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EXISTENCE AND BOUNDEDNESS OF SOLUTIONS FOR A
KELLER-SEGEL SYSTEM WITH GRADIENT DEPENDENT
CHEMOTACTIC SENSITIVITY

JIANLU YAN, YUXIANG LI

ABSTRACT. We consider the Keller-Segel system with gradient dependent chemo-
tactic sensitivity
ut = Au — V- (u|VoP72V0), z€Q, t>0,
vw=A~Av—v+u, x€Q t>0,
Ou _ Ov
o v
u(z,0) = uo(z), v(z,0)=uvo(z), x€Q
in a smooth bounded domain @ C R™, n > 2. We shown that for all reasonably
regular initial data ug > 0 and vg > 0, the corresponding Neumann initial-

=0, z€9Q, t>0,

boundary value problem possesses a global weak solution which is uniformly
bounded provided that 1 < p < n/(n —1).

1. INTRODUCTION

In this article, we consider the chemotaxis system with gradient dependent
chemotactic sensitivity
up = Au—V - (u|VoP72Vv), x€Q, t>0,
nw=0Av—v+u xz€8,t>0,
ou  Ov (1.1)
— =—=0, e 0N, t >0,
ov  Ov .
u(z,0) = uo(x), v(z,0)=wvo(x), z€Q,
where Q@ C R™ (n > 2) is a bounded domain with smooth boundary and 1 < p <

n/(n—1).
Keller and Segel [9] introduced a mathematical model to describe chemotactic
aggregation of cellular slime molds. The classical Keller-Segel system is

ur = Au — V(uVv),

1.2
vy = Av — v+ u, (1.2)

where u denotes the cell density and v describes the concentration of the chemical
signal secreted by cells. This parabolic-parabolic Keller-Segel system has been
studied extensively in literature, see the review paper [2] 6] [7] for details. Here we
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point out that the authors in [II] proved that has global bounded solutions
under the condition [, ug(x) < 4w in R? or under the condition [, ug(z) < 8 for
radial solutions on a disk. Winkler[20] proved that finite-time blow-up occurs for
radially symmetric initial data when fQ ug is arbitrary prescribed number.

The chemotactic sensitivity can depend nonlinearly on the cell density. Some
authors studied the system

us = V(D(u)Vu) — V(S(u)Vv),

1.
nw=Av—v+u (1.3)

in the past decades. Horstmann and Winkler [8] determined the critical blow-up
exponent for , where D(u) = 1 and the chemotactic sensitivity equals some
nonlinear function of the particle density. In [I8], it is proved that if S(u)/D(u)
grows faster than u?/™ as u — oo and D(u) satisfies some technical conditions, then
there exist solutions that blow up in either finite or infinite time. In [14], Tao and
Winkler showed that if S(u)/D(u) < cu® with o < 2/n and D(u) satisfies algebraic
upper and lower growth, then the classical solutions to are uniformly bounded.

By the Weber-Fechner law, the classical Keller-Segel system has been modified
to the Keller-Segel system with a singular sensitivity

uy = Au— xV (%Vv) ,

v =Av—v+u.

(1.4)

Winkler [I9] proved that if 0 < x < /2/n, has a global-in-time classical
solution. Furthermore, relaxing the solution concept, the global existence of weak
solutions is established whenever 0 < x < v/(n +2)/(3n —4). In [13], Stinner and
Winkler introduced a generalized solution concept, and then proved that such gen-
eralized solution for any x > 0. In [I0], the authors introduced another generalized
solution concept, which exists for the some range of x.

Recently, Bellomo and Winkler posed a model where the chemotactic sensitivity
depends on Vu. In [3] the authors deduced the existence of a unique radial classical
solution to the system

- v
w =V (\/#%> V- (ﬁ) (1.5)

0=Av— M + u,

where M = ﬁ Jquo(z)dz, n > 2 and x < 1. In [4], it is showed that for some

T >0, possesses a uniquely determined classical solution blowing up at time
T. [22] concerns the null controllability of a control system governed by coupled
degenerate parabolic equations with lower order terms.

Negreanu and Tello [12] proposed the model

up = Au— V- (xu|Vol[P~2 Vo),

1.6
0=Av— M+ u, (16)

where M = |le\ Jo uo(x)dz. The authors obtained uniform bounds in L*°(Q) pro-

vided that 1 < p < n/(n —1) (n > 1). In the one-dimensional case, they proved
that for any positive constants xy and M, if p € (1,2), then the model (1.6) has
infinitely many non-constant solutions.
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In this article, we study the global existence and boundedness of (1.1]), the
parabolic-parabolic version of ([1.6). Now we state the main results of this article.
We assume that the initial data ug and vy satisfy

ug € CO(Q) with ug > 0 in  and ug Z 0, w7)
vg € WH*(Q)  with vy > 0in Q. .
Our main results read as follows.

Theorem 1.1. Let Q C R", n > 2 be a bounded domain with smooth boundary.
Then for all uo and vo satisfying (L.7), system (LI) with 1 < p < n/(n — 1)

possesses at least one global weak solution in the sense of Definition |2. 1)

Theorem 1.2. Under the assumption of Theorem[1.1], there exists a constant C =
C(uo,p, Q) > 0, such that

Hu('vt)”L‘X’(Q) <C forallt>D0.

The rest of this article is organized as follows. In Section 2, we introduce the
conception of the weak solution. Section 3 is devoted to showing the existence of
the weak solution. Finally, we give the proof of the boundedness in Section 4.

2. A WEAK SOLUTION CONCEPT AND APPROXIMATE PROBLEMS

Let us firstly introduce a natural concept of weak solutions to (1.1)).

Definition 2.1. Assume that vy and vy satisfy (L.7). For all T' > 0, a pair (u,v)
of functions

uw € L®(Q x[0,T)), veL®Qx][0,T))nL*([0,T);W%(Q)) (2.1)
with
u>0ae inQx(0,7) and v >0 a.e. in Q x (0,7), (2.2)
and
|Vo|P~2Vu € L*(Q x [0, 7)), (2.3)
will be called a weak solution of if u has the mass conservation property

/Q (o, t)dz = /Q wo(x) for ae. t> 0, (2.4)

and the following two identities

_/Quo‘p("o)_/oT/Qu%Z/OT/QU-ALP-F/OT/QUVUW_QVU-Vgo (2.5)
and
/OT/QWHL/QUOT/’(-,@Z/OT/QW-WW/OT/QW—/OT/QW (2.6)

hold for non-negative ¢, ¥ € C§°(Q x [0,T)).
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We intend to construct a solution of ([L.1)) as the limit of a sequence of solutions
to the approximate problems

p—2

Uer = Au, — V - (u€(|va|2 +€)TV1)E), e, t>0,
Vet = AUz — Ve +ue, z€Q,t>0,
Oous,  Ove

v v
ue(z,0) = ug(z), wv(z,0)=v9(z), x€Q,

(2.7)
0, z€0Q,t>0,

where € € (0,1) is a positive parameter. We construct a suitable fixed point frame-
work to prove the existence of classical solutions to (2.7)).

Lemma 2.2. Assume that (1.7)) holds, and lete € (0,1). Then there exists Tymax,e <
oo, such that (2.7) possesses a classical solution (uc,v.),

e € COQ % [0, Trnaz.c)) N C*HQ x (0, Traz.c))
ve € C%Q % [0, Trnaz,e)) N CHHQ X (0, Trmaz.e)) N LS.([0, Thnaw.c); WH? ()

for each ¥ > n, which satisfies u: > 0 in Q x (0,00) and

/ ue(z, t)de = / uo(x)dx  for allt € (0, Thax,e), (2.8)
Q Q

as well as

/st(t) = /Quo + (/Qvo — /Quo)e’t for all t € (0, Trpax.c)- (2.9)

Proof. Let us prove the existence of solutions by a standard contraction argument
referring to [8]. For T' € (0, 1), we define a Banach space

X :=C%Q x [0,T]) x L*=((0,T); WH?(Q)).
Consider the closed set
S = {(uc,ve) € X+ [|(ue,ve)| x £ R} with R = |[(ug,v0)||x + 1.
We claim that for T sufficiently small, the map

(Yi(ue, ve) (1)
U (ue, ve)(t) = <m2(u5,ve>(t))

[ ePug — f(f =AY . (ug(|Vue|? + ) "2 Ve (s))ds
etA=1)y 4 fg (=) (A=1y_(5)ds

is a contraction from S to S. We fix 8 € (34,3) and 6 € (0,5 — ). Then for all
t € [0,T] we have

[ W1 (ue, ve) (@)oo @)
< HetAUJO”CU(Q)

t
+ c/ [(=A + 1292V - (u(|Ve? + €) T Vue(s))|| 1oy ds
0 (2.10)

t
< luallony + € [ (¢ =) 4 el Vol + )5 Vou () o oy
0

< |[uoll oy + CRPTE =P,
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where we have used the estimate
lus(IVeel +2)" Vol o) < RIIVeel o)
< RVl 561 g
< CRIVuclitg)
Let v € (1/2,1); for for all t € [0,T] we have
W2 (ue, ve) ()| wra(e)

t
< ([ Dollwrro o) + C/ I(=A +1)7e ™A D (s)| Lo () ds
0

t
< Jvollwroga +C / (t — )7 lue ()| oy ds
0

< ||’U0||W1,79(Q) + CRT'™.

From (2.10) and (2.11)), it follows that WS C S if we choose T small.

(te,ve), (Ue, U:) € S, we have

93 (s, ) (1) = (3, 52) (1) oo
t
= C/ (=2 + 1)t - (0 (|T0.[2 + 2) "7 To(s)
0
(V5 +2) 5 V()|
¢ 1
< [t-seto
0

— 4 (|VO|? + )T Vi (s)

ds
L?(Q)

us(\VUE\Q + 8)1)2;2V1}€(8)

LY () y
< C(R+ R Y2797 (uey v2) — (@, 02) || x
and

W (ue, ve) () = Wa(te, ) () lw.o 0

t
<c / 1A + 176D (4, (5) — 0| oy ds
0

t
<C [ =9 uels) = acluoqods
0

< CTl_’YH(Uf?UE) — (e, 02 x

(2.11)

For all

so U is shown to be a contraction if T is sufficiently small. By the Banach’s fixed
point theorem, we obtain that the existence of (u,v) € X satisfies (u,v) = ¥(u,v).
Properties (2.8)) and (2.9) follow by integrating the PDEs in (2.7)) in space. O

3. EXISTENCE OF THE WEAK SOLUTIONS

The construction of a global weak solution is based on a limit procedure of
solutions to suitably regularized problems. The Aubin-Lions lemma is very helpful.
We collect some e-independent a priori estimates of the solutions to . For the
second equation in , using the parabolic theory, we obtain the following lemma.

Lemma 3.1 ([19, Lemma 2.4]). Let T >0 and 1 <0, < co.
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(i) If %(% — i) < 1 then there exists C > 0 such that
(o)l < C(1+ sup el s)] ooy ) (3.1)
s€(0,t)

forallt € (0,T) and € € (0,1).

(i) If + + 2(5 — i) <1 then

10 (5 )llnoy < C(1+ sup el s)lpoo)) (3.2)
s€(0,t)

forallt € (0,T) and € € (0,1) is valid with C > 0.

Proof. For convenience, we give the proof.
(i) We represent v, by

t
Ve (-, 1) = A Dy —l—/ =)A=y (-, s)ds, (3.3)
0

where (e'®);>o denotes the Neumann heat semigroup. By standard smoothing
estimates, we find that if 4 > 6 then

t
JoxCllmcoy < C(loollwcor + [ (6= 8) F D ucs)laiads) (30
0

for a constant C' > 0. By (3.4)) and Holder’s inequality, we obtain (3.1]) for u < 6.
(ii) Applying V to both sides in (3.3)) and invoking corresponding smoothing
properties involving gradient [16], we similarly find that

t 1l _n_(1_1
Ve < O (1900 limiay + [ 0= 97850 D)oy
0
with a certain C' > 0. So we conclude using the similar method of proving (i). O

With Lemma[3:T]in hand, using the Gagliardo-Nirenberg inequality, we can prove
the boundedness in the L?-norm of u..

Lemma 3.2. Let 1 < p <n/(n—1). For all T > 0, there exists C > 0 such that

for any € € (0,1),
T
/ / w2 < C(T +1). (3.5)
o Ja

Proof. We multiply the first equation in (2.7)) by u., and integrate by parts to find
that

p—2

1d =2
57 1@1*/ |VU5|2+/UE(|V%|2+€) > Vo, - Va..
2dt Jo Q 0

By the Cauchy-Schwarz inequality, we have

d _
*/ Ug +/ ‘VU5|2 S / ’Ux? (|VU5|2 + E)p 2 ‘V’UE‘Q.
dt Jq Q o
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We can find y satisfying 2(p — 1) < p < n/(n — 1). Using Lemma [3.1] and Holder’s
inequality, we have

p—1
u§+/ \Vus|2§/u§(|Vve|2+s>
Q Q Q

2u n—2p—1 u 2(p—1)
< (/u;"‘“’*”) ' (/ (Vo2 +2)8)

Q Q

2u p—2p—1 2(p—1)

SC(/ug‘”(”*l’) . [(/ \we\“) : +1}

Q Q

p—2p—1

24
<o [Ty
- Q

Using the Gagliardo-Nirenberg inequality, we can find a positive constant C' > 0
such that

(3.6)

|| EH 2 o) (Q) = O||Vue||‘i2(g)Hue||L1(Q) =+ CHuanLl(Q)a (3~7)
where
1 _ k=2(p—1)
a= 21
141
2 n
Thanks to 1 <p <n/(n—1), we have a € (0,1). We now apply inequality (3.7) to

(3.6), and obtain

2u u=2p_1 2
([ oF5) 7 < o(IVuliaqllucl it + o)

< C(IVuelie o) +1).

By Young’s inequality for a positive constant 6 € (0,1), we have
d
uz +/ |Vu|* < C(||Vu5||L2(Q +1) < (5/ |Vuc|* + C(6),
dt Jo Q
which is equivalent to

o u +(1-6 /|Vu5|2<C

By the Poincaré-Wirtinger 1nequahty, we obtain

/Q|Vus|220/ﬂ(us|é|/ﬂus)20</ﬂug|é‘/ﬂu52

which implies
u? + / u? < C.
Q Q

Finally using the standard ODE argument, we obtain (3.5]). |

i

Next, we prove the almost everywhere convergence of u., by referring to the
method in [21].

Lemma 3.3. Let 1 < p <n/(n—1). For all T > 0, there exists C > 0 such that
for any € € (0,1), we have

/T/ |VIn(u. +1)> < C(T +1). (3.8)
0 Q



8 J. YAN, Y. LI EJDE-2020/122

Proof. We multiply the first equation in (2.7)) by ﬁ, and integrate by parts to
obtain

T ln(ua—l—l)
‘/ T ‘/ e (T (9 9 T o)
/|Vln /UEUJrl(VIn(uE-i-U (|V’U€|2+5) Vve)

By the Cauchy-Schwarz inequality, we obtain

/Q te (Vln(ug—l—l) (Vo2 +2) 7 vue)

2 1 u? 2 p—2 2
S |V1n ’LLE ‘ 2 m <|V’U5| + E) ‘V’UE‘

2

1 2, 1 uZ 9
1 1 _
7/ |V1n(u€+1)\2+7/ (|w5|2+g)p g
2 Q 2 Q

Then, we have

d 1 —
dt/ln(ug—i—l /|V1nu+l —f/|V1nu5+1)| _5/(‘VU6‘2+5) T

By integrating with respect to time we obtain

1 T
f/ /\Vln(ug—l-l)\Q
2Jo Ja
/ln(ug(,T)—i—l) /ln uo+ 1)+ / / (|Vve|?® + )P
/ //|w5| et
§m+f/ /|VUE|2(1’_1)+C’,
2Jo Jo

where m := [, ug. From 2(p —1) < n/(n — 1), we obtain (3.8) by Lemma O

p—1

IA

IA

Lemma 3.4. Let 1 < p <n/(n—1). For all T > 0, there exists C > 0 such that
for any € € (0,1),

T
/ ||8t ln(us + 1)H(Wn,2(Q))*dt < C(T + 1) (39)
0

Proof. Testing the first equation in (2.7) by ﬁ for fixed t > 0 and arbitrary
1 € C>(1Q), we obtain

/8t1n (ue + 1)-¢:/Q|V1n(u5+1)|21/1—/QVln(us+1)-Vz/J

_/Q Ue (Vln(u€+1) . (|Vv€|2+€)pT_2Vva)¢

Ue + 1
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U p—2
+/Qu€_’;1 (Vv +¢) & Vue - V.

By the Cauchy-Schwarz inequality and Young’s inequality, we have
| / O In(ue + 1) -1/)|
Q
) )\ /2
< [ 19+ DRl + ([ 1+ DE) 196000y

1 u? , 1 ) b2 ,
+ <§/Qm|v1n(us+1)| +§/Q(‘VUE‘ —I—E) Ve )”'IZJHLOO(Q)
2

u 2 p=2 2\'/?
([ i (90 + 7 190P) 19l

< ([ 19+ DP + 5 [ [Finuc 4 0P+ 5 [ (902427 Ylimioy
([ omeuenE) " ([ 9ol ) )90l
<(2f Vi + 0P + [ (Ve 42+ 1) (Wl + V0l

Since in view of the fact that W™2(Q) < L>(£) we can fix C' > 0 such that
IVYllzz () + ¢l (o) < ClYllwnz@

for any such v, this entails

10 In(ue (-, 1) + 1) |2 ()
gc(z/ |Vln(u€—|—1)|2+/ (IVva|2+€)p_l+1)-
Q Q

After an integration with respect to time, by Lemmas [3.1] and [3:3] this implies

(3-9)- O

On the basis of previous three lemmas, we can extract a subsequence of the
approximate solutions of ([2.7)). By the compactness arguments, the limit function
can be shown to be a weak solution of (1.1J).

Lemma 3.5. Let 1 < p < n/(n—1). There exist non-negative functions u,v defined
on  x (0,00) as well as a sequence (e )ren C (0,1), and such that as € = e \( 0,

ue = u a.e in Qx(0,7T), (3.10)

u. —u in L*(Q x (0,T)), (3.11)

ve — v in L2((0,T); W-3(Q)), (3.12)

Vo, = Vo ae inQx(0,T), ( )

Ve P2V, — [Vo[P=2Vu  in L' (Q x (0,T)), (3.14)

1 1
where = + = = 1.
P + p’

Proof. By Lemmas and the Aubin-Lions lemma([I5]), we choose a sub-
sequence (gx)keny C (0,1) such that In(u. + 1) — In(u + 1) in L2(Q x (0,7T)) as
e =c¢r \ 0, k = 0co. Then we have In(u. +1) — In(u + 1) a.e. in Q x (0,7) and
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(3.10) is deduced. By Lemma [3.2] and (3.10]), we obtain (3.11)). It follows from the

parabolic regularity theory [5, Theorem 3.1] and Lemma [3.2f that

vellzz(o,my:w22(0)) + llvetllz2@x 0,1)) < C(T +1).

Choosing an appropriate subsequence again and applying the Aubin-Lions lemma

[15], we obtain (3.12). Then (3.13]) results from (3.12]). Since

/ / Vo [P~2 V0, )" / /|Vv |p'(=1)
:/0 /Q|Vv5|p (3.15)

T
<c [ [wep<ers,
0o Ja
we obtain (3.14) by (3.13)) and (3.15]). O

Now we are ready to prove the main result of this section.

Proof of Theorem [1_]] For arbitrary non-negative ¢ € C5°(Q2 x [0, 7)), multiplying
the first equation in (2.7) by ¢, and integrating by parts, we have

it [ o
//us A90+/ /u (V0.2 + )7 Vo - Vg

for all € € (0,1). Choosing T' > 0 large enough such that ¢ = 0 in Q x (T, 0).
Since ue — uin L2(Q x (0,T)) as € = g \, 0 by (3.11)), we have

T T T T
/ /uggot—>/ /wpt and / /uE-Ago—>/ /U-Agp (3.17)
0 Jo 0 Jo 0 Jo 0 Jo

as € = g, \, 0. Moreover, because |Vv.[P~2Vv, — |Vo[P~2Vov in LP' (Q x (0,T))
as € =g \( 0 by (3.14)), we can choose a subsequence which is also written as v,
such that |[Vv [P~2Vv. — |[Vou|P~2Vov in L2(Q x (0,T)) as € = e \( 0. Then we
have

(3.16)

T T
/ / u(|Ve|? + €)% Vo, - Vo — / / u|Vo|P"2Vo - Vi (3.18)
0o Ja o Jo
as € = ¢ \( 0. Then (2.5) follows from —@ .

Finally, for arbitrary non-negative 1) € C5°(2 x [0, 00)), multiplying the second
equation in (2.7)) by ¥, and integrating by parts, we have

/vow //wm /OT/QWE-VM/OT/QW—/OT/QW (3.19)

for all € € (0,1). Thanks to (3.12]), We can find that each of the terms in (3.19)
converges to its expected limits as € = g, \( 0. So (2.6 results from (3.19)). O
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4. BOUNDEDNESS

In this section, our goal is to prove Theorem Firstly, by means of a Moser-
Alikakos iteration, we can achieve the following boundedness results.

Lemma 4.1. Let 1 <p <n/(n—1). For allt > 0, there exists C > 0 such that
for any € € (0,1),
lue(- )| Los () < C. (4.1)

Proof. We multiply the first equation in (2.7) by u?~! (for ¢ > 1), and integrate by
parts to find that

1d =

ug = —(q— 1)/ u? 2| Vue|? + (¢ — 1)/ ud™ (|Vo.? +€) = Ve - V.
qdt Q Q
By the Cauchy-Schwarz inequality, we have

1d 2(¢g—-1) qg—1 —2
el q_ 2\ 7 q/212 £ 1~ q 2 p 2
Rl M Y (X Rl
_1 _
< L/ ug (‘V’UE‘Q—i—g)p 1
2 Ja

We can find a positive constant p satisfying 2(p—1) < u < n/(n—1). Using Lemma
and Holder’s inequality, we have

].C(lit/g /|V q/22
q
-1 o k20D PANEICETS]
_q2 (/UEZHQ(IJ 2)) ! (/(\Vvs\2+s)2) '
Q
q—l q u2p1 2(p—1)
ot (L) () T ]
Q
Sc.ql(/ug;buw)”ﬂ
2 Q

By the Gagliardo-Nirenberg inequality, we can find a positive constant C' > 0 such
that

(4.2)

q/2 q/2 q/2 q/2
220,y o < CIVUE 2 G l02y + Cl2iny, (43
where
1 — k=2(p—1)
_ 2p
¢TI
2 n

Since 1 < p <n/(n—1), we have a € (0,1). We apply inequality (4.3) to (4.2)) and
use Young’s inequality to obtain

q 2 p—2p—1
(/ u?‘u—zw—l)) H
Q

= [[u@?|> o
LE=2(p=1 (Q)

< VU238 o lu2? [ ) + Cllud/?|3 1

2 P 5 _a 2 2
< 2 _ T—a ‘I/2 q/2
—Cq2/9|v“€| +(1 - a)[Caq?) (/Qu ) +C’(/Qu6 )
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Then we have

1d g—1 2a 2
el . S Vul/22 < C(g — 1 1_a</ Q/2>
4 di Que+ 7 /QI u?* < Cg—1)q L)

which is equivalent to

q d q /2 2 2 (/ /2>2
—— Vul/2|2 < CqTe a/2)",

By the Poincaré-Wirtinger inequality, we obtain

1 2 1 2
a/2)12 > q/2 _ _~ q/2\" _ q_i‘/ q/Z‘
Jrveeerze [ (- g [ae) <o [ g )

which implies

d 2 2
72 u?—kC’/ugSC'ql%a(/ug/z) SC’q%<sup/ug/2) .
q—1dt Jg Q Q >0 Jo

By the maximum principle, we have

/ngSmax{/ﬂuq(x,O),qua(ilzlg/gugmy}.

Then let g, := 2%, (k € N), 6}, := 02%, and a constant K satisfying

K > max {1,sup [|uc(-, )| L2 (0), [[u(-, 0) || L (0) }-

Using the Moser-Alikakos iteration [I] and assuming, without loss of generality,
that d; > 1, we have

1\ 2 .
/uik Smax{ék(sup/ uzk 1) 7K2k}.
Q Q

Taking K > 1, it follows that

219—1

2k 2 22 2k
/ uz < 0k0j_10j_o 07 K7,
Q

then we have
/u?k < Ol (R g2t (4.4)
Q

Finally by taking the 1/2% power of both sides of (4.4) and by passing to the limit
as k — oo we obtain

2
sup [[ue (-, 1) || Lo (o) < C2°T K.
>0

Next, to obtain the limit function u, we need a regularity estimate for dyu..

Lemma 4.2. Let 1 < p < n/(n —1). There exists C > 0 such that for any
e €(0,1),
||8tu5(-,t)|\(wo2,z(m)* <C forallt>D0. (4.5)

In particular,

lue (-, t) — ug(-,s)||(W3,z(Q))* <Clt—s| forallt>0, s>0. (4.6)
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Proof. We fix ¢ € C§°(€2) and multiply the first equation in (2.7)) by 1. Integrating
by parts we find that

/ atua 1# = / Ug * A¢ +/ UE(|VU€|2 +€)L;2vvs : V’(/)
Q Q Q
Then by Lemmas [3.1] and we obtain the inequality

—2
|/23tu5.¢| < ||u5||Loo(Q)/Q|A¢|+||u8|\Loo(Q)/§ (Veul? + )% Vo - 7|
< 2

< c/Q|Aw|+0/Q (V0.P~1 + 1) V|

gC/Q|Aw|+C/Q|V1b|-

This readily establishes and thus (4.6)). O
Lemma 4.3. Let u be the function asserted in Lemma[3.5 Then
ue =~ u in L®(Q x (0,00)), (4.7
we = in O ([0,00); (W52 (92))") (4.8)
as € = ¢ (0.

Proof. By (4.1) and choosing a subsequence, we can deduce (4.7). Since L>®(2) —
(WZ2())* is compact, by Lemma and Aubin-Lions lemma([I5]), we can obtain
(4.8) after extracting of an adequate subsequence. [

Finally, we give the proof of Theorem by referring to the method in [I7].

Proof of Theorem[I.3. From , it follows that there exists a null set N C [0, 00)
such that for all ¢ € [0,00) \ N, we have u(-,t) € L>®(Q). As [0,00) \ N is dense
in [0,00), for an arbitrary ¢, € [0,00) we can find (tx)ren C [0,00) \ N such
that ¢t — to as k — oo, and extracting a subsequence if necessary we can also
achieve that u(-,tx) = % in L>(Q) as k — oo with some % € L°(Q) satisfying
||| oo () < C. Since asserts that moreover u(-, ;) — u(-,to) in (W% (Q))*
as k — oo, this allows us to identify & = u(-, o) and to conclude that u(-,t) € L>=(Q)
for all ¢ € [0, 00), with [lu(:,t)||ze(q) < C for all t > 0. O
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