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POLYHARMONIC SYSTEMS INVOLVING CRITICAL
NONLINEARITIES WITH SIGN-CHANGING
WEIGHT FUNCTIONS

ANU RANI, SARIKA GOYAL

ABSTRACT. This article concerns the existence of multiple solutions of the
polyharmonic system involving critical nonlinearities with sign-changing weight

functions
(=A)™u = A (@) ul™2u+ —2—h@)ulP~2ufo] in @,
B+
(—A)™0 = pg(@) o] 20 + ———h(@)|ul’|o[" "2 in Q,
B+

DFy=DFy=0 forall k| <m—1 ondQ,

where (—A)™ denotes the polyharmonic operators, 2 is a bounded domain in
RN with smooth boundary 8Q, m € NN N >2m+1,1<r<2and 8> 1,7 >
2N

1 satisfying 2 < 8+ < 2;, with 23, = =5 as a critical Sobolev exponent

and A\, g > 0. The functions f, g and h : Q@ — R are sign-changing weight
functions satisfying f, g € L*(Q) and h € L°(Q) respectively. Using the
variational methods and Nehari manifold, we prove that the system admits at
least two nontrivial solutions with respect to parameter (A, ) € R \ {(0,0)}.

1. INTRODUCTION

Let Q be a bounded domain in RY with smooth boundary 09, m € N, N >
2m + 1. We consider the following polyharmonic system involving concave-convex
nonlinearities with critical exponent and sign-changing weight functions

(—=A)™u = \f(2)|u|""2u + T f_ 7h(x)|u|ﬁ72u|v\7 in Q,
(=A™ = pg(z)|v]" 20 + ﬁh(xﬂumvﬂ_% in Q, (1.1)

DFy =Dy =0 forall k| <m—1 on 99,
where 1 <r <2, 8> 1, v > 1 satisfying 2 < 8+ v < 2¥ with 2% = NQ_AQ’m
critical Sobolev exponent and \, p1 are the parameter such that (X, ) € R2\{(0,0)}.

as a
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Here A™ denotes the polyharmonic operators which is defined as
A AI(Adu) iftm=2j,j=12,...
u = , ,
V- (ATIVAI~ ) ifm=2j—-1,j=1,2,....
To construct our problem more precise, we give the following assumptions on the
weight functions f, g and h:
(A1) f, g € L%() with a = FE, fE = max{£f,0} # 0 in O and g* =
max{+g,0} Z 0 in Q i.e. (f and g are possibly sign-changing on ();
(A2) h e L*>*(Q) and bt = max{h,0} Z 0 in Q.
When 8 =~, B+ =2}, A=p, u=vand f =g, problem (L.1) reduces to the
polyharmonic equation
(=A)"u = Af(2)|ul "+ h(z)|u

DFu=0 forall |kl <m—1 ondQ,

Q:n -2

u in €,

which was investigated in [30] when f and h are continuous functions. Recently,
a lot of attention has been directed to the study of biharmonic and polyharmonic
equations, both from concrete applications and for pure mathematical point of view.
Such models naturally arise in many applications, such as micro electro-mechanical
system, phase field models of multi-phase systems, in thin film theory, nonlinear
surface diffusion on solids, interface dynamics, flow in Hele-Shaw cells, and the
deformation of a nonlinear elastic beam (see [17, 27]).

Starting with the pioneering work of Ambrosetti et al. [3] on Laplacian involving
convex concave type nonlinearities, an enormous amount of work has been examined
by authors such as Bartsch-Willem [4], Figueiredo et al [I1], Brown and Zhang [10],
Hamidi [21] and Hsu [23] in this direction. Brézis and Nirenberg [§] studied the

problem with critical nonlinearity
N42

—Au=u"—2+Au, u>0in§,
u=0 on 08,
where N > 3. They showed that for N > 4, (1.2)) has positive solution if and only if
A€ (0,)\1). For N =3 and © = By is unit ball in RY, problem (1.2)) has a positive
solution if and only if A € (%, A1), where A1 > 0 is first eigenvalue of —A in Q. If
Q is star shaped, then (|1.2)) has no solution for A < 0. Moreover, a great amount of
mathematical effort has been demonstrated by many authors involving biharmonic
equation with critical nonlinearity (see [5], [12] [13] [15] 26, 29]).

Pucci-Serrin [28] considered the polyharmonic equation with critical nonlinearity

(=A)"u = |u|>2u+ A in Q,
DFuy=0 forall k| <m—1 ondQ.
They found that if N > 4m and = By, then (1.3) has positive solution, for all

m

(1.2)

(1.3)

A € (0, )\gm)), where )\gm) is the first eigenvalue of polyharmonic operator (—A)
If N=2m+1 and Q = By, then (1.3) admits the existence of a nonnegative,

nontrivial solution if (A € (2m — %)A{”*“,Aﬁm)). If A < 0 and Q is star shaped,
then has the trivial solution. Later Edmunds et al [I5] extended the results
of problem for biharmonic operator (m = 2) and showed that has a
nontrivial solution if A € (0, A1) and N > 8. When N =5, 6 or 7, problem

has a nontrivial solution, for all A € (A, A1), where A = A\; — S|Q|"% and S is
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the best constant for Sobolev embedding of HZ(Q2) in L% (©). Also, Grunau [19]
studied ( in case of ball and proved that, if 2m +1 < N < 4m — 1, (1.3)) has

a posmve solutlon for A € (), )\ ) for some A = A\(N,m) € (0, )\gm)). Thereafter,
Gazzola [I8] contributed for polyhamonlc operators with critical growth.

During the previous decades many authors have paid attention to semilinear
and quasilinear elliptic equations involving sign-changing weight functions with
subcritical and critical nonlinearity using Nehari manifold. Reader is referred to
1, 2, 6 @, 20, BT, B4, B5] and references therein. Further, Hsu [22] 24] proved
the multiplicity results for elliptic system and quasilinear elliptic system involving
convex-concave nonlinearities with sign-changing weight function respectively. Ji
and Wang [25] studied the p-biharmonic equation involving subcritical nonlinearity
with sign-changing weight function and showed the existence of two nontrivial so-
lution by Nehari manifold and fibering map analysis. Recently, in 2014, Shang and
Li [30] investigated the multiplicity of nontrivial solutions of polyharmonic equa-
tion with critical exponents and sign-changing weight functions. To the best of
our knowledge, there is no result so far concerning polyharmonic system involving
critical nonlinearities with sign-changing weight functions. Apart from this, the
results obtained here are new for linear case (m = 2).

In this article, using the Nehari manifold and fibering map analysis, we establish
the existence of at least two nontrivial solutions for a polyharmonic system involv-
ing critical nonlinearities with sign-changing weight functions with respect to the
pair of parameters )\, u belongs to a suitable subset of R?. Since the embedding
HM () « L?n () is not compact, so the corresponding energy functional does not
satisfy the Palais-Smale condition in general. Therefore, it is difficult to obtain the
critical points of energy functional by simple arguments, which are based on the
compactness of the Sobolev embedding. To overcome this difficulty, we extract a
Palais-Smale sequence in the Nehari manifold and show that the weak limit of this
sequence is the required solution of problem .

To state our main results, we introduce

2—r s B+ 5 2Bta-n)

A = ( ) (7) STGEF=D > (), (1.4)
B+ —=1)|hlw B+y—2

where S is the best constant that will be introduced in next section. Then we

obtain the following existence results.

Theorem 1.1. Assume that (A ), (A2) hold. If 1 <r<2< %, 2<B+y<28,

and A, pn > 0 satisfy 0 < (A|fla)T " + (u\g| )75 < Ay, then system (1) has at
least one nontrivial solution in HJ*(Q) x HI'(Q).

Theorem 1.2 (Second nontrivial solution in subcritical case). Assume that (Al),
(A2) hold If1 < r< 2 < g 2 < B+ <2, andA, > 0 satisfy 0 <
()\|f|a) -r (,u|g|a) - < (5)277‘ Ay, then system (L.1) has at least two nontrivial
solution in HJ*(Q2) x H* ().

To obtain the second nontrivial in critical case 8+ = 27, we need the following
extra assumptions on f, g and h:

(A3) There exist ag, bgp and r9g > 0 such that B(xg,2ro) C Q and f(x) > ao,
g(x) > by for all z € B(0,2r);
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(A4) there exists dg > 0 such that |h|o = h(0) = max, g h(z), h(x) > 0 for all
x € B(0,2rg) and

h(x) = h(0) + o(|z|°®) as z — 0.

Theorem 1.3 (Second nontrivial solution in critical case). Assume that (A1)—(A4)
hold. If 1 <r <2 < N/m, and X\, pn > 0 satisfy 0 < (/\\f|a)% + (u|g\a)% <
(%)ﬁj\l, then system (L.1)) has at least two nontrivial solution in HY* (X)) x HY* ().

The article is organized as follows: In section 2, variational setting of problem
(1.1) and some preliminary results are introduced. In section 3, we show that
the Palais-Smale condition holds for the energy functional associated with at
energy level in a suitable range related to the best Sobolev constant. Some results
about the Nehari manifold and fibering map analysis are discussed in section 4. In
section 5, we prove the existence of Palais-Smale sequences and proof of Theorems
and We give the detail of proof of Theorem [I.3]in section 6.

Notation.
e [P(2), 1 < p < oo, denote Lebesgue spaces; the norm LP is denoted by
|- Ip3
Qrn(,0) = [y @)l + pg()lv]")da;
B(xg,7) = By(z0) = {x € RV : |2 — x| < 7} is the ball in RY;
O(€") denotes |O(€") /€' < C as e — 0 for t > 0;
on (1) denotes 0, (1) = 0 as n — oo;
O1(€') denotes that there exist the constants C1,Cy > 0 such that Ciet <
O1 (') < Cs¢! as € small enough. C, C;’s are positive constants.

2. PRELIMINARIES

In this section, we firstly define the function space corresponding to problem
(1.1)), posed in framework of Sobolev space H := H{*(Q) x HF*(Q2) with standard

norm

|(w, )]l = (ID™ull* + | D™0]|*)'/2,

where

”Dmu”Q _ ”(_A)%uUi ifm:zjaj: L,2,...,
V(=AY 7 u|? ifm=2j—-1,j=1,2,....
Then H is a Hilbert space.

Definition 2.1. A pair of functions (u,v) € H is said to be a weak solution of
(1.1)) if for all (¢1, =) € H,

(i) when m is even,

/Q(_A)%u(_A)%(bl + /Q(_A)%v(_A)%@ - )\/Qf(x)|u|r_2u¢1

- 2y, - B B2
p [ @bl 2002 = 52 [ wallulu o

Y B -2
— —— | h(x)|ul]’|v|""*v¢s = 0;
o [ @l oo,
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) when m is odd,

m—1

/v (OISR I (NS GV
- /Q F@l2ugs — /Q o(@)lel™ 2v¢2—ﬂ% R
S Blol~2ud, =

s [ Bl =

Now, we define the energy functional I, : H — R associated with problem

as
1 1
Inuf0) = 50 =1 [ @l + pa@)lol e = 5= [ hia)ful’|ofda.

Then I, , is well defined in H and I, € C*(H,R). Moreover, the critical points
of the functional I , are the weak solutions of (1.1).
Further, we will prove a lemma which will be used to prove the second solution
in critical case. For this, let S be the best Sobolev constant defined as
D™ ul®

S:=  inf —= A (2.1)
weHF (N} ([, u|f+7) 75

where 3+ v = 2%,. Then it is well known that S is achieved if and only if Q = RV,
by the function

N—2m
O 47n
Ur) = —— 5
(1 [af2) 7=
(see33]). Moreover, all the minimizers of S are obtained by
N-2m n_9,m
e Cytm e 2
Uc(x) = e NU(E) = N’m—m, where € > 0. (2.2)
¢ (@+P)

The normalizing constant Ci,, := C(N,m) = [[J~, ,,(N — 2j) and is chosen in
such a way that Uc(x) solves the equation

(=A)™u = |u|*>"2u  in RV,

and satisfies

N
= S2m,

o
1Ue(@)]1? = [Ue(2) 5
Now, consider the minimization problem

Dm 2 Dm 2
I i Lol (2.3)
WO ([ [ulB|v]Ydx)FHT

Then we establish the following relationship between S3 . and S, using an idea
from [2].

Lemma 2.2. For the constants Sz~ and S given in and ( ., it holds

Sp = [0)F + 3

In particular, the constant Sg ., is achieved for Q = RN,

)7 } s. (2.4)
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Proof. Let {w,} C H{*(Q) be a minimizing sequence for S. Then take the se-
quences u,, = swy, and v, = tw, in H* (), where s, t > 0. By definition of Sz -,
we have

S5 < | (tn, v5) |1 .
"7 g unl®on [ dz) 7
Therefore
24+1%)S t
Sp < (‘92;72) _ [(%)517 + (;)ifw]s.

SBHY B+~

Now, define a function T : RT — R such that Y(z) = z
T(3)= (%)ﬁ2TW7 + (g)% and Y attains its minimum at xg = (g)§ So, we have
. B\ v 5
T(r) =T —(Eymm L (Y
min Y(z) =T(xo) = (7)™ + (3)

1
Choosing s, t such that ¢ = (g) ? and letting n — oo yields

Sp0 < [(2)7 4 ()]s, 25)

On the other hand, let {(uy,vy,)} be a minimizing sequence for Sg . Define a,, =
SnUpn for some s, > 0 such that [, |u,|"Tdz = [, ]a,|Tdz. Then Young’s
inequality implies that

B vy p / B+ ! / B+
U ap|7dr < u dr + a dx
/Q'an' B+~ Q|n| B+~ Q‘n‘

:/ |an|B+7d:1::/ |, [P da.
Q Q

Thus, using this we obtain

(w2 2 [ | D™, |2 |D™ v, |2
- 2
(Joy It |Plon ]V dz) 755 (Jo lunlPlanda) 75 (fiy [un]®lan|7dz) 75
- [ o 2o ||D™a,?

n

(Joy [tn| 87 de) R (fiy lan| 5+ da) e
2y 2y
> (s,‘fM + sit 2),5' > Y (x0)S.

On passing to the limit as n — oo, we obtain

o _B_
SBN > [(é) By 4 (1) /3+"r:|‘5’. (2.6)
gl 8
Hence, from (2.5)) and (2.6), we obtain the required result. O

Definition 2.3. Let J : X — R be a C! functional on a Banach space X.
e For ¢ € R, a sequence {urp} C X is a Palais-Smale sequence at level ¢
((PS).) in X for J if J(uy) = c+o0x(1) and J'(ug) — 0in X! as k — oo.
o We say J satisfies (PS), condition if for any Palais-Smale sequence {uy}
in X for J has a convergent subsequence.
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3. THE PALAIS-SMALE CONDITION

Lemma 3.1. Suppose that {(un,v,)} C H is a (PS).-sequence for Iy, such that
(Un,v) — (u,v) weakly in H. Then I} ,(u,v) = 0 and there exists a positive
constant Py depending on m, N, r and S such that

Du(u,0) 2 —Po((Alfla)T7 + (tlgla) ™).

Proof. Let {(un,vn)} be a (PS).-sequence in H, then by using the standard argu-
ment, one can easily obtain I3  (u,v) = 0, i.e. (I} ,(u,v),(u,v)) = 0. Using this,
Holder’s and Young’s inequalities, we obtain

Dot0) = (5= 52wl = (7 = =) [ (r@ll” + pa(@)lol o

B+ ro Bty
m 2 (BHr=1) g rp
2l o)l = s
2 ,2— 2 2 —2r
x [ (S50) (A1) 77 + (lgla) 77 ) + = (w0 ]

= Tl )12 = Sl )2 = Po (L F1a) 75 + (algla)?

2 2—r
—r

+ (lgla)7),

where
PO _ (ﬁ +y - T)(2 — T) S’”%u%, W= (N(ﬂ + - T) Sfr/2>r/2.
2r(B +7) 2m(B +7)
This completes the proof. O

Lemma 3.2. If {(un,vn)} C H is a (PS)c-sequence for Iy, then {(un,vn)} is
bounded in H.

Proof. Let {(un,v,)} be a (PS).-sequence for Iy, in H, then we assume by con-
tradiction that ||(uy,,v,)|| = 00 as n — oco. Define

(un,vn) ( U, Un )
(un, vn) | 1wy )| 1 (e o) |

Then {(,,v,)} is a bounded sequence. So, up to a subsequence (uy,,v,) — (4, )
weakly in H. This implies that @, — @, U,, = 0 strongly in L*(Q) for all 1 < s < 2%,
and

(Un, V) == I

Q/\,u(anai}\n) = Q)\,/L(a7 6) + On(l) (31)
Since {(un,vn)} is a (PS)c-sequence for Iy , and ||(uy,,v,)| — 0o as n — oo, we
obtain

1 Up, U )||7 72 P
sl - 1l g, @, 5
L‘H-'v 2
- MBI [ )l Bl = o),
and s . o
H(umvn)H —H(umvn)lV QN/A(“nvvn)
3.2
o) P72 [ W@ B0l = 00 1), (32)
Q
From (3.1)) and (3.2)), we can deduce that
1@ )P = 20 2 0 2@ (@ B) + 0n(1). (33)

r(B+~—2)
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Since 1 <7 < 2 and ||(un, v,)|| — oo, then (3.3)) implies || (t,, 0,)||* — 0 as n — oo,
which is a contradiction to the fact that ||(U,, 0, )] = 1. O

Lemma 3.3. I, , satisfies the (PS).-condition with ¢ satisfying c¢ € (0, ¢ ), where

m N _N_-2m 2
Coo = 3955 1l T = Po((Mlfla )77 + (ulgla) 7).
and Py is given in Lemma|3. 1|

Proof. Let {(un,vn)} C H be a (PS).-sequence for I, with 0 < ¢ < ¢s. Then by
Lemma {(tn,vy)} is a bounded sequence in H. Hence, up to a subsequence,
(Un, vp) = (u,v) weakly in H. So u, — v and v,, = v weakly in HJ*(Q), u, — u
and v, — v strongly in L*(Q) for all 1 < s < 2% and u,, — u, v, — v pointwise
a.e. in . Thus

/ AF(@)lun]” + g () o) dz = / AF(@)ul” + pg(@) o )dz + 0,(1).  (3.4)

Also, I} u(u v) = 0, follows from Lemma Now, define (@, 0p), where @, =
Up, — U, Uy, = vy, — v. Then by Brézis-Lieb Lemma [7] and Vitali theorem, we have

([ (@, D) 1> = || (e, v ) 1> = 1| (w, 0) || + 04 (1), (3.5)
/ (@) i |2 |6 e = / (@)t P ol — / h@)ul® o] dz + on (1), (3.6)
Q
Using I, (tn,vn) = ¢+ 0n(1), IAM(un,vn) = 0,(1), and . we obtain
1

§||(11n,17n)|2— 7/ h(x |un|B|vn|”dx—c—I>\“(u v) + o, (1), (3.7)

and
(G, Tn)1* — /Q h(@)[an | |On]Vdar = (I3, (1, 0), (un — 1,0 = 0)) + 00 (1) = 0n(1).
Therefore, we assume that
(i, 512 = 1, /h(x)mn\ﬂ\@npdx N (3.8)
Q

If [ = 0, then proof is complete. If [ > 0, then by definition of Sz and (3.8]), we
obtain

_2 . B8 2/2:"
S50 < S5 tim ([l | fuallon )
_2 _2
< I tim ||, 50)]12 = [BIZL
n—oo

As S+ v =2}, so the above relation gives

N 2771.)
l > S27n |h|
Now, by (3.7), (3.8) and Lemma we obtain
1 1
c= (5— ,B+ —— )+ Iy u(u,v)

>—szm|h|oo 5 Py 1a) T + (1l9]a) TF) = Coos

which is a contradiction to ¢ < c¢o,. The proof is complete. (]
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4. NEHARI MANIFOLD FOR (|1.1J)

Since the energy functional I , is not bounded below on H, it is appropriate to
consider the functional on the Nehari manifold

N = {(u,v) € H\{(0,0)} = (I} ,(u,v), (u,v)) = 0}
Thus, (u,v) € Ny, if and only if

(I3 (u,0), (w,0)) = [|(u, )| = Qau(u,v) — /Q h(z)|ul’[o]dz = 0. (4.1)

It is easy to see that N , contains every nonzero solution of (1.I). In fact, we will
show later that local minimizers of Ny , are the critical points of Iy ,.

Lemma 4.1. The energy functional Iy ,, is coercive and bounded below on N ,.

Proof. Let (u,v) € Ny, then by (4.1]), Holder inequality and Sobolev embedding
theorem, we have

B+y—2 o PBAy—r
I, (u,v ———————Qxu(u,v
A, 0) = 2B+ [, ) R A, 0)
f+y—2 2
> U, v 4.2
25+ [, 0] (4.2)
6+’y— /2 s 2;7‘
2 _gr by T+ Q)T , r.
5y ST ()= + (lgle) ) T )
Since 1 < r < 2. Thus, I , is coercive.
Now, consider the functlon p:R—=R as p(t) = at?> — bt". Then one can easily
see that p/(t) = 0 if and only if ¢ = (2£)>= := ¢* and p”(t*) > 0. So p attains its

minimum at t*. Moreover,

o(t) 2 plt") = ~(2 ~ ) ()= (L) =
Taking
_Btr=2 _BAy = 2 S22\ 5T B
B Q(ﬁ'f")/) ? - T(ﬂ'f-’)/) S ((/\‘f|u) + (U|g|a) ) S ||(U,’U)||

in the function p, we obtain

Iy (s, 0) = p([[(w, 0)[[) = p(t7).

Hence, I, is bounded below on N, ,. O

The Nehari manifold is closely related to the fibering map introduced by Drabek
and Pohozaev in [14]. For each (u,v), we define W, ., : t — I ,(tu,tv) given by
2 r t/BJr

t t v
U t) =1, ,(tu,tv) = — 2_ - ——— | h Blo|7d
(uw) (£) = Dy pu(tu, tv) 5 | (w, v)| TQA,;L(M) ﬁ+7/g (z)|u|”|v]"dz,

() ®) = tll(w, 0)[[* = 771 Qx yu(u, v) —tﬂ”_l/ﬂh(ﬂf)luwlvl”dx,

lay () = 1w, 0) |2 = (r = D" 2Q pu(u, ) — (B4 — )P 772 / h(@)|ul® o] dz.
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It is observed that W, U)(t) = 0 if and only if (tu,tv) € Ny . Thus (u,v) € Ny,
if and only if W, (1) = 0. Therefore it is natural to split N, . into three parts
corresponding to local minima, local maxima and points of inflexion respectively as

= {(u ’U)ENAM uv)( )20}7
A;L'_{(UU)ENAM uv)():O}

For each (u,v) € Ny ,, we have one of the following 3 equalities

2[[(u, )| = r@xu(u,v) = (B+7) Jo h@)ul’|v]dz,
Wy (D) = @ = )ll(w,0) 1P = (B+7 =) Jo M) ul’|v]dz, (4.3)
(B+7 = 1)@xu(u,v) = (B+7 = 2)ll(u,v)]*

Lemma 4.2. If (ug, vo) is the local minimizer for I, on Ny, and (ug,vo) ¢ Ny .
Then I} ,((uo,v0)) =0 in H~L, where H™! denotes the dual space of H.

Proof. If (ug,vo) is a local minimizer for I , on Ny ,, then (ug,vo) is a solution
of the problem: minimize Iy ,(u,v) subject to @y ,(u,v) : (I} ,(u,v),(u,v)) =
0. Hence, by Lagrange multipliers, there exists # € R such that If\7u((u0,vo)) =

9<I>’/\7M((u0,vo)). Thus, (If\ﬂ(uo,vo),(uo,vo» O(P /\“(uo,vo) (ug,v0)).
Since (ug,vo) € Ny, it follows that

(@) (w0, v0), (w0, vo)) = (2 = 1) (w0, v0) [|* = (B + v = 1) /Q h(z)|uo|”vo|da: # 0,

as (ug,vo) ¢ NRM. Hence, we have 6 = 0. O

Lemma 4.3. We have the following
(i) If (u,v) GN; UNY,, then QA#(u v) > 0.
(i) If (u,0) € Ny, UNY ,, then [ h(z)|u|’[v]7dz > 0.

The proof of the above lemma follows directly from (4.3)). Now, we show that
N, N and N ., are nonempty. For this we define some notations. For each (u,v) € H

Wlth uﬁv“’dm>0
Q

_ (2= 1)ll(u, v)|? s
tmax—((ﬁ_’_’y_r fQ \u|5|v|7da:) >Oa

and for Qx ,(u,v) > 0,

7 _ (ﬁ—f—y—r)Q,\’#(u,v) =
o= (G gitenr ) 70

Lemma 4.4. Suppose that 0 < (/\\f|a)% +(u|g|a)% < Ay and (u,v) € H. Then
we have the following:
i) If [ h(2)|ul’lv]Ydz > 0 and Qx.(u,v) < 0, then there exists a unique t~ >
tmax such that (t7u,t7v) € Ny, and Iy ,(t7u, t7v) = sup;s, Dy u(tu, tv).
(ii) If [oh(x)|ul’lv]dz > 0 and Q,\M(u v) > 0, then there exists a unique
0 < 1 < tmax < 17 such that (tTu,ttv) € NY,, (t7u,t7v) € Ny,
Moreover,

IML(t+u,t+v) = 0<ti£tf Iy, (tu,tv); Iy, (Eu,t7v) = t>s;1p Iy . (tu, tv).
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(i) If Qx,u(u,v) > 0 and [, h(z)|ul?|v]” < 0, then there exists a unique 0 <
t+ < tmax such that (tTu, t*v) € J\f+ and Iy, (tTu, ttv) = inf;>o I, (tu, to).

(iv) If Qx pl(u,v) <0 and [, h( \u|6|v|7dm < 0, then there does not exist any
critical point.

Proof. For (u,v) € H with [, h(x)[u|?|v]"dz > 0. Define
gmmu>:ﬂﬂﬂmmm2—ﬁ+Wj/h@mmmww@ for ¢ > 0.
Q
We have £(y,)(0) = 0, {(y,v)(t) = —o0 as t — oo. Since

€ (1) = (2= T (0, 0)[2 = (B 45 — )P+ /Q h(@)lul? o] d,

we obtain f(u n () =0 at t = tmax, f ( ) > 0 for t € [0,tmax) and 5Eu,v)<t) <0
for t € (tmax,00). S0 §r,v)(t) attains 1ts maximum at tmax. §(u,v)(t) is increasing
[

function for t € [0, tmax) and decreasing for ¢ € (tmax, 00). Moreover,
2—1r

LRI
= (v paewpra) 109
(2

(8
- T)Il(u v)|® =
((ﬁ+v—r ) Jo I |u|6|v|7d:r) /Qh(x)|u|ﬁ|v|7dx

= ) (=L (2222 (fg I o)y et

g(u v) max

Bty—r Btvy—r o)[ul?lv]7dz
- 2—r 2—r /8 —+ v — 2 S 2 ﬁ+772
> ||(u,v)|| (m)ﬁ””(ﬂ_'_v_r)(w ) :
) If [, h(@)|ul?|v]Ydz > 0 and Qx.(u,v) < 0, there is a unique ¢~ > fmax > 0

such that §(u7u)( 7) = Qxu(u,v) <0and g, (t7) <0.

(It u, t™ ), (tu, tv))

= (P o) = () Quulw) = () [ ha)lulol"de

Q

= (ti)r(f(u,v) (ti) - Q}HH(U,’U)) =0.

Therefore, (t~u,t"v) € Ny ..
Cumy ) =2 =) () [[(w,0)|> = B+~ - T)(t_)ﬁﬂ/ h(@)[ul?|v|" dz
Q

:(t )1+T€uv)( )<0
Hence, (t"u,t"v) € J\/'A - Since for t > t,ax, we have

(o @) = 2 = 1) (w,0) P = (B4 —r)t7 /Q h(x)|ul’lo]"de = 7€l ) (1) < 0.

2

dt2 ap(tu, tv) = (r— 1)tr_2[£(u,v) (t) — Qx p(u,v)] + tr_lféu)v)(t) <0, whent=1t",

%I,\M(tu,tv) =¢ 1 [f(w,)(t) - Q,\,H(u,v)] =0, whent=1¢".

Thus,

Dyt ut™v) = sup I u(tu, to).
t>tmax
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(i) If [, h(2)lul?|v|Ydz > 0 and Qx . (u,v) > 0, then by (4.6),
§u)(0) =0 < @Qx u(u,v)
< ST(Afla) = + (ulgla) =) = [l (w,0)||"

() T D () e
< g(u,v)(tlnax)a

for 0 < (Alfla)™7" + (lgla)™* < A;. There are unique t* and ¢~ such that
0 <t < tmax <t~ with

g(u,v) (t+) = Q)\7u(u7 U) = g(u,v) (t_) gzu,v) (t+) >0> gzu,'u) (t_)'
This implies (t7u,t*v) € Ny, (t7u,t7v) € N, and

d
— I (tu,tv) =0, whent=t" andt=1¢",

dt
2
e — I ,(tu, tv) >0, when ¢ € (0, tmax),
2
e — I ,(tu,tv) <0, when t € (tmax, 00).

Thus, we have

I,\7H(t+u,t+v)= inf Iy ,(tu,tv), In,(t"u,t”v)= sup I ,(tu,tv).
0<t<tmax t>tmax

(iii) For (u,v) € H with Qx . (u,v) > 0 and [, h(x)|u|’|v]"dz < 0, define
Euny () = 77w, )| = t77777Qu pu(u, ), for t > 0.

We have E(u,v)(t) — —oo as t — 0, E(um)(t) — 0 as t — oo. Since
= L L
Euw)(t) = 2= B =Dt (w,0) [P = (r = B =Nt P7771Qu (),

we obtain E'(u’v)(t) =0 at t = tyax, E/(u’v) (t) > 0 for ¢ € (0,%max) and E,(u,v)(t) <0
for t € (fmax, 00). S0 €, (t) attains its maximum at #max. (. () is increasing
function for ¢ € (0,%max) and decreasing for t € (fmax,0). Now, using the same
argument used in previous parts, there exists a unique 0 < tT < #nax such that
f(u 0 (t fQ x)|ul?|lv]7dx <0, f(u T,)(tJr) > 0. Also, (I)\H(tJru tto), (tTu, ttw)) =
0. Thus (tTu,t*v) € Ny . Further W, \(t") > 0 so (t+u ttv) € N ,. Since
0 < t7 < #max, then U{y0)(t) > 0. Moreover, for ¢ = tt, 4 N p(tu,tv) > 0 and
47, u(tu,tv) = 0. Hence

o ) —
I, (tTu,t™v) = ggh#(tu,tv).
(iv) If Qxu(u,v) <0 and [, h(z)|u|’|v[dz <0, then W, ,(0) =0, \I"(u U)( ) >

0 for all ¢ > 0. This implies ¥, , is strictly increasing function and does not have
critical point. This completes the proof. (]

Lemma 4.5. [f0 < (A|f[a)>7 + (ulgla) ™" < Ay, then N, = 0.
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Proof. On contrary, assume that there exists (A, u) € R%\ {(0,0)} with 0 <
(Alf]la)=" + (ulgla)™F < Ay, such that NY, # 0. Then for (u,v) € NY ,, us-
ing (4.3), we obtain
9 Ba—r 3 o Btv-
=—-71»~n 7d 4.4
[[(u, v)] 5 L (@) |ul"[o] dz,  [|(u,v)||* = 51 CAMWU)( )
Now, by Young’s inequality and Sobolev embedding theorem, we have

/ h(m)\uwwwmsmu(i / e / [0]f+dz)
Q B+ Ja

,M
< [AloeS™ 7 || (u, 0) 177

Similarly, by Holder’s inequality and Sobolev embedding theorem, we obtain

(4.5)

o 2 2 2—r r
Qua(:v) £ STH(AIf12)77 + (ulgl)77) T (w) 7. (46)
Thus, by [@4), (E3) and ([6), we obtain
2-r SH\ e
- B+y=2
> 4.7
w0l 2 (57 ) (4.7)

and

[N
—~~
-
oo
~

() < (%)ﬁs T (A1) 77 + (ulgla) ).

On combining (4.7) and (4.8, we have

(/\‘f|o¢)ﬁ + (U|g|a)ﬁ
__2
(6+7—7“)|hloo B+y—2
which is a contradiction. This completes the proof. [

Note that from Lemma if 0 < (Alf]a)T7 + (ulgla)™F < Ay, then My =
N;M UN, - Now we define

Or, = inf  L,(u,v), 6 = inf I ,(u,v).
M (uv)ENA. . 7M( ) A (U,U)ENfH M( )

We end this section with the following result.
Theorem 4.6. The following facts hold:
) If0 < Alfla) =" + (lgla )% < Ay, then 0y, < 0F
(ii) If 0 < ()\|f\a)% + (pl9gla )2 "< (3 )2 v Ay, then 0 e do, where dy is a
positive constant depending on A, u, v, N, S, |fla, |9la and |h|so-
Proof. (i) Assume (u,v) € NIM. Then by (4.3)), we have
2—r 9 /
||, 0)|* > [ h(@)ul?|v]d. 4.9
,8—|—7—7"”( )l Q()|||| (4.9)
Using (4.1) and (4.9), we obtain
1
Do) = (5= D@0+ (= 557) [ h@lalolds

<(G-P+G -5 5wl
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2-r)(B+7-2) )
=— u,v)||” < 0.
el (CR0]
So, from the definitions of 8 ,, Hj\“’u, we can deduce that 8, , < 0/4\“)“ < 0.

(i) Let (u,v) € Ny ,. Then from (4.3),

2—r 9 /
— [(u,0)|]? < [ h(z)|ul?|v]d. 4.10
B+7_TII( )l Q()|||| (4.10)
Holder’s inequality and Sobolev embedding theorem imply that
2—r R B4y -
u,v)|| > (—) S2G+7-2  for all (u,v) € Ny . 4.11
By (4.2) and , it follows that
I . (u,v)
B+y—2 oy BEY—T s 2 JPIRg-=
2 lltw, v r[ w,0) P77 =~ ST (A la) T+ (ulgla) = 2}
[1(, v)] 25+ [[(w, v)] B+ ((Alfla) (ulgla)=)
2—1r
S ( 2—r )7ﬂ+:*252&5i:1)2) {ﬂ#»")/* 2( 2—r )7%7,25(3(—[322[?;))
Bty—r 2(8+7) \(B+v—7)lhlw
By =7 qrj2 2= =3
- g r/ A o) + Q)T 2]
rB+7) ((Alfla) (klgla)==)
Thus, if 0 < (A|f]a) =7 +(plgla) 77 < (%)%Al, then Iy, (u,v) > dy for all (u,v) €
J\/'):#, for some positive constant dy = do(X\, i, 7, N, S, | f|e, |9]Les [Ploo)- O

5. PROOF OF THEOREMS [L.1] AND

In this section, we show the existence of Palais-Smale sequence in N, /\i’u and give
the proof of Theorems and

Lemma 5.1. Suppose 0 < (A f]a) 77 +(ulgla) =7 < A1, where A, is same as given
n . Then for every z = (u,v) € Ny, there exist € > 0 and a differentiable
mapping ¢ : B(0,e) C H — RT such that ((0) =1, ((w)(z —w) € Ny, and for all
w = (wy,ws) € H

(¢'(0),w) = 2B(z,w) — rQx (2, w) — 2P(z, w)

2 =)l (w0)? = (B+7 =) Jo h(@)|ul|v]da’

(5.1)
where
B(z,w) = / D"y - D™w dx + / D™y - D™ wodzx,
Q Q
ulz,w) = )\/Q f (@) |u|" 2 uw, dx +u/§lg(x)|v|r_2vw2dx,
P(z,w) = /Qﬂ|u|’8_2\v\7uw1dm + /Q'y|u|5|v\7_21)w2dx.
Proof. For z = (u,v) € N, define a map 9, : R x H — R such that
9:(Cw) = (I}, (C(z = w)), C(z — w)) = Cl(u — wi,v — wy)||?
¢ [ @ =l + @)l = wal o
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- Cﬂ+7/ h(z)|u— w1|6|v — ws|Vdx
Q

Then 9.(1,(0,0)) = (I} ,(2),2) =0 and
d
d¢
= 2||(u, v)|I* — T/g)()\f(xﬂu\r + pg(@)[o]")dz = (8 +7) /Q h(x) o] dz

7-(1,(0,0))

=2 —=7)ll(w,0)|* = (B+y—7) /Q h(@)|u|’v[Ydz # 0.
Now, by the Implicit Function Theorem, there exists ¢ > 0 and a differentiable
mapping ¢ : B(0,¢) C H — RT such that ¢(0) =1,
2B(z,w) —rQx u(z,w) = 2P(2,w

(€'0),w) = Lot ey
2= 1)ll(w, )12 = (B4~ —1) [ h(@)|ul?lv]dz
9, (¢(w),w) =0 for all w € B(0,¢€). Thus,

<I;\,/,L(<(w)(z - w))7 C(U))(Z - U))> =0Vwe B(07 6)'

Therefore ((w)(z — w) € Ny . O

Lemma 5.2. Suppose 0 < (/\|f|a)%+(u|g\a)% < A1, where Ay is same as given
in (1.4). Then for every z = (u,v) € ./\/'):#, there exist € > 0 and a differentiable
map ¢~ : B(0,e) C H — RY such that ¢(~(0) = 1 and ¢~ (w)(z —w) € Ny .

Moreover, for all (wy,ws) € H
_ 2B(z,w) — rQx u(z,w) — 2P(z,w)
((€7)(0),w) = = ,
VO ) = G w, IF = (B + 1 — 1) Joy &)l Tol
where B, Qy,,, and P are defined same as in Lemma .

Proof. By argument used in Lemma there exists € > 0 and a differentiable
function ¢~ : B(0,€) C H — R* such that (7(0) = 1 and (" (w)(z —w) € Ny .
Since

(D) = @ =Dl o) = (3 +7 1) [ bl pl7de <o
By the continuity of ¥ and ¢~ we have
Loy (1) = (2 = )¢ (W) (2 — )2
~ (B9 =1) [ ¢ )= ) PIC () =)l <o
for € > 0 is sufficiently small. Thus, (™ (w)(z — w) € Ny, O

Lemma 5.3. Let 1 <r <2< N/m and 2 < f+v < 2%, then the following results
hold:
(1) If0 < (Al f]a)7F + (,u|g|a)% < Ay, then there exists a (PS), ,-sequence
{(un,vn)} C ./\/',\2# in H for Ié\,u. .
(i) If 0 < (M fla)Z7 + (plgla)®" < (5)%7 Ay, then there exists a (PS)
sequence
{(unsvn)} TNy, in H for Iy, where Ay is same as given in (T4).

9;“_
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Proof. (i) By Lemma and Ekeland Variational Principle [16], there exists a
minimizing sequence {(un,v,)} C Ny, such that

1
Dy (tp,vpn) < 0y + o

(5.2)
1
Iy (g, vy) < Iy u(u,v) + gH(% V) = (Un,vy)||, for each (u,v) € Ny ,.
Since 6y, < 0 and taking n large, we obtain
I/\,,u,(un;vn)
11 , /11 . .
~ (5= 57 o) P = (3 = 57 [ @l + pa@lenl e (5
1 0
<Or,+-< ;’“.
Thus, we have
T(ﬁ + 7)9)\ I /
——E L M(@)|un|™ + pg(x)|v,|")dz
3B+ —1) Q(()|| (@)|vnl") (5.4

< ST(A1a) 77 + (lgla) =) 7 [l (un, v I

Consequently, (un,vy,) # (0,0). Also, (5.3), (5.4) and Holder’s inequality assert
that

208+ —7) 2 2or]o

I, en)l < [T =557 1) =7 + (ulgl) ™) = |77, (55)

and

7‘—2:|1/T

s ) > | = 2(7"([”7) 0S5 (AIf1a) 7 + (lgla) 77) "3

B+ry—r)
Now, we show that
113, . (tns vn)[l3-1 — 0, asn — oo.
Using Lemma for each z, = (uy,, v,) to obtain the mapping ¢, : B(0,¢,) — R
for some €, > 0 such that (,(w)(z, — w) € Ny ,. Choose 0 < n < €,. Let
z = (u,v) € H with z # 0 and take w; = % We set wy, = ((wy)(zn —wy). Since
wy € Ny, from (5.2), we obtain

1
Dy p(wn) = Ixu(zn) 2 _EHwn — Zpl|-

Using Mean Value Theorem, we obtain

1
<I;,H(Zn)a Wy — Zn) + O(Hwn = znll) > _gnwn — Zn||-

Therefore . . . ) .
<I)\,u(zn)7 _wn> + (Cn(wn) - 1)<I)\7H(Z7L)7 Zn — w77>

1
2 ——|lwy = 2zl + ol[lwy — zal])-

Since (n(w;y)(2n —wy) € Ny, and from (5.6), we obtain

= {14, (2n), @ + (Gawh) = DI (2n — W), 20 — w)

(5.6)

1
2 = |lwy = 2zl + of[lwy — zal])-
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Thus, we have

z
(I, (2n), m>
5.7)
! ! Galwp) 1), o
< _ — _ _ _
< sl = zall + Colu = zall) + =TT E U e — ) 2 )
Since [[wy — 2a || < 1lGu (wE)| + |G (wE) — 1] 24| and
n v) — 1
tim 1200 T2y g

n—0 n
if we take 7 — 0 in (5.7) for a fixed n € N and using (5.5)) we can find a constant
M > 0, free from 7 such that
M

UWCHE B ||> (GO

Now, we show that ||/ (0)|| is uniformly bounded. From (5.1)), (5.7) and by Holder’s
inequality, we have

[ONES |

for some M7 > 0.
Next we show that

|2 = )l (s v) [ = (B + 7 = 7‘)/ h(@)|un| o dz| > Mo,
Q

for some My > 0 and n is taking large enough. On the contrary, suppose there
exists a subsequence {(uy,v,)} such that

(2 = )[(un, va) 1P = (B+ 7 —7) /Q h(@)|un|®[on |V dz = 0 (1). (5.8)
From ({5.8)) and using (u,, v,) € Ny, we have

B+y—r
m%me=—3j7—/humMﬂ%mm+%u»
Q

R

By Holder’s inequality and the Sobolev embedding theorem, we obtain

Bty 1
2—r Sz \sr—2
ny ¥n Z - . T TL17
o)l 2 (G ) o)
Bry—r

= g 1
o)l < (G =5) " 8™ (A1) + (ulgle) =7)* + on (1)
This implies that (A|f|a) = 4 (u|g|a)% > Ay, which is a contradiction to the fact

that 0 < (A|f]a) =" + (1lgla) =7 < A;. Hence

, (u,v) M
<IA,,u(una vn)7 ||(u, ’U) ” > < —

M ||(wy, wo) ||
(2 = 1) (un, va) 12 = (B+v = 1) fo h(@)un|P|on|dz|’

Q)\ p(un7 UTL) + On(l)

n
This completes the proof of (i).
(ii) By Lemma part (ii) can be shown in similar way as above. O

Now, we show the existence of a local minimum for I, on N, ;‘ u
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Theorem 5.4. Let Ay be the same defined as in (L4). If1 < r < 2 < %,
2< ﬂJr’y <2% . and 0 < ()\|f|a)2zT + (u|g|a)2%r < Ay, then I, has a minimizer
(u} u’UA u) n N+ and it satisfies the following:

(i) IML(“,\W"U,\M) HML*G,\H <0.

(ii) (“A,w”i,u) is a nontrivial solution of (1.1)).
(iti) Ixp(ul ,v5,) = (0,0) as A= 0T, p— 0F.

Proof. By Lemma [5.3] (i), there exists a minimizing sequence {(un,vy)} for I , on
N, such that

Dop(tnvn) = Ox 4 0n (1), I3, (tn,vp) = 0n(1) in H (5.9)

By coercivity of I, on Ny ,, we obtain that {(uy,v,)} is bounded in H. Therefore
up to a subsequence still denoted by {(u,, vy,)} converges weakly to (u}\yﬂ, vi’u) €H.
This implies

Up — ui’w v, — vy, weakly in HJ' (),

"
Up = U, Uy — ’U%\’H a.e. Q, (5.10)
Up — ui’u, Uy — v}w strongly in L°(2) V1 < s < 27 .

It is easy to see that as n — oo
Qx pu(tn,vy) :Q,\M(ui,wv}\’“)—i—on(l). (5.11)

First we claim that (u} ,,v) ,) is a nontrivial solution of (L.I). From (5.9) and
(5.10)), one can easily verify that (u}\yﬂ, Ui,u) is a weak solution of the system (|1.1]).
Since (uy, vy,) € Ny, and by the definition of Iy ,,, we have

r(B+v—2) r(8+7)

= 2 I . 5.12
Qk,u(unavvz) 2(5+7_T)H( ny U n)” (ﬂ+’Y—T) )\,u(unavn) ( )
Then letting n — oo in (5.12)) and using (5.9)), (5.11)) with 05, < 0, we obtain
1 r(B8+7)
, > 0y, > 0.
QAM( A1 Au)— (6+7_T) Ap

Thus, (uy ;) ) € N, is a nontrivial solution of ([L.1J).
Now, we show that (un,v,) = (u} ,, v} ,) strongly in H and I ,(u} ,,v5 ) =

O If (u,v) € Ny, then

Bta- ||( V)|I? - Bty—r

2B+ r(B+7)

To prove that I)\,u(u§\7u, v/\w) = 0., it is sufficient to recall that (uiw 03 ) € NMau,
(5.13)) and apply Fatou’s lemma to obtain

Oru < IA,H(ui,wU}uu)
_Bty-2

Iiu(u,v) = Qxu(u,v). (5.13)

s BHy-—r 1 1
2(ﬂ+ ) H(U’)\ N72l )\,H)H (5-1—7) Q)\,H(uk,;uv)\,u) (5 14)
<timinf (52wl = CE000 w0 00)

< liminf Iy, (un, vn) = O,
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This implies that IA,u(u}\,in “) =0, and lim,, o0 || (Un, v,)||* = ||(u>\’u,v>\ u)||2

Let (Un,Up) = (un — U} ,,Un — v} ,), then by Brézis and Lieb lemma [7] gives

1@, D) I? = [l v 2 = [l 03 )17 + 0 (1).
Therefore, (up,v,) — (u}\#,v}\)u) strongly in #. Moreover, we have (u§\7ﬂ,v}\7u) €
N3, Thus, 6y, = 65 . On the contrary, if (uj, ,,v} ,) € Ny ,, then using (4
and -, we have that Jo h(@)|uj M|ﬁ|v>\ .7 >0 and @\ a(ud M,U/\ u) > 0. Thus
from Lemma there exist unique ¢] and ¢; such that (t+u)\’#,t+v)\’#) € ./\//\4'“
and (t7u} .t vy ,) € Ny ,. In particular, we have ¢ < ¢ = 1. Since
d ++ + d? ++ +
EIA’#( U)\#,t U)\ 1“') _0, dtQI)\ #( UAN7t 'U)\ #) >0,
there exists t7 < # < ¢] such that I)\,L(tJru/\M,tﬂ)/\ u) < IA#(tuAM,tv)\ u)- By
Lemma [£4] we obtain
t+'l))\ 'u) < I)\ M(t'U/)\ M,t'l})\ N>
S I)\,,u( 1 u)\,;utl UA,,u)
= I>\7M(ui7;u Ui,u) = 9)\7/“

which is a contradiction. Therefore, using Lemma we conclude that (u%\ e v§\7 M)
is a nontrivial solution of (1.1)).
(iii) Further, from Theorem (i) and (4.2)), we have

+..1
IA;M(tl u)\,p,’

1 1
0> 9/—\"_’“ 2 9)‘7M = IA’M(,U/)\#/«”UA;M)

By =71 /o 2-r
—=—5?((A fla g =)z ||(u,v)|",
"BL) ((Afla) 7 + (ulgla) ) =" || (u, )|
which implies that I,\7M(u}\7#,vi’#) — (0,0) as A — 0%, u — 0T. This completes
the proof. O

Theorem 5.5. If 1 < r <2< ¥ 2 <B4+ <2 and 0 < Alfla)=" +
(u|g\a)% < (%)%Al, then I, has a minimizer (uiwv?\)u) in and satisfies

the following:

( ) IA,/J«(U)\ u’vk u) 9;#’
(ii) (u)w, v/\w) is a solution of the system (1.1]).

Proof. Let {(un,v,)} be a minimizing sequence for I, on Ny . Then by Iy,
coercive on N, and the compact imbedding theorem, there exist a subsequence
{(un,vn)} and (3 ,,v3 ,) € H such that u, — uf , and v, — v} , weakly in
H§"(Q), up — u3 , and v, — v , strongly in L"(Q), LP+7(Q). This implies

A p

Q/\,u(una Un) = Q)\,M(u§\7u? U§\7H) + On(1)7
/ (@)t o] = / B2 P02 + on(1).

Using (4.10) and (&.11), there exists M3 > 0 such that [, h(x)|un|’|v,| dz > Ms.
This imphes that

[ bl 7103 7 = e
Q
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Now, we prove that (un,v,) — (43 ,,v3 ,) strongly in H. On contrary, we assume
that [|(u3 ,, v} )|l <liminf, o [[(un,vn)|l. Then using Lemma there exists a
unique ¢, such that (t; u3 ,,t5 03 ,) € Ny . Since (un,v,) € Ny, Iy pu(tin, vn) >
I u(tuy, tvy,) for all t > 0, we have

Oy, < Dou(t” u)\#,t 'UAN)< hm IAM(t Un,t™vp) < 1im Iy (un, vp) =0,

n—oo

Hence, (up,v,) — (qu UML) strongly in #H. This implies

IA,M(UE\,;uUi,M) = nh_{?go I/\,u(unavn) = 9):“'

By Lemma and (5.14]), we say that (u?\)”,viu) is a nontrivial solution of the
system (1.1). Finally, by using the same arguments as in the proof of Theorem
for all 0 < (Alf]a) 77 + (ulgla) ™7 < (5 )77 A1, we have that (U3 5 V3 ) 15 &
solution of the system (1.1]). O

Theorems [I.1] and [I.2] follow from Theorems [5.4] and @ respectively. Also from
Theoremand we obtaln that for all 1<r<2 < ,2< ﬂ+’y <20, u>0

and 0 < (A|fla)Z " + (1lg]a )2 "< (5 )2 * A1, the system ) has two nontrivial
solutions (ui’u,v}\’u) € N;u and (u3 ,,v3 ,) € Ny . Smce N/\w NNy, = ¢, we
can conclude that (uy ,, v} ,) and (u3 ,,v3 ,) are distinct.

6. PROOF OF THEOREM [L.3]

In this section, we show the existence of a second weak solution in the critical
case S+~ = 2%, as a limit of Palais-Smale sequence which is obtained by minimizing
sequence for I , in Ny,

For this, taking p > 0 small enough such that B,(0) C © and define the function
ue(x) = ¢(x)Uc(x), where ¢(x) € C§°(B,(0)) is a cut-off function such that ¢(z) =
Lin B,/2(0) and Ue(z) is same as mentioned in (2.2). Then, we have the following
estimates (see [I8, 19} B2]).

Lemma 6.1. Suppose N > 2m+1. Then the following estimates hold when € — 0:

uel = §%7 + O(eN=2m), (6.1)
/Q lue|*mda = S7m + O(eN), (6.2)
O (e 0= 2m)r) ifl1<r< 5%,
r _(N=2m)r 27n)r .
/ |uc|"dx = Oy (e |Ine|) if r = 525, (6.3)
(N 2m)r

On ("

Lemma 6.2. Suppose that (A1)-(A4) hold with 6o > N —2m and 25— <r < 2.

Then there exists N > 0 such that for all 0 < (A|fla)T7 + (ulgla) 7 < A there
exists (ux,u,va,) 1 H\{(0,0)} such that

) if w25 <1 <2%.

sup I, (tux,u, tox u) < Coo,
>0

where c 15 the constant given in Lemma . In particular, 9;H < Coo for all
2 2 -
0 < (Alfla)= + (plgla) =" < A
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Proof. By assumption (A4), there exists dg > N — 2m such that, for x € B(0,2p0)
where 0 < pg < 19
h(z) = h(0) + o(|z|°®) as z — 0.

Define a functional 7 : H — R such that

1 1
T(u,v) = gll(u,’v)\l2 - BT/ h(@)u|’[v]"dz ¥ (u,v) € H. (6.4)
Set e = v/Bue, Te = /Fue with (T, ) € H. The map 7(tu., tv.) satisfies 7(0) = 0,
7(tu,,tv.) > 0 for ¢ > 0 small and 7(tu,,tv.) < 0 for ¢ > 0 large. Moreover, T
attains its maximum at
[CASAT———

(fn |u5|ﬂ|v5|7dx)

Thus, from , , , . and -, we have

sup 7(t, tv.)
>0

to = (6.5)

2 B+
= U@l = 2 [ b
2 ’ B+

—_

= (7 - ) 1@, 5. | 552
2 By (Jo |ue|’6|’05|7d1‘)5+v 3

~ Gy 4 (2 ]1’” ||ue||2 =
— N |

N {( ) (3) [ TRy }

p Bty V5 T S 7m —|—O(€N72m) X

T4 (L = 2

{( ) (/3) } [(h(o)sﬁn + O(eN) + O(e00)) % }
(h(o))7 T SE% + O(EN*Qm) _ 0(660).

Therefore

(h(0) T S3m + O(N7>") — O(c™).  (6.6)

sup 7(tt., tv) <
>0

Now, we choose d; > 0 such that ¢, > 0 for all 0 < (A|f]a ) T+ (plgle) T

Using the definition of Iy , and X\, p > 0, we obtain I ,(tu.,tv.) < ;H Ue, Ve )||?
for ¢t > 0. Thus, there exists ¢y € (0 1) such that

sup Iy, (tTe, t0c) < coo  for all 0 < ()\|f|a)% + (u|g\a)% < 4.
0<t<to

Using B,v > 1, and (6.3]), we obtain
sup I, (tTe, tv.)

t>to
L 1 L
= sup (T(tue,tve) — fQ,\M(tue,tve))
t>to r
—om N 1
< Z(n(0)) " SEm + O(eN M) — ~tg / (M (@) | + pg(z)[oe]")dx
N ad T Q
N 1
< ™ (o)) T+ O = LA + by [ Jude
N v T o)
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m — = N-—-2m 1 r T
< = _ =
< T (h(0)) 5+ 0N = i) [ el da
m _ N Com
< ™ (h(o) SO
_(N-— 27n)r
—ltr A+ ) Or(e" ¥ 2myr nel) ifr = xoom
r O (V== ) 1fN 5 < T <25,
where 7 = min{ao, bo}. Choose 52 > 0 in such a way that 0 < e < d5. Now, take
= ((Mfla)Z7 + (plgla)z7) V27 =8 Then, we have
sup I, (tTe, tv)
t>to
m _ N-—2m 2L
< S (b(0) T ST + O(AN ) 6
1+ ) JOL((AR w) == [ (A, p)]) - if r = NNQm
r O1((AN p)) ™ 2'"75) if %5 2 <r <2,

where A(X, u) = (/\\f|a)% + (H|g|a)%-

Case (i): When r = 25—, we can choose d3 > 0 with 0 < A(X, 1) < 3 such that

nA+ u)

O(A(\, 1)) — O1 (AR, )27 [ In (AR, w)]) < —Po(A(, 1)),

as A, i — 0, |In(A(A, ))| — +00.

Case (ii): When < r < 2F. we can choose 64 > 0 with 0 < A(X\, pu) < 04
such that
A+ N __r
O(A(N 1) - MQ«A(A,M))M ) < —R(AG 1),
as 1+ 52 (525 — 5) < 5= if and only if r > 25—

Now, choose A = min{d;, 5N Qm, 03,04} > 0. Then using this and (6.7)), we have

_ _ m —2m _2 _2
sup Ty (#, £5) < g (1(0)) 55 ST~ Pol(MF1a) 7+ (ulgla) ) = e, (6.3)

for 0 < (AIf|a) =" + (ulgla) = <X o
Next, we show that 0y , < ce for all 0 < (A|fla )=+ + (ulgla)™* < A. From
(A3), (A4) and the deﬁmtlon of (@, Te), we obtain

/ W@ o 1dx > 0, Q. u(Tie,Be) > 0.
Q

Combini?g this with 2Lemmi (ii), definition of ) , and (6:8), for all 0 <
(Alfla)®™ + (plgla)®7 < A, we obtain that there exists ¢y, > 0 such that
(tx uTes truTe) € Ny, with

9;’# < I>\7M(t)\7ﬂﬂ6,t)\7ﬂﬁe) < Sl;pIA)M(tﬂe,tﬁe) < Coo-
t>0

On taking (U, T.) = (U u, V), We obtain the desired result which completes the
proof. [
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Theorem 6.3. Assume that (A1)—(A4) hold. Then Iy, satisfies the (PS)H;
K
condition for all 0 < (A|fla)™" + (ulgla)T7 < (% )ZFAy. Moreover, I, has a

minimizer (u3 i vy M) m ./\/_ and satisfies the following conditions:

() Dou(u nv3,) =05,

(i) (u3,,v3,) isa nontmmal solution of (1.1), where Ay is same as mentioned
in (L4).
Proof. By Lemma (i), for 0 < (A|f]a = +(u|g|a)2%T < (%)%Al, there exists

(PS)ef -sequence {(un,v,)} C Ny , in H for I . Then, from Lemma we
find that {(un, vp)} is bounded in H. Now using Lemma 2land Lemma I,
satisfies the (PS)Q;yu—condltlon Then, there exists (u3 v Vx,) € H such that up
to subsequence (uy,vy,) — (u/\M,v)\ ,.) in H. Moreover, D3, 03 W) =05,
and (uiwvi, ) € Ny s
in Theorem one can easily obtain that (u?\ M,v?\’ u) is a nontrivial solution of

system (1) for 0 < (A|f]a)=" + (plgla) =7 < (g)%Al O

Proof of Theorem[1.3. By Theorem [5.4 - and Theorem [6.3] we obtam that for all A,
w>0and 0 < (A|fla )2 T+ (plgla)TT < (5 )2 7 A1, system (1.1)) has two distinct
solutions (u} ,, v} ,) € N, and (u3 ,,v3 ) € Ny, since /\/;/L ON;# = ¢. O

since Ny is a closed set. Using the argument as apphed

M

Next, we show that the solutions (u} ,, vy ,) and (u ,,v3 ,) are not semi-trivial.
Using Theorem (i) and Theorem (i) respectively, we obtain
IA’#(uiwv}w) <0 and IA’#(uiyﬂ,vi’“) > 0. (6.9)
We observe that, if (u,0) (or (0,v)) is a semi-trivial solution of (1.1]), then we have
(=A)"u = Af(2)|u|"?u in Q,
. (6.10)
Dy =0 forall|k|<m—1 on Q.

Then

1 A . 2—r
Do) = 5l = 2 [ f@lurde = =2l <0, (611)

From and -, we obtain that (uf ,, v} ,) is not semi-trivial. Now, we will
prove that (u} u’UA u) is not semi-trivial. Without loss of generality, we assume
that v/\,u = 0. Then u/\w is a non-trivial solution of (6.10) and

_ )\/ f(@)lud dz > 0.
Q

1(u 0 O = llu 12
We take w € HJ*(Q2) \ {0} such that
10, w)|[* = [Jw]* = M/Qg(x)l’tvlrdff'

From Lemma there exists a unique 0 < t; < tmax(u}\’u, w) such that (tlu}\’#, tiw) €

+
N)\,#, where

] By =) [oAf@)u |7+ pg(@)w]")dey 25
tmax(u)\,uyw) - ( (6 I - Q)H(U’%\,p,’w)'P )
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+y—r\ =
_ (u) o
B+v—2
Moreover,

IA,M(tlu}\wtlw): <inf IA,#(tui’u,tw).

0<t<tmax

This and the fact that (u} ,,0) € Ny, imply that

01—7# < I)\,u(tluiuatlw) < I/\,u(u%\,,uw) < I)\,u(ui,uao) = Gj\_,}l«’

which is a contradiction. Hence, (u}\ w v/l\7 u) is not semi-trivial. This completes the
proof.
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