The questions of solvability and the long time behavior of solutions to the doubly
nonlinear nonlocal parabolic equation

(p(u))s —dive(Vu) = /0 g(t — 7)dive(Vu(r))dr + f(z,t,u),

were studied in [4}, 19, 30, BT} 32] 34]. This equation arises from the study of heat
conduction in materials with memory. On the other hand, many fractional and non-
local operators are actively studied in recent years. This type of operators arises in
a quite natural way in many interesting applications, such as, finance, physics, game
theory, Lévy stable diffusion processes, crystal dislocation; see [5] 22} [36] and their
references. The first result concerning fractional Kirchhoff problems was obtained
by Fiscella and Valdinoci [18]. Pan et al [26] investigated for the first time the
existence of global weak solutions for degenerate Kirchhoff-type diffusion problems
involving fractional p-Laplacian, by combining the Galerkin method with potential
well theory, for the special function M(t) = t*~1(t > 0). Mingqi et al [24] proved
the existence and blow-up of solutions for a similar equation with more general con-
ditions on M which cover the degenerate case. Recently, logarithmic nonlinearity
appears frequently in partial differential equations which describes important phys-
ical phenomena, see [12], T4, 20l 23], B7] and the references therein. Ding and Zhou
[14] studied the semilinear parabolic problem of Kirchhoff type with logarithmic
nonlinearity,
wy — M([u)?)Lxu = |ulP~*ulog |ul.

They obtained results of global solutions and of finite time blow-up of solutions,
when the initial energy is subcritical and critical, by using the potential well method.
In the works mentioned above, there are only a few about global existence and
exponential decay rate for doubly nonlinear parabolic equations involving variable
exponent, viscoelastic term in the fractional setting, and logarithmic nonlinear
terms. Motivated by this, we study global solutions for by using Galerkin’s
method and similar arguments as those in Tartar [33]. Also, we give the exponential
decay rate of the energy via the energy perturbation method. It is worth mentioning
that we do not use the logarithmic Sobolev inequality to obtain our results.

The article is organized as follows. In Section 2, we give the preliminaries for
our research. In Section 3, by using the Galerkin approximation method we obtain
a global solution, and finally, we obtain the exponential decay under certain class
of initial data.

2. PRELIMINARIES

In this section, we present some material and assumptions needed in the rest of
this paper. We denote Q = R2V \ (CQ x CQ), CQ :=RN \ Q, and

g TN , 2 |u(@) — u(y)?

where u|q represents the restriction to  of function u(z). Also, we define the linear
subspace of W,

Wo={u€eW:u=0ae in RV \Q}.
The linear space W is endowed with the norm

_ 2 1/2
u(z) — uly
lullw = llul| L2(0) + (/ (@) = uly)I” dxdy) )

Q le—yNtes
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It is easily seen that || - ||w is @ norm on W and C’{)’O(Q) C Wy. The functional

Ju(z) — u(y)|? 1/2
||uHWO - // y|N+25 d dy) ’

is a equivalent norm on Wy = {u € W : u(z) = 0 a.e. in RY \ Q} which is a closed
linear subspace of W. Furthermore (Wy,|| - ||w,) is a Hilbert space with inner

product
o [

Now we review the main embedding results for the space Wy.

Lemma 2.1 ([27, 28 29]). The embedding Wy — L"(2) is continuous for any
€ [1,2%], and compact for any r € [1,2%].

Lemma 2.2 ([25, Lemma 2.1]). Let N > 1,0<s<1l,p>1,¢>1,7>0 and
0<6<1 be such thatlzé)(l—i)—i—l;e, Then

||u||LT (RN) < ”ung P RN)Hu”Lq(RNy Vu € C&(RN)-

Now, we recall some background concerning the generalized Lebesgue-Sobolev
spaces. We refer the reader to [I5] [16], [I7] for details. Set
C+(Q) = {p(z) : p(x) € C(Q), p(x) > 1, for all z € OQ}.
For p € C4(Q) we define
pt =max{p(z):x € Q}, p =min{p(z);z € Q},

and the space
LP@)(Q) = {u : u is a measurable real-valued function, / Ju(z)|P® dx < 0o},
with ’
lullpe) = lull oo (o) = inf {A >0 y 2 gy < 1}
which is a Banach space [21I]. We also define the space
WP (Q) = {u € LP@(Q) : |Vu| € LP(Q)},

equipped with the norm

[ullwree @) = [[(@)llpe) + V(@) lp)
We denote by W’ p(x)(Q) the closure of C§°(2) in WP(*)(Q). Of course the norm

lull = ||Vl p(z) is an equivalent norm in Wol’p(w)(ﬂ)_
Proposition 2. 3 ([18]). (i) The conjugate space of LP™) (Q) is LP'®)(Q), where
(:c) T (m) = 1. For any u € LP®(Q) and v € L7 ((Q), we have

1 1
/ |U'U‘dx < (T + T)Hu”p(m)”v”p’(m) < 2”“”;0(3?)”””;0’(30)'
Q p D

(i) If p1(x), pa(x) € C1 () and p1(z) < pa(x) for all x € Q, then LP2(¥)(Q) —
LP1®)(Q) and the embedding is continuous.
Proposition 2.4 ([16]). Set p(u) = [, |Vu(z)|P®) dz, then foru € W, p(x)(Q) and
(ug) C Wol’p(x)(fl), we have
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(1) ||ul]| <1 (resp. =1;> 1) if and only if p(u) <1 (resp. =1;>1);
(2) foru#0, ||lull = X if and only if p(u/X) =1;

(3) if flull > 1, then |lull” < p(u) < P ;

(4) if lull <1, then [[ul|P” < p(u) < |ul|”;

(5) |lukll = 0 (resp. — oo) if and only if p(ur) — 0 (resp. — o0).

For x € Q, let us define

Np(z)
() = | N if p(z) < N,
00 if p(z) > N.

Proposition 2.5 ([I7]). If g € C+(Q) and q(z) < p*(z) (q(x) < p*(z)) for x € Q,
then there is a continuous (compact) embedding WP (Q) < LI@)(Q).

Lemma 2.6. Let 2 < r < p < 2%.For each € > 0, there exists a positive constant
C. such that

[0]lf < ellvllfy, + Cellvll",
for allv e Wy N L™ () where

D (DG ae Y

r  p/\N 2+r

The above lemma immediately follows from Lemma 2.2 and Young’s inequality.
Lemma 2.7 (|21, Theorem 1, pag 23 ]). Suppose that r € L°(Q), r~ > 2, w €
L"@)(Qx]0,T]) and

9
ot

Then, for any s, € [0,T] with s < 7 we have formula of integration by parts,

/ST/Qw<r(x)1_1w|T(“’)2w> dx dt = /Q $|w(7)|r(“’) d;l:/ﬂr(1x)|w(5)r(z) dx.

3. EXISTENCE OF GLOBAL SOLUTIONS AND EXPONENTIAL DECAY

(Jw|"®~2w) e L” @) (Qx]0, T[).

In this section, we focus our attention on global solutions and exponential decay

for problem (L.1)).

Definition 3.1. Let T' > 0. A weak solution of (1.1)) is a function v € L>°(0,T; Wy),
with u; € L2(0,T; L(Q)) and (|u|"®)/?), € L?(2x]0, T[) such that

T T
/ / (1+a|u‘r(z)72)utwdxdt+M(||uH3,O)/ (u, wyw, dt
0o Jo 0

B /OT /Ot g(t — 7){u(), w)yw,dr dt

_/OT/Qf(u)wdxdt,

for all w € L?(0,T;Wy) and u(z,0) = u’(z) € Wy, where for s € R, f(s) =
(Is|P=2s + |s|72s) log |s].

Theorem 3.2 (Local solution). Assume u® € Wy \ {0}, 2 <r= <2, rT, p, o€
12,2%[ , then problem (1.1)) has a unique weak solution u for T small enough.
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Proof. We prove the existence of weak solutions by using the Faedo-Galerkin method
with ideas from [7]. We choose a sequence {wy },en C C§°(€2) such that

-
C5 (@) c U, v, C

and {w,} is a standard orthonormal basis with respect to the Hilbert space L?(Q)
and an orthogonal basis in Wy, where V,,, = spam{wi, wa, ....w,}. Now, we con-
struct approximate solutions u,, (m = 1,2,...), of the problem ([1.1)), in the form

U (2, 1) = Z gim(t)w;(z),

where the coeflicient functions g;,, satisfy the system of ordinary differential equa-
tions

/Q (1 + alum (02w (Yw; da + M (e (1)) {m (1), wi)w

t
—/ g(t — 7)(um (1), w;)w, drdt
0
= f(u7n)wj dl‘, ]: 1,2,...7’2’7,;
Q

U (2,0) = u® (2) — u®(x) in Wy.

m

Let us show that the system (3.1) is locally solvable. It is clear that (3.1) can be
rewritten in the form

72 m@) = (13 aim @), Bam(®)

. (3.2)
+ [ gt = 1)Bgu(r)dr + Flgn(0),
0
where
gm(t) = (gml(t)v gm?(t)7 s agmM(t))Ta B= [<w’ia wjﬂlﬁi,jﬁmn
®(n) = (P1(n), ®2(n), ..., P ()" with 5= (n1,7m2,...,7m) € R™,
m m r(z)—2 m
®i(n) = / anwj + %‘ anwk anwk}wi dz
2 j=1 (@) k=1 k=1
i=1,2,...,m;
m m T
= W, dz, ... W | Wiy
F() (/Qf(;mwj)wl o [ 13 mws)um)
This system is equivalent to
t m )
B0 () = B (O) + [ [~ M (I3 gm0y @)}y, ) B
i=1
3
+ [ 9l€ = DBgn(r)dr + Flgn(e))] .
0
and the fact that the map s — f(s) is increasing for large s, we obtain
(®(¢) = ®(n), ¢ = Mrm > Cpl¢ — nlzm (3.3)
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for {,n € R™, where C,, is a constant such that, for any g,, in R™,

/Q [t |? dz > Cop |G |2 -

So, by the elementary inequality slogs > s — 1,Vs > 0, we deduce that ® is
monotone coercive. Also it is obviously continuous. So, by the Brouwer theorem ®
is onto. In view of , &~ is locally Lipchitz continuous.

Consider the map L : C(0,T,R™) — C(0,T,R™), defined by

t
0

Llgn)(t) = 87 (B(gn(0) + [ [~ (] igjm<t>wj<x>||%vo)3gm<t>

13
+ [ (e =) Ban(r)ar + Flo€))] de). e (0.7

It is not hard to prove that L is completely continuous and that there exist (sufficient
small) T,, > 0 and (sufficient large) R > 0 such that L(Br) C Bg, where Bp is
the ball in C(0,T,,, R™) with center the origin and radius R. Consequently, by
Schauder’s theorem, the operator L has a fixed point in C(0,T,,, R™). This fixed
point is a solution of . So, we can obtain an approximate solution wu,,(t) of
in V,,, over [0,T,[ and it can be extended to the whole interval [0, 7], for all
T > 0, as a consequence of the a priori estimates that shall be proven in the next
step.

First estimate. Multiplying (3.1)) by g;m(t) and adding in j =1,...,m, we have
(1 a2 e (6 da M s ) 0.0 O},
t
- / 9t — )t (7)o (8) v drdt (3.4)
0

- / ([t (B + [t (8)]7) 10g [t (1)

which implies, integrating with respect to the time variable from 0 to ¢ on both
sides, using Lemma [2.7] that

t A
Sm(t) = Sm(0) +/ d)\/ g = T) (U (7), m () Yw, dT
, 0 0 (3.5)
Jr/o /Q(|um(7)|”+ U (7)|7) log [um (7)| dz d,
where

1
S’m(t):/Q|um(t)|2dw+a/QT—|um(t)|r(9‘) da

+ / (ttn (P28, + e ()20, i
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Let us introduce the function ©(A fo (A=7)||um (7)|lw, - Estimating the second
term on right-hand side of . we have

/ d)\/ (7)s wrm (N))w, dT

s2/0(||um< A, + (D) dr+ 3 [ 000

But, using Young Inequality and noting that fo T)dT < 1, we obtain

/0 ©%(A)dA < / o(r)dr / (ltm (P2, + lum(Z) dr. (3.7)

Let 0, :=2} — p, 0o := 2% — 0. Since log(|u|?) < |u|? it follows that
b1 108 ) = - [ (1 o812

< [ Junprerda
Op Ja

Plugging (3.6 into (3.5), it follows that

1 oo t
Sm(t) < Sm(0) + 5 (14 [ g(n)dr) [ (lum(DIFF, + lum(D)iy,) dr
st oo e

t
1 1
[ (@I + —llun(lE£5) dr
0 Op Qo
To estimate the last term in (3.9) we use Lemma

' i U (T eptp i wo (T 0oto -
/0(95” LT+l (DI215) d | -
< e [ (IR, + (7)) dr+ Co [ (S5 )+ 55 00)

0 0

where

o 2+ p)(1-0)
LR (0 0]

Taking € suitably small in , it follows from ([3.5] - ) that

2(g0 +0)(1 - 90)

2—(0 7000 "

>1, ko=

Sp(t) < Co+ Cy /t (SEL(A) + SE2 (V) d. (3.11)
0

Hence, by employing [10, Theorem 1.2], there exists a constant Ty such that

Sp(t) < Cr,, Ve [0,Ty). (3.12)
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Second estimate. Multiplying (3.1) by gj,,(f) and adding in j = 1,...,m, it
follows that

S+ (1 [ ) o+ oo
1

1
- = Uy (1) |° 1og |t (8) | dx + — [|um (8)]|2
= [ lum (O log (8] do + 5 (D)
o [l @1 oglun(®]de + 5 Jun 0] (313)
clo o2 7
a1 + @ | Fun O (O da

= 20" o)1) — 39w (1)

where

t
wou)t) = [ alt=r)lult) ur) I, ar.
Integrating (3 on [0,t], t < Tp we obtain

rx l
[t ||2+a/ [ O 2 (O d 5 IR, + 5l (0,
< ol O, + 5l Oy, + / tgn ()] 108 [ (£)| dz
P Ja

o <o>|\ﬂ+1/\ (D17 10g i (£)] d + —= 1 (0)]1

2 U, R Um, 0og [Um € o2 Um, o

1 1
1 / 1 (0)]° Lot (0) | diz — / 1 (0)]° 108 1 (0)] i

P Ja o Ja

From the assumptions on u?, , Lemma and the estimate (3.12]), it follows

that
/ i B} + / [ O a0
(3.14)

+ 24 Hum( ), Hum( i, < M,

for some constant M; > 0. By the above estimates and ( -, {um} have
subsequences still denoted by {u,,} such that

U — u weakly™ in L°°(0, To; Wo),
U — uy  weakly in LQ(O,TO; L2(Q)), (3.15)
(|um|r(m)/2) —x weakly in L?(0, Ty; L*(2)).
t

Also, reasoning as in [12], taking into account the compact embedding of Wy into
LA(Q), 3 = p,o, we have
[t [P % Uy 10g [t | — u|P"2ulog |u|  weakly™* in L°°(O7T0;Lﬁ((2)), (3.16)
|t |7 2t 10g |t | — [u|” " 2ulog |u|  weakly* in L>°(0,Tp; L=-1(Q)) '
Employing the same arguments as in [9] we can prove that

x = ([ul"@72) " Py — Ju|" 20, weakly in L2(Qx]0, To[)  (3.17)
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Therefore, passing to the limit in as m —> +00, by (3.15)- (3.17), we can show
that u satisfies the initial cond1t10n u(O) =1 and

T
/ /(1+a|ur<f>—2)utwdxdt+M(||uufuo)/ (W),
0 Q 0

- /OT ,/ot g9t — 7)(u(r), w)w,drdt

T
= / f(uw)wdz dt,
0o Ja

for all w € L?(0, Ty; Wo).

The uniqueness property of solutions can be derived as in [I3, Theorem 3, p.
1095], observing that (u-+ T -|u|"®=20) € L2(Qx]0,Ty|), F(s) = f(s) log(|s]) is
locally Lipschitz continuous and Au = M(|Jull,)(—A)*u is a monotone operator.
We omit the details. O

Next, we consider the existence of global solutions and their energy decay for
problem (|1.1]). For this purpose we define the energy associated with problem (1.1
by

B(0) = 5o ), + 5 (1= [ atr)ar) o), + 5a0u)0)
1
— = [ P08 u(o)] da + (o)l (315)
— 2 | o1 og (v d+ o)

Then, we easily can check that

9 B(t) = 50 o)1) - §g< Ot R, — 03

fa/|u N @ =2u2(t) da < 0

for any regular solution. This remains valid for weak solutions by simple density
argument. This shows that E(t) is a nonincreasing function.
Before going on, we introduce the following notation

(3.19)

u o
Bie sy Mot g s
w€Wo, u0 . [1||ulZ, weWo, w0 [1]|u)|2,
1 1 .,
"= 7Bf+9p, — 7B2+Qa.
POp 00q
Define the function

1 3

h(A) = 1)\2 — AT — 572)\‘”9‘7. (3.20)

Then ) )
h'() = A~ (p+ gp)nAPTee—t — 5(0 + 00 )2 AT e
So, choosing A € R such that

oAl 1 g g<atete L
4(P + QP) 6((7 + QU)
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we obtain that these As satisfy the inequality

1 3

A2 (p+ o)A 4 S0+ 0g) AT
and h'(\) > 0 for 0 < A < Ay where

1 _ 1 oo
M= min{[4(p+ Qﬁ)’Yl}l/(m—gp g [6(0+ 90)71]1/( " 1)}'

Thus h(0) =0 and h(A) > 0 for all X € [0, A1 Therefore, from (3.20]), we have

1
E)\Q — 71)\p+g” — g’YQ/\UJFQ" > O, Ve [O, /\1[ (321)
Now, if one considers
Uu(®)[y, + (g0u)(t) < AL, (3:22)
from , we obtain
1 o+os
1 (Wnu@)nQ Fgon®) + 25 (I, + @on)
ptop
(\/l||u +(gow) t) - M (\/ZHU gou)(t))
o+0o
— (Wnu L+ (gou)))
which implies
l 2 1 ptop
>
E(t) 2 5 u(®)lf, + 50 w)(®) =2 (ilu®l}, + (g0 u0)®))

3 (IOl gou)(t)) m
> L (i, gou><>)2

42 (Yl i, + o)™ rz0

Now, we are ready to state our main result.

(3.23)

Theorem 3.3. Assume that hypotheses of Theorem are satisfied. Consider
ug € Wy, satisfying

0< ll/QHUOHWD < )\1, (324)
4

(G

B2 <, (3.25)
where
1 1 1 1
By = |l + 5 1’y — */ |u°|? log |u°] dz + 5 [|u°||f
2a 2 pJo p
1 1 (3.26)
— = [l og e do + .
g Jo g
Then the problem admits a global weak solution in time. In addition, if there exists
a constant & > 0 such that ¢'(t) < —&og(t), then this solution satisfies
E(t) < Loe ", Vvt >0, (3.27)

where Ly and v are positive constants.
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Proof. We will get global estimates for u,,(t) solution of the approximate system
(3.1) under the conditions ([3.24)—(3.25) for u°. For this, it suffices to show that

t t
[ el +a [ [ Jum 7@ e () d,
0 0 JQ

where FE,,(t) is defined in (3.18)) with u(t) replaced by w.,,(t), is bounded and
independently of ¢. From (3.13) and the definition of energy, we have

tu 2 at U r@)=21, ()2 da
+/O lwme (8)]5 + /O/Q| m(1)] [tpme (1)|? dz < Epp(0). (3.28)

From the convergence ug,, — u® in Wy we see that E,,(0) < %)\% for sufficiently
large m. We claim that there exists an integer vy such that

\/l||um(t)H%V0 F(goum)(t) <A VEE [0, Tn[,m > 1. (3.29)

Supposing that the claim is proved, h <\/l||um(t)|\%vo +(go um)(t)) > 0 and from
(3-23), (3.28)—(3.29) we obtain

et (138, + [t ()13, + /Humt Hz+a//|u (O D=2 (1) 2 da < C.

where C' is a constant independent of m. Thus, we obtain the global solution.
Proof of Claim: Suppose (3.29)) is not true. Thus, for each m > vy, there exists
t1 € [0, Ty, [ such that

\/lHum(tl)ll%VO + (g0 um)(t1) = A1 (3.30)

Here, we observe that, from (3.24) and the convergence ug,, — u" in Wy there
exists v; such that

ll/2||um(0)||w0 <M\ VYm > vy.
Hence, by continuity there exists

= inf{t € [0, T : \/ZHum(t)H%VO +(goum)t) > M),

such that

VUl () By, + (9.0 1) () = i (3.31)

By (3.23)), we see that

11(¢l||um ()13, + (9.9 un) (7)) o)

> L), + (90 w)() = 14

which contradicts E,,(t) < E,,(0) < ﬁ/\%. Therefore our claim is true. The above
estimates permit us to pass to the limit in the approximate equation.

To show the uniform decay of the solution we introduce the perturbed energy
functional

S

F(t) = E(t) + d(t), (3.33)

where € is a positive constant which shall be determined later, and

d(t) = /Q(|u|2 + #‘;)|u|r(l))d:p. (3.34)
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It is straightforward to see that F'(t) and E(t) are equivalent in the sense that there
exist two positive constants $; and By depending on € such that for ¢ > 0,

BE(t) < F(t) < BE(1). (3.35)

By taking the time derivative of the function F' defined in (3.33)), using (3.19)), and
performing several integration by parts, we obtain

GFO = 5 0u)0) = a0, ~ IOl ~a [ [u(F @20 do

— ellu®)I3¥, — ellu®liy, + 6/Quf(U) log [u(t)| dx

+ 6/0 g(t — 7)(u(r), u(t))w, dr.

(3.36)
On the other hand, from (3.23) and the monotonicity of E(t) we have ||u(t)|lw, <
4E(0)/v/1, which implies

| /Q wf (1) log Ju|

1 4o, 1 ot
< —llu®lg+p+ —lu®lg 33
Op Qo

Cop et o Co
w(t)]|% 7P + =22
LI, + =
Cotr 4 Nete2  CETT 4 eoto 2
= (E0) e (E@) T i) Ry,

Vi
= Oll|u(t)[3y, -

<

()7, (3.37)

<

where
L ullw,
- )
Cy§ u€Wo\0 ||’LLH5

with § = p, 0. From Young’s inequality and the fact that fot g(r)dr < [[Fg(r)dr =
1 —1, it follows that

| st =)utr).ut)w, ar
< @+ 5{ [ ot =) Q) = )l + @) dr}
(-t 0)( [ ot =), ar) (339)

1

1
< Sy, + 5

2
#50 H( [ o=t - o, ar)”

< SO, + 51+ D0 = DO, + 50+ D)1= Dlg ou)(e)

for any n > 0. Now, letting n = %_l > 0, (3.38)) yields

N —

1

;l(gou)(t). (3.39)

| st =mtutr) i, dr < 2 o), +
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Substituting (3.39)) into (3.36]), we obtain
d 1 1-1 el
D) < —3 (- 1) gow®) — i, — 2,
(3.40)
e/ uf(u)log |u(t)| de.
Q
Using the definition of E(t) and (3.37)), for any positive constant M, we have
d M o
LR(1) < —MeB() + (5 — ) DI,
1, 4E(0),, ., ¢ 1E)
-+ —(—== =2 3.41
tllg+ P C T )T (3.41)
1. 1-1 M
+ (M +2)6L = U [u(®)ly, + 5 [~ + 5) — & (g o)1)
At this point, we choose 1 > M > 0 and E(0) small sufficiently such that 2 5 —1<0
and
1 L, 4E(0),, 5 Iy 4E(0) ., 5
— LI (—=)TF M+ (M +2)0l -1 <0.
3+ SF T T M (M 2 -1 <

After M is fixed, we choose € small enough such that

(1;z M) & <0,

Inequality (3.41]) becomes %F(t) < —MeE(t). Then by (3.35), we have

d

ZF() < —MByeF (1),

So F(t) < Ce Kt where K = M f5¢ > 0. Consequently, by using (3.35]) once again,
we conclude the result. Hence, the proof of Theorem [3.3]is complete. O
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