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EXISTENCE AND UNIQUENESS OF WEAK SOLUTIONS TO
PARABOLIC PROBLEMS WITH NONSTANDARD GROWTH
AND CROSS DIFFUSION

GURUSAMY ARUMUGAM, ANDRE H. ERHARDT

ABSTRACT. We establish the existence and uniqueness of weak solutions to
the parabolic system with nonstandard growth condition and cross diffusion,
dru — div a(z, t, Vu)) = div |[F|P& D2 F),

Otv — diva(z, t, Vv)) = §Au,
where § > 0 and Oiu, Oiv denote the partial derivative of u and v with re-
spect to the time variable ¢, while Vu and Vv denote the one with respect

to the spatial variable . Moreover, the vector field a(z,t,-) satisfies certain
nonstandard p(z,t) growth, monotonicity and coercivity conditions.

1. INTRODUCTION

The study of parabolic problems, i.e. equations and systems, like reaction-diffusion
systems or evolutionary equations is motivated amongst others by several applica-
tions. For instance, such equations and systems are important for the modeling of
space- and time-dependent problems, e.g. problems from physics or biology. In par-
ticular, evolutionary equations and systems can be used to model physical processes
like heat conduction or diffusion processes, see [9, [25]. One example is the Navier-
Stokes equation, the basic equation in fluid mechanics. In addition, applications
also include climate modeling and climatology [I5]. Furthermore, an interesting
aspect of this paper is the nonstandard growth setting, which arises for instance by
studying certain classes of non-Newtonian fluids such as electro-rheological fluids
or fluids with viscosity depending on the temperature. Some properties of solutions
to systems of such modified Navier-Stokes equation are studied in [4]. In general,
electro—rheological fluids are of high technological interest, because of their ability
to change their mechanical properties under the influence of an exterior electro-
magnetic field [16], [30]. Many electro-rheological fluids are suspensions consisting of
solid particles and a carrier oil. These suspensions change their material properties
dramatically if they are exposed to an electric field [31]. Most of the known results
concern the stationary case with p(x) growth condition, see [2| [3] [I8]. Further-
more, for the restoration in image processing one also uses some diffusion models
with nonstandard growth condition [I, 14, 27, 28]. In the context of parabolic
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problems with p(z,t) growth applications are flows in porous media [6] or nonlin-
ear parabolic obstacle problems [19, 22] 23]. Moreover, in the last years parabolic
problems with p(z,t) growth arouse more and more interest in mathematics, see
[, 8, [T, 241 26] 29, B2] [35 B7]. A further aspect of our paper is the effect of a
cross diffusion term. Parabolic nonstandard growth problem with cross diffusion
is a new and very interesting topic, since the interaction between the species often
leads to cross diffusion effects, which may show unexpected behavior, see [13], i.e.
the forward of the special issue “Advances in Reaction-Cross-Diffusion Systems”
[12]. For instance, in our case the cross diffusion term 6Awu, ¢ > 0 requires that
the growth exponent p(z,t) is greater or equal to two. Only in case § = 0 we may
assume that nz—_& < p(z,t), n > 2. In addition, parabolic systems with cross diffu-
sion play a crucial role in biological applications like epidemic diseases, chemotaxis
phenomena, cancer growth and population development.

In this article, Q C R™ denotes a bounded domain of dimension n > 2 and we
write Qp := Q x (0,T) for the space-time cylinder over 2 of height T' > 0. Here, u;
or Jyu respectively denote the partial derivative with respect to the time variable ¢
and Vu denotes the one with respect to the space variable z. Moreover, we denote
by 9pQr = (Q x {0}) U (99 x (0,T)) the parabolic boundary of Q and we write
z = (w,t) for points in R™+1.

The aim of our investigation is to establish the existence of a (weak) solution to
the following inhomogeneous parabolic Dirichlet problem with nonstandard growth
condition and cross diffusion term §Awu, 6 > 0:

dyu — div a(z, t, Vu)) = div |[F|PEY2F),  in Qp,
o —diva(z,t, Vv)) = 6Au, in Qp,
u=v=0, ondQx(0,T),
u(+,0) =wug, v(-,0)=wvy, onQx{0},

(1.1)

where the vector field a(x,t,-) satisfies certain nonstandard p(x,t) growth, mono-
tonicity and coercivity conditions, which we will specify in the next paragraph.
Furthermore, we will specify the regularity assumption on the inhomogeneity F
and the conditions which are supposed for the supercritical growth exponent func-
tion p : Qr — [2,00) later.

1.1. General assumptions. The vector fields a : Qp x R™ — R™ are assumed
to be Carathéodory functions — i.e. a(z,w) is measurable in the first argument
for every w € R™ and continuous in the second one for a.e. z € Qp — and satisfy
the following nonstandard growth, monotonicity and coercivity properties, for some
growth exponent p : Qpr — [2,00) and structure constants 0 < v <1 < L:

la(z,w)| < L(1 4 |w|)P* 1, (1.2)
(a(z,w) — a(z,wo)) - (w — wo) > 0, (1.3)
a(z,w) - w > 1/|w|p(z), (1.4)

)

for all z € Qr and w,wy € R™. Further, the growth exponent p : Qp — [2,00
satisfies the following conditions: There exist constants vy; and 79, such that

2<1 <p(z) <y <oo and |p(z1) — p(22)| < w(dp(21, 22)) (1.5)

hold for any choice of z1, z2 € Qr, where w : [0,00) — [0, 1] denotes a modulus
of continuity. More precisely, we assume that w(-) is a concave, non-decreasing
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function with lim, o w(p) = 0 = w(0). Moreover, the parabolic distance is given
by dp(z1,22) = max{|x; — xa|, \/|t1 — ta|} for z1 = (x1,t1), 20 = (w2,t2) € R*TL,
In addition, for the modulus of continuity w(-) we assume the weak logarithmic
continuity condition

1
lim supw(p) log (=) < oco. (1.6)
pl0 p

1.2. Function spaces. The spaces L?(Q), WP (Q) and W, *(2) denote the usual
Lebesgue and Sobolev spaces, while the nonstandard p(z) Lebesgue space LP(*) (Q, R¥)

is defined as the set of those measurable functions v : Qp — R* for k € N, which
satisfy [v|P(*) € L' (Qr,R¥), i.e.

LPA) (Qr,RF) := {v : Qr — R¥ is measurable in Q7 : / [[P*)dz < +00}.

Qr

The set LP(*) (Qr, R¥) equipped with the Luxemburg norm

Hv||Lp(z)(QT) := inf {/\ >0: / |§|P(z)dz < 1}
Q

T
becomes a Banach space. This space is separable and reflexive, see [5, [17]. At this
stage, we are able to specify the regularity assumption on the inhomogeneity, i.e.
we suppose that F' € LP(*)(Qz, R™). For elements of LP*)(Qr, R¥) the generalized
Hélder’s inequality holds in the form: If f € LP()(Qp, R¥) and g € L' () (Qp, RF),
p(z)

where p'(2) = 51> We have
1 Y2 — 1
dzg(——i— ) o s 1.7
[ gl < (5 + 222l ooy (1.7
see also [5]. Moreover, the norm || - || 1»()(,) can be estimated as follows
Lt ol oy < [ 0P < ol o) + 1 (18)
T

We will use also the abbreviation p(-) for the exponent p(z). Next, we introduce
nonstandard Sobolev spaces for fixed ¢ € (0,7"). From assumption (1.5) we know
that p(-,t) satisfies |p(z1,t) — p(z2,t)| < w(|z1 — z2|) for any choice of z1,x2 € Q
and for every t € (0,T). Then, we define for every fixed ¢ € (0,T) the Banach space
WhPeD(Q) = {u e LPUD(Q,R) | Vu e LPOD(Q,R™)}
equipped with the norm
HUHWLM-A)(Q) = Hu||LP<~-t>(Q) + HVU||LP<-¢>(Q)-
In addition, we define Wol’p("t)(Q) as the closure of C§°(2) in WP (Q) and we
denote by W1P(:(Q) its dual. For every t € (0,T) the inclusion Wy """ (Q) c
Wy (Q) holds true. Furthermore, we denote by ng(')(QT) the Banach space
WEO(Qr) == {u € [g+ L0, T; Wy ' ()] N LP)(Qr) : Vu € LPO(Qr, R™)}

equipped with the norm [|ullysc) () = [[ullLro) @p) + IVUllLre) (g~ In the case
g = 0 we write Wé’(')(QT) instead of Wé’(')(QT). Here, it is worth to mention that
the notion (u — g) € Wéj(')(QT) oru€ g+ Wg(')(QT) respectively indicates that u
agrees with g on the lateral boundary of the cylinder Qr, i.e. u € ng(')(QT). In
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addition, we denote by WP()(Qr)" the dual of the space Wg(')(QT). Note that if
v E Wp(‘)(QT)’, then there exist functions v; € Lp/(')(QT), 1=0,1,...,n, such that

(o = [ (vow + 3" 0iV,)d w9
T i1

for all w € WP (Q7). Furthermore, if v € WP()(Q7)’, we define the norm
[ollweor @y = sup{{{(v, w))ar : w € WE(Q2), fwlyeo g, < 1}

Notice, whenever (1.9)) holds, we can write v = vy — Z?:l V,v;, where V;v; has to
be interpreted as a distributional derivative. By
we W(Qp) = {weWPO(Qp) : w, € WPO(Qr)'}
we mean that there exists w; € WP()(Qr)’, such that
{{we, o)) ar = —/ w - pdz  for all p € C§°(Qr),
Qr

see also [I7]. The previous equality makes sense due to the inclusions
wrO(Qr) = L*(Qr) = (L*(Qr)) — WP (Qr)’

which allow us to identify w as an element of WP()(Qr)". Finally, we are in a
position to give the definition of a weak solution to the parabolic problem (1.1).

Definition 1.1. We call u,v € C°([0, T]; L*(Q2)) N WP (Qr) a (weak) solution to
the parabolic Dirichlet problem (1.1f), if

/ [u- ¢t —a(z, Vu) - Vyldz = / |FIP@D=2F . Ydz,
o7 “or (1.10)

/ [v-¢ —a(z, Vo) - V(]dz = 0Vu - V({dz,
Qr

Qr

whenever ¢, € C5°(2r), § > 0, the boundary condition u = v = 0 on 92 x {0}
and initial conditions u(-,0) = ug € L?(Q2), v(-,0) = vg € L*(Q) a.e. on Q, i.e.

I I
7/ /|u—u0|2dxdt—>0 and f/ /|v—v0\2dxdt—>0 as h ] 0. (1.11)
hiJo Ja hiJo Ja

are satisfied.

We will also use the notation
(u,v) € (CO([0, T]; L*(Q)) N WP (Qr))?

instead of u,v € C°([0,T]; L*(Q)) N WP (Qr) and similarly we will use (ug,vo) €
(L?(92))?, which means the same as ug, vy € L*(Q).

1.3. Statement of results. The main result of this manuscript reads as follows.

Theorem 1.2. Let § > 0, Q C R™ be an open, bounded Lipschitz domain and the
exponent function p: Qp — [y1,72] satisfies and . Furthermore, suppose
that I € L”(z)(QT,R") and the vector field a : Qp x R* — R™ is a Carathéodory
function satisfying the growth condition , the monotonicity condition and
the coercivity condition , Moreover, let ug,vo € L?(Q). Then, there exists a
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unique weak solution (u,v) € (C°([0,T]; L3(2)) N I/Vp(')(QT))2 with (Opu, Opv) €

(WPO(Q7))? of problem (L3) and satisfies the energy estimate
sup / [u(-,t)] dx—l—/ lo(-, )| dx / |VulPO) + [ Vo|PO) < ex,  (1.12)
0<t<T
where
= [luol 2 + lvoll22e +/Q FPO 1 1ds (1.13)
T

with u(-,0) = ug, v(-,0) = vy and a constant ¢ = ¢(v,d,v1,7v2, L).
To prove the main result, we need some preliminaries. First of all, we will need

[20, Lemma 3.1], which reads as follows.

Lemma 1.3. Let n > 2. Assume that the exponent function p : Qr — [y1,72]
satisfies (LE)-(L.6). Then W(Qr) is contained in C°([0,T]; L*(Q)). Moreover,
if u € Wo(Qr) = {u € WZ(Qr)lur € WPO(Qr)'} then t — [[u( )32, is
absolutely continuous on [0,T],

S | hute e = 200, ), (1),

for a.e. t € [0,T], where {-,-) denotes the duality pairing between W1PC)(Q)’
and Wol’p("t)(ﬂ). Moreover, there is a constant ¢ such that ||ul|coo,m;r2() <
cllullwqqpy for every u € Wo(Qr).

Moreover, we need the following Poincaré type estimate from [2I, Lemma 3.9].

Lemma 1.4. Let Q C R" a bounded Lipschitz domain and vy := supgq, . p(-). As-
sume that u € C°([0,T]; L*(Q)) N WS’(')(QT) and the exponent p(-) satisfies the
conditions (1.5)-(1.6). Then, there exists a constant ¢ = ¢(n, 1,72, diam(Q), w(-)),
such that the following two versions of the Poincaré type estimate are valid:

Avg
[%wwwz<4mmzmwmm+0(égwwﬂ+ma, (1.14)
7 s )
lll oo any < (250 7 zn ey +1)(/QT Va4 1dz), (1.15)

Also we need the Aubin-Lions type Theorem [20, Theorem 1.3], since it implies
the strong convergence in p(z)-Lebesgue spaces.

Theorem 1.5. Let Q) C R” an open bounded Lipschitz domain with n > 2 and
p(-) > —”2 satisfying (L5) and (L.6). Furthermore, define p(-) := max{2,p()}.
Then, the inclusion W(QT) — Lp( )(QT) is compact.

2. PROOF OF THE MAIN RESULT

In this section, we will prove the existence of a unique weak solution to the

Dirichlet problem (1.1).

Proof of Theorem[I-3 The proof is divided into several steps.

Step 1: Construction of a sequence of Galerkin’s approximations. We
start by constructing a sequence of Galerkin’s approximations, where the limit of
this sequence is equal to the solution of (L.1)). Therefore, we consider {¢;(z)}2; C
Wy () and {¢;(x)}22, € Wy"?(2), which are orthonormal basis in L(€2). Since,
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W,y (Q) is separable, it is a span of a countable set of linearly independent func-
tions {¢x} C Wy?(Q) and {d} C Wy (). Moreover, we have the dense embed-
ding VVOLAY2 (Q) C L?(Q) for any 2 > 2, cf. [33,34]. Thus, without loss of generality,
we may assume that these systems form orthonormal basis of L?(2). Now, fix a
positive integer m and define the approximate solution to as follows

()= 36 oi(n) and o0 () =DM (0)di(a)
i=1 i

where the coefficients cgm) (t) and Egm) (t) are defined via the identities

/ (u™ 1) + (alz,t, Vu™) + |FPEO-2F) - Voi(x) )de =0,
Q

(2.1)
/ (vﬁm)d;i(x) + <a(33,t, Vol™) 4 6Vu(m)> . V(ﬁz(x))dac =0,
Q
fori=0,...,mand t € (0,7) with the initial conditions
o™ (0) = / uodida,
@ (2.2)

5Em)(0)=/vo<§id$7
Q

for i = 1,...,m. Then, system ({2.1), with these initial condition, generates a
system of 2m ordinary differential equations

(™) (0) = Bt 0), e (0,670, 6500,
™ (0) = id
G () /Quoqb x

(&™) (1) = Fi (LA™ 0, 0 (0, 8™ @), 0 (1)),
&™0) = | vodid
G () /QUO¢ x

for i = 1,...,m, since {¢;(z)} and {¢;(z)} are orthonormal in L?(Q2). By [36,
Theorem 1.44, p. 25] we know that, there is for every finite system a solution
(cl(.m)( t), ~§m) (t)), i =1,...,m on the interval (0,T,,) for some T}, > 0. Therefore,
we multiply the first equation of system by the coefficients cgm) (t),i=1,...,m
and the second equation by c(m)( t), ¢ = 1,...,m. Then, integrating the resulting
equations over (0,7) for an arbitrarily 7 € (0,7,,) and summing them over ¢ =
1,...,m, yields

) P —
/ dyu™ . u(m)—i—( (z,t, Vu™) + |FPEt- 2F) Vul™dz =0

(2.4)
/ dyul™) (M) (a(x,t,Vv(m ) 4 dVu(™ ) -Vo™dz =0

for a.e. 7 € (0,T,,).

Step 2: Energy estimate for the approximated solution. We derive the
needed energy estimate. Therefore, we use that

1 1
/ u™ - u(Mdz > f/ [u(™ (-, 7))2de — f/ [uo|*d
Q. 2 Ja 2 Ja
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1 1
/ o™ Mz > 7/ o™ (1) 2de — 7/ lvo|2dax
Q, 2 Ja 2 Ja

for a.e. 7 € (0,T},), since ug,vo € L2(Q), {¢:}32, € L2(Q) and {¢;}2, € L3 (D),
cf. [20). Then, we arrive at

/|u(m 2dx+/ a(z, t, Vu'™) - Vumdz
2 (2.5)
< glluolay + [ FPEO1Tum d:
2 a.

and

/|v 7)| dw—i—/ a(z,t, Vol™) . volmdz
2 (2.6)
< Sllolfaey +6 [ 1u™Tumas
Q,

for a.e. 7 € (0,T,,). Using the coercivity condition (1.4)) on the left-hand side of

and (2.6| @ yields

u(m de+v Vu™POdz < 1 uo 220y + FIPO=1 v (™)|dz,
9 L2() o

-

1
/|v<m> 2d:p+1// Vom PO ds < 5||vo||2L2(Q)+5/ IV || 70 |dz,
Q.

-

These estimates holds for a.e. 7 € (0,T,,,). Applying Young’s inequality with
1/p(x,t)+1/p'(x,t) = 1 to the last term of the second last equation with 0 < e <1
and Cauchy’s inequality with 0 < & < 1 to the last term the last equation, we
obtain

| PG e < ennzie) [ FPOdz +eetning) [ [T PO
Q- Q- Q.
a

nd
5 / VU™ [V dz < o5, &) / Vulm Pz + S / Vo™ 2dz
Q. Q.

-

c(v1, 72,9, é)/ |Vu(m)|p(-) +1dz

2

+ éc(’yl,’yg)/ |Vv(m)|p(') + 1d=.

.

Choosing € < v/(2¢(y1,72)) and € < v/(2¢(y1,72)), we can conclude that

[ )P+ / Vu™POds < cafunlfiaey + 1 [ |FPO
Q,

/|U my(. |2dx+/ |Vo(m|P)dz

< 02||UOH%2(Q) + 02/ IVu(™ PO 4 1dz
Q

T

< e ([Ivo 220y + luollF2() + /Q PP+ 1dz),
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where we used the second last estimate to derive the last estimate with constants
c¢1 = c1(¥,71,72) and ¢ = ca(v, 0,71, 72). Finally, the Poincaré type estimate (|1.15))
in combination with the previous two estimates yields

14 o>y S € and [0 wr g, < €

with ¢ = ¢(n, v, §,71, 72, diam(Q),w(-), X'), where X is defined in . There-
fore, we have shown that (™ and v(™) are uniformly bounded in W?()(Qr, ) and
L>(0, Ty,,; L2(Q)) independently of m. Thus, the solution of system can be
continued to the maximal interval (0,7") and we obtain the estimate

sup ([ ™ Cn)Pdo+ [ () de)
0<7<T Q Q

+/ |Vum™ PO 4| 7ym) PO gy (2.7)
Qr

< c{lluolaio + ol + [ 1PPO +1d2) = e
T

with ¢ = ¢(v, 6,71, 72)-

Step 3: Uniform bounds for 9u™ and 9,0(™). We want to derive an uniform
bound for dyul™ in WPO)(Qr). Therefore we define a subspace of the set of
admissible test functions

Win(Qr) == {n:n =" digs, d; € C([0,T))} ¢ W Q).

=1

Then, we choose a test function
p(z) = Zdi(t)¢i(x) € Win(Q2r)  with d;(0) = d;(T) = 0.
i=1

Note that 9, exists, since the coefficients d;(t) lie in C*([0,T]). Moreover, we know
that C*([0, T], Wy " (Qr)) C Wg(') (Q7) and therefore, we have also ¢ € Wg(')(QT).
Thus, we can conclude by the definition of ("™ and the first equation of (2.1)) that

7/ u™pydz = / ugm)godz = 7/ (a(z, Vul™) + |F|p(z’t)72F) -Vdz.
Qr Qr Qr

Then, we derive by utilizing the growth condition (1.2]) and the generalized Holder’s
inequality (1.7]) the estimate

| / u™ pdz| < / (laCz, Vul™)| + [FPO71) - [Vl
QT QT

< [ (1o, Ta™)+ 1FPO) - (Ve + e dz
Qr
< C“|(1 + |vu(m)|p(.)_l + |F|p(')_1)HLp/(-)(QT)] X HSOHWP(‘)(QT)v

where ¢ = ¢(y1,72, L). Applying (1.8) and (2.7 to the last estimate, we have for
every ¢ € Wp,(Qr) C Wé’(')(QT) and any m the estimate

[ afeds] < el
Qrp
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with a constant ¢ = ¢(v1, 72, v, L, X'), which is independent of m. This shows that
™ e WrO)(Qr) with ||u§m)\|wp(.)(QT), < ¢(y1,72,v, L, X). Similarly, one can
conclude that vtm) € WPO)(Qr)" with ||v§m)||wp(.)(QT), < c(y,7y2,v, L, X).

Step 4: Compactness and passage to the limit. Now, we have the needed
uniform bounds of u(™), (™), ugm) and v,gm) and it follows that

u™ o™ e WP (Qr) C L0, T; Wy ()
ug™, o™ € WP (Qr) C L2(0,T; W™175(Q))

are bounded. This implies the following weak convergence for the sequences {u(m)}
and {v™} (up to a subsequence):

u™ —* g and 0™ —~* y weakly* in L>=(0, T; L*(Q)),

Vu™ — Vu and Vo™ — Vo weakly in LPO) (Qp, R"),
u,(gm) — u; and vt(m) — v, weakly in WP (Qg)'.
Moreover, by Theorem we can conclude that the sequences {u(™} and {v("™}
(up to a subsequence) converges strongly in Lp(')(QT) to some function u,v €
W (Qr). Thus, we obtain the desired convergences

u™ — u and ™ — v strongly in LPO)(Qy),
u™ — 4 and v — v ae. in Q7.

In addition, the growth assumption of a(z,-) and the estimate imply that the
sequences {a(z, Vu(™)},,en and {a(z, Vo™)},,cn are bounded in LP'O)(Qp, R™).
Consequently, after passing to a subsequence once more, we can find limit maps
Ag, A € LP'O)(Qp, R™) with

a(z, Vu™) = Ay as m — oo, (2.8)
a(z, Vol™) = A% as m — oco. .

Our next aim is to show that 4y = a(z, Vu) for almost every z € Qp. We will only
show that Ay = a(z, Vu) for almost every z € Qr, but one can easily show that
A = a(z, Vo) for almost every z € Qr using the same approach. First of all, we
should mention that each of u(") satisfies the first equation of the identity
with a test function ¢ € W,,,(Qr). This follows by the method of construction, cf.
[7]. Then, we fix an arbitrary m € N and we have for every s < m the equation

—/ u™ o+ (alz, Vul™) + |FPO2F)Vpdz = 0
Qr

for all test functions ¢ € W;(£2r). Passing to the limit m — oo, we can conclude
that for all test functions ¢ € Ws(Q2r) we have

- / urp + (Ao + [FIPO2F)Vpdz = 0 (2.9)
Qr

with an arbitrary s € N, by the convergence from above. Therefore, it follows
that the identity (2.9) holds for every ¢ € W} (')(QT). According to monotonicity
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assumption (1.3)), we know that for every w € W,(Qr) and every s < m the
following holds

/ [a(z, Vu'™) — a(z, V)]V (u(™ — w)dz > 0. (2.10)
Qr

Moreover, it follows from the first equation of (2.1]), the conclusion from above and
the choice of an admissible test function ¢ = u™) — w with w € W,(Qr) that

*/ W™+ (a(z, Vu'™) + |[FPO2F)Vpdz = 0. (2.11)
Qr

Adding (2.10) and (2.11)), we have

[ ™ot e, ) [FPO2FV ~ e, V™)~ oz, VU] Vipdz 2 0
Qr

with a test function ¢ = u(™) —w. This yields
—/ ugm) (u™ —w) + [a(z, Vw) + |[FIPO2FIV (™ — w)dz > 0.
Qr

Then, we test equation (2.9) with ¢ = u(™) — w, subtract the resulting equation
from the last estimate and finally passing to the limit m — oo yields

_/Q Ao — alz, V)]V (u — w)dz > 0

for all w € Ws(Q2r). Since, Ws(Qr) C Wé’(')(QT) is dense, we are allowed to choose
w € Wg(')(QT). Hence, we choose w = u £ £ with an arbitrary £ € Wé’(')(QT).
This yields

—5/ [Ag — a(z, V(u £+ &£))|VEdz > 0.
Qp
Then, passing to the limit € | 0, we conclude that

/ [Ao —a(z, Vu)]VEdz =0
Qr

for all ¢ € WP (Q7). This shows that
Ap = a(z,Vu) for almost every z € Q.

Similarly, we can show that Af = a(z, Vv) for almost every z € Qp.

Step 5: Initial values. Moreover, we have to show that u(-,0) = ug and v(+,0) =
vo. We prove that u(-,0) = up and the conclusion v(-,0) = vy follows in the same
way. From (2.9) we obtain by using integration by parts that

/ upy — (a(z, Vu) + |F|p(')72F> Vpdz = / (u-p)(-,0)dz
Qr Q

for all ¢ € Wg(')(QT) with ¢(-,T) = 0. Similarly, we can conclude that

/QT vCr — (a(z,Vv) + |F|p(')‘2F) V(dz = / (v-¢)(-,0)dz

Q
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for all ¢ € WP (Qg) with ¢(-,T) = 0. Here, we will only show that u(-,0) = uq,
since the conclusion v(-,0) = vg is then easily to derive. Furthermore, from (2.11))
— similar to the previous estimates — we obtain that

/ u™ g, — (a(z, V™) + |F|p(‘)_2F) Vpdz = /(u(m) <) (-, 0)dz

Qr Q

for all ¢ € Wé)(')(QT) with ¢(-,T) = 0. Passing to the limit m — oo and using the
convergences from above, we obtain

/ wp — (a(z, Vu) + \F\P(')_ZF) Vpdz = / uo - (-, 0)dz,

Qr Q

where u(™)(-,0) — ug as m — oo, cf. [20]. In addition, ¢(-,0) is arbitrary and
hence, we can conclude that u(-,0) = ug. This together with the conclusion v(+,0) =
vo shows that there exists a weak solution to the Dirichlet problem .

Step 6: Uniqueness. The final aim is to prove the uniqueness of the weak
solution to the Dirichlet problem . To this end, we assume that there exist
two pairs of weak solutions (u,v) and (u.,v.) € (C°([0,T]; L2(Q)) N Wg(')(QT))2
with (9yu, v), (pus, Ovs) € (WP (Qr)')? to the Dirichlet problem (L.I)). Thus,
we have the following weak formulations

/ [u- o —a(z,Vu) - Vyldz = / |FPE)=2F . Vdz,
QT QT

/ [v-( —alz, V) -V(]dz = / oVu - V(dz,
QT QT
and

/ s - o1 — a2, V) - Vgl dz = / [FPED2F . Vids,
Qr Qr

/ [Vs - G — a(z, Vi) - V(] dz = OVu, - V{dz,

QT QT

with the admissible test functions ¢ = u — u, € Wé)(')(QT) and ( = v — v, €
Wg(')(QT), since W(f'(‘)(QT)’ is the dual of Wg(')(QT). Hence, we can conclude
using integration by parts that

/Q (u—us)e(u — us) + (a(z, Vu) — a(z, Vui))V(u — u,)dz = 0,
/Q (v —v.)e(v — i) + (a(z, Vv) — a(z, Vu,)) V(v — v, )dz

=—6 V(u—wus) - V(v —vy)dz.
Qr

Using the monotonicity condition (1.3)), we arrive at

0> / (u—us)e(u — uy)dz = 1 O (u — uy)?dz,
QT 2 QT
75/ V(u—u)V(v—v.)dz > / (v —v)e(v—vy)dz = 1 Ot (v — v,)dz.
Qr Qr 2 Jar
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Therefore, 0 > £ {|u(t)—u. (t)H%2(Q) > 0 forevery t € (0,7, since u(+,0) = ux(-,0) =
ug. In addition, the uniqueness of v implies also that

1
0> / (v—v)(v—ve)pdz = = Oy (v — v,)%dz
QT 2 QT
and 0 > 1|v(t) — m(t)”%z(m > 0 for every t € (0,T), since v(-,0) = v,(-,0) = vp.
This completes the proof of the Theorem. O
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