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MAXIMAL REGULARITY FOR NON-AUTONOMOUS CAUCHY
PROBLEMS IN WEIGHTED SPACES

ACHACHE MAHDI, TEBBANI HOSSNI

ABSTRACT. We consider the regularity for the non-autonomous Cauchy prob-
lem
u'(t) + A@)u(t) = f(t) (t€[0,7]), u(0)= up.

The time dependent operator A(t) is associated with (time dependent) sesquilin-
ear forms on a Hilbert space H. We prove the maximal regularity result in
temporally weighted L2-spaces and other regularity properties for the solution
of the problem under minimal regularity assumptions on the forms and the
initial value ug. Our results are motivated by boundary value problems.

1. INTRODUCTION

The aim of this article is to study autonomous and non-autonomous evolution
equation governed by time dependent sesquilinear forms. Let (H,(-,),| - ||) be a
Hilbert space over R or C. We consider another Hilbert space V which is densely
and continuously embedded in H. We denote by V' the (anti-) dual space of V, so
that

V—aH 4 V.
i.e. V is a dense subspace of H such that for some constant Cy > 0,
ull < Cullully (ueV).

We denote by (,) the duality V' — V and note that (¢, v) = (¥, v) if ,v € H. We
consider a family of sesquilinear forms

a:[0,7] xVxV—=C

such that

(H1) D(a(t)) =V (constant form domain),

(H2) |a(t,u,v)] < M||u|ly|lv|ly (uniform boundedness),

(H3) Rea(t,u,u)+v|ul|® > 6|jul|} for all u € V, for some § > 0 and some v € R
(uniform quasi-coercivity).

We denote by A(t), A(t) the usual associated operators with a(t) (as operators on
H and V).
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In 1961 J. L. Lions proved that the non-autonomous Cauchy problem
u(t) + A(t)u(t) = f(t)

2(0) = w0 (1.1)

has L?-maximal regularity in V'.

Theorem 1.1 (Lions’ theorem). Given f € L*(0,7;V’) and ug € H, there is a
unique solution u € MR(V,V') := HY(0,7;V") N L2(0,7;V) of problem (1.1]).

Note that MR(V, V") — C([0,7]; H) so that the initial condition makes sense. In
Theorem only measurability of ¢ — a(t, -, -) with respect to the time variable is
required to have a solution u € M R(V,V’). However, considering boundary valued
problems one is interested in strong solution, i.e. solution u € H'(0,7;H) and not
only in H1(0,7;)’) (note that H < V' by the natural embedding).

In the recent decades, the maximal regularity approach has become very useful
in application to parabolic partial differential equations. The question of maximal
regularity in H (autonomous or non-autonomous cases) is so important for several
reasons. First of all, if Robin boundary conditions are considered, only the operator
A(t) realizes these boundary conditions. The main reason for studying this problem
is its importance for non-linear problems. They are mainly solved by applying
Banach or Schauder fixed point theorems.

Problem 1.2. Let f € L?(0,7;H). Under which conditions on the forms a(-) the
solution u € MR(V,V’) of (1.1) satisfies u € H'(0,7;H).

Lions asked this question on maximal regularity for several conditions on the
form and on the initial value. He also gave partial positive answers in [I7, XVIII
Chapter 3, p. 513]. More recently, this problem has been studied with a lot of
progress. See the recent papers [3] or [4] for more details and references. The
main focus of this work is the presence of the temporal weights. The choice of
the weighted spaces has a big advantages. One of them is to reduce the necessary
regularity for initial conditions of evolution equations. Time-weights can be used
also to exploit parabolic regularization which is typical for quasilinear parabolic
problems.

This paper focuses on proving the maximal regularity in the non-autonomous
case, i.e. we prove the existence and the uniqueness of solution to Problem .
We shall allow considerably less restrictive assumptions on f and the initial data .
Here, f belongs to the weighted Hilbert space L2(0, 7, t?dt; H), with 3 € [0, 1] and
the initial data ug takes its values in a certain interpolation space (H, D(A(O)))¥72
between H and D(A(0)).

The maximal regularity for the autonomous case in weighted spaces was the
subject of treatment of many authors, see for instance [5]. In the non-autonomous
case (Section we prove that if f € L%(0,7,t?dt;H) and ug € (’H,D(A(O)))#72
for arbitrary 3 > 0 with the assumption that the operator A(-) belongs to the space
W/22(0,7; L(V, V)N C=([0, 7], £L(V, V")) for some ¢ > 0, then problem has a
unique solution u such that @, A(-)u € L?(0, 7,t%dt; H). Throughout this paper we
assume that the Kato square root property is satisfied. This property plays
an important role in the questions of (non-autonomous) maximal regularity and
optimal control. To prove our results we appeal to classical tools from harmonic
analysis such as square function estimate or functional calculus and from functional
analysis such as interpolation theory or operator theory.
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This work is structured as follows. In Section [2] we present basic definitions and
properties used throughout this paper, in particular those of weighted spaces. In
Section 3], we prove some preparatory results. Section 4] uses this result to show the
maximal regularity for the autonomous equations, while in Section [5| we prove our
result on maximal regularity to the considered non-autonomous Cauchy problems in
the weighted space L2(0, 7, t%dt; H) and other regularity properties for the solution.
We illustrate our abstract results by two applications in the final section. One of
them concerns the heat equation with Robin boundary conditions on a bounded
Lipschitz domain Q.

Notation. We denote by L(E, F) (or L(E)) the space of bounded linear operators
from E to F (from E to E). The spaces LP(a,b; E) and W1P(a,b; E) denote
respectively the Lebesgue and Sobolev spaces of function on (a,b) with values in
E. C%(a,b; E) denote the space of Holder continuous functions of order a. Recall
that the norms of H and V are denoted by || - || and || - ||y. The scalar product of
His (-, ).

We denote by C, C’ or c¢. all inessential positive constants. Their values may
change from line to line. In some cases we will use the notation a < b to signify
that there exists an inessential positive constant C' such that a < Cb.

2. PROPERTIES OF WEIGHTED SPACES

In this section we briefly recall the definitions and we give the basic properties of
vector-valued function spaces with temporal weights. Let (X, | - |x) be a Banach
space over R or C. For —1 < 3 < 1 we set L%(O, 7 X) = L?(0, 7,t?dt; X ), endowed
with the norm

-
[ullZz 0rx) = [ lu(®)3t” dt.
A 0

It known that L3(0,7; X) < L},
Holder’s inequality

T T 5 1/2
ol < ([ an) o,

It clearly holds that L2(0,7;X) < L%(O,T;X) for 3 > 0 and L%(O,T;X) —
L?(0,7; X) for B < 0.
We define the corresponding weighted Sobolev spaces

, T . Indeed, tor u € , T we Iind by
0,7;X). Indeed, f L%O X find b

Wé’Q(O,T;X) = {u e WHH0,7; X) s.t. u, 1 € L%(O,T;X)},
W5 (0,7 X) == {u € W5*(0,7: X), s.t. u(0) =0},
which are Banach spaces for the norms, respectively,
”u”%/l/;z(o,nx) = H“”QLg(o,r;x) + ||ﬁ||2Lg(o,T;X),
||UH3V[133(07T;X) = Hu||2L‘;;(o,T;X)~

We set also

LF (0,7 X) :=={u € L'(0,7;X), s.t. s = s7/%u(s) € L>(0,7; X)},
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endowed with the norm ||u||L§o(07T;X) = ||s = $8/2u(s)|| L (0,;x). For s € (0,1)

we define the fractional weighted Sobolev space WE’Q(O, 7; X) by
W52(0,75X) = (L3(0,7;: X); W5 (0,75 X))s 2,

endowed with the norm
T t 2
2 . 2 [|u(t) — U(S)”X
||u||W;,2(O7T;X) = ||u||L%(O,T;X) +/O A —|t _ 8|1+2s 55 dS dt

Here, (-;-)s,2 is the real interpolation space. For more details we refer the reader to
[20, (2.6)].

Lemma 2.1 (Weighted Hardy inequality). For every f € L%(O,T, X), we have

T 1 t Qﬂ
[ G [ 1r©lxds) e e < 1lz3 0
0 0

This lemma was proved in [23], Lemma 6].
Proposition 2.2. We have the following properties

(1) (a) Forp>2 and g > % -1, L*(0,7; X) — L%(O,T,X),
(b) Forp <2 and 8 < f; —1, L(0,7, X) < LP(0,7; X).

(2) For allu e L3(0,7,X), we have t — v(t) = %fot u(s)ds € L3(0,7,X).

(3) We define the operator ® : L3(0,7; X) — L*(0,7; X), such that (®f)(t) =
tBI2f(t) for f € LQE(O,T;X) and t € [0,7]. Then ® is an isometric iso-
morphism. We note also that ® € ,C(LQ(O,T;X),L%[}(O,T;X)) and ® €
LW 50,7 X), Wy?(0,7; X)).

(4) Wao(0,m3X) < L2_,(0,7:X) NLE (0,75 X).

5) L? ,(0,7;V') is the dual space of L%(0,7;H) by the duality defined for the

B B
space L2(0,7;H).

(6) Ifu e Wﬁl’2 (0,7; X), we obtain that u has a continuous extension on X and
W5?(0,7;: X) = C([0,7); X).

(7) C=((0,7); X) and C>=([0,7]; X) are dense in L3(0,7; X) and W5’2(0,T; X)
respectively, for all s € [0,1].

= 1. This implies

Proof. (1a)Letp>2andﬁ>%—1,wesetp’:§>1,ﬁ-l—%

that ¢ = 25 and by using Holder’s inequality we obtain

p—2
T
2 2
[l 0 = [ @)t
0

< ( /0 u(t) % dt)%( /0 50 dt)l/q

1 1/q
— Bq+1> 2
= T W\ o0 7 x)
(5 4l 0

(1b) Similarly, for p < 2 and § < 2 —1 we have

T _Bp Bp
Il 0y = [ Tt ¥ e a
2—p

< ([ ot ) ([ e )™
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— p
= Cllullzs o.rix):

(2) Lemma [2.1| shows that

T 1 t
2 2 2
o0y = [ 17 [ st <l

We obtain the result since u € L3(0,7; X).

(3) Note that ||®f| L2¢0,7,x) = ||f||L§(0,T;X) and ®~1: L2(0,7; X) — L%(O,T;X)
where (@~ 'g)(t) = t=8/2g(t) for all g € L?(0,7; X).

(4) Let uw € Wy5(0,7; X). We write u(t) = [} a(l) dl. Then

t
()% 852 = | / al) di) 2.

This implies

)
Ay O T

T 1 t )
— [ 5l [ a sl ar
0 0
T 1 t 2
< - y p
_/0 (t/o (s 1 x ds ) ¢ at

< Hu”L%(O,T;X) < |‘U||Wg»2(o,-r;x)a

where we used Lemma For t € [0, 7], by Holder’s inequality we have

t
g1 . g1
[u®)]xt = S/ [a(s)llx dst™=" < [lully12(.-,x)-
0 :

It follows that Wgﬁ(o, 7 X) <= L%_Q(O,T; X)N Lgo_l(O,T;X).

(5) For this proof we use the simple functions in L? 5(0,7;)’) and the Cauchy-
Schwartz inequality (the proof is analogous to the non-weighted case, for more
details see [IT], p.98].

(6) For u € Wﬁl’z(O,T;X) and (¢,s) € [0,7]%, we obtain

() — u(s)lx = | / all) di

t 1/2
< (/s l dl) ||u||L§(O,T;X)

_ ! (P = 5Bt

vi-p
Letting s — t we obtain u(s) — w(t) in X. Therefore u has a continuous extension
on X. Thus we can always identify a function in WIBI’Q(O,T;X ) by its continuous
representative.
(7) First we note that C°((0,7); X) is dense L?(0,7;X). Then for all f €
L/% (0,7; X) and for any given € > 0 there exists a function 1 € C°((0,7); X) such
that

/2, .
HUHL?}(O,T;X)'

||(@f) - 1/)”%2(077.;)() S g.
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It follows that
lIf— (‘I’_ll/))||ig(o,f;x) < Pl ez 0,mx);22(0,753) 1 (RF) — Dl 720.7:x) < €

Thus C°((0,7); X) is dense in L%(O,T;X).

As in [24) Theorem 2.9.1] for the scalar-valued case, one sees that the space of
all function f in C*([0, 7]; X) such that f(0) = 0 is dense in W;"?(0,7; X). Then
for all g € Wﬂljg(O,T;X) and € > 0 there exists ¢ € C*°([0,7]; X) with ¢(0) =0
such that

H(b - <I)g”%/l/lvz(O,T;X) <e.

Then [|[®~1¢ — g||W1 2(0.7:) < e. This shows that the space of all function f in

C*>([0,7]; X) such that f(0) =0, is dense in Wé:g(OJ';X). Let f € W;’Q(O,T;X)
and ¢ € C*>([0,7]; X) such that ¢(0) = f(0). Then f —¢ € W;3(0,7;X) and

there is £ € C°°([0, 7]; X) with £(0) = 0, such that || f —&— (;S||W1 2(0.7:%) < e. Since
&+ ¢ e C>([0,7]; X), then C*°([0,7]; X) is dense in Wﬂ (0,75 X).
Since C*°([0,7]; X) is dense in Wé’z(Oﬂ'; X) and
W52(0,75X) = (L3(0,7;: X); W52(0, 75 X))s 2,
we obtain that C°°(]0, 7]; X) is also dense in W§’2(07 7; X) by [24], p.39]. O

3. PRELIMINARIES

In this section we prove several estimates which will play an important role in
the proof of our results. From now we assume without loss of generality that the
forms are coercive, that is (H3) holds with v = 0. The reason is that by replacing
A(t) by A(t) + v, the solution v of is v(t) = e u(t) and it is clear that
u € W;’Q(O,T;/H) N L%(O,T;V) if and only if v € WBI’Q(O, TH)N L%(O, V).

Proposition 3.1. The solution of problem (1.1|) is unique.
Proof. We suppose that there are two solutions uy, us to Problem (1.1]). Obviously,
v = u; — ug satisfies

o(t) + At)u(t) = 0

v(0) = 0. (8:1)

Then for all ¢ € [0, 7] we have

2Re/0 (0(s),v(s))s” ds + 2Re/0 (A(s)v(s),v(s))s” ds = 0.

Integration by parts gives

t t
Lo =5 [ o) s 25 [ ots) s’ ds <.
0 0

It is clear that for the case § < 0 we obtain v(t) = 0 for all ¢ € [0,7]. Therefore
u1 = ug and then the solution of Problem (|1.1)) is unique. For the case § > 0 we
have

£ ()] + / Ju(s)IP(25C3,s" — Bs”~1) ds < 0.

So for the case ¢t < % we have v(t) = 0 for all t € [0, %] Now we proceed

inductively to obtain v = 0 on [0, 7]. O
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We denote by Sy the open sector Sy = {z € C* : |arg(z)| < 6} with vertex 0.
It is known that —A(t) is sectorial operator and generates a bounded holomorphic
semigroup on H. The same is true for —A(¢) on V'. From [14] (Proposition 2.1),
we have the following lemma which point out that the constants involved in the
estimates are uniform with respect to t.

Lemma 3.2. For any t € [0, 7], the opemtors —A(t) and —A(t) generate strongly
continuous analytic semigroups of angle v = T — arctan(4 5) onH and V', respec-
tively. In addition, there exist real constants C’ > 0, Cyg > 0 independent of t, such
that

(1) fle==A® ) H) <1 and |[e=*A® ||z V/) < C for all z €5S,.

(2) [A@®)e 4D g < % and ||A(t)e*AD|| vy < S for all s € (0,00).

(3) [le=* 2D gy < & NG fOT all s € (0,00).

(4) Iz=AE) " ey < \?I%I and [|(z— A1) e u \F forallz ¢ Sy

with fized 6 > ~.
The following lemma is proved in [I9, Corollary 4.3.12]

Lemma 3.3. Let Hi,Ho be two Hilbert spaces, with Ho C Hq, and Hs dense in
H1. Then for every 6 € (0,1),

[H1,Halo = (H1,H2)e,2,

with |[ullj, 34,0, = Cllull(,,242) »» where C is a positive constant independent of
H1 and Hs.

As a consequence from the previous lemma and [19, Theorem 4.2.6] we have that
for all v € (0,1),t € [0, 7],

(H, D(A())).2 = [H, D(A())]y = D(A(#)").
Lemma 3.4. For all v € (H, D(A(t)))1/2,2 one has

\/O ||A(t)€75A(t)x||2 ds S C”'T”%’H,D(A(t)))%g’
where C' > 0 is independent of t.

Proof. Note that |e=*4®) lcey < 1 and ||5A(t)e_SA(t)||£(H) < M, where M is
independent of t. Let x € (%, D(A(t)))1 5. We write = a + b, where a € H and
b e D(A(t)) to obtain

120 A(£)e—A® 5| < inf Mys~1/2 21
sEIAQe el < dE ey M P llall £ s b e
< max{My,1} inf 3_1/2{”‘1” + 5[lbll pace) }

z=a+b; a€H, beD(A(t))

< M. 1 inf 2K (s, 2:H, D(A(Y))).
< max{Mj, }w:m; el pia (s,2;H, D(A(t)))

So ||A(t)e=*A® || < max{M;,1}s 'K (s, z;H, D(A(t))), where

K(sait DAO) = _ ot (fal 4 slblloga) )-

Since |||t pac 0y = [ |K (s, a1, D(A(t)))[* % [19, Definition 1.1.1],
,2

/0 HA(t)e—sA(t)m“Q ds S max{Ml, ]‘}H‘T”%H,D(A(t)))%g
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This completes the proof. ([

In the next lemma we prove the quadratic estimate that was proved in [3] under
assumption (|3.3). Here we prove it without the assumption.

Lemma 3.5. Let x € H and t € [0,7]. We have
/ JA(®) 2540 2|2 ds < ], (3.2)
0

where ¢ is a positive constant independent of t.

Proof. Note that by [16, (A1) p. 269,

A@ =2 [ A)

™

Then Lemma [3.2| gives [|A(t)~/2||z(3) < C’, where C” is a positive constant inde-
pendent of ¢t. Let € H and ¢ € [0, 7]. By Lemma [3.4] we have

1 1
/ |A®t)Y2e= AW g |2 ds = / |A)e *A® A(t) =122 ds
0 0

< ||A(t)_1/2$||?H;D(A(t)))
= |l2l* + | A®t) "/ ?2))?
< (C7 + 1)zl

This completes the proof. ([l

In the sequel, we assume that D(A(t)}/?) = V for all ¢t € [0, 7] and there exist
c1,ct > 0 such that for all v € V

allollv < [|A@) 20l < ¢Holly, (3.3)
this also holds for adjoint-operators and we find
allvllv < |A* 020 < vy

Note that this assumption is always true for symmetric forms such that ¢; = V8

and ¢! = VM.
Lemma 3.6. For all t € [0,7] we have D(A(t)Y/?) = H and D(A(t)*z) = V.

Proof. We write
A 2u = A(t)A(t) "2,

Therefore M
« 1/2
Tl < IA®) Pully < alluw
So A(t)Y/2 € L(H,V') and by duality we find A(t)*2 € L(V,H). 0

Let t € [0,7]. For f € L?(0,t;H), we define the operator

(R(t)f) = /0 e~ =940 f(s5) ds.

The next lemma shows that R(t) is bounded in £(L?(0,t;H),V), and it was proved
in [3] Lemma 4.1].

Lemma 3.7. We have R(t) € L(L?(0,t;H),V) for all t € [0,7].
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Lemma 3.8. Assume that A(-) € C=([0,7]; L(V,V’)),e > 0. Then for all A €
(0,00), we obtain (A + A(-))~t € C=([0,7]; L(H)) and

> Q

[+ AC) oo, <
Proof. Let A € (0,00),t,s € [0,7]. We obtain
A+ AD) T = A+ A(s) ™= (A + A1) TH(A®)
Therefore by Lemma we have
IO+ A®) " = (A + As) Hleao
<O A®) Ml e 20 [AE) = A e IlA+ A®) 2 e,v)

|t — sl
<C
A

A(s))(A + A(s) 7

O

We denote by L3(0,7; D(A(-))) the space of all measurable functions f : [0,7] —
H for which f(t) € D(A(t)) for almost all t € [0,7] and A(-)f € L3(0,7;#). Then
the following density result holds.

Lemma 3.9. Suppose that A(-) € C*([0,7]; L(V,V")). Then L3(0,7; D(A("))) is
dense in L3(0,7;H).

Proof. Let f € L3(0,7;H) and set f,(t) = n(n + A(t))"' f(t) for n € N. Since
the map t — (n + A(t))"! € C°([0,7]; L(H)), then for all n € N the function
fn :[0,7] = H is measurable and satisfies f,,(t) € D(A(t)) almost everywhere as
well as ||A(t) fn(®)|| < Cn||f(t)]]. Moreover

1£2(®) = FOI = [(n(n+ A®) ™" = D f D).
Hence, the convergence f,, — f in L% (0, 7;H) holds by the dominated convergence
theorem. (|

Proposition 3.10. Assume that A(-) € C=([0,7]; LV, V")), for some e > 0. Then
for all f € L%(O,T;’H), with B < 1 the operator L defined by

(L0 =AW [ =405y s
0
is bounded on L3(0,7;H).

Proof. Let f € L% (0,7; D(A(-))). We split the integral into two parts to obtain

t/2 t
LOO =AW [ e IO ds v A) [ IO f(5)ds
0 /2
We begin by estimating the first integral

/
m@i=lam [ et osgasis [ el
9 [t/2
< - s)|| ds.
JRE]

~t

t/2
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Lemma [2.] gives
t/2
/ 1A() / (=940 f(5) ds 48 dt

<[ /”nf Jlds)?4? di

~ HfHL%(O,T,H)'
Similarly, we estimate the second integral. For x € H we obtain

(0at). )
t
= | [ (A e H A fa), Aty DA )

t/2

¢ 1/2 t . 1/2
< 1/2,-1(t—5)A(t) 2 «l —l—s)A()* |2
< (140 sas) ([ awie ol ds)

¢ 1/2
([ 1A et e0n ) ds) .

t/2

In the above inequality we used the quadratic estimate (3.5)). Taking the supremum
over all z € H, we obtain

T T t
/ 1 1,(0))| dt = / A1) / e~ (=940 f(5) ds | dt
0 0 t/2

T t
S [ naw e s s P asar
t/2

/ //2 ||A 1/2 3(t—s A(t)( ﬁ/Zf( ))H2 ds dt.

Let g be the function defined by g = (®f). Using Fubini’s theorem and the basic
inequality (x + y)? < 222 + 2y%, we obtain

T t
/ // JA(E) /26 A [/ f ()| ds
2

<2// | A(s)/2e™2(0=9)A0) g(6)|12 ds dt
t/2

+2/ / 1/2 —1(t—s)A(s) _ A(t)l/Qe—%(t—s)A(t))g(s)||2 ds dt

/2

2s

<o [0 [ Ay e ey ) P aras

+2/ / 1/2 3 (t—s)A(s) _ A(t)l/2e—%(t—s)A(t))g(s)”2 ds dt

t/2
< ||g||L2(OTH) +/ / 1/2 —1(t—s)A(s) _A(t)l/Qe—%(t—s)A(t))g(S)HQ ds dt.
t/2

The functional calculus for the sectorial operators A(t), A(s) gives

A<S>1/2€—%(t—s)A(s) . A(t)l/Ze—%(t—s)A(t)
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= /F N2 379N X — A1) T (A() — A(s) (A — A(s) !

Hence,
| As)1/2em 207940 — 4(1)/2em 20040
/MW2 HIZORN = () vt
(A() = A e I3 = Als) 7 e A
Thus

||A($)1/2€7%(t75)A(S) _ A(t)1/2efé(tfs)A(t)”ﬁ(H)

(e}
<[ Mﬁﬂfa“”mmwﬂMMNﬂ—Awmmum.
0

where v is the angle mentioned in Lemma [3.2] Then

HA(S)l/Qe—%(t—s)A(s) . A(t)l/ze_%(t_s)A(t)||£(H) < ||A(t) — A(S)”L(V,V/).

(t —s)l/2
Therefore

/ / §)H/2e=(=9AG) _ A ()12~ (=) A0) () |2 ds dt
t/2

// W S)H“W )lg(s)|12 ds dt
— S

|l A(t ) —A(s )||2£(v,v'
g

)
s dtHg”L?(O,T;’H)

< sup

~

s€lo,7

S 7'26||A||205([O,T];z:(v,v'))Hf||ig(o;m)-
This completes the proof.

11

O

Proposition 3.11. For 8 > 1 the operator L is not bounded on L%(O,T;’H) m

general.

Proof. Let u € # and g € L? 4(0,7;H). Noting that

:/ A(s)*e™ DA g(5) ds, t € (0,7)
t

and L € L(L3 (0 T3 7-[)) if and only if L* € L(L? 4(0,7;H)). If A(s)* = A(0)* for all
s € [0, 7], then ( =[TA (s=)A40)" g(s5) ds. Assume now that t <1 <7

and take g(s) = 1[177]( s)u, SO
(L*g)(t) = e 1mDAO)" y _ o= (=DAO)",,

which converges to e 4@y — =740y as t — 0. We claim that
efA(O)*u 77‘A(0 # 0,

then
* 2 * 2
[F2 9||L35(0,T;H) > ||L 9||L3ﬁ(o,1;7{)

1
_ / e~ (1=DAO)" , _ (o~ (=0 A0)"
0

ap dt
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Now, suppose that e 40"y — ¢=740)"y, = 0, thus
A0, — o~ (2T-DAO)",,
Using induction, for all n € N we obtain

e AO)y, _ o= (r=D+DAO)" , —

Since ||A(0)* e~ (M(T=D+DAWO) 4(0)*1q|| < W”A( )*~Lu||, by letting n —
oo it follows that e~y = 0. Hence e tA(0) "y = 0 for all + > 1, and we deduce
that uw = 0 by an application of the isolated point theorem and the analyticity of
the semigroup. |

Lemma 3.12. For all f € L3(0,7;H), 8 < 1 we have (L1 f)(t) € V, where

(Lo f)(t) =%/ / t e” =AM f(s)ds, t € [0,7].
0

Proof. We write

/2 t
(Llf)(t):tB/Z/ e~ (=AW f(5) d8+tﬂ/2/ e~(=AW) £(5) ds
0 /2

A straightforward computation gives

t/2 t/2
¢#/2 / e~ (=940 f(5) ds|yy < £5)2 / le=E=94O | L0 1 £(5)]] ds
0 0

t/2
5 tﬁ/z(/(; 57ﬁ71 d5)1/2||fHL%(0,T§H)

S ||f||L%(O,T;H)’
Using Lemma [3.5] we deduce

t t
1%/ / eI f(s) dsl|y 5 | / eI (SP 1 (s) ds|y
t/2

S I llez 0,750
This completes the proof. (I

Lemma 3.13. For all ug € (H; D(A(0)))1-5 , and 8 € [0,1), we have
L

1240 O de = ol o,

Proof. Note that (H; D(A(0)))1-5 , = D(A(O)%). Let 8 € [0,1). In light of the
quadratic estimate we obtain

/ 16772 A(0)e = AO)ug | dt = / 16972 4(0) 7 €=t A(0) Z uo||? dt
0
/ 14(0) /26~ 54O A(0) =" g2 dt
< 1A0) % uol? = ol peagoy) s

2

S uolfrpa)) s .
2
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Conversely, we know that [I9, Definition 1.1.1]

1
llepaom,, = [ 21Kl dr

where

K(t = t||b .
(t, uo) ug:aer;aEl%,beD(A(O))(Ha” + ||D(A(o)))

This allows us to write, for ¢ € [0, 7],

—tA(0) tA(0)

ug) +e” Ug

¢
= 7/ A(0)e= A0y dl + 7140y,
0

Since e~ 4y, € D(A(0)) a.e. t € [0,7] and (ug — e 4wy € H, it follows that

ug = (ug — e

t
[ (2, uo)|| < / 1A(0)e ™ 4@ ug|| di + ¢ A(0)e ™A@ .
0
Roughly speaking, by Lemma [2.1] we find

RN M e (O e
This completes the proof. (Il
Remark 3.14. From the previous lemma, the orbit the map ¢ — e~ 4Dy belongs
to the space Wg’Q(O’ T; H)DL%(O, 7; D(A(0))) if and only if ug € (H; D(A(O)))% 9

We define the space
We(D(A(), 1) == {ue W"'(0,7;H), st. A()u € L3(0,7;H), @ € L3(0,7;H)},
with norm
ws(D(AC)H) = IAC)ullzz 0,720 + 18l L2 0,75%) -

| IAC)ullrz + il

It is easy to see that Wz(D(A(-), H) — Wg’2(0,7';’H).

Lemma 3.15. For all v < 1/2, we have (H,D(A(0)))y,2 = [H,V]2y and for v >
1/2 we have (H, D(A(0)))y,2 = V.

Proof. As a consequence of the interpolation method [I9, Remark 1.3.6], for v < 1/2
we have
(H, D(A(0)))r.2 = (H, D(A(0)"/*))2y,2 = (H. V)2 2.
Since H and V are Hilbert spaces we obtain by Lemma (3.3
(H, D(A(0)))y.2 = (H, V)2y.2 = [H, V]ay-
Let v € D(A(0)) and v > 1. We obtain
3llvll < Re(A(0)v,v)

S 11A(0) o]l A(0) Vv

S 1A vl e vz s,

S [1A) v ][f[olv-
Therefore we have that for all v > 1 and v € D(A(0)),

[ollv < [l peacoy)-
Finally, by the density of D(A(0)) in D(A(0)Y) we obtain the desired result. O
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4. MAXIMAL REGULARITY FOR AUTONOMOUS PROBLEMS

In this section we are interested in the regularity of the problem
w(t) + A0)u(t) = f(t
() + A(0)u(t) = f(t) (41)
u(0) = wo.
The following is our main result in this section.

Theorem 4.1. Let f € L%(O,T,H) and uy € (H;D(A(O)))% o for B >0 and
up = 0 if B < 0. There exists a unique u € W(D(A(0)),H) N L (0,7;V) be the
solution to Problem (4.1). Moreover, we have the following embeddings

Ws(D(A(0)). H) < C([0,7]; (H: D(A(0))) 15 ,)
Wa(D(A(0)), H) — W2 (0,7 V), 8 € [0,11.

Proof. Since A(0) is a generator of an analytic semigroup in H, it is well known
that by the variation of constants formula the solution of Problem (4.1)) is

¢
u(t) = e A0y, + / e~ t=9)A0) 1(5) ds.
0

Thus,
¢
A0)u(t) = A(0)e Ay + A(O)/ e~ (t=9)40) r(5) ds
0

1= (Fuo)(t) + (Lf)(1).
Lemmas and Proposition [3.10| gives
||A(O>UHL§(0,T;H) < ||FU0HL§(0,T;H) + ||Lf||L§(0,T;H)

< C(Jluollpiaom s , + 12020 )-
2

,2
Since . = f — A(O)u € L%(O, 7;H), we obtain finally
lullws (peagy),n) < Cl(||u0l|(H;D(A(O)))1;[3 Lt Hf”L%(O,T;H))- (4.2)
2,
Using Proposition and (4.2)), for all ¢ € [0, 7] we obtain

Hu<t)||(7-l;D(A(O)))%,2 S HuHWﬁ(D(A(O)),H)ﬂLEO(O,T;V)

(4.3)
S HUOH(H;D(A(O)))MQ + 1A 22 0,m90)-
For 0 <s<l<t<7,wesetv(l) =e ¢=DAO)qy(]). This yields
t
u(t) — u(s) = v(s) —u(s) + / o(l) dl
s (4.4)

t
— (e~ =DAO) _ Tyy(s) + / e~ (=DAW) £y g1,

Observe that e~ (#=5)4(0) is strongly continuous on (H; D(A(O)))¥V2. In particular,
this ensures that

[|(e=(t==)A0) _ Du(s)lpeaoy s, 0 ast—s.
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The estimate ([4.3) for the case ug = 0 gives that

H/ e~ I=DAO) £(1) dl|| 34, DA 1-5 , S IFlE2 (690
It follows that u(t) is right continuous on (H;D(A(O)))l;ﬂ - Now, set v(l) =
5=
e~ (=9)A0) (1), for 0 < s <1 < t. Then

u(s) — u(t) = v(t) — u(t) - / o(l) di

¢
= (e~ =940 _ nyy(t) — / e~ U=)AO) (£(1) — 2A(0)u(l)) di.

The same argument shows that w is left continuous in (#H; D(A(0))) 18 o Thus,

u € C([0,7]; (H; D(A(0))) 125 5)-

Now, we prove that W(D(A(0)), H) — W% (0,7;V). Indeed, let B8 € [0, 1] and
u € C*®([0,7]; D(A(0))). We recall that

2 2 [|u(t) ||v P
= 2 d dt
[l 3 S H“”Lﬁ(o,r V) / / |t _ |2 5
By (4.4) it holds that for all 0 < s <¢ <7

) = u(s) = (") —u() + [ =040 (1) a
= Ly(t,s) + La(t, s),
where f(l) = A(0)u(l) + @(l). So

¢
5 L1 (t, )5 8

2 7 V¥ P dsdt

[l 12 Oy = ||“||L2 (0,7;V) + / 0 it — s?

B
L2 (t, 9)113 b
2 dsdt.
- // =rE

t—s
Li(t, ) = e= (=940 ()  y(s) = / ¢=14O) A(0)u(s) d.
0

Lemma [2.7] and the quadratic estimate gives

t s —lA(O)A din 2
[ [ BB o [ BN 5,
0 0

We write

It — s|? |t — s
<C / / e t4© A(0)u(s)|3 dts® ds
< c’/ |A0)u(s)||?s” ds

= C,”A( )UHLg(o,T;fH)-

Similarly, we obtain

Lot 5 4. Je et O@p D v dly
I SR ) ana

|t —s|? |t — 5]
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T t

<c / / [t=94O) @ 1) (5)|2, ds dt
0 0

e / / =4O (@ ) (s) |3 dt ds
0 s

S C”(I)fH%Q(O,T;H) = C”fH%%(O,T,H)
Therefore,

[l N HA(O)UHLg(o,T;H) + ||fHLg(o,T;7-L) S ”uHWg(D(A(O)),’H)-

Wé'z(O,T;V)
We note that C*°([0, 7]; D(A(0))) is dense in Wg(D(A(0)),H). This shows that
1
Ws(D(A(0)),H) = W7 7(0,7:V).
which completes the proof ([

Remark 4.2. The following embeddings hold
(1) Wa(D(A(0)),H) = C([0,7]; [H,V]1-p), for 0 < B < 1.
(2) Ws(D(A(0)),H) = C([0,7]; V), for B < 0.

Theorem 4.3. For all f € Wﬁljg(O,T,H), there exists a unique
u € CH([0,7]; (H; D(A(0))) 125 ,) N C([0, 7]; D(A(0))),

which satisfies the equation
(4.5)

In addition,
leller @o.rpuncaon) s yrotoripao) < Cllllwg2.zm)-

Assume now that T = 400 and f is a periodic function with period p. Then u
satisfies

u(t +p) = e A Ou(p) + u(t), t € [0,00),
and it is periodic with the same period p if and only if u(p) = 0.

Proof. According to Theorem there exists a unique solution u to Problem (4.5)
and for all f € L3(0,7;H)
t
u(t) = / e~ =)A40) §(5) ds, ¢ € [0, 7]. (4.6)
0
Moreover u € Wg(D(A(0)), H) and
[ullw, (paw). ) < Cllfllzz 0,730 (4.7)
Integrating by parts, we obtain for ¢ € [0, 7] and f € W[;’g((), T, H)

A(0)u(t) = A(0) / t e~ (=940 (5 ds

0

= 1) [ et (o)

0

= a(t) + A(0)u(t) — /O t e~ (=940 £ () ds.
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Hence,
i) = [ A0 fs)as = (L)
TheoremHshows that u € C?I([O, 75 (H; D(A(O)))#,Q). Since A(0)u = f — 4 we
deduce that A(0)u € C([0,7]; H). As a consequence, we obtain the final estimate
”U'HCl([O,T];(H;D(A(O)))#Yz)ﬁc([o,r];D(A(O))) < Ollifllwre om0

Consider now the case where 7 = 400 and f is a periodic function with some period
p>0,ie f(t+p) = f(t) for all t € [0,400). It is clear that if u is periodic with
period p, then u(p) = u(0) = 0. Formula (4.6)) yields

t+p
u(t+p) = / ef(Hp*S)A(O)f(s) ds.
0

Hence,

g p+t
u(Hp):/ e~ (=940 £(5) ds+/ e~ (-9 A0) £(5) g
0 p

¢
= A0 /p e~ P=)A0) £(5) ds +/ e DA £ (1 4 p)di
0

0
= e 4Oy (p) + u(t).

In the previous equality, we made a change of variables, and in the last equality
we used the periodicity of f. Then w is periodic with period p if and only if
e A0y (p) = 0 for all t € [0,00). Therefore, the analyticity of the semigroup
shows that u(p) = 0 is a necessary condition for u to be periodic. O

5. MAXIMAL REGULARITY FOR NON-AUTONOMOUS PROBLEMS

In this section we focus on the maximal regularity for the non-autonomous prob-
lem (which is our main aim), i.e. we prove the existence and the uniqueness of the
solution to Problem in the weighted space Wg’Q(O7 7;H). We start by stating
and proving some estimates which we will need in the proof of the main result.

Proposition 5.1. (1) Assume that

™ ||A(t) — A(0)
[

17 v
EWVD Gt < oo.

Then for all s € [0, 7],
TR, : Wg(D(A(-), H) N LF(0,7;V) — (7—[;D(A(s)))1%72
u — u(s)
is a bounded operator.
(2) For ug € (’H;D(A(O)))l%[s)w we have
t — (Fuo)(t) = t°/2At)e Dy € L2(0,7;H).
Proof. (1) First we consider the case s = 0. We have

[|(0) H%;H;D(A(o)))l%ﬁ,2

1
= [ 12 A0 1 Ou©)? de+ [u(O)
0
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1
<2 [ A0 A0 w(0) - u(®)*dt + [u(0)
0

1
+2 / 1t772 A(0)e A O (1) || dt
0

< [oG [ nona) ar [T epaouora

+ [T 12 A@)e A — A A di+ u(O)?
0

S 1123 0,m0 + 14O 6,10

/T | A(t) — A(O)H%(v,w
+ t
0

Ldt|ull g 0,r0) + 1u(0)]?
Sl (peacy 0 + ||UH%;°(0,T;V) + [lu(0)]1%,
where we have used the quadratic estimate, Hardy inequality and the estimate

_ IA®) — A0l
~ $1/2 :
Now, we prove the result for all s €]0,7]. Indeed, let [ €]0, 7[ and set

o(t) = {u(t—i—s), teo,r— s

u(L(r—1t)), te[r—s,7].

1A(0)e= 4O — A(t)e™ V| v )

Similarly,

A(Z(r —t), telr—s,T]
Since v(t) € Wg(D(B(-), H), therefore
v(0) = u(s) € (H; D(B(0))) 128 5 = (H; D(A(s))) 125 5-

3

B(t) := {A(t+s)7 tef0,7—s].

For the case s = 7, we take v(t) = u(r — t) and B(t) = A(T —t).
(2) Note that

(Fug)(t) = tF/2 A(t)e 4Oy
= t#2(A(t)e " Puy — A(0)e M Oug) + 1772 A4(0)e A0y,
For 8 > 0 we have by interpolation
1
e

[(A—A(0))" IIam;D(A(om# V) S

2

Therefore

[(Fuo) D] <

Hence,

14(0) — A(t)
t

2oy -
( )”uO”(H;D(A(O)))ﬂ + [[t#/2 A(0)e =A@ g .

™ LA®©) — AW 24
Man&mhﬂ>5[; T dtllespuo)

n / 16572 A(0)e 4O y |2 gt
0
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2
S lwollspacn) s -
L,
This shows the second assertion. O

In the sequel we consider only the case 8 € [0, 1].

Proposition 5.2. Suppose A € C*([0,7]; L(V,V")). Then for each f € L3(0,7;H),
ug € (H; D(A(0))) 1= , and for T small enough, there exists a unique solution u in

L%O(O,T;V) for (1.1)).
Proof. Let f € L3(0,7;H). Weset v(s) = e~ =940 y(s). Since u(t) = e 4 Mug+
fot 0(s) ds, therefore
¢
u(t) = e Oy + / e~ =AW (A(t) — A(s))u(s) ds

0
t
n / e~(t=9)AW f(5) ds (5.1)
0

= (Muo)(t) + (Myu)(8) + (L1 ) 1)
For 8 > 0 and u € (’;"-L,D(zﬁl(O)))%72 we have by interpolation

—tA

lle™ 4P uolly <t~ |fuoll (3¢, p(a0))) 1 s - (5.2)
5

In view of Lemma and (5.2), t3/2(Muo)(t), t*/2(L1 f)(t) are bounded in V
for all € [0, 7]. Now, we show that Miu € Lg(0,7;V) for all u € LF(0,7;V). We
write

t/2
(Myu)(t) = / e~ =4O (A(t) — A(s))u(s) ds

+ /t e~ =AM (A®) — A(s))ul(s) ds
/2
1= (Miyu)(t) + (Migu)(t).

By taking 2 € V' we obtain
[(Mazu)(t), )y xv|

t
— | / (e T AB(A(E) — A(s))uls), At) Fe T AW A(t) ) ds|
t/2

bt 1/2
< ([ e FHOR g IA® - Al ds)

t/2
1/2

t —s * 1
x (/ JA@ de A0 A~ ds)
t/2

Now, we estimate the norm of (Mj1v)(t) in V as follows

772 (M) (8) Iy

/2
_(t—s) —
S0 [ e FEAO e JAC) — A s dsls
0

- SB/zu(S)HLOO(O,%;V)
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t/2 —6B/2 A t) — A S ’
< tﬁ/z/ 871_ ds sup [A(t) ( )||L(v,v ) Is
o (E=8)1""" cpo.t/2 (t—s)°
- Sﬁ/QU(S)HLw(o,g;vy
Note that s »
tﬂ/Q//S_B/st—te//l_ﬂ/le
_ g\l—¢ - i "
0 (t S) 0 (1 )
Therefore,

772 (Myo)(®) v
St Al

ce(o,r e vy lls

¢ — A
> 5 2u(8)]| =0, 4.0) + ( /t/z L0 )12 a4

S ENAC) e o,y lull g 0,6v) -

Choosing 7 small enough, M; € L(LF(0,7;))), with norm HM1||L(L;0(07T;V)) < 1.
Therefore (I — M) is invertible in Lg°(0,7;V). Hence,

u=(I—M) " (Mug+ L1 f) € LF(0,7;V).
This completes the proof. O
Our main result reads as follows.

Theorem 5.3. Suppose that A € W%’Q(O,T;L’(V,V’)) N Ce([0,7], LV, V")) with
e >0, then for all f € L3(0,7;H) and ug € (H; D (O)))#, there exists a unique
u € Wg(D(A(-),H) be the solution of (L.I]).

Proof. Let 7 be small enough and f € L%(O,T;H), up € (H;D(A(O)))¥V2. By
Proposition u belongs to LEO(O,T;V), where u is the unique solution to the
Cauchy problem (|1.1)). Using (5.1)), for 0 < ¢ < 7, we have

A(t)u(t) = A()e MO + A(t) /t e~ =AM (A(t) — A(s)u(s) ds
0

+ A(t) /075 e~ (=AW f(5) ds

= (Fuo)(t) + (Su)(t) 4+ (LF)(?).
Thanks to Propositions , Fug and Lf are bounded in L% (0, 7;H). Then to
prove that A(-)u € L3(0,7;H) it is sufficient to show that Su belongs to L3(0, 73 H).
Taking g € L?(0,7;H) we find that

|(ﬂ/25u7 g)LQ(O,T;H) |

= |/OT tﬁ/?/o ((.A(t)—A(s))u(s),A(t)*e*(t*S)A(t)*g(t»v,XVdsdt|
T t/2 .
< |/0 o/ / ((A() — A(s))u(s), A(t)e =4O g(1)) ey ds di

+ oT o /t/2<(A(f) — A(s)yu(s), A(t)"e” A g (1)) cy ds dt|

= Il + IQ.
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For I, we find,

(=3) A(4)*
25 /tm/‘M As)leplle™ T4 g
* —s)
”A( ) 1 A( ( ) A(t)” ( )”8 5 dsdt|| B/2 UHL"O(OTV)
' ”‘A )HL‘ v, V) *1 (t—s) .
/ / t—s CELA@) 2o T AW g(0) | ds de| 2 ull =0,

T t . 1/2
*l _(t s) *
ﬂAMpmMWW)A/;MW2€4AMMm”MO ol 0.
e, t
5 HAHW%,?(O’T;ﬁ(V’V/))||g||L2(07Ty’H)||u||L§O(07T§V)'
Similarly,
8

t/2 _—
hw/tm/ e s

o

HAHCE([O,T];a(v,vq) ull Loo (0,741

S IAllesqo,rcoo v lgllezo,m30 1wl g 0,70) -

Now, we obtain the final estimate

IAC)ullLz0,r20) S 1Fuo0l L2 (0,752 + 15Ul 22 0,73) + 1L 22 0,7590)

S lluollaspao) s , + lullog o) + 1120720

S ||u0||(’H;D(A(O)))175’2 + Hf”L%(O,T;H)'

Therefore A(-)u € L%(OM';H) and since @ = f — Au, one has € L 50,7 H).
So u belongs to Ws(D(A(-),H). Moreover, by Proposition we have u(t) €
(H; D(A(t)))l%ﬁ,z for all t € [0, 7].

For arbitrary 7 we split the interval [0, 7] into union of small intervals and argue

exactly as before to each subinterval. Finally we stick the solutions and we obtain
the desired result. (]

Proposition 5.4. For all g € L*(0,7;H) and 0 < B < 1 there exists a unique
v € Wo(D(A(:),H) be the solution of the singular equation

B
2 W (5.3)
0

Proof. We set f(t) = (®g)(t) = t°/%g(t) with t € [0,7], so that f € L3(0,7;H).
Let u € Wg(D(A(-), H) be the solution to the problem

a(t) + At)u(t) = f(1)
u(0)

Now, set v = (®~'u). Then v € Wyo(D(A(+),H) and v is the unique solution to

Problem ({5.3). O

(5.4)

)=
0.
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6. APPLICATIONS

This section is devoted to some applications of the results given in the previous
sections. We give examples illustrating the theory without seeking for generality.

6.1. Elliptic operators in the divergence form. Let € be a bounded Lipschitz
domain of R". We set H := L?(Q2) and V := H'(£2) and we define the sesquilinear

forms
a(t,u,v) := [ C(t,z)VuVvdz
Q
where here w,v € V and C : [0,7] x @ — C™*™ is a bounded and measurable
function for which there exists a, M > 0 such that
alé]* < Re(C(t,x)€.€) and [C(t, )] < MIE||v]

for all t € [0,7] and a.e € Q, and all £, v € C™. We define the gradient operator
V:V — Hand V*: H — V'. The non-autonomous form a(t) induces the operators

A(t) == =V*C(t,z)V € LV, V).
The form a(t) is H*(2)-bounded and coercive. The part of A(t) in H is the operator
A(t) := —div C(t,2)V

under Neumann boundary conditions.
We note that

[A® vy = 1C®, )| Lo (@ienxny = M.

Next, we suppose that C € Wz22(0,7; L>(Q; C**")) N C=([0, 7]; L (Q; C™*™)),
with € > 0, which is equivalent to

T T C t - C 2n><n
/ / sup 1O, 2) — O, Dllgnxn ;00 o,
0 0

zEQ ‘ti S|2
1C(t,x) = C(s,@)[[cnxn < CJt — s|°

a.e. for z € Q and ¢, s € [0, 7]. Note that

[A®) = Al vy SIC(E ) = C(s, )l e (semxn)-
Hence A € W22(0,7; L(V, V")) N C([0, 7]; LV, V')).
Remark 6.1. D(A(t)Y/?) =V = HY(Q) for all ¢t € [0, 7] and

cillull gy < llullpeacyiizy < cllulla o
where ¢, ¢! are two positive constants independents of ¢ [6, Theorem 1].
In the next proposition we assume that 5 € [0, 1].
Proposition 6.2. For all f € L%(O,T;LZ(Q)),UO S HI’B(Q) there is a unique
u € Wg(D(A(+), L*(2)), be the solution of the problem
u(t) — div C (¢, z)Vu(t) = f(t)
ou(t, o)

5= =0 (0 €09 (6.1)

u(0) = ug.
The above proposition follows by Theorem
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6.2. Robin boundary conditions. Let  be a bounded domain of R¢ with
Lipschitz boundary 92. We denote by Tr the classical trace operator. Let S :
[0, 7] x OQ — [0,00) be a bounded function and H := L*(Q). We define the form

a(u,v) := / Vu.Vudz + B()Tr(u)Tr(v) do,
Q oN

for all u,v € V := H'(Q).

The form a is H'(Q)-bounded, symmetric and quasi-coercive. The first state-
ment follows readily from the continuity of the trace operator and the boundedness
of 8. The second one is a consequence of the inequality

/8 Jufda < Slulf @ + Colulo)

which is valid for all § > 0 (Cj is a constant depending on ¢). Note that this is a con-
sequence of compactness of the trace as an operator from H!({2) into L?(9, do).
Formally, the associated operator A is (minus) the Laplacian with the time depen-
dent Robin boundary condition

9 4 B(-)u =0 on 0.

Here, a—g denotes the normal derivative in the weak sense. For more general bound-
ary conditions with an indefinite weight we refer the reader to the recent paper
[10].

Theorems [£.1] combined with Theorem [£.3] yields the following result.

Proposition 6.3. Let 5 €] —1,1[ and f € L%(O,T;LQ(Q)). There exists a unique
u € Wg(D(A), L*(Q))NC([0, 7], (L*(Q); D(A))%,Q) be the solution to the problem

u(t) — Au(t) = f(t)
% +B()u=0 ondQ (6.2)
u(0) = 0.

If we assume moreover that f € Wé’g(O,T;Lz(Q)), then the solution u belongs to

the space C*([0,7]; (L?(€2); D(A)) 125 5) N C([0,7]; D(A)).
Remark 6.4. Note that for all 8 € [0, 1] we have
(L2(Q): D(A)) 125 5 = [L2(Q); D(A)] s = [L2(Q); H (s = H'7(Q).
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